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“No Siegel zeros” for D < 0
<

Lower bounds for “class number x regutator” of Q(v/D)
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o D < 0 fundamental discriminant (so v'D ¢ R, D = disc Q(v/D));
o C{(D) = class group of Q(v/D);
o h(D) = |C¢(D)| class number of Q(v/D);

e j = j-invariant function:

(1 +240 3251 (X d3)‘1")3

. -
o D (o002 0)
nz
j(i) = 1728, g-expansion of j:
T+1) =j(7), ) —_
jE 1/ ; jE ; j(627rz/3) =0, 1
—YT)=I\T); i(r) = =
J J “(ino) = 100, J(T) p + 744 + 196884q +
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Singular moduli (1/2)

Let € b (3(r) >0)

. AB,CeZ, A>0
. 2 _ y ) )
e CM-point: 7 | AT+ BT+ C =0 (gcd(A,B,C) _1, unique)

e Singular modulus: j(7) (j = j-invariant, 7 a CM-point)

CM-points Quadratic forms
TED Ax? + By + Cy?

w2

o disc(7) := B2 — 4AC
o 7~7 < (A,B,C)~ (A,B C)
o 7€ — (A B,C) reduced
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Singular moduli (2/2)

Heegner points Ap Reduced prim. quad. forms of disc. D
02 2
CM-points 7 € .Z, (a5, 6)2'_ az” +bay + ¢y
dise(r) = D s.t. b* —4ac= D, and
—a<b<a<cor0<b<a=c
w w
D = vD or —1+vD < Principal form _
2 2 % Z[tp) = O,
D=0(4) D=1(4) (1,0,—2) or (1,1,152)

Write Hp := Hilbert class field of Q(v/D).
o Hp = Q(vD, j(rp)) ([HD . QWD) = [QUi(rp)) : Q) = h(D))

o {j(r) | T € Ap} = Gal(Q/Q(v/D))-conjugates of j(rp)

e j(7p) is an algebraic integer!
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The equation 2% — Dy? = 1728

Consider the Diophantine equation x3 — Dy? = 1728 (= j(i)).
e Factorization of differences of singular moduli
o Solutions of the type (j(7p), j(rp) — 1728) = (23, Dy?)
o Idea: ABC = few such solns = lower bounds for h(D)

ABC : a,b,c € Z coprime. Ve > 0, 3C: > 0 s.t.
=== 14
(a+b=c) | maxflal, bl lef} < Cc( TTyjaseP)

Example (Class number 1 problem)

Gross—Zagier: h(D) =1 = =z, y/|D| € Z. However, in this case,

abc
5(rp)| < max{|z|?, |yv'D|%, 1728} < C. - |z -yVD|'*®
< C. - |j(rp)|E1+9),

so there can only be finitely many D < 0 with (D) = 1. A
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How does h(D) grow?

What do we know?

e h(D) — oo as D — —oo (Heilbronn, 1934)

o List h(D) (small values of |D|)
o Estimate h(D) (large values of |D|)

o —D €{3,4,7,8,11,19,43,67,163} are the only D s.t. h(D) =1
o Solved by Heegner (~1952) [based on Weber’s work]
o Reworked and clarified by Stark, Birch (1967~9)
o Baker’s solution (~1970) [based on Baker’s theorem)]

° h(D) grows roughly like ’l)ll/2 (GRH = err ~ (loglog |D|)*")

o Hecke (1917): If L(s, xp) # 0 near 1, then D) > (log |D|)~?

|D|1/2
h(D1)  h(D2) 1
Di172" [Dyfi/2 § > (o8 PrDz)

h(D
o Siegel (1935): |’§|1/)2 >, |D|™¢ (unconditional but ineffective)

o Landau (1918): max{
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The Granville-Stark Theorem

Theorem (Granville-Stark, 2000)

“No Siegel zeros” for
L(Sa XD)7 D <0

Uniform abc-conj. —>

Study 2 — % = 1728

Uniform ABC for number fields (U-abc)

U-abc = lower bounds for h(D)

e Lower bounds h(D) <= “no Siegel zeros”
H. Stark
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3 2

The equation z° — y° =

o Solutions of the type (j(7p), j(rp) — 1728) = (23, y?)

ABC (for Q) :

logmax{al, [b, ||} < (1+¢)| > logp
plabe

log -conductor

+0:(1)

o Applying the same logic for 23 — 32 — 1728 = 0, we would get:

log max{|z[*, [y[*} < logmax{|a|*, |y|*, 1728}

How to make
this precise?

abc

< (14 ¢)log-cond(12|zy|) + error

<

S| ot

log max{|z|3,|y|*} < (6 +€') - error

(1 + ¢) log max{|z|?, |y|*} + error
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ABC for number fields (1/2)

Let K/Q be a NF, V(K) its places, V(K )" C V(K) non-arch. places.

For a point P = [z : - - - : x| € P}, define:
e (naive, abs, log) height ht(P) e (log) conductor Nk (P)
1 1
, folog(py
K Q Z log (mZaX{Hlev}) [K : Q] ueV(ZK)“"“ (p0)
vEV(K) 3i,j<n s t.
v(zs)#v(ws)
For a,b, c € Z coprime, T
@ ht([a:b: c]) = logmax{|al, |b], |c|} U P =P
Do~ P NQ
° No(la:b:c]) =log (I1,as.P) fo =Ko : Qp,]
_ « integral = ht(« log™t |a*
For a € Q, ht(a) := ht([or : 1]). e Y aZEA g [’

A = {conjugates of a}
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ABC for number fields (2/2)

abc for number fields
Fiz K/Q a number field. Then, for every e > 0, there is C(K,e) € Ry such
that, Va,b,c € K | a+ b+ ¢ =0, we have

ht(fa:b:¢c]) < (1+¢) (NK([a :bic]) + log(rdK)) +C(K,e),

where rdg := |A K|1/ [K:Ql 45 the root-discriminant of K.

@ Granville-Stark’s idea: Solve x® — y? = j(4) in diff.s of singular moduli:

(o). i(rp) = 1728) = (e9?) 2" —y* = 1728]

j(TD> S HD HD = HD(.’L',y) ([ﬁ/) : II/)} < ())

oo tion (for 1
Proposition (for 0 < e < 47)

rdg, <6v/ID] | ht(j(rp)) < (1 +¢)log|D| +2C(Hp,e)) + O(1)

1—5¢
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What do we get?

Thus, for every small € > 0, we have:

lim sup + lim sup

ht(j(rp)) _ 1+ 2C(Hp, ¢)
Do 3log|D| T 1-5¢  p o (1—5¢)log|D|

How to make progress? (Keep in mind:

[Hp : Q] < h(D), )
log(rdg, ) = log |D| 4+ O(1)

e Uniformity: C(K,e) = C(e) (= limsup <1)

e Weak uniformity: C(K,¢) = o.(logrdx) (= limsup < 1)

e O-weak uniformity: C(K,e) = Oc(logrdg) (= limsup < +0o0)
o [IUTchIV] ABC:! C(K,e) = O.([K : Q]**) (not strong enough!)

TIgnoring “compactly boundedness” condition.
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Lower bounds for h(D)

(weak) uniform ABC' = ht(j(mp)) < (3 + o(1)) log |D|

However,
. az’ + bry + ey’
ht(j(mp Z log T(a b C))| reduced,
(abc) b — dac =D
1 T/ |D|
= + 0(1)7
h(D) (;lw) a __-b+VD

and thus: (a:5:) 2a

g-expansion!

() =+
i(r) = 7 +0(1)
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Critical strip

The Dirichlet L-function of a primitive character x (mod g):

L) =X i) > 1)

n>1 n
e Euler product (R(s) > 1): %)
1
Lis,y) =[] ————
* Lox) l;Ilfx(p)p*S
o Functional equation: R(s)
o L*(s,x) = 7x(s) L(s, x) is entire % I X

o L*(s,x) =W(x)L*(1—s,%)

(where [W(x)| = 1)
@ Dirichlet’s PNT:
o L(1+it,x)#0,VteR.
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Classical zero-free regions

[Gronwall 1913, Landau 1918, Titchmarsh 1933]
Write s = o + it (0 = R(s), t = J(s)), and
let x (mod ¢) be a primitive character.

There exists A > 0 such that, in the region

A
seClo>1—— %
{ - logQ(\tH?)}

the function L(s, x) has:

e (x complex) no zeros;

o (x real) at most one zero, which is
necessarily real and simple — the
so-called Siegel zero.

[l
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Real primitive Dirichlet characters

{ Real primitive }

—{®

D fundamental}

Dirichlet characters discriminant
Q(v'D) xp (mod |DJ)
Factorization D=Dy---D; XD = XD, * " XD
(p) split xp(p) =1
Ramification (p) inert XD (p) = -1
(p) ramified xp(p) =0
00 Real / Complex xp(—=1)=1/xp(-1)=-1
Lfunction | Cgrm)(5) = DN@) | L(s,xp) = X xp(mn
Quadratic reciprocity <= CQ(\/E)(S) = ((s)L(s,xp)

Tafula, C. (DMS, UdeM)
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“No Siegel zeros” for D < 0

Conjecture (“no Siegel zeros” for D < 0)

There is 6 > 0 such that L(5,xp) # 0 for 1 — 0 <pB <1

log |D| —
Equivalently:
I/ Thelre are precise relations between
(D 7 (1,xp) < log|D)| L (1, xp), ht(j(7p)), and h(D):
(2) ht(j(p)) < log | D] h(D) +— ht(j(7p)) (seen)

ht(j(mp)) +— %(LXD) (Thm 1)

(3) h(D) >

‘D| Z a %(I,XD) +— Siegel zero (“tricky”)

v

Tafula, C. (DMS, UdeM)
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(1) <= (2) (Theorem 1)

Theorem 1 (T., 2020+)

For fundamental discriminants D < 0,
Ll

1 . 1
f(laXD) = —ht(j(7p)) — 3 log |D|+ C + op——o(1)
—_—

6

Error term

where C' = —1.057770. . ..

"Remark. (Colmez, 1993) Let ED/(C be an ell. curve w/ CM by Z[rp]. Then:
r
—2htrai(Ep) = log |D| + — (0 Xp) + log 27.

@ Colmez + Thm 1 = |htFa1(ED) - Eht(](TD))‘ = 2.65537...+ ODﬁfoo(l)

’ H Error term ‘ ’ H Error term ‘
Colmez (1993) || O(loght(j(mp))) Dimitrov (2016)* || O(1)
G-S (2000) || O(loglog|D|) T. (2020+) —1.05...+0o(1)
*Unpublished.
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Graph of ht(j(mp))

2.0

ht(j(p))/3log | D|

0.5

’Dl ><106




Graph of %(1, XD)




Euler-Kronecker constants

The Dedekind ¢-function of Q(v/D):

1 ¢(s)L(s,xp)
Cow/p)(8) = Z N(a)* = Y. s )

ago@(\/ﬁ) o/ €CL(D)

where ((s,.%7) = > N — for &7 € C{(D) — (partial zeta function)

aCof
a integral
In general, as s — 1: (Ihara, 2006)
Euler—Kronecker:
°CK() 1+00+O(8—1)

YK = co/c-1

° %(S)Z—Q—F'}/K—FO(S—I)

Kronecker limits:

o (r(s, @) =22 + »xR() +O(s — 1) R(), o € Clk
1 )
VK =5 Z R() v+ —1,xp) = ——= Z R(o
K gecux L (D
/€CU(D)
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Correspondence for D < 0 (Ideals—Forms—Points)

[fa(z,y) lac ] «—= &/ _ |Ideal classes _ = reb] faln1) =00 ]
-7 - @ ecup)
falz,y) == Noz+By) - b /7/

N(a) oy,
=az+8Z) [/ labol— [2+(242)]
- [(a,b,c)] —

1
(Pos-def, prim.) quad. forms]> ,,,,,,,,,, Heegner points

[(a,b,c)] € QuadForm(D)/~ [~~~ Nl [7] € Ap/SLy(Z)

real-analytic

Partial zeta function Epstein zeta function . . .
Eisenstein series
C(S,Q{) ANe Z[(a,b,c)](s) AN E([T],S)
1 1 S(1)°
> : > : D S e
icw N(a) (oyez? (ax? + by + cy?) ez |mT + n|
a integral (z,y) #(0,0) (m,n)70
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Kronecker limits for Q(v/D) (D < 0)

4(57%) = 1<2> E(Tﬂ,s) AN reduced o oy = M

wp \ \/|D] (a,b,c) 2a

o For fixed 7 € b, the Laurent expansion of F at s =1 is:

E(r,s) = pom] + W(Q%(T) —log (1) +U(T)) + 27 (v —log2) + O(s — 1)
where
Ur) =14y (Z 2) el (= 2oalatn) - F30)
n>1 \d|n

1
XN1) —log ¥(Tey) +U(Ter) — 5 log |D| +2v —log?2

Vv Vv
o -dependent term D-dependent constant term
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Duke’s equidistribution theorem

Theorem (Duke, 1988)
Ap ={7y | & € CU(D)} is equidistributed in .F

If f:.%# — C is Riemann-integrable, then:

Jm iy 3 10 = [ s

%ece (D)

z=x+1y

dp = édxdy W. Duke

T y>?
Normalized

hyperbolic area
T element

. (DMS, UdeM) g Zeros September 2021 27 / 40



Proof of Theorem 1

1
KLF: R(«) = g%(w) —log (1) +U(Tr) — 5 log |D| + (27 — log 2)

° / U(z) dp = 0.000151 .. .
F

1
— Z log S(7er)
h(D) o/ €Ce(D)

is hard without
Duke’s theorem!

° / log(y) du = 0.952984.. ..
F

° / (1og+ l7(2)| — 27ry> dp = —0.068692. ..
F

| (by Duke’s theorem)

11 s 1 ,
YTo(D) = G(h(D) we%e:([)) log J(Tgf)|> 5 log| D]+ C" +o(1)
¢
r 1 , 1
71 x0) = Ght(j(70)) — F1og|D| +C+o(l) | o

C = —1.057770...
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Main theorem

Theorem 2 (T., 2020+)T

Lfl (15 XD)
(weak) uniform abc = limsup

LADAY)
D——o0 IOg |D‘

ht(q U-abce
@ Algebraic: limsupM <

1 f Granville-Stark, 2000
D——o 3log|D| ( )

ht(j
@ Analytic: limSUpM > 1 (T., 20204) [unconditional!]
Analytic: limsup 310 1)
MAIN COROLLARY:

weak U-abc . \/580 + o(1)
+ Prop 1 maX{BGR’L(57XD)_O}<1_W J
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1
0

The summation »_,

Let D < 0 be a fundamental discriminant.

o Classical formula (Functional Eq. + Hadamard product)

Cewn= (3 ) - pes(2) -5 ()

o(xp)
o By the reflection formula: ¢
, 1 — 0 zeros of L(s,
Liex) =0 = ¢ —° (#:)
0, 1 — o zeros of L(s,X) .
N 4 a
o Hence: o 7 1
1 1 L 1
> ;= 31081Dl+ 7 (Lxn) - 5(’Y+10g77>
(xp)
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Pairing-up zeros (1/2)

In general, writing (o € critical strip, € > 0):

Mo(g)im —— =4 p L (pairing-up)
= alrimge-u
e\ o+te o+e 1l—p+e 1-D0+e¢ Apantmep/)
we get:
I, 1(0) 1 r 1/ T'(o+1
=08 _ og|D| + — i 1
> 1 5 log| Dl + 7 (o0.xp) — 5 g ) Tlogm
o(xp)

o Goal: Estimate Il in the critical strip

o Idea: Perturb ¢ in I,

Téfula, C. (DMS, UdeM) 4. UB for h(D) September 2021 32 / 40



Pairing-up zeros (2/2)

Lemma 1 (The pairing-up lemma)

E For every s € G, we have:

to(s) > L) (/= 125)

@ Take 0 <e <1, M > 2, and consider

1 1
B :2{866 >1——,t<—}
M 7 e < A7

Then, in &\ (By U (1 — Bu)), we have:

IIo(s) — Hc(s)| < 5MeTl.(s)

Tafula, C. (DMS, UdeM) 4. UB for h(D)
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Proof of Main Corollary

For any non-trivial zero ¢ of L(s,xp), we have:

#(12) < (1- J5) 518Dl + 3 (Lxo) + (Vo= 1)

@ Using that weak U-abc + Thm 1 = limsup Lflo(gliiﬁ’) <0,if pel0,1]is
D——o0

a zero of L(s,xp), then

ﬁ < ((1 - \}g) % +0(1)) log |D|.

5 1
@ Since ((1 - %)%)_1 = /5y, rearranging yields | § < 1 — \[lfg—i_g() O
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[solating the Siegel zero (1/2)

Using the second pairing-up lemma:

Proposition 2 (T., 2020+)

Suppose that for x (mod ¢) primitive, L(s, x) has no zeros (apart from possible
Siegel zeros = f3,) in the region

seCloz1— —, |t <V,
fa) f(a)
for some f: Z>o — R with 2 < f(¢) < logg. Then:

R( S 00) = 125 +0(VF@hea)

o Classical ZFR: f(q) = O(logq).

/

“no Siegel zeros” <= f(

1,xp) < log |D| J

Téfula, C. (DMS, UdeM) 4. UB for h(D) September 2021
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[solating the Siegel zero (2/2)

An integer q is k-smooth if all its prime factors are < k.

Chang’s zero-free regions (2014)

For x (mod ¢) primitive, L(s,x) has no zeros
(apart from possible Siegel zeros) in the region
1
ezl = |t|§1},

{SGC f(a)

where f : Z>2 — R satisfies: . o
f(q) = o(log q) for ¢°D-smooth moduli M.-C. Chang

o Chang’s ZFR + Proposition 2:

K ) = 5 +O(VFID) Tog D).

where fp := max{f € R | L(8,xp) = 0}.

Téfula, C. (DMS, UdeM) 4. UB for h(D) September 2021 36 / 40



Proof of Main Theorem

L/
f(la XD) =

1
=5, +O(VID) Tog [D])

: 15 >0, and \/f(|D]) log|D| = o(log|D|) for |D|°M-smooth
—Pp

fundamental discriminants, it follows that

L/
L,
lim sup 7L( Xp)

D——o log |D|
|D|°D -smooth

e Since

> 0. U

Corollary (strong “no Siegel zeros”)

Assume weak uniform abc. For any A > 0, as D — —oo through
|D|°(1)-smooth discriminants, all but finitely many D satisfy
A

max{8 € R | L(B,xp)} <1-— log | D]
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Upper bounds for h(D)

For fundamental discriminants D < 0 we have:

j’glogwuou) < ht(j(rp)) < (1+ o(1))3log|D|

1= 1 7 /D] 1
(14 310g|D| Zb: o ShD (‘[JFO( D|)> 3ToglD] > a

where:
@ starred ineq.s “<” are conditional on the weak uniform ABC.
e if D is |D|°(M-smooth, then starred ineq.s become (asymptotic) equalities.

o GRH = asymptotic starred equalities for all D, with error term a factor

of O(%) (E.g., ht(j(p)) = 3log|D| + O(loglog |D|) under GRH).
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