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Mahler measure of multivariable rational functions

P e C(xi,...,xn)*, the (logarithmic) Mahler measure is:

1 n
m(P) = /TnlogP(xl,...,x,,)Cb(l...dX

(27I‘i)n X1 Xn
1 1 . .

_ // log | P(e2™% ., €2™1%7)|df; . .. db),,
0 0

where T" = {(x1,...,xp) € C": |x;| = 1},

Jensen’s formula gives

m(P) =logla| + Y _ loglaj| if P(x)=a]J(x— )

‘Ozj‘>l J

M(P) := exp(m(P)).
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Kronecker's Lemma

Kronecker (1857)
PeZx], P#0,
m(P) = 0 <= P(x) = x* H b, (x),

where @, are cyclotomic polynomials.
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Lehmer's Question

Lehmer (1933)

Given € > 0, can we find a polynomial P(x) € Z[x] such that
0<m(P)<e?

Conjecture: No.

m(x1 4+ x% — x" —x® —x® = x* = x>+ x +1) = 0.162357612. ..
Conjecture: This polynomial is the best possible.

Reid (1933) The above polynomial is the Alexander polynomial of the

(=2, 3, 7)-pretzel knot. C
N

C’\’,\,’\,’\,’\.

Matilde Lalin*, Subham Roy (UdeM)

Areal Mahler measure of multivariable

Regulators V, June 2024 4/34



Particular formulas and special values of L-functions

» Smyth (1981)
3v3

— L
41
1—x 2
1 = —L(x_4,2
m( +<1+x>y> rtix-e?
> L. (2006)

n (e (1) (152) aene) =2ice)

1—x 1—x,
m<1—|—X—|— <1—|—X1>'”<1—|—X,,> (1+y)z
» L., Nair & Roy (2024+)

1xt (221 2(1+ 12| =2L¢3)
m X v)z|=—>5 :
1+x1 272
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m(l+x+y) = (x-3,2)

> Boyd (1998)




Special values of L-functions - families

Rogers & Zudilin (2014)
1 1 15
- “4+1) = -SL(Es,2) = L'(Es,0
m<x+x+y+y+) 471'2(15’) (Eis,0)

1 (y =) +xy)
Xy 2x2y2
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Why do we get special values of L-functions?

» Deninger (1997): When P has coefficients in Q and
{P =0} NT" = &, the Mahler measure of P can be interpreted as a
Deligne period in a mixed motive.

> In favorable cases, this motive is integral and the motivic version of
Beilinson conjectures predicts that

L% (0) ~gx reg(&).

» Boyd (1998): Many numerical identities in families, such as
X+i+y+i+k

» Even if {P =0} NT" # &, sometimes the above can be adapted by
using Jensen's formula.
Formulas involving ((n), L(x, n), etc, are expected to come from
Borel's theorem.
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An algebraic integration for Mahler measure

P(x,y)=y+x—1 X ={P(x,y) =0}

1

By Jensen's formula:

1 dx 1 dx 1
i Jpr 08 1 =x 27ri/7 oglyl-, 2mi A”(X’Y)

where

e dy
Xy

v=Xn{xl =1y =1}

d
n(x,y) = log|x|diargy — log|y|diarg x dargx =Im (;)

> n(x,y) = —nly,x)
> n(xixe, y) = n(xi,y) +n(xe, y)
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n(x,1 — x) = diD(x).
Bloch—-Wigner dilogarithm

D(z) := Im (Lig(z) +log(1 — 2)log |z|)

— z" Z log(1 —
Lis(2) = Z:_/ Mdt
0

p— n? t
(v + _1)__71 ( )——*10(3)
m\y + X = o5 777 X,y o Y
1 , 3v3
_ iT/3 —iT/3Y)_
- (D(%) — D(e™"3)= 21y 3,2)
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General exact case

P(x,y) € Q[x,y]

We need
xNy=>rizA(l-z) in ACX))®Q
J
({x,y} =0in K3(C(X)) ® Q).

/n(x,y) = rD(z)lay-
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When does it work? 2-variables

> 1n(x,y) is exact, 0y # @& ~~ Evaluation of Borel's regulator

[ txeyy~0(2)

~

!

» v cycle, other conditions ~» Deligne period in a mixed motive,
Beilinson’s conjectures

/ n(x, y)~L'(E,0)
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Some questions

1. What analogues of Mahler measure can we obtain by modifying the
domain of integration?

2. Do such generalizations produce special values of L-functions? Can
we conjecture or prove those formulas?
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N
What if...7

What if we replace the normalized arc length measure on the standard
torus with the normalized area measure on the unit disk?

Mahler measure Areal Mahler measure

T={xeC:|x|=1} | D={xeC:|x| <1}

dx dA(x) = dx

How much does this change the measure?
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The areal Mahler measure

Pritsker (2008) P € C(xi, ..., xn)*, the (logarithmic) areal Mahler
measure is:

1
mp(P) —/ log [P(x1,...,%n)|dA(x1) ... dA(xn)
/ / log [P(p1e*™,... pne®™%)|py -
..dppdfy ... dO,,

where D" = {(x1,...,x5) € C" : |xq,...,|xn| < 1}.

Pritsker (2008) If P(x) = a J‘-le(x — ),

1
mp(P) = logla| + > log |ay| + > (lagl? - 1).

‘Otj‘>1 |O£j|<1
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Some basic properties of the areal Mahler measure

>

» For P € C[x],

Equality holds in the lower bound iff P(z) = aygz9, and in the upper
bound iff P does not vanish on ID.

» For P € Z[x] and P(0) # 0,

mp(P) > log|ag| > 0.
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Kronecker's Lemma and Lehmer’s Question

» Pritsker (2008) Kronecker's Lemma

If P € Z[x] irreducible and P(0) # 0 then mp(P) = 0 occurs only if
all the roots of P are roots of unity.

»
—2/n _ 1
mp(nx" — 1) = logn+ I‘l(r72)
— 0 as n— 0o
—— 2/n
mD(X2"+nX"+1):|og <r1-|—r12—4> _‘_B <<n—n2—4> _1)
2 2 2
— 0 as n— oo

Lehmer's Question has a negative answer!
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Multivarible polynomials - The linear binomials

We have m(x + y) = m(x + 1) = 0, but, though mp(x + 1) =0,

o +) = 1/Iog\x+ydA() AG) = 5= [ (7 = D

/ / p° — 1)pdpdo
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The linear binomials

L. & Roy (2024) For m,n > 1,

HID(Xl"‘Xm+y1"‘Yn)

n—1 m—1
m m4+n—1—-r\_, n m+n—1—-r\_,
_2m+n+l§:< m )2 _2m+n+1z< n )2'
r=0 r=0
In particular,

1 1
mp(xy - Xm +y) =

= omii o
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The linear trinomials

L. & Roy (2024)

3V3 1 113
mp(l+x+y) = FL(X—3,2)+6* 6n

Smyth (1981)
3v3

m(l +x+y) = —L(x-3,2).

1 11v3
(14 x+y) = m(1 4 x-+ )+~ oV
6 167
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Ideas in the proof

1
wn(1+x+y) = [ (11 + xP? — 1)dA(x)
™ Jpnqiex<y
1
+ - / log |1 4 x|dA(x).
T Jon{(1x>1}
If x = pe'®

1

21 Jon{ji+xl<1)

1 T rl 1 %’T —2cos 6
== / / (p* +2pcos)pdpdf + = / / (p® + 2pcos ) pdpdh
T 2Tﬂ' 0 s % 0

3V3
167"

(|1 4 x|2 — 1)dA(x)
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Ideas in the proof

y =1+ x and set y = pe'®

1
/ log |1 + x|dA(x)
DA{[Lx21)

2cosf
= / / (log p)pdpdb

1
:/ <4cos 6 log(2 cos #) — 2 cos? 0—1—2) do.
0

s

cos? 0 log(2 cos ) df = —L( 23,2)+ —= — —

/ 3Vv3 V3
o 12 16
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-
A connection with hyperbolic volumes
Cassaigne & Maillot (2000)
a,b,c e C*, a+ bx+ cy € C[x,y]

D (|3]e™) + aloglal + Blog bl + vlogle| A,
mm(a+ bx + cy) =
7 log max{|al, |b], [c|} not A.

Bloch—-Wigner dilogarithm

D(z) :=Im (Liz(z) + log(1 — z) log \z\), Lix(z) = Z % __ /OZ log(1 — t) dt
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The linear trinomials

L. & Roy (2024)

L(x_4,2 3 3
mD(\f2+x+y)=(X7r4)

r(:)’
C\/EI @4":3 (Z’Z’Z’Z’E’Z’Z 1) 72{/)7 F (1717272157171;1)7

o (a1)n -~ (ap)n 2"
at, ..., ap: b1,..., bg; z) = —_—
pFq(at, ..., api by, ..., bq; z) éo (b)n - (bo)s 7’

(a)o=1, (a)h=a(a+1)(a+2)---(a+n—1).

Cassaigne & Maillot (2000)

L(x—4,2) log2
(X4)+g'

m(vV2+x+y) = i
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Another example

L. & Roy (2024)

()Y mam (o () ) g2 -2t
oY 1+x - oY 1+ x & 2 7
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Zeta Mahler measure

P € C(x1,...,xn)*, the zeta Mahler measure is

s dxy dxp
Z(s, P) Plxt,. )] 2L
(S 27” / | Xla » X ) )

X1 Xn

m(P) = aSZ(P )

The areal zeta Mahler measure is

Zp(s, P) := /]D [P (x1,...,xn)|° dA(x1) ... dA(xn)-
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An example of Zeta Mahler measure

L. & Roy (2024)

Ip(s,x+1) = r(rs(/s;:é))z = exp Z (*_1)1 (1—2YH(¢() —1)s

Akatsuka (2009)

Z(s,x+1) = Z(S—H) = exp i (_71(1 = 2Y)¢(j)s

M(s/2+1)2 ‘=
s+1
Zo(s,x +1) = (5/21 rZ(sx )
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More zeta Mahler measures

L., Nair, Ringeling & Roy (2024++)
For real s > 0, not an odd integer,

Zo(k +x +y;s) = Re G(k) — cot( : )Im G(k),

where 3
s s 4
Gky=k® - 3F [ —2,—2,2:2,3; — | .
(k) 32( 20 272 k2)
For k < 2,
443 11355 k? k2 1
k R e e — .
mp(k +x+y)= or 32( 2,2,2,2,2.4)+2 2

k 11 1 3 3 k2
m(k +x +y) = F< ***** >
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The areal Mahler measure revisited

We get for k < 2

m(k +x+y) —mp(k +x+y)
_ kvV/4 — k2(10 + k) + (8 — 16k?) arccos (%)
167
L., Nair, Ringeling, & Roy (2024++)

_k\/47k2(10+k2)+(87167rk2)arccos( ) k<D
mp(k 4 x +y) = Tor

%D (e2iarcsin(k/2)) + 2 arcsin (%) Ing
k
2

log k k>?2
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]
The case k = /2 revisited

L(x_a,2 3 3
mD(\fQ—FX—Fy):(Xﬂ_‘l )+C\/§+8—2ﬂ_,
where
r(3)’ 1133.1565. r(3)’ 3355.377.
Crp=asibs (330330010~ g (33070 6 01)
L(x_4,2 log 2
m(v2 4 x+y) = Hxea2) i.
log 2
Cra=—4
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The transformation x — x"

Let A€ M(n x n,Z), det(A) # 0.

P(A)(x) = Z Cmx ™.

m

Then
m(P) =m <P(A)) :

Particular case: x — x".
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The transformation x — x"

L. & Roy (2023+) r,s € Z~o,

m (Xr B a) B Iog+ ’3’ ’3’ > 1, . (Xr n 5) s
. s(lalf 1) Jal <1 pe Ty 2r+s)
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The transformation x — x"

Polynomials

Mahler measure

Areal Mahler measure

1+Xr+ys

m(1l+x+y)

m(l+x+y)—Rrs

(I1+x)+y°

rm(l+ x+ y)

rm(l+x+y) — Hrs

L. & Roy (2023+) Let P(x1,...,xn) € C(x1,...,x,)™ and let

P(0,x2,...,xp) € C(xo, ...

by setting x; = 0. Let r € Z~o. Then

lim mp(P(x{, x2, ...

r—oo

Matilde Lalin*, Subham Roy (UdeM)

,Xn)) = mp(P(0, x2, ..., Xn)).
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-
Looking ahead

v

What types of changes of variables keep the areal Mahler measure
invariant?

Is there a cohomological framework for areal Mahler measure?

Areal Mahler measure for elliptic curve cases.

1 1 15
— —+1)=—L(Es,2
m<x+x+y+y+) 2.2 L(E15,2)

Areal Mahler measure of polynomials in more than 2 variables.
What can we say of mp(P) — m(P)?

Function field analogue (Roy, in progress).

L
&
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Thanks for your attention!
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L. & Roy (2023+)
Let r, s be positive integers. We have

mp (1 + x" 4+ y®)

_3V3 V3r r—+2 2r +2 r+1 2r+1
= Hx ‘3’2)"+E(C(1’7>_C(1’ 3r )*4(17 3r )‘C(l* 3 >>

—EZZ k(D) F (3 —hk—h+i+k—h+143:7) EZ() 1
T ko \2h 2k=2h+1kc(kr 4 2) (2k + 2 —2h + 1) 6 = kr+1

_sV3 (% (%) x=s(k—J) iz(%>22F1(%vk+7+%?k+7+§%
T oSt KN ((k+))r+2)(k —J) 4 = \k (kr+1) (2k +1+ 2)

S E @)(é_)(k—j)(—l)k*f*hz‘ﬁ(%—hﬁk—h+%+%:k—h+%+%:%)7
T oStk hme VKN 2h 2k=i=2h ((k + j)r +2) (2k + 2 —2h + 1)

where ((s,x) = >0, ﬁ is the Hurwitz zeta-function.
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L. & Roy (2023+)
Let r,s be positive integers. We have

mp((14x)" +y*)

=r 37\/51-()( 32)+1,£ _f_,_f@
47 - 6 27 6 6r(§+2)2
_sV3 3 (ﬁ)(ﬁ) x-3(k —J) +iz(*)22F1 (G k+3:k+3:3)
T St KN (ki 2) (k=) AT Nk (k+1)(2k +3)
k
Sl i\ (1)< thoF (3 —hk—h+3k—h+3: 1)

ok —
+’ > > (; )()( on) 2KT=2h(k +j + 2)(2k — 2h + 3)

T o<j<k h=0
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