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Determining hA

Given a finite set A C Z, and an integer h > 1, determine

hA—=A+.. +A= .cn€ AL
Greo {aa+...+al|a cp € A}

h times

Normalization:
o Al:=A—ap={a—ap | a€ A}, where ap = min A.
o A= {% | a’ € A}, where d = ged(A).

So suppose wlog: {0,m} C A C [m]:={0,1,...,m}, -
and ged(A) = 1. m = maxa I

In this case: A C2AC3AC ... and hA C [hm].
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Representables and exceptions

e Which elements of [hm] are not in hA?

P(A) = { > kea

acA

kaezzo} = Jnra

h>1

E(A) :=Z>0\P(A) (exceptional set)

i.e.,, n € E(A) cannot be written as a sum of elements of A

e hA C [hm]\ E(A).
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Exceptional elements

o P(A)={3z+5y | z,y € Z>0}

080,10 P(4) £ [8,00) CP(A)

o £(A)=1{1,2,4,7} (not in 24, 34, ...)

In general:
e £(A) is finite.

o Fr(A) := max{n € £(A)} is the Frobenius number of A.
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Further exceptions

Example: A ={0,1,2,3,5}

0 £(A) =0

e But we know of an element which is never in hA: 24 = [10] \ {9},
3A =[15]\ {14}, ...

o 5-A=1{0,2,3,45}, E5-A) ={1}

Letm—A={m—a|ac A}.
Since hA = hm — (h(m — A)), if n € E(m — A) then hm —n ¢ hA.

o hA C [hm]\ (£(A) U (hm — E(m — A))).
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If:

hA = [hm] \ (E(A) U (hm — E(m — A))) (*)

In principle, we could

That’d be nice: @ Precompute £(A), E(m — A);

e Determine hA in linear time O(hm).

Theorem (Nathanson, 1972)

Let A C Z>q be a finite set. Then hA satisfies (x) for every

h > m?(|A] - 1).

When hA satisfies (x), hA is said to be structured.

“From some point forward, the hA acquire structure, and it persists.”
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From which point forward?

Given A C Z>o, find the smallest h; = hi(A) € Z>1 s.t. hA is
structured Vh > h;.

e A={0=a<a1<...<ay<ap1=m}, (=]|A—-2.

Upper bound for structure

Chen-Chen-Wu (2011) || hy(A) < S0 (ai —1) — 1
Granville-Shakan (2020) || hi(A) < 2|m/2]
hi(A)

Granville-Walker (2021)

(A)<m—1¢

Lev (2022) hi(A) < max{m — 5(£ — 1), §(m - )},

unless Aorm —A={0,1,m—¢+1,...,m}
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t-representables

A={0=as< a1 <...<ay<ap1=m},

0=|A| -2

hA = # of numbers in [hm] that can be represented at least once as a sum of

h elements of A.

(hA)?) .= # [hm)] twice
— h elements of A.
(hA)B) .= 4 [hm)] thrice

— h elements of A. ...

Representation function (of A):

pan(n) =#{(ko,... ket1) € Z,

| koao + .

=#{(k1,... ket1) € ZHI | ka1 + .

((l(; = 0)
A kesrapi =n, Y ki = b}
A horas =n, Yk < h)

t-representables: | (hA)Y) = {n e [hm] | pan(n) >t}

Do these sets acquire “structure”?...
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t-structure

... Yes!

P(A) := U (hA)®) (eventually t-representables)
h>1

E(A) :=Z>0 \ Pi(A) (never t-representables)

Theorem (Nathanson, 2020)

Let A C Z>q be a finite set, t > 1 an integer. Then, Ihy = hi(A) € Z>1
such that

(hA)9 = [hm] \ (E(A) U (hm — E(m — A)))

for every h > hy. Moreover, hy(A) < ml(tm — 1) + 1.

e Yang—Zhou (2021): h(A) < Z(tai -1)—-1
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Statement of the main theorem

e A={0=a<a1<...<a<app1=m}, L=]A-2
o (hA)® is structured for every h > hy(A).

Main Theorem
We have

hi(A) < Cay - Lot
(&

where

o (22 e ) L ntl

£ ) 1/t ¢ ) min{ai,m —as}’

o Uy < 3efor £ > 4
oCA’t§1as€—>oo,t1/£—>oo.
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Two remarks

Ca < 3e for £ > 4;

Car <1las/lt' = .

~

1 /0
he(A) < Cay- “mbtt/
e

@ Comparison: For ¢ > 4, we have hy(A4) < 3meti/t.

Yang-Zhou (2021)

+1 2
V¢ —
> (tai—1) -1 > mt+< 5 3)t.

=2

We check that 3mét'/ < mt + (ZQT_?’)t for t > 44.

@ Asymptotic sharpness: For A ={0,1,m — ¢+ 1,...,m}, with
1/2.01 {+ Lml/zJ
0 =1{(m) := |[m'/?°] and t = t(m) := , we have

14

he(A) > (1 = 0m—oo(1)) émétl/e.
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t-Frobenius number

The t-Frobenius number is defined as Fry(A) := max{n € &(A)}.

Fri(A) is well-defined (i.e., |E(A)] < 00). J

o Let pA(n) = #{(kl, ceey kz.;,_l) € Z?Bl | kiay + ...+ keprape01 = n} or

pa(n) == lim pap(n).
h—o00

So E(A) = {n € Zso | paln) < t}.
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Estimating Fr;(A) effectively (sketch)

By counting lattice points, we can obtain effective bounds:

Let A={0=ap<ay <...<ag<apr1 =m}. Ifag =1, then

1 nt
pa(n) >

- Eal...ae_,’_l.
A:={(x9,...,2041) € (Rzo)e | xzoas + ... + xpp1a041 < 0}

If a; = 1, then pa(n) = |[ANZ!| > volge(A). ...

£+1
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The t-structure theorem

Let hi(A) be the minimum number such that
(hA)®) = [hm] \ (E:(A) U (hm — &(m — A)))

for every h > h(A).

Main Lemma (t-Frobenius < co = t-structure)
Fr. (A) + mJ N {Frt(m —A)+ mJ

hi(A) < {

ay m—ay

of Main Theorem: Corollary 2 + calculations yield

1
< Cay—mett*. O
aq m — ay e
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Main idea in the proof

Let A={0=ap < a1 <...<ay<ap1 =m}

Take n € Z>¢. A representation of n by A is given by

n:k1a1+...+k4+1ag+1 (k:ZZO) Zk¢=h I

e Which representation maximizes Efill ki?
— klzn/a], kQZ...:k'(+1:()

e So for any representation of n, we have Y k; < n/ay

o Hence, |n € Pi(A) = n e (hA)® for every h > n/ay |
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From 7 to Z¢

ACZ Aczd

[m] convex hull H(A)

d(A lattice Ay = A
Ambient ged(A) attice A4 := spany(A)

lattice cone Ay NCx, w/
ZZO
Ca={>4eacat | ca € R>o}

Extremes || {0,m} “corners” 0 € ex(H(A))

o t-structure in Z%: Defining £(A) := (Aa N Ca) \ Ups, (hA)D,

O = A\ (B0 U (-le-4)) }

v € ex(H(A))
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Given A C Z® with 0 € ex(H(A)), let hy = hs(A) be the smallest
integer such that:

v € ex(H(A))

(hAYD = (hH(A) N A) \ (st<A> u o e—ge— A))) J

e Granville-Shakan (2020): h;(A) < oco.
e Granville-Shakan-Walker (2021):

6

P (A) < (d+ 12172 4P (max fla - bl )
a,bcA

o T. (2023+4): Vt > 1, hy(A) < 0.
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Main ideas in the proof

@ Lattice cone \ (P + Lattice cone) =
finite union of lower dimension cones

@ Show that 3N = N € N such that

(NH(A) N AL\ E(A) + A= (N + DH(A) N AL\ E(A)

Rem.: N, ~ Bre(Atm
essentially, induction on d. . 4

@ Apply this to v — A for each v € ex(H(A)), then “glue” everything
together. [J
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