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Inequalités

1. Arithmetic Mean, Geometric Mean, Harmonic Mean Inequalities. Let aq,...,a, be
positive numbers. Then the following inequalities hold:
n a+...+ay,
Ly +2 o n
1

an

(Harmonic Mean < Geometric Mean < Arithmetic Mean).

In all cases equality holds if and only if a; = ... = a,,.

2. Power Means Inequality. Let r be a non-zero real number. We define the r-mean or
rth power mean of positive numbers a4, ..., a, as follows:

n 1/r
1
Mr(a’lv s 7an) - (ﬁ Z(l:)

=1

M; =arithmetic mean, M, = quadratic mean, M_; = harmonic mean.
Furthermore we define the O-mean to be equal to the geometric mean:

n 1/n
Mo(al,...,an) = (HCL2> .

i=1
Then, for any real numbers r, s such that r» < s, the following inequality holds:
M. (ay,...,a,) < My(ay,...,a,).
Equality holds if and only if a1 = ... = a,,.
2.1. Power Means Sub/Superadditivity. Let ai,...,an,b1,...,b, be positive real num-

bers.
(a) If » > 1, then the r-mean is subadditive, i.e.:

Mr(al + b17 vy Oy -+ bn) S Mr(al, . ,an) —+ MT(bh .. 7bn)
(b) If r < 1, then the r-mean is superadditive, i.e.:
Mr(al + b17 vy Oy + bn) Z Mr(al, . ,an) —+ MT(bh .. 7bn)

Equality holds if and only if (a4, ...,a,) and (b, ...,b,) are proportional.

3. Cauchy—SChWarZ.
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4. Holder. If p> 1 and 1/p+ 1/q =1 then

n n 1/p n 1/q
=1 =1 =1

(For p = ¢ = 2 we get Cauchy-Schwarz.)
5. Minkowski. If p > 1 then

n 1/p n 1/p n 1/p
(Z\ai +biyp> < (ZW'”) - <Z|bi|p> :
=1 =1 =1

Equality holds iff (a4, ...,a,) and (b1, ...,b,) are proportional.
6. Norm Monotonicity. If a; >0 (i =1,...,n), s >t > 0, then

n 1/s n 1/t
<Z |Gi|s> < <Z |@z'|t> :
=1 i=1

7. Chebyshev. Let aq,as,...,a, and by,bs,...,b, be sequences of real numbers which
are monotonic in the same direction (we have a1 < as < ... <a, and by < by < ... < b,, or
we could reverse all inequalities.) Then

1 < 1 < 1<
il B> | = A _ )
=1 =1 =1
8. Schur. If z,y, z are positive real numbers and k is a real number such that k£ > 1, then

Ma—y)(r—2) +y*y—a)(y —2) +F(z —2)(z —y) > 0.

For k =1 the inequality becomes

2+ P + 2% + 3wyz > ay(r +y) +yz(y + 2) + z2x(z + 7).

9. Weighted Power Means Inequality. Let wy, ..., w, be positive real numbers such that
wi+...4+w, = 1. Let r be a non-zero real number. We define the rth weighted power mean
of non-negative numbers aq, ..., a, as follows:

n 1/r
M, (ay,... a,) = (Z wia;”) )
i=1

As r — 0 the rth weighted power mean tends to:
Mo’w(al, . ,an) = (H CLZ') .
i=1

which we call Oth weighted power mean. If w; = 1/n we get the ordinary rth power means.
Then for any real numbers 7, s such that r < s, the following inequality holds:

M, (ay, ... an) < Mgy(aq,. .., an).
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10.

Questions

If a,b,c > 0, prove that (a?b + b%c + c?a)(ab® + bc* + ca®) > 9a?b*c?.

. If a,b,¢ > 0, prove that \/3(a + b+ ¢) > a+ Vb + /.

Show that

\/a%+b%+\/a§+b§+...+\/ag+b§2\/(al+a2+...+an)2+(b1+b2+...+bn)2

Find the minimum value of the function f(xy,2z9,...,2,) = x1 + 22 + ... + x,, where
x1,To,...,T, are positive real numbers such that ziz5...2, = 1.

Prove that in a triangle with sides a, b, ¢ and opposite angles A, B,C' (in radians) the

following relation holds:
aA+bB + cC S

a+b+c -

T
5
Let aq,asq,...,a, and by, by, ..., b, nonnegative real numbers. Show that

(CL16L2 e an)l/" —|— (blbg e bn)l/n S ((a1 —I— bl)(ag —|— bg) e (an —f- bn))l/n

For a4,...,a, > 0 prove
at a3 a;,
1+—=)1+=)-1+2)>1A+a)(l+az) - (1+a,)
a9 as a1

. Which is larger, 202529%° or 20262247

Find the minimum value of

(u—v)?+ (M—g)z

[

for 0 <u<+2and v >0.
Let m and n be positive integers. Show that

(m +n)! mln!
(m +n)mtn = mmpn’
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