Examples in two variables

Smyth (1981)

3v3
m(l+z+y) = %L(X—s, 2) = L'(x_3,—1)

Boyd, Deninger, Rodriguez-Villegas (1997)

/
m<x+l+y+l—k> 2 B0 o
x Y Sk
1 1 ,
m<x+—+y+——4> = 2L (x—4,—1)
x Y
+ivy+loavz) = L@, .0
m | x - Y J = ol



Examples in three variables

Smyth(1981)

m(L 24y +2) = 2 50(3)

D’'Andrea & L (2003)

V5o (/5)(3)
((3)2

m (2(1 —ay)? — (1 —2)(1 - p)) =

Boyd & L (2005)

L(x_4,2 21
P14 Dy (e-1)2) = FE D 2

¢(3)
Bertin (2003)
1 1 1
m<x+—+y+—+z+——k> =
x Y z

Kronecker-Eisenstein series



Examples in several variables

L (2003)

() G5 (6552))
14+ x4 1+ 2o 14+ x3
24 L(x_4,2
W—L(X 474)+ (X 4 )

7

(o) (559
1—|-$1 1—|—:134

= 22C(8) + 5 5¢(3)

1-— 24
m (1 + x + ( :131> (1 —|—y)z> —L(X 4,4)
1+ x4 73

l—xq 1 —xo 93
m <1+:1:-|- (1 _|_x1> <1 —|—:1;2> (1 +y)Z>—FC(5)



Philosophy of Beilinson’s conjectures

e Arithmetic-geometric object X (for instance,
X = Op, F number field)

e L-function (Lx = (p)

e Finitely-generated abelian group K (K =
k
7)

e Regulator map

r . K — smooth differential forms
(r=1log|-])
Conjecture: special value of Lx ~q« fvr(f)

(E.g. Dirichlet class number formula, F' real
quadratic, ¢5(0) ~qg= 109 [¢| e € O%)



Big picture

- — (K3(Q) D)K3(97) — K2(C,87) — Ko(C) — -+

87=C'QT2

e n(x,y) is exact, then {z,y} € K3(9vy). We
have 0v #= () and we use Stokes’ Theorem.

~» dilogarithms ~» zeta function of a num-
ber field.

e Oy = 0, then {z,y} € K>(C). We have
n(x,y) is not exact.

~ L-series of a curve.



Big picture II

o — Ka(0lN) — K3(S,0IN) — K3(S) — - --

or =SNT3

- — (K5(Q) D)K5(97) — K4(C,07) — Ka(C) — -+

87=CQT2



Polylogarithmic motivic complexes

Beilinson (after work of Bloch, Deligne, Beilin-
son, etc) rp : gr) Koji(X)g — Hp(X,R(j))

Goncharov: possible " Explicit construction” of
rp and g’l“;/KQj_i(X)@.

F field, define R,(F) C Z[P}] and

B (F) 1= Z[PE]/Rn(F)

R1(F) = ({z} +{y} —{zy}, =,y € F",{0},{o0})

B (F) := Z[PE]/Rn(F)

R1(F) = ({=} +{y} —{zy}, x,y€ F",{0},{oc0})



1160 [ Buo1(F)®F*  ifn>3
el = { N2 F* ifn = 2

{x}h_1 ®x ifn >3
on({x}) = { (1—-z)Azx ifn=2
0 if{x} = {0},{1},{c0}

Rn(F) L= <04(O) — a(l),a(t) S An(F(t)»



5n(Rn(F)) =0
Bp(n) :
Bo(F) 3B, 1((F)QF . . S Bo(F)QA" 2F* % AnE*

n—op n—p
6 :{xz}p® N yi — p{z}p) A N ui
1=1 1=1

H"(Bp(n)) =2 KM(F)
Conjecture 1

H'(Bp(n) ® Q) £ gr}Ko,_i(F)g
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(T =W)XV & 7 o (T —w)(X)V o (I -w(X)V
(wytt (2)"e 1 (1) ]
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soxa|dwod JOo wsiydiowowoy e bupnpul (w)Uh
1SIXo aJ4ayl Aloen djeigable xsidwod X (AoJeyduoon)



o m(L)({z}n) = Ln(x).

In

o dnn(n)(azl/\.../\a:n)=7Tn<dx—x11/\.../\dﬂ).

e n(m) compatible with residues (residues
are given by tame symbols).

Conjecture 2 "Image of nn(i)"” coincides with
image of regulator
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