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Proof. Suppose that |m| > 1 for some integer m > 1. Fix any other integer b > 1,
and then define B := max{|c| : 0  c  b � 1}. Any integer N can be written in
base b as m0 +m1b+ · · ·+mdbd where each mj 2 {0, 1, 2, . . . , b� 1} and md � 1.
Therefore

|N | 
dX

i=0

|mib
i| =

dX

i=0

|mi||b|i  (d+ 1) B max{1, |b|d},

as there are d + 1 terms in the sum, each |mi|  B, and each |b|i  1 if |b|  1,
with each |b|i  |b|d if |b| > 1.

We let N = mn for any integer n � 1, so that |N | = |m|n. Now bd  N and so
d  logN

log b
= n logm

log b
. Substituting this into the inequality above gives

|m|n 
✓
1 + n

logm

log b

◆
B max{1, |b|n

log m
log b }.

We will take nth roots of both sides and let n ! 1. We notice that (u+nv)1/n ! 1
as n ! 1 for any v > 0 and so deduce that

|m|  max{1, |b|
log m
log b }.

Since |m| > 1 this implies that |b| > 1 and therefore, taking logarithms, we have

log |m|
logm

 log |b|
log b

.

Since |b| > 1 we may run the same argument with the roles of b and m reversed and
obtain the opposite inequality, and combining these we get equality. But this holds
for all integers b > 1. Hence there exists a number  for which |b| = b = |b|1 for
all integers b > 1.

As |m| > 1 we deduce that  > 0. Since 2 = |2|1  |1|1+ |1|1 = 2, therefore
  1. One can show that the triangle inequality holds whenever 0 <   1.

If |n| = 1 for all n > 1, then |n| = |n|01.

We may now assume that |n|  1 for all integers n > 1, and that |m| < 1 for
some m > 1. By multiplicativity we know that |p| < 1 for some prime p dividing
m. There can be no other prime q with |q| < 1, or else we select a large power
e, so large that |q|e < 1 � |p|. Since (p, q) = 1 there exist integers a, b for which
ap+ bqe = 1 and therefore

1 = |1| = |ap+ bqe|  |ap|+ |bqe| = |a||p|+ |b||q|e  |p|+ |q|e < 1,

a contradiction. Therefore, if |p| = p� = |p|
p
, then |.| = |.|

p
. Taking powers of

(16.1.3) we see that any norm |.|
p
satisfies the ultrametric triangle inequality and

therefore satisfies the Euclidean triangle inequality. ⇤

16.6. Power series convergence and the p-adic logarithm

Theorem 16.4. Let (an)n�0 be an infinite sequence of p-adic numbers. The infinite
sum

P
n�0 an converges to some number L (in the p-adics) if and only if an ! 0

as n ! 1.
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Proof. Suppose that an ! 0 as n ! 1. Fix ✏ > 0 and M0 so that |an| < ✏
whenever n � M0. Using the ultrametric inequality we have that if N > M � M0,
then ������

X

nN

an �
X

nM

an

������
p

 max
M<nN

|an|p < ✏.

Therefore the partial sum of the an form a Cauchy sequence, and therefore
P

n�0 an
converges to some number L.

On the other hand if
P

n�0 an converges to some number L, then for any ✏ > 0
there exists M1 such that |

P
nM

an � L| < ✏ whenever M � M1. Therefore if
N � M1 + 1, then we have aN = (

P
nN

an � L)� (
P

nN�1 an � L) so that

|aN |p  max

8
<

:

������

X

nN

an � L

������
p

,

������

X

nN�1

an � L

������
p

9
=

; < ✏.

We deduce that an ! 0 as n ! 1. ⇤
Exercise 16.6.1. Let p be a given prime.
(a) Prove that

P
n�0 z

n/an converges when |z|p < p�⌧ , where ⌧ = lim supn!1 vp(an)/n.

(b) Deduce that
P

n�1 z
n/n converges if |z|p < 1. (In C this also converges inside |z| < 1.)

Exercise 3.10.1(b) states that vp(n!) =
n�sp(n)

p�1 where sp(n) is the sum of the digits of n

when written in base p.
(c) Deduce that

P
n�1 z

n/n! converges if |z|p < p�1/(p�1).

We define the p-adic logarithm to be

log
p
(z) := �

X

n�1

(1� z)n

n

whenever |1 � z|p < 1 with z 2 Zp (this sum converges by exercise 16.6.1(b)).
Similarly we define the p-adic exponential to be

exp
p
(z) :=

X

n�1

zn

n!

wherever |z|p < p�1/(p�1) (this sum converges by exercise 16.6.1(c)).

Exercise 16.6.2. Suppose that |1� a|p, |1� b|p < p�1/(p�1).
(a) Prove that |1� ab|p < p�1/(p�1).
(b) Deduce that expp(ab) = expp(a) expp(b).

In exercise 2.5.9(b) we saw that 1
p

�
p

j

�
⌘ (�1)j�1/j (mod p) for 1  j  p� 1,

so that if z 2 Z(p), then

p�1X

n=1

zn

n
⌘ �1

p

p�1X

n=1

✓
p

n

◆
(�z)n = �1

p
((1� z)p � 1 + zp) (mod p).

This suggests that there might be a convenient expression of this type for log
p
(z).

Exercise 16.6.3. Suppose that vp(x) > 0.
(a) Prove that if pk  m < pk+1, then vp(xm/m) � pkvp(x)� k, for each integer k � 0.
(b) Suppose that vp(x) � 2r/pr for some integer r � 1. Deduce that vp(xm/m) � k for all

m � pk, whenever k � r.
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Lemma 16.6.1. For any z 2 Z(p) for which |1� z|p < 1, we have

log
p
(z) = lim

k!1

zp
k � 1

pk
.

Proof. Let x = 1 � z so that vp(x) > 0. We can select an integer r � 1 for
which vp(x) � 2r/pr, as i/pi ! 0 as i ! 1. Let k be any integer � 3r and
let ` be the largest integer  k/3, so that ` � r. Therefore if m � p`+1, then
vp(xm/m) � `+ 1 > k/3 by exercise 16.6.3(b).

For 1  m  pk we have

(�1)m�1 1

pk

✓
pk

m

◆
= (�1)m�1

m�1Y

j=1

pk � j

j
· 1

m
=

cm
m

where cm :=
m�1Y

j=1

✓
1� pk

j

◆
.

We let cm = 0 for all m > pk, so that � log
p
(z) = � log

p
(1� x) =

P
m�1

x
m

m
, and

1� zp
k

pk
=

1� (1� x)p
k

pk
=

p
kX

m=1

(�1)m�1 1

pk

✓
pk

m

◆
xm =

p
kX

m=1

cm
xm

m
.

Therefore

� log
p
(z)� 1� zp

k

pk
=

X

m�1

(1� cm)
xm

m
.

Now if 1  j < m  pk, then 1 � p
k

j
2 Z(p), and so 1 � cm 2 Z(p) for all m � 1;

that is, |1� cm|p  1. Therefore if m � p`+1, then
����(1� cm)

xm

m

����
p


����
xm

m

����
p

< p�k/3,

by the first paragraph.

If 1  j < m < p`+1, then 1 � p
k

j
⌘ 1 (mod pk�`), and so |1 � cm|  p`�k.

Now |m|p � p�` and so
����(1� cm)

xm

m

����
p

 p2`�k  p�k/3.

Combining these last two estimates, we deduce that
�����logp(z) +

1� zp
k

pk

�����
p

=

������

X

m�1

(1� cm)
xm

m

������
p

 max
m�1

����(1� cm)
xm

m

����
p

 p�k/3,

and the result follows, letting k ! 1. ⇤
Exercise 16.6.4. Prove that

P
m�1 2

m/m = 0 in the 2-adics.

Exercise 16.6.5. Assume that |a� 1|p, |b� 1|p < 1.

(a) Prove that limk!1 ap
k
= 1.

(b) Deduce that logp(ab) = logp(a) + logp(b).
(c) Deduce that if a = bn, then logp(a) = n logp(b).

(d)† Suggest an algorithm for the discrete log problem in the p-adics.
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At the moment the function log
p
(z) is defined only when |z � 1|p < 1. For

any � 2 Zp with |�|p = 1, there exists an integer b with b ⌘ � (mod p) and b 6⌘ 0
(mod p). Therefore, by Fermat’s Little Theorem, �p�1 ⌘ bp�1 ⌘ 1 (mod p), and
so log

p
(�p�1) is well-defined. Taking our lead from exercise 16.6.5(c) we therefore

define

log
p
(�) :=

log
p
(�p�1)

p� 1
= lim

k!1

�p
k(p�1) � 1

pk(p� 1)
.

Exercise 16.6.6. Assume that ↵,� 2 Zp.
(a) Prove that logp(�↵) = logp(↵).
(b) Prove that logp(↵�) = logp(↵) + logp(�).

Any � 2 Zp can be written in the form � = pe� where |�|p = 1, so we define3

log
p
(�) = e log

p
(p) + log

p
(�).

16.7. The p-adic dilogarithm

For each k � 1, define

Lk(x) :=
X

m�1

xm

mk
.

The case k = 2 is the dilogarithm function.

Exercise 16.7.1. (a) Prove that the sum defining Lk(x) converges for all x 2 C with |x|1  1
for all k � 2, and for |x|p < 1 in the p-adics.

(b) Establish that Lk(x) + Lk(�x) = 21�kLk(x2) when |x|p < 1.

Theorem 16.5. If |1� z|p < 1, then

(16.7.1) L2(1� z) + L2(1� z�1) = �1

2
(log

p
z)2.

In particular L2(2) = 0 in the 2-adics.

Proof. For |x|p < 1, we have

dL2(x)

dx
=

1

x

X

m�1

xm

m
= �

log
p
(1� x)

x
,

and so, by the chain rule, we have

d

dz
(L2(1� z) + L2(1� z�1)) = �L0

2(1� z) + z�2L0
2(1� z�1)

=
log

p
(z)

1� z
� z�2 logp(z

�1)

1� z�1
= �

log
p
z

z
.

Integrating yields L2(1� z) +L2(1� z�1) = � 1
2 (logp z)

2 +C for some constant C.
Taking z = 1 we see that C = 0, yielding (16.7.1).

Replacing z by z2, we obtain

L2(1� z2) + L2(1� z�2) = �2(log
p
z)2 = 4(L2(1� z) + L2(1� z�1)).

When p = 2 we may take z = �1 in this equation and so 8L2(2) = 2L2(0) = 0. ⇤

3We can select any value for logp(p) as is convenient in context; we do not have to let it be 1.
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Exercise 16.7.2. Let p = 2 and |z � 1|2 < 1.
(a) Prove that L2(1� z) + L2(1 + z) = 1

2L2(1� z2) + C for some constant C.
(b) Prove that C = 0 using (16.7.1).
(c) Deduce (again) that L2(2) = 0.

We have now seen that
X

n�1

2n

n
=

X

n�1

2n

n2
= 0

in the 2-adics. It is interesting to see how rapidly this convergence happens. If
n � N � 2k, then v2(2n/n) � 2k � k so that

X

n<N

2n

n
= �

X

n�N

2n

n
⌘ 0 (mod 22

k�k)

and similarly X

n<N

2n

n2
⌘ 0 (mod 22

k�2k).

It looks like there might be a pattern here. How about
P

n�1 2
n/n3? Unfortunately

the n = 4 term gives the unique maximum, 22, of |2n/n3|2, and so |
P

n�1 2
n/n3|2 =

4, not 0.

Exercise 16.7.3. Prove that if |x|p, |y|p < 1, then

L2(x) + L2(y)� L2(xy)� L2

✓
x(1� y)

1� xy

◆
� L2

✓
y(1� x)

1� xy

◆
= logp

✓
1� x

1� xy

◆
logp

✓
1� y

1� xy

◆
.

Further reading on p-adics

[1] Richard M. Hill, Introduction to number theory, chapter 4, World Scientific, Singapore, 2018.


