Appendix 4C. Irreducible
polynomials modulo p

The Fundamental Theorem of Algebra (section of appendix 3F) states that
every monic polynomial can be factored into monic irreducible polynomials in a
unique way, which is completely analogous to how positive integers are factored into
primes in the Fundamental Theorem of Arithmetic. In appendix 4B we associated
the primes with ((s), the generating function for the integers. In this appendix we
associate the irreducible monic polynomials mod p with the generating function for
the monic polynomials mod p.

4.12. Irreducible polynomials modulo p

The monic polynomials mod p of degree d take the form
z¢ + ad_lxd_l + - -+ a1z + ap such that each a; € Z/pZ.

(The notation Z/pZ was introduced in appendix 2A, to stand for the residue classes
mod p.) There are p possible values for each a;, and there are d different a; to be
selected, so there are a total of p? monic polynomials mod p, of degree d.

Exercise 4.12.1. Suppose that h(z) is a given polynomial mod p of degree d. Prove that there
are exactly p™~% monic polynomials in Fp[z] of degree m that are divisible by h(z), provided
m > d.

We will determine Ny, the number of monic irreducible polynomials mod p, of
degree d. This is surprisingly straightforward using the Mobius inversion formulaﬁ
It is most elegant if we define the analogy to the von Mangoldt function by

Ag(z)) = degp(z) if g(z) = p(x)* with p(z) irreducible and integer k > 1,
g o otherwise.

6Though there is no known analogous argument known for counting the primes themselves.
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We are going to compute the degree of the product of all of the monic polynomials
mod p, of degree m, in two different ways: Firstly, since there are p™ such polyno-
mials and since they each have degree m, the total degree is mp™. On the other
hand, the degree of each such polynomial h(z) equals the sum of the degrees of all
of its irreducible monic factors (counting each factor the number of times it occurs
in the factorization); that is,

degh(z) = Z degp(z)

p(z) monic irreducible
k>1, p(x)* divides h(z)

S Algl)).

g(x) monic
g(x) divides h(x)

Therefore, summing this over all polynomials h(z) of degree m we obtain

mp™ = > degh(z) = Y Alg(x)) > 1.

h(xz) monic of degree m g(z) monic h(xz) monic of degree m
g(x) divides h(x)

If g(x) has degree d, then the last term is 0 unless d < m, in which case exercise
4.12.1] yields that

m

mp™ =Y pne > A(g(2)).
d=1

g(x) monic of degree d
Subtracting p times this identity for m — 1 from this identity for m, we obtain

(4.12.1) > Ag(z)) = p™.

g(z) monic of degree m

The terms on the left-hand side are given by g(x) = p(z)* for each factorization
m = dk as p(x) runs over the irreducible polynomials of degree d. Therefore

(4.12.2) > dNg=p™,
dl

and then, by the Mobius inversion formula (given in section of appendix 4A,
with f(d) = dNg), we deduce that

(4.12.3) mNy = > pa)p’ = p(d)p™*.

ab=m d|m

This is an ezact formula for the number of irreducible polynomials of degree m.
The largest term in the sum on the right side comes from d = 1, the term being
p™, so the number of irreducible polynomials of degree m is roughly p™/m. The
second largest term has d = 2 (when m is even), so equals —p™/? and otherwise is
smaller. Therefore

MmNy, —p™| < Y ph< Y ph <2pim/al
d|lm, d#1 k<[m/2]

One can then deduce that N,, > 0 for all prime powers p™; that is, there exists
an irreducible polynomial mod p of every degree > 1. This is useful since, as will
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be explained in section of appendix 7E, an irreducible polynomial mod p of
degree n can be used to construct a finite field with p” elements.

An alternative approach uses generating functions. We define

F(t):= > tleh@ = 3" > = Pt =< _1pt.

h(xz) monic m2>1 h(z) monic of degree m m>1

On the other hand

pdegh(z) _ I peg(p(a)*) 11 fh deg(p(2))
p(x) monic irreducible p(x) monic irreducible
k21, p(x)"||h(x) k>1, p(z)*[|h(x)

and so, summing t4°€"(*) over all monic polynomials h(z), we obtain (using the
Fundamental Theorem of Arithmetic for polynomials to ensure unique factoriza-
tion)

Ft) = 11 (1 4 deg(p(@) 4 y2deg(p(@) 4 . )
p(x) monic irreducible
=11 1T 1—tht =T —eH=Ne
d>1 p(z) monic irreducible, degree d d>1

We have therefore proved the remarkable identity

F(t) =| — =[Ja—tH=

1—pt 51

which we have obtained much like we obtained Dirichlet series and their Euler
products in appendix 4B. Now we take the logarithmic derivative to obtain

—F't) _ p > dNgt?1
F(t) 1—pt 1—td -~

d>1
Multiplying through by ¢ and expanding we have

d
S = e = SN = SNy Y e = 3 Saa | o
d|n

n>1 d>1 d>1 m>1 n>1

Comparing the coefficients of " on both sides we again obtain the identity (4.12.2)),
which then leads to our exact formula for the number of irreducible polynomials of
degree d.

Exercise 4.12.2. Prove that N, < p™/m.



