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Concours Putnam
Atelier de Pratique
Le jeudi, 21 novembre 12h30-13h30
5448 Pav. André Aisenstadt

Fonctions et Integrals
1. Let n be a positive integer, and define
f(n) =142+ ... +nl
Find polynomials P(z) and @Q(x) such that
f(n+2)=Pn)f(n+1)+Q(n)f(n)

for all n > 1.

Solution: This is (Putnam '84 B1) We have
fin+2)=fn+1)=n+2)!=n+2)(n+1)!=n+2)(f(n+1)— f(n)),
hence
fn+2)=(n+2)(f(n+1) = f(n) + f(n+1) = (n+3)f(n+1) = (n+2)f(n),

and we can take P(z) =2+ 3,Q(z) = —x — 2.

2. Find all functions f : N — N such that f(nm) = f(n)f(m), and such that
1
i 08(F () _

n—oo  logn

Solution: We will see that f(n) = n. Suppose the opposite. There is an m such
that @ = a # 1. Now we take the limit over the subsequence m* with k — oo
and m fixed. Thus

k 1
| = Jiy l8((mY) _ loglam) . loga
k—oo  log(mF) logm log m

and we get a contradiction if « si different from 1.
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3. Let f: R — R be a function such that for every x,

1+ f(z)

f(erl):l——f(x)

Prove that f is periodic.

Solution: We have f(x +2) = —1/f(x), hence f(z +4) = f(z), and f is periodic
with period 4.

4. Let f: R — R be continuous, with f(z)f(f(z)) =1 for all x € R. If f(1000) = 999,
find f(500).

Solution: First notice that f(1000)f(999) = 1 implies that f(999) = 555. Since

£(1000) = 999, and the function is continuous, we conclude that there is a value a

for which f(a) =500. Then f(500)f(a) = 1 so that f(500) = f(la) = .

5. Compute the following integrals
1. Jg@ zdx

er—1

1 In(1+=
2. [, %dm

Solution:

1.

00 d 00 -z e’} 0
/ i :/ i :/ xe Ze_kx dz.

Now use parts to see that for a@ < 0, fooo re*dyr = &

o0 o0 eazd
(6%
Thus we obtain

0 0 o @ =3
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Notice that

k=1 k=1
=01 11 1
=2 ) =527 =5®
k=1,keven k=1

Then

[ v < [ e

6. Let f € C(0,00) satisfy fol f? < oo. Define ¢(z) = L [¥ f(t)dt. Prove that for all T’ > 0,

Solution: Consider

I /OTw(a:)2d:U __ /OT (i) (/jf(t)dt)zdx.

Integrating by parts we get

. Q/OTf(x% (/Oxf(t)dt) do— (/jf(ﬂdt)z T

0

By square integrability of f and Cauchy-Schwartz, we learn that ( fox f

for z <1, and so

Thus I < 2fg f(z)(x)dx.

(H)dt)* < Oz

7. Provethatfolfc’—f:1+2L2+3L3+4L4+._.
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Solution:

Ldx L, P (— 1)k Inf 2
[ [ g [ S

(U—

Let I}, = fol 2% In* zdx. Then

kak+l VE(k —1)2”
_ lkfl / 1k72 d
Groz ™ U 7)) Ty O
L Rlgk k!
= (—1)* dr = (—1)* :
( >/0 k+ )R ( )(k;+1>k+1

Thus we get

o0

/ldl'_z 1
0 ¢ o P (k + 1)k+1

8. Prove or disprove the following statement: If F' is a finite set with two or more elements,
then there exists a binary operation * on F' such that for all z,y, 2z in F,

1. x %z =y x 2z implies x = y (right cancellation holds), and

2. zx (y*2z) # (r*xy)*z (no case of associativity holds).

Solution: This is (Putnam 84, B3) The statement is true. Let ¢ any bijection on
F with no fixed points (¢(x) # z for every z), and set x x y = p(z). Then

1. %z =y * z is equivalent to p(x) = ¢(y), and this implies * = y because ¢ is
a bijection.

2. We have z x (y * z) = p(z) and (z xy) * 2 = ¢(p(z)), which cannot be equal
because that would imply than ¢(x) is a fixed point of ¢.
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