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2.1. Chebyshëv’s bounds 32

2.2. Explicit estimates for another weighted sum 34

2.3. Weights and the Prime Number Theorem 35

2.4. The von Mangoldt function 35

2.5. The Gamma function 36

Chapter 3. Partial summation, and consequences of the prime number
theorem 38

3.1. Partial Summation 38

3.2. Special constants and useful formulae 40

3.3. The sum of the reciprocals of the primes, revisited 41

3.4. The error term in the prime number theorem 42

xi

Andrew Granville
MAT 3634 —  Theorie analytique des nombres - Hiver 2025

Andrew Granville
Notre but est d’essayer faire un grand partie de mon livre — ici sont les sujets. J’espere nous pouvons couvrir vers 75%



xii Contents

3.5. The value of a limit 43

Chapter 4. What should be true about primes? 44

4.1. The Gauss-Cramér model for the primes 44

4.2. Short intervals 47

4.3. Largest gaps between primes 47

4.4. Even primes 48

Chapter 5. The modified Gauss-Cramér heuristic 50

5.1. Primes in arithmetic progressions 51

5.2. Twin primes 51

5.3. Prime k-tuplets 54

5.4. A general perspective 56

5.5. Convergence of the constant 57

Chapter 6. Multiplicative functions and Dirichlet series 58

6.1. Interesting multiplicative functions and their Dirichlet series 59

6.2. The mean value of the divisor function 61

6.3. Dirichlet’s hyperbola trick 61

6.4. Maximum of arithmetic functions 63

Part 2. Anatomies of mathematical objects

Chapter 7. Counting irreducibles 67

7.1. Counting cycles in SN 67

7.2. Counting irreducible monic polynomials in Fq[x] 67

7.3. Generating functions 68

Chapter 8. The average number of indecomposables 70

8.1. The number of prime factors, on average 70

8.2. The number of disjoint cycles in a permutation, on average 71

8.3. The number of monic, irreducible factors, on average 71

Chapter 9. The typical number of indecomposables 72

9.1. The typical number of prime factors 72

9.2. The typical number of cycles in a permutation 73

9.3. The typical number of irreducible factors 74

9.4. Divisors 74

Chapter 10. Normal Distributions 76

10.1. A distribution function for !(n) 76

10.2. The distribution of the number of monic, irreducible factors of a
polynomial 79

10.3. The number of disjoint cycles in a permutation 80



Contents xiii

Chapter 11. The multiplication table 82

11.1. A first look at ⇡(x; k) 83

11.2. An explicit upper bound on M(x) 84

11.3. The largest part of the divisor sum 86

Chapter 12. With two or more parts 88

12.1. Integers with two or more prime factors 88

12.2. Permutations with exactly k disjoint cycles 89

12.3. Polynomials divisible by exactly k distinct irreducibles 90

Chapter 13. Poisson and beyond 92

Part 3. Sieves and primes

Chapter 14. The Chinese Remainder Theorem as a sieve 97

14.1. The sieve of Eratosthenes 97

14.2. Counting squarefrees and powerfuls 99

14.3. Pairs of integers that are pairwise coprime 101

Chapter 15. A first look at sieve methods 102

15.1. Upper and lower bounds 103

15.2. Twin primes 105

15.3. Formulation of the sieve 106

15.4. Another upper bound sieve method: The Selberg sieve 106

15.5. Sieving almost all intervals; second moments 107

15.6. The fundamental lemma of sieving intervals 107

Part 4. Background in analysis

Chapter 16. Fourier series, Fourier analysis and Poisson summation 111

16.1. Fourier series 111

16.2. Fourier transforms 114

16.3. Inequalities 116

16.4. Poisson summation 117

Chapter 17. Complex analysis 118

17.1. Complex analysis 118

Chapter 18. Analytic continuation of the Riemann zeta-function 122

18.1. The Riemann zeta-function is analytic in Re(s) > 1 123

18.2. A first analytic continuation 123

18.3. Riemann’s analytic continuation 124

18.4. The logarithmic derivative of ⇣(s) 125

18.5. The zeros of the Riemann zeta-function 125



xiv Contents

18.6. Evidence for the Riemann Hypothesis 127

Chapter 19. Perron’s formula 128

19.1. Satisfying inequalities 128

19.2. Counting integers with certain properties 129

19.3. Perron’s formula variants 131

Chapter 20. The use of Perron’s formula 134

20.1. An arithmetic function as a sum of residues 134

20.2. The integrals for counting primes 136

Part 5. The proof of the prime number theorem

Chapter 21. Riemann’s plan for proving the prime number theorem 139

21.1. A method to accurately estimate the number of primes 139

21.2. Linking number theory and complex analysis 140

21.3. Appreciating Riemann’s revolutionary formula 142

21.4. Unconditional estimates for ⇡(x) 144

Our plan 144

Chapter 22. Technical remarks 145

22.1. Deducing the prime number theorem from (22.1) 146

22.2. A strong prime number theorem implies the Riemann Hypothesis 147

22.3. A lower bound for the error term in the prime number theorem 148

Chapter 23. Zeros of ⇣(s) with Re(s) = 1 149

23.1. Sketch of a “hands-on” proof 149

23.2. A formal proof 150

23.3. Truncating Euler products 151

Chapter 24. Proof of the prime number theorem 153

24.1. The error term in the prime number theorem 154

Chapter 25. The Riemann Hypothesis without zeros of ⇣(s) 155

25.1. The zeta-function to the right of Re(s) = 1 155

25.2. Pluses and Minuses 156

Part 6. Primes in arithmetic progressions

Chapter 26. Primes in arithmetic progressions 161

26.1. Dirichlet’s plan 161

Chapter 27. Dirichlet characters 164

27.1. Classification of the Dirichlet characters 165

27.2. Particularly useful characters 167



Contents xv

27.3. Orthogonality relations 168

Chapter 28. Dirichlet L-functions 169

28.1. Analytic continuation to Re(s) > 0 169

28.2. L-functions on the 1-line 171

28.3. Infinitely many primes in an arithmetic progression 171

28.4. Dirichlet’s class number formula 172

Chapter 29. The prime number theorem for arithmetic progressions 174

29.1. Formulating our proof 175

29.2. Obtaining estimates 176

29.3. Low height zeros 176

Chapter 30. The Generalized Riemann Hypothesis 178

30.1. The Riemann Hypothesis for L(s,�) 178

30.2. The least quadratic non-residue modulo a prime 179

30.3. The range of definition of the Euler product 180

Part 7. A dozen and one di↵erent directions

Chapter 31. Exceptional zeros and primes in arithmetic progressions 185

31.1. PNT for arithmetic progressions 185

31.2. Linnik’s theorem 186

31.3. Using exceptional zeros 186

31.4. Repulsion e↵ects 187

31.5. Siegel’s theorem 187

31.6. Upper bounds on the number of primes with �(p) = 1 187

Chapter 32. Selberg’s small sieve 189

32.1. Sieving the integers in an interval 189

32.2. Deducing results for arithmetic progressions 191

32.3. Selberg’s sieve in more generality 193

32.4. Sieving k-tuplets 193

32.5. Sieving several arithmetic progressions 194

Chapter 33. Equidistribution in arithmetic progressions? 196

33.1. The correct error term? 196

33.2. The Brun-Titchmarsh Theorem 197

33.3. The Bombieri-Vinogradov Theorem 197

33.4. Breaking the
p
x-barrier 198

33.5. For almost all q, almost all a. 199

33.6. Not so well distributed 199




