Appendix 8A. Eisenstein’s
proof of quadratic reciprocity

8.10. Eisenstein’s elegant proof, 1844
A lemma of Gauss gives a complicated but useful formula to determine (a/p):

Theorem 8.6 (Gauss’s Lemma). Given an integer a which is not divisible by odd
prime p, define 1, to be the absolutely least residue of an (mod p), and then define

the set N := {1 <n < % . 1, < 0}. Then (%) = (—1)|M.

For example, if a = 3 and p = 7, then r, = 3,79 = —1,73 = 2 so that N = {2}

and therefore (2) = (—1)! = —1.

Proof. For each m,1 < m < p—;l, there is exactly one integer n, 1 < n < ”2;1,
such that r,, = m or —m (mod p) (for if an = +an’ (mod p), then pla(n Fn'), and

so p|n F n', which is possible in this range only if n = n’). Therefore

("5 )= T w= T ne T 60

1<m< 2zt 1<n<Pat 1<n<PRt
ngN neN
p—1 p—1
= H (an) - H (—an) = a"7 (=1)NI. (2>! (mod p).
1<n<Pt 1<n< Pt
ngN neN

Cancelling out the (%)! from both sides, the result follows from Euler’s criterion.
O

This proof is a clever generalization of the proof of Theorem
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Exercise 8.10.1.7 Use CGauss’s Lemma to determine the values of (a) (—1/p) and of (b) (3/p),
for all primes p > 3.

Exercise 8.10.2.7 Let r be the absolutely least residue of N (mod p). Prove that the least
non-negative residue of N (mod p) is given by

|:N:| r ifr >0,
N—-p|—| =
p p+r ifr<o0.

Corollary 8.10.1. If p is a prime > 2 and a is an odd integer not divisible by p,
then

(8.10.1) (“) - (-1)25?511[%} ,

Proof. (Gauss) By exercise |8.10.2| we have

p—1 p—1 p=1 p=1
2 an 2 2 2
(8.10.2) <anp {]) = Z Ty + (p+r,) = Zrn+p\/\/|.
n=1 p n=1 n=1 n=1
ngN neN
In the proof of Gauss’s Lemma we saw that for each m,1 < m < %, there is

exactly one integer n, 1 < n < %, such that r, = m or —m, and so r, = m
(mod 2). Therefore, as a and p are odd, (8.10.2) implies that

p—1 p—1 p—1 p—1
N PN Eh N
V| = Z {an] (mod 2) as rn = m=a) n (mod?2).
n=1 p n=1 m=1 n=1
We now deduce (8.10.1) from Gauss’s Lemma. O

p—1
The exponent >, 2, [%} on the right-hand side of (8.10.1) looks excessively

complicated. However it arises in a different context that is easier to work with:

Lemma 8.10.1. Suppose that a and b are odd, coprime positive integers. There
are

b—1
2
> [5]
n=1 b
lattice points (n,m) € Z? for which bm < an with 0 < n < b/2.

Proof. We seek the number of lattice points (n,m) inside the triangle bounded

by the lines y = 0, x = g, and by = ax. For such a lattice point, n can be any
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integer in the range 1 < n < b;—l. For a given value of n, the triangle contains the
lattice points (n,m) where m is any integer in the range 0 < m < 4*. These are
the lattice points in the shaded rectangle in Figure 8.1.

The line by = ax ,*

0 b/2

’

Figure 8.1. The shaded rectangle covers the lattice points (n,m) with 1 <
m <[]

Evidently m ranges from 1 to [%*], and so there are [%*] such lattice points. Sum-

ming this up over the possible values of n gives the lemma. O

Corollary 8.10.2. If a and b are odd coprime positive integers, then

a—1

S (5] 5[] - emye=n

m=

=

Proof. The idea is to split the triangle

b
R::{(x,y): 0<x<2and0<y<;}

into two parts: the points in R on or below the line by = ax, that is, in the region

A:={(zr,y): 0<z<b/2and 0 <y < azx/b};
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0 b/2
Figure 8.2. Splitting the rectangle R into two parts.

and the points in R above the line by = ax, that is, in the region

B:={(z,y): 0<z<by/aand 0 <y < a/2}.

We count the lattice points (that is, the points with integer coordinates) in R
and then in A and B together. To begin with

—1
RHZQZ{(n,m)EZ2:1§n§ and1§m§a2},

2 _ a—1  b—1
so that ‘RQZ |— %7

Since there are no lattice points in R on the line by = ax, as (a,b) = 1, therefore

ANZ?={(n,m)eZ?: 0<n<b/2and bm < an},

b—1
and so [ANZ* =32, [%] by Lemma|8.10.1} Similarly
BNZ*={(n,m)€Z*: 0<m<a/2and an < bm},

a

;1
and so [BNZ% =Y, Z, [*2] by Lemma [8.10.1] (with the roles of a and b inter-
changed). The result then follows from the observation that A N Z2% and B N Z?

partition R N Z2. (]

Eisenstein’s proof of the law of quadratic reciprocity. By Corollary [8.10.1
with ¢ = ¢, and then with the roles of p and ¢ reversed, and then by Corollary
8.10.2] we deduce the desired law of quadratic reciprocity:

(q> (p> _ (_1)2211 (%] . (_1)2:?:11[’%] = (-1 Btz 0

~—

p q

Appendices. The extended version of chapter 8 has the following additional
appendices:

Appendix 8B. Small quadratic non-residues. For a given prime p we show that
there are small integers m and n for which (%) =1and (%) = —1, and we discuss

some of the latest developments in bounding m and n.
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Appendix 8C. The first proof of quadratic reciprocity presents Gauss’s orig-
inal proof of quadratic reciprocity. It is a wonderfully ingenious use of solutions
to quadratic equations, though a little more complicated than the proofs already
presented.

Appendix 8D. Dirichlet characters and primes in arithmetic progressions. Here
we present the vitally important generalization of the Legendre and Jacobi symbols
to Dirichlet characters. To determine all of the characters themselves requires a neat
theory. We then indicate how these were applied by Dirichlet to prove that there
are infinitely many primes in any arithmetic progression a (mod ¢) with (a,q) = 1.

Appendix 8E. Quadratic reciprocity and recurrence sequences. We study the p
divisbility of second-order linear recurrence sequences, which depends on the values
of certain Legendre symbols.



