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Mahler Measure

For P ∈ C[x±1
1 , . . . , x±1

n ], the (logarithmic)

Mahler measure is:

m(P ) =
∫ 1

0
. . .

∫ 1

0
log |P (e2πiθ1, . . . , e2πiθn)|dθ1 . . .dθn

=
1

(2πi)n

∫

Tn
log |P (x1, . . . , xn)|

dx1

x1
. . .

dxn

xn

Jensen’s formula −→ simple expression in

one-variable case.

Several-variable case?



Bloch – Wigner Dilogarithm

Dilogarithm:

Li2(z) :=
∞
∑

n=1

zn

n2
z ∈ C, |z| < 1

Li2(z) := −
∫ z

0
log(1 − t)

dt

t
z ∈ C \ (1,∞)

Bloch – Wigner Dilogarithm:

D(z) := Im(Li2(z)) + arg(1 − z) log |z|
real analytic in C \ {0,1}, continuous in C

Properties:

1. D(z̄) = −D(z) (⇒ D|R ≡ 0)

2. D(z) = −D
(

1
z

)

= −D(1 − z)

3. −2
∫ θ
0 log |2 sin t|dt = D(e2iθ)



Hyperbolic Volumes

H
3 ∼= C × R≥0 ∪ {∞}

Volume Element:

dxdydz

z3

Ideal Tetrahedron:

vertices in ∂H3 ∼= C ∪ {∞}
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(
∣

∣

∣

∣
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∣
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Cassaigne and Maillot’s Example

πm(a + bx + cy) =















D
(
∣

∣

∣

a
b

∣

∣

∣ eiγ
)

+ α log |a| + β log |b| + γ log |c| 4

π logmax{|a|, |b|, |c|} not 4

| c || a |

γ α

| b |

β



Results

1. Cassaigne and Maillot:

y =
ax + b

c

2. Vandervelde:

y =
bx + d

ax + c

3.

y =
xn − 1

t(xm − 1)
=

xn−1 + . . . + 1

t(xm−1 + . . . + 1)



An example

y =
x3 − 1

t(x2 − 1)

Rt(x, y) = x2 + x + 1 − t(x + 1)y

m(Rt) − log |t|

=



















































2
2·3·π (ε1Vol(π∗(P1)) + ε2Vol(π∗(P2)))

+σ1−σ2
π

log |t| 0 < t < 3
2

2
2·3·π ε1Vol(π∗(P1)) + σ1

π
log |t| 3

2 ≤ t



Computation

m(x2 + x + 1 − t(x + 1)y)

=
1

(2πi)2

∫

T2
log |x2 + x + 1 − t(x + 1)y|dx

x

dy

y

=
1

2πi

∫

T1
log |t(x + 1)|dx

x

+
1

(2πi)2

∫

T2
log

∣

∣

∣

∣

∣

x2 + x + 1

t(x + 1)
− y

∣

∣

∣

∣

∣

dx

x

dy

y

= log t +
1

2πi

∫

T1
log+

∣

∣

∣

∣

∣

x2 + x + 1

t(x + 1)

∣

∣

∣

∣

∣

dx

x

Determine for which points we have
∣

∣

∣

∣

∣

x2 + x + 1

t(x + 1)

∣

∣

∣

∣

∣

= 1

x2 + x + 1

t(x + 1)
· x−2 + x−1 + 1

t(x−1 + 1)
= 1



γ
1

γ
2

x4+(2− t2)x3+(3−2t2)x2+(2− t2)x+1 = 0

Roots α1, α−1
1 , α2, α−1

2

Reα1 =
t2 − 2 − t

√

t2 + 4

4
for 0 < t

Reα2 =
t2 − 2 + t

√

t2 + 4

4
for 0 < t <

3

2

Let σi = argαi, Imαi ≥ 1

π > σ1 >
2π

3

2π

3
> σ2 > 0



∫ β

α
log |xn − 1|dx

ix
=

1

n

∫ βn

αn
log |y − 1|dy

iy

=
2

n

∫
argβn

2

argαn

2

log |2 sin t|dt =
D(αn) − D(βn)

n

For 0 < t < 3
2

m(x2 + x + 1 − t(x + 1)y) − log t

=
1

2πi

∫

γ1∪γ2

log

∣

∣

∣

∣

∣

x3 − 1

t(x2 − 1)

∣

∣

∣

∣

∣

dx

x

=
D(α−3

1 ) − D(α3
1) + D(α3

2) − D(α−3
2 )

3(2π)

−D(α−2
1 ) − D(α2

1) + D(α2
2) − D(α−2

2 )

2(2π)

−2(σ1 − σ2)

2π
log t



=
3D(α2

1) − 2D(α3
1)

6π
− 3D(α2

2) − 2D(α3
2)

6π

−σ1 − σ2

π
log t

For 3
2 ≤ t

m(x2 + x + 1 − t(x + 1)y) − log t

=
3D(α2

1) − 2D(α3
1)

6π
− σ1

π
log t



For α1 −→ η = 2π − 2σ1, τ = 3σ1 − 2π

τ

η

For α2

0 < t < 1√
2

2π
3

> σ2 > π
2

η = 2π − 2σ2

τ = 2π − 3σ2
3η − 2τ = 2π

1√
2

< t < 2√
3

π
2

> σ2 > π
3

η = 2σ2

τ = 2π − 3σ2
3η + 2τ = 4π

2√
3

< t < 3
2

π
3

> σ2 > 0
η = 2σ2

τ = 3σ2
3η − 2τ = 0
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