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Proof. Suppose that |m| > 1 for some integer m > 1. Fix any other integer b > 1,
and then define B := max{|c| : 0 < ¢ <b—1}. Any integer N can be written in
base b as mg + m1b + - - + mgb? where each m; € {0,1,2,...,b— 1} and my > 1.
Therefore
d d
IN| < D Imab| = Y |millp' < (d+1) B max{1, (b},
i=0 i=0
as there are d + 1 terms in the sum, each |m;| < B, and each |[b|" < 1 if |b] < 1,
with each [b|* < |b|@ if |b] > 1.
We let N = m™ for any integer n > 1, so that |[N| = |m|". Now b? < N and so

logN _  logm
dg log b 7nlogb'

Substituting this into the inequality above gives

I ogm
jml" < <””ﬁi?) B max(1, [b" ¥ .

We will take nth roots of both sides and let n — oo. We notice that (u+nv)t/™ — 1
as n — oo for any v > 0 and so deduce that

log m

|m| < max{1,|b|Tes> }.

Since |m| > 1 this implies that [b| > 1 and therefore, taking logarithms, we have

log|m| _ log]t

logm ~ logh’

Since |b| > 1 we may run the same argument with the roles of b and m reversed and
obtain the opposite inequality, and combining these we get equality. But this holds
for all integers b > 1. Hence there exists a number « for which |b] = b" = |b|% for
all integers b > 1.

As |m| > 1 we deduce that x > 0. Since 2" = |2]%, < |1|5 +[1]5, = 2, therefore
% < 1. One can show that the triangle inequality holds whenever 0 < xk < 1.

If n] = 1 for all n > 1, then |n| = |n|%.

We may now assume that |n| < 1 for all integers n > 1, and that |m| < 1 for
some m > 1. By multiplicativity we know that |p| < 1 for some prime p dividing
m. There can be no other prime ¢ with |¢| < 1, or else we select a large power
e, so large that |¢|¢ < 1 — |p|. Since (p,q) = 1 there exist integers a, b for which
ap + bg® = 1 and therefore

1 = 1] = [ap+0bg°| < lap|+ |bg°| = |allp] + [bllq]® < |pl+]ql® <1,

a contradiction. Therefore, if |p| = p™ = |p[5, then |.| = [.|5. Taking powers of
(16.1.3) we see that any norm |.|; satisfies the ultrametric triangle inequality and
therefore satisfies the Fuclidean triangle inequality. (|

16.6. Power series convergence and the p-adic logarithm

Theorem 16.4. Let (a,,)n>0 be an infinite sequence of p-adic numbers. The infinite
sum Y, <o an converges to some number L (in the p-adics) if and only if a, — 0
asmn — oo.
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Proof. Suppose that a, — 0 as n — oo. Fix € > 0 and My so that |a,| < €
whenever n > Mj. Using the ultrametric inequality we have that if N > M > M,
then

a _E a < max |a < €.
Z n n _M<n§N|n|p

n<N n<M
p

Therefore the partial sum of the a,, form a Cauchy sequence, and therefore ) - ay,
converges to some number L.

On the other hand if ., a, converges to some number L, then for any e > 0
there exists M such that |3, ), an, — L| < € whenever M > M;. Therefore if
N > M; + 1, then we have ay = (anN an — L) — (2:76]\,71 a, — L) so that

lan], < max Zan—L , Z anp — L < e.

n<N n<N-1
p p

We deduce that a,, — 0 as n — oco. O

Exercise 16.6.1. Let p be a given prime.
(a) Prove that }°, 2" /an converges when |z|, < p~7, where 7 = limsup,, _, o, vp(an)/n.
(b) Deduce that >, -, 2™ /n converges if |z|, < 1. (In C this also converges inside |z| < 1.)
Exercise 3.10.1*b) states that vp(n!) = %"1(") where sp(n) is the sum of the digits of n

when written in base p.
(c) Deduce that ) -, 2™/n! converges if |z[, < p~ /=1,

We define the p-adic logarithm to be

log,(z) := — Z a-2"

n
n>1

whenever |1 — z|, < 1 with z € Z, (this sum converges by exercise [16.6.1(b)).
Similarly we define the p-adic exponential to be

n

exp,(z) = Z %

n>1

wherever |z|, < p~*/(P=1) (this sum converges by exercise [16.6.1{(c)).

Exercise 16.6.2. Suppose that |1 — alp,|1 —b|, < p~ /@1,
(a) Prove that |1 — ab|, < p~1/(P=1),
(b) Deduce that expp(ab) = expp(a) expp(b).

In exercise |2.5.9 b) we saw that %(?) = (-1)71/j (mod p) for 1 < j <p—1,
so that if z € Z,), then

pi % = p_l <p>(—2)" = —1((1 — 2P —1+2P) (mod p).

p

This suggests that there might be a convenient expression of this type for log,(z).

Exercise 16.6.3. Suppose that vp(z) > 0.
(a) Prove that if p¥ < m < pFt1 then vy,(z™/m) > pFu,(x) — k, for each integer k > 0.
(b) Suppose that v,(z) > 2r/p” for some integer r > 1. Deduce that v,(z™/m) > k for all
m > p*, whenever k > r.
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Lemma 16.6.1. For any z € Z, for which |1 — z|, < 1, we have

k
2P -1
k

log,(z) = k}liﬁrglo ’

Proof. Let x = 1 — z so that v,(z) > 0. We can select an integer r > 1 for
which v, (x) > 2r/p", as i/p’ — 0 as i — oo. Let k be any integer > 3r and
let ¢ be the largest integer < k/3, so that ¢ > r. Therefore if m > p*!, then
vp(z™/m) > €+ 1> k/3 by exercise ).

For 1 <m Spk we have

1 (pk - 1 e == p*
(—1)m717c ( ) = (—1)m71 I | = . — = ™ where ¢, := I | <1 — > .
m m m
i=1

p j e j
We let ¢, = 0 for all m > p*, so that —log,(z) = —log,(1 — ) = > om>1 W’ and
k k
1-2" 1-(1—a) o o 1" L < ™
kT % = (=)™ — m)t = ZC’"H'
p p m=1 p m=1
Therefore .
1—2P ™
—log, (2) — = 1—cpn)—.
0= = e

Now if 1 < j <m§pk,then1—pj—.k € Zp), and s0 1 — ¢,y € Zp for all m > 1;
that is, |1 — ¢/, < 1. Therefore if m > p®*1, then

xm
1—cpn)—
’( C)m

m
Si
m
p

<p—k/37
p

by the first paragraph.
If1 <j<m<ptt then 1 — ka =1 (mod pF=*), and so |1 — ¢,,,| < p*~F.

14

Now |m|, > p~* and so
< pHk < /3,

‘(1—%)””
m p

Combining these last two estimates, we deduce that

m

x
Y- <
( c)m < max

m>1

.

1— 2P

log,(2) + : <p*3,
p

P

xm
1—cpn)—
( C)m

m>1
p = p

and the result follows, letting k — oc. O
Exercise 16.6.4. Prove that > ;2™ /m =0 in the 2-adics.

Exercise 16.6.5. Assume that |a — 1|p, |b — 1|, < 1.
(a) Prove that limg_, o " = 1.
(b) Deduce that log,(ab) = log,(a) + log, (b).
(c) Deduce that if a = b", then log,(a) = nlog,(b).
(d)T Suggest an algorithm for the discrete log problem in the p-adics.
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At the moment the function log,(z) is defined only when |z — 1|, < 1. For
any 8 € Z, with |8|, = 1, there exists an integer b with b = 8 (mod p) and b # 0
(mod p). Therefore, by Fermat’s Little Theorem, S~ = =1 = 1 (mod p), and
so log,(BP~!) is well-defined. Taking our lead from exercise c) we therefore
define

log,,(5") et —1

lo = — = lim —————.
gs(5) p—1 k—oo pF(p—1)
Exercise 16.6.6. Assume that o, 8 € Zp.
(a) Prove that log,(—a) = log, ().
(b) Prove that log,(af) = log,(a) + log,(8).

Any v € Z, can be written in the form v = p°8 where |3, = 1, so we deﬁn
log,(v) = elog,(p) +log,(8).

16.7. The p-adic dilogarithm

For each k > 1, define

m

£k($) = Z ;k

m>1

The case k = 2 is the dilogarithm function.

Exercise 16.7.1. (a) Prove that the sum defining £ (x) converges for all z € C with |z]ee <1
for all k£ > 2, and for |z|, < 1 in the p-adics.
(b) Establish that Ly (x) + Lp(—=x) = 2 =F Ly (2?) when |z, < 1.

Theorem 16.5. If |1 — z|, < 1, then

_ 1
(16.7.1) Lo(l—2)+Lo(1—271) = —5(1ogpz)2.
In particular L5(2) = 0 in the 2-adics.

Proof. For |z|, < 1, we have

dlo(z) 1 Z % _ _1ogp(1—;v)

dx T
m>1

and so, by the chain rule, we have
d
&(52(1 — )+ Lo(1—27Y)) = —L5(1—2)+272L5(1 —271)

log, (2) Z_Qlogp(z_l) B _logpz.

1-2 1—271 z
Integrating yields Lo(1 — 2) + L3(1 — 271) = —$(log,, z)? + C for some constant C.
Taking z = 1 we see that C' = 0, yielding .
Replacing z by 22, we obtain
Lo(1—=2%) 4+ La(1—277) = —2(log,2)* = 4(La(1—2)+ Lo(1—271)).
When p = 2 we may take z = —1 in this equation and so 8£5(2) = 2£2(0) =0. O

3We can select any value for log, (p) as is convenient in context; we do not have to let it be 1.
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Exercise 16.7.2. Let p=2 and |z — 1|2 < 1.
(a) Prove that Lo(1 —2z) + L2(1+2) = %[:2(1 — 22) + C for some constant C.

(b) Prove that C' = 0 using (16.7.1).
(¢) Deduce (again) that £2(2) = 0.

We have now seen that
n 271
D=5 =0
n>1 n>1
in the 2-adics. It is interesting to see how rapidly this convergence happens. If
n > N > 2k then v5(2"/n) > 2F — k so that
n 27l
Z —=— — =0 (mod 22k_k)
n

and similarly

n<N
It looks like there might be a pattern here. How about >~ ., 2"/ n3? Unfortunately
the n = 4 term gives the unique maximum, 2%, of [2" /n3|s, and so | >, o, 2"/n®|> =
4, not 0. -

Exercise 16.7.3. Prove that if |z|p,|y|p < 1, then
(1l — 1—x 1—x 1-—
Lala) + Lalo) — Lale) — 2 (B2 ) — 2y (M=) —tog, (125 Yo, (124 ).
1—ay 1—ay 1 -2y 1—ay

Further reading on p-adics

[1] Richard M. Hill, Introduction to number theory, chapter 4, World Scientific, Singapore, 2018.



