Appendix 13A. Other
anatomies

There are features of the anatomies of certain other mathematical objects, when
broken up into their indecomposable components, that are very similar to the in-
tegers. We explore that briefly here; for more information, presented in a rather
different format, see the graphic novel .

13.5. The anatomy of polynomials in finite fields

Monic polynomials (over C or in F,) can be factored in a unique way (up to order)
into monic irreducible polynomials. There are p™ monic polynomials of degree n
in IFp, and in of appendix 4C, we showed the number of monic irreducible
polynomials of degree n in F,, is %de p(d)p™' . This is close to p™/n; that is,
roughly 1 out of every n polynomials of degree n is irreducible. We “calibrate”
this with the proportion 1/logx of integers up to x that are prime to compare the
anatomies of polynomials in finite fields with those of integers.

In appendix 4D we showed that, on average, integers < x have about logx
divisors. For the analogous result, note that if a given monic polynomial f(x) of
degree m divides a monic polynomial of degree n, then it can be written as f(z)g(x)
for some monic polynomial g(x) of degree n — m. Therefore, the average number
of monic polynomials dividing a monic polynomial of degree n is

ZIP D VD VIR EF DD DD

n
p h(z) monic m=0  f(z) monic f(z) monic  g(x) monic
of degree n of degree m of degree m of degree n—m

f(x) divides h(z)
LS e

m=0

—_

which was calibrated with logz + 1.
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The number of monic polynomials of degree n with exactly two irreducible
monic polynomial factors is
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less the cases where f = g. Now the formula for the number of monic irreducibles is
complicated so let’s just work with main terms, so we see that the above is roughly
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This can be compared with the number of integers < x with exactly two prime
factors, ~ - same proportion of the total number, re-
placing n by log z. A similar argument yields that the number of monic polynomials
of degree n in F, with exactly %k irreducible monic polynomial factors is roughly

n . k—1
E_. %, at least if k is not too large (in terms of n).

Let w(F) denote the number of distinct monic irreducible factors of F. The
mean value of w(F'), over monic F' of degree n, is
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taking only the d = 1 terms.

One can then prove, in one of several ways (analogous to how we approached
the prime factors of integers), that the variance is also about logn, and so almost
all polynomials of degree n in F,, have about logn distinct monic irreducible factors.

Exercise 13.5.1. Sketch a proof that almost all polynomials in F;, of degree 2d are not the
product of two polynomials of degree d, as d gets large.

13.6. The anatomy of permutations

Permutations can be represented as a product of cycles in a unique way, and a given
set of cycles defines a permutation. A cycle is an irreducible permutation. Let Sy
be the set of permutations on N letters. The number of permutations on IV letters
is |Sny| = NI There are (N — 1)! cycles on N letters, since the first letter can be
sent to any of the other NV — 1 letters, that letter to any of the N — 2 remaining
letters, etc. The cycles form a proportion (N — 1)!/|Sy| = (N — 1)!/N! = 1/N
of all the permutations in Sy. We “calibrate” this with the proportion 1/logz of
integers up to x that are prime to compare the anatomies of permutations with
those of integers.

If n = p1 - - pi, the factorization of squarefree n into primes, then each divisor
can be written as pj;1) - - - pj(e) for some {j(1),...,5(¢)} of {1,...,k} (and each such
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product gives a divisor of n). In this language, the analogy for permutations would
therefore be: If ¢ = C - - - C%, the factorization of ¢ into cycles, then each divisor
can be written as Cjj(y) - - - Cj(p) for some subset {j(1),...,5(¢)} of {1,...,k}. This
set of cycles acts on some subset S of the IV letters, permuting the elements of S
(and of the complementary set, T'). Thus the divisors of o € Sy are the subsets S
of the IV letters that are fixed by o. If ¢ is a cycle, then the only subsets it fixes are
() and itself, very much in analogy with how we define primes. The average number
of divisors of a permutation of a set A of IV letters is
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If | S| = k, then there are k!- (N — k)! permutations of S and T, and so this is the
number of o € A which fix S and T. Therefore the above equals
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The number of permutations with exactly two cycles is
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A similar argument yields that the number of permutations with exactly & cycles
is
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at least if k is not too large (in terms of N), as we prove in the following exercise:

Exercise 13.6.1. (a) Prove that
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(b)¥ Prove that if m < m, then the two terms at either end of the inequalities in (a)

differ by a multiplicative factor which gets arbitrarily close to 1 as A grows.

We will now determine the average number of cycles in a permutation. First
note that the number of permutations containing a given cycle C' of length k is
(N — k)!, since one determines all the ways that o can act on the letters not acted
on by C. The number of cycles of length k is () (k—1)! = m Therefore the
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average number of cycles per permutation of Sy is
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To determine the variance, we calculate
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We just calculated the first term. For the second we note that given C'U D with
|C| =k, |D| = £, the number of o € Sy with CUD € ¢ in (N (k+€)) The number
of pairs of disjoint cycles C U D with |C| =k, |D| = £ is e k),k . (]é]f;fz)!w =
m. Therefore the second term in the last displayed equation equals

1 NI 1
N 2 vk Vo EEO= >

Therefore the variance equals
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We deduce that almost all permutations on N letters have about log N cycles.

Exercise 13.6.2. Prove, by taking m = k + ¢, that
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There are many other aspects of the anatomies of polynomials in finite fields,
and of permutations, that mirror the anatomy of integers.
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