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Concours Putnam
Atelier de Pratique
Le jeudi, 1 octobre 14h30-15h30 (Salle: Pavillon André-Aisenstadt 1411)
Fonctions et Integrals

1. Find all C*! functions f : R — R such that for all x,y,

fle+y) = fle—y)=2yf(2)

2. Let n be a positive integer, and define
f(n)=1+24+ ... +nl
Find polynomials P(z) and @(x) such that
fin+2) = Pn)f(n+1)+Q(n)f(n)
for all n > 1.

3. Find all functions f : N — N such that f(nm) = f(n)f(m), and such that

L los(f(n)

=1
n—oo  logn

4. Let f: R — R be a function such that for every =z,

1+ f(z)

Prove that f is periodic.

5. Let f: R — R be continuous, with f(z)f(f(z)) = 1 for all x € R. If f(1000) = 999,
find f(500).

6. Compute the following integrals

1. fooo zdx

er—1

1 In(1+x
o [ intin g,

7. Provethatfolf:—f:1+2i2+3i3+4l4+,_,

8. Prove or disprove the following statement: If F' is a finite set with two or more elements,
then there exists a binary operation * on F' such that for all z,y,z in F,

1. x %z =y * z implies x = y (right cancellation holds), and

2. zx(y*z) # (z*xy)*z (no case of associativity holds).
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9. Let f,g : [a,b] — (0,00) be continuous, non-decreasing functions, such that f:\/_ _
J. ; V/9, and for all x we have

/j\/?é/j\/g.

Prove that

/;Vmg/abm.
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