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Mahler Measure

For P € ClzT!, ... z;tl], the (logarithmic)
Mahler measure is:

m(P) :/ / log |P(e2™01 .. e2mi0nY|dg, ... db,

dx dx
/nlog|P(:c1,.. , Tn)|— 1=

CC]_ In

(27T|)n

Jensen’s formula — simple expression in
one-variable case.

Several-variable case?



Bloch — Wigner Dilogarithm

Dilogarithm:
@) Zn
Lio(z) i= ) — z€C, J|z|<1
n=1"
, 2 dt
Lir(z) := —/O og(1—t)—  z€C\(1,0)

Bloch — Wigner Dilogarithm:

D(z) :=Im(Lix(z)) +arg(1l — z) log |z|
real analytic in C\ {0, 1}, continuous in C

Properties:
1. D(z) = —-D(z) (= D|r =0)

2. D(z2) = -D (l) = —D(1 —2)

3. —2 [¥log |2sint|dt = D(e2?)



Hyperbolic VVolumes

H> 22 C x Rxq U {oo}

Volume Element:

drdydz
~3

Ideal Tetrahedron:

vertices in  OH3 = CU {oo}




Cassaigne and Maillot’s Example

mm(a + bx + cy) =
D (|¢€") + alog |a| + Blog [b] + v1og |c A
| mlog max{|al, [b], |c|} not A
B RN
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Results

1. Cassaigne and Maillot:

ax + b
y p—
C
2. Vandervelde:
bx + d
y pr—
ax + c
3.
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An example

(22 -1)
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m(Ry) — log [t

(52 (e1Vol(n*(P1)) + e2Vol(n*(P)))
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Computation

m(z® +z+1—t(z+ 1)y)

. 1
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dwdy

/ IOg|:c —|—:1:—|—1—t(:1:—|—1)y|

1 dxz
= — log |t 1)|—
27Ti/’]1‘1 g| (z+ )| T

:U2—|—:U+1_
t(x+1)

dxrdy
y| ——2
T Y

1
* (27i)2 /11“2 109

:1:2—|—:1:—|—1 dx

t(x+ 1)

Iogt—l——/Jrl Iog+

27i

Determine for which points we have

:132—|—513—|—1 .
t(x+1) |
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4+ (2-t)23+ (B3 -2t)2°+ (2-tNx+1=0

Roots a1, ole, ao, 061

t2 -2 —t\J/t°+ 4 ]

Rea; = 7 or 0<t
t2—24+t/t2+ 4 3
Rear, = +4 + for O<t<5

Let o, = argo;, Ima; > 1
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B d 1 6" d
/ og |z —1]—= == [ log|y — 1|22
o | nJam 1y
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= —/ar - log |2sint|dt = (a™) (5")
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For0<t<%
m(z?4+z4+1—t(z+ 1)y) —logt

3 — 1
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T

1
::——i/ log
271 Jy1Uyo

_ D(a73) = D(a3) + D(a3) — D(a5)
o 3(27)

 D(a7?) = D(a?) 4+ D(a3) — D(a3?)
2(2m)

- 2(01 —02)
2T

log t



_ 3D(a3) —2D(a3) 3D(a3) —2D(a3)
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For ay — n=2m— 201, 7T = 3071 — 27

For as
1 o ™ n = 27— 20> B .
O<t<\/§ 3 > 02> 5 r = 27— 30 3n— 21 =27
1 2 | = T no= 202 —
\/§<15<\/§ 5> 02> 3 r = 27— 30s 3n+ 27 =4n
2 3 |« no = 202 o —
\/§<t<2 3 >02>0 r = 30, 3n—27r=0




