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Théorie des nombres

1. Show that the sum of two consecutive primes is never twice a prime.

Solution: If p and q are consecutive primes and p + q = 2r, then r = p+q
2

and
p < r < q, but there are no primes between p and q.

2. Prove that two consecutive Fibonacci numbers are always relatively prime.

Solution: This can be proved by induction. Base case: F1 = 1 and F2 = 1 are in fact
relatively prime. Induction Step: we must prove that if Fn and Fn+1 are relatively
prime then so are Fn+1 and Fn+2. But this follows from the recursive definition of
the Fibonacci sequence: Fn + Fn+1 = Fn+2; any common factor of Fn+1 and Fn+2

would be also a factor of Fn, and consequently it would be a common factor of Fn

and Fn+1 (which by induction hypothesis are relatively prime.)

3. Show that there exist 1999 consecutive numbers, each of which is divisible by the cube
of an integer.

Solution: Pick 1999 different prime numbers p1, p2, . . . , p1999 (we can do that be-
cause the set of prime numbers is infinite) and solve the following system of 1999
congruences: 

x ≡ 0 ( mod p31)
x ≡ −1 ( mod p32)
x ≡ −2 ( mod p33)

. . .
x ≡ −1998 ( mod p31999)

According to the Chinese Remainder Theorem, that system of congruences has a
solution x( modM) with M = p31 . . . p

3
1999. For k = 1, . . . , 1999 we have that x+ k ≡

0( mod p3k+1), hence x + k is in fact a multiple of p3k+1.

4. Find all non-negative integral solutions (n1, n2, . . . , n14) to

n4
1 + n4

2 + . . . + n4
14 = 1599.
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Solution: This is USAMO, 1979. We look at the equation modulo 16. First we
notice that n4 ≡ 0 or 1( mod 16) depending on whether n is even or odd. On the
other hand 1599 ≡ 15( mod 16). So the equation can be satisfied only if the number
of odd terms in the LHS is 15 modulo 16, but that is impossible because there are
only 14 terms in the LHS. Hence the equation has no solution.

5. a) Do there exist 2 irrational numbers a and b greater than 1 such that bamc 6= bbnc for
every positive integers m,n?

b) Do there exist 2 irrational numbers a and b greater than 1 such that bamc 6= bbnc for
every positive integers m,n?

Solution: a) The answer is yes. Let a =
√

6 and b =
√

3. Assume bamc = bbnc = k
for some positive integers m,n. Then, k2 ≤ 6m < (k + 1)2 = k2 + 2k + 1, and
k2 ≤ 3n < (k + 1)2 = k2 + 2k + 1. Hence, subtracting the inequalities and taking
into account that n > m:

2k ≥ |6m − 3n| = 3m|2m − 3n−m| ≥ 3m.

Hence 9m

4
≤ k2 ≤ 6m, which implies 1

4
≤
(
2
3

)m
. This holds only for m = 1, 2, 3.

These values of m can be ruled out by checking the values of

bac = 2, ba2c = 6, ba3c = 14,

bbc = 1, bb2c = 3, bb3c = 5, bb4c = 9, bb5c = 15.

Hence, bamc 6= bbnc for every positive integers m,n.

6. Suppose n > 1 is an integer. Show that n4 + 4n is not prime.

Solution: If n is even then n4 +4n is even and greater than 2, so it cannot be prime.
If n is odd, then n = 2k + 1 for some integer k, hence n4 + 4n = n4 + 4(2k)4. Next,
use Sophie Germain’s identity: a4 + 4b4 = (a2 + 2b2 + 2ab)(a2 + 2b2 − 2ab).

7. Prove that there are no primes in the following infinite sequence of numbers:

1001, 1001001, 1001001001, 1001001001001, . . .
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Solution: Each of the given numbers can be written

1 + 1000 + 10002 + . . . + 1000n = pn(103)

where pn(x) = 1 +x+x2 + . . .+xn, n = 1, 2, 3, . . . We have (x− 1)pn(x) = xn+1− 1.
If we set x = 103, we get:

999pn(103) = 103(n+1) − 1 = (10n+1 − 1)(102(n+1) + 10n+1 + 1).

If pn(103) were prime it should divide one of the factors on the RHS. It cannot
divide 10n+1 − 1, because this factor is less than pn(103), so pn(103) must divide the
other factor. Hence 10n+1 − 1 must divide 999, but this is impossible for n > 2.
It only remains to check the cases n = 1 and n = 2. But 1001 = 7 · 11 · 13, and
1001001 = 3 · 333667, so they are not prime either.

8. Let n be a positive integer. Suppose that 2n and 5n begin with the same digit. What is
the digit?

Solution: The answer is 3. Note that 25 = 32, 55 = 3125, so 3 is in fact a solution.
We will prove that it is the only solution. Let d be the common digit at the beginning
of 2n and 5n. Then

d10r ≤ 2n < (d + 1)10r,

d10s ≤ 5n < (d + 1)10s

for some integers r, s. Multiplying the inequalities we get

d210r+s ≤ 10n < (d + 1)210r+s,

d2 ≤ 10n−r−s < (d + 1)2,

so d is such that between d2 and (d + 1)2 there must be a power of 10. The only
possible solutions are d = 1 and d = 3. The case d = 1 can be ruled out because
that would imply n = r + s, and from the inequalities above would get

5r ≤ 2s < 2 · 5r,

2s ≤ 5r < 2 · 2s,

hence 2s = 5r, which is impossible unless r = s = 0 (implying n = 0). Hence, the
only possibility is d = 3.

9. Prove that if n is an integer greater than 1, then n does not divide 2n − 1.
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Solution:

Let p the smallest prime divisor of n. Then n|2n − 1 implies p|2n − 1. Thus we
have 2n ≡ 1( mod p) and we also have 2p−1 ≡ 1( mod p) by Fermat’s little theorem.
Also note that p must be odd, since n is odd. We use that if 2a ≡ 2b ≡ 1( mod p),
then 2gcd(a,b) ≡ 1( mod p). Let d = gcd(n, p − 1). Then 2d ≡ 1( mod p). But p is
the smallest prime divisor of n and all prime divisors of p − 1 are less than p, we
conclude that n and p− 1 do not have common prime divisors so d = 1, and we get
a contradiction.
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