THE DISTRIBUTION OF PRIME INDEPENDENT MULTIPLICATIVE
FUNCTIONS OVER FUNCTION FIELDS

MATILDE LALIN AND OLHA ZHUR

ABSTRACT. We consider the family of multiplicative functions of F,[T] with the property
that the value at a power of an irreducible polynomial depends only on the exponent, but
does not depend on the polynomial or its degree. We study variances of such functions
in various regimes, relating them to variances of the divisor function di(f). We examine
different settings that can be related to distributions over the ensembles of unitary matrices,
symplectic matrices, and orthogonal matrices as in the works of [KRRGR18, KL22a, KL22b].
While most questions give very similar answers as the distributions of the divisor function,
some of the symplectic problems, dealing with quadratic characters, are different and vary
according to the values of the function at the square of the primes.

1. INTRODUCTION

The goal of this work is to explore the connection between the distribution of certain
multiplicative functions and integrals over the ensembles of unitary, symplectic, and or-
thogonal matrices. Let IF, be the field of ¢ elements, where ¢ is an odd prime power with
q = 1(mod4). Let g : F,[T] — R be a multiplicative function such that g(a) = 1 for any
a € FY, and for P € F,[T] irreducible, g(P*) = d), where {0;}32, is an arbitrary sequence
of reals. Yudelevich [Yud20] considers the problem of determining

T(N) = Y a(f).

feEMn

where we recall that M denotes the set of monic polynomials in F,[T] and My denotes the
elements of M that have degree N. Similarly, P and Py and H and Hpy denote analogue
sets of monic irreducible polynomials and monic square-free polynomials respectively.

Let

(1) F(E) = 1403t + 0ot 4 - -

be the generating series for {9}, and define the sequence {hy}2, recursively by h; = 9,
and

(2) FOA =@ =)z (1 =) =14 Ay t™ -
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In [Yud20, Theorem 1], Yudelevich proves that

ToN) = 3 AV,
=0

D VN ) |0 R i e

ko+2k3+-4-Lkpy1=4

where

Yudelevich then uses this to derive several asymptotics in the cases ¢, ¢ and N or ¢V
approach infinity. These results are applied to various functions g, including the reciprocal
of the divisor function.

In [KRRGR18], Keating, Rodgers, Roditty-Gershon, and Rudnick study variances of the
divisor function

de(f) = #{(fr,. o) f=Fr fa, £ € M}
The function di(f) appears naturally as the coefficient of kth power of the Riemann zeta
function (,(s)* (see (5) for the definition in the function field setting).
For Q@ € H and N < k(deg(Q) — 1), they prove in [KRRGR18, Theorem 3.1] that the

variance of

feEMN
f=A (mod Q)
defined by
1 2
Var(SZC;N;Q) = cI>( ) Z ‘Sc[l]k;N;Q(A) - <S§;;N;Q>| )
A (mod Q)
(A7 ):1

is given, as ¢ — 0o, by
2
Z Sle(U) T SCM(U) du,

i ge=N
0<g1,.,Jkx <deg(Q)—1

U QN
(3)  Var(Sg,, )N—/
WNQT T 18 faea(@)-1)

where the integral ranges over complex unitary matrices of dimension deg(Q) — 1, and the
Sc;(U) are the secular coefficients, defined for a A x A matrix U via

A
det(/ + Uzx) = ZSCj(U)xj.
=0

This result relies on Katz’s equidistribution theorem [Kat13b] for primitive Dirichlet char-
acters with square-free conductors. It was later extended by Roditty-Gershon, Hall, and
Keating [HKRG20] to the coefficients of kth powers of more general L-functions, such as
those associated with elliptic curves.

Keating et al obtain a similar statement in [KRRGR18, Theorem 1.2] by considering the
variance of the divisor function over short intervals.

In [KL22a|, Kuperberg and Lalin consider the distribution of the divisor function dj(f)

when restricted to quadratic residues modulo an irreducible polynomial P of odd degree
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2g + 1. More precisely, they prove in [KL22a, Theorem 1.1] that for P € Pyyyq, N < 2¢gk
and

Sin(P)yi=" > d(f),

feEMnN
f=0(mod P)
Pif
as g — 00,
1 v (k+N -1
Si,N(P) ~3 Z di(f) ~ 7( b1 >,
feEMN
Pif
and
2
Var(S5 ) =—— S (S -1 S a4y
e #Pag+1 PeP. o 2 fem
2g+1 PJ(fN
N 2
q
(4) NZ ( Z Sle (U) T SC]k(U)) du.
Sp(29) 14 4ie=N

0<g1,5--,Jk<2g

The integral is very similar to the one appearing in (3), but it ranges over the set of symplectic
unitary matrices of dimension 2g. The restriction to quadratic residues modulo an irreducible
polynomial P can be detected by twisting by a quadratic character, which ultimately yields
the connection to the symplectic matrix integral via some monodromy arguments due to
Katz (see [KL22a, Section 3]). A similar problem over integers, involving the sum of the
divisor function weighted by the quadratic character modulo d, is also considered in [KL22b,
Conjecture 1.10].

In addition, Kuperberg and Lalin consider the distribution of the divisor function over
monic polynomials of fixed degree with a condition that can be interpreted as the function
field analogue of having the argument of a complex number lying in a specific sector of a
unit circle. This setting follows a model of Gaussian integers in the function fields that was
proposed by Bary-Soroker, Smilansky, and Wolf [BSSW16] and later developed by Rudnick
and Waxman [RW19]. In this context, the result on the variance proven in [KL22a] also
leads to an integral over the symplectic matrices similar to the one from (4). A variation
of this question leads to distributions over the ensemble of orthogonal questions in [KL22b,
Theorem 1.12].

In this note, we are concerned with generalizing these results for dj, to the class of functions
g. We remark that the divisor function is a particular case of the class of functions g.
Moreover, since the generating function for the divisor function is the kth power of the zeta
function, which over F,[T] takes the shape (1 — qu)™!, we can reinterpret equation (2) as a
sequence of approximations of g by divisor functions.

More precisely, we extend the results of [KRRGR18] by proving the following,.

Theorem 1.1. Let g be defined as before. Let Q € H, A € F,[T] coprime to Q, and
Sg[{N,Q(A) = Z a(f).

FeEMnN
f=A (mod Q)
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Then, as ¢ — oo,

Syl e Y ST ()dna(fo) - day (f)

)
( ) mi+2mo+-+Nmy=N  fieMpm,

fNEMmN
N q~ (01 + N — 1)
®(Q) N

(fifefn,Q)=1
If 01 is a positive integer, deg(Q) > 2, and N < 0;(deg(Q) — 1) then, as ¢ — oo,

Var(Sy v o)
1 1 2
U
5, 2 S gy 2 S (A, () - ()
A (mod Q) mi1+2mao+--+Nmy=N fiEMpm,
(A,Q)=1 Fx ety

(fifefn,Q)=1
2

> Sc;, (U) -+ Scj,, (U)] dU.
iteting =N
0<51,.-,jny <deg(Q)—1

~ qudeg(Q) /
U(deg(Q)—1)

For any nonzero f € F,[T], the norm is given by |f| = ¢®Y). For A € F,[T], The set
Iy(A) = {f €FT] : |f - Al < ¢"}
is the interval of radius b centered in A.

Theorem 1.2. Let g be defined as before. Let A € My and 0 < bh < N — 2, and consider

The mean value is given by

h+1
:q—N Z Z dh1<f1>dh2(f2)"'th(fN>

mi+2ma+-+Nmy=N fi€Mp,
fNeM'mN
N .

Suppose that 91 is a positive integer and 0 < h < min{N — 5, (1 — %)N — 2}. Suppose also

that the Oy are essentially uniformly bounded in the sense that 0y = o(q¢°) for any € > 0.
4

1
o~ > N
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Then, as ¢ — oo,

Var(/\/’g[’]h)
1 - qh+1 2
= > (NG (A) T > > dn (A)dny(f2) - diy (f)
AeMp mi1+2ma+--+Nmy=N f1EMm,

fNeMmN
2

> Scj, (U) -+ Sey, (U)| dU.
Jite+in =N
0<J1,esJny SN—h—2

o P /
U(N—p—2)

The short interval problem was vastly generalized by Rodgers [Rod18] to fixed factorization
functions, that is, functions that depend solely on the extended factorization type of the
element, which involves not only the exponents of the irreducible factors, but also their
degrees. The functions g that we consider are a particular case of this, since they have
the same value for powers of irreducible polynomials, independently of the degree of the
underlying polynomial. Gorodetsky and Rodgers [GR21] further extended the short interval
problem to the case of d. for z real.

We also extend the results of [KL22a, KL.22b] as follows.

Theorem 1.3. Let g be defined as before and let P € Pogyq. Consider
San(P) = > el

f monic,deg(f)=N

f=0(mod P)
Pif
Then, as ¢ — oo,
1 qN 01 + N —1
s
sP~r Y > () d ()~ (T,
mi+2mat+Nmy=N fiEMm,
fNEMmN
Ptfifafn

Assume that 01 is positive integer and N < 2¢0;. As g — oo,

Var(Si) = g (sgzN(P)—% > ) dh1<f1>dh2<f2>'~-th<fN>>

CH#P
7 Pag+1 PEPag11 mi+2mot A Nmy=N fiEMm,

fNGM'mN
Pififa-fn

o~ | 7] h, 2
~ (Z( , )(-1)‘ > Scjl(U)---Sthl(U)> dU.
Sp(29) \ ¢=o Jitin, =N—2¢
0<j1,0-,Jn, <29

Theorem 1.4. Let g be defined as before and let R € Hagy1. Consider
Tan(R) = > a(Fxa(f).

feMn
(f,R)=1
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Then, as ¢ — 00, 7;*?N(R) =0 ( %> Suppose that 01 is positive integer and N < 2g0y. As
q — 00,

Z(_ZQ)(—I)E 3 scjl(U)--.scjhl(U)) dU.

Jitetin, =N—2¢
0< 1,00y <29

In [KL22a, KL22b], the authors worked with a model of the Gaussian integers in the
function field setting which was initially developed by Bary-Soroker, Smilansky, and Wolf
in [BSSW16] and considered by Rudnick and Waxman in [RW19]. The authors of [KL22a,
KL22b] studied the variances of

N = 3 dlf)  ad AN = Y dz(f)<w),

feMy, JeMy 2
f(0)#0 F(0)#£0
U(f)€Sect(v,k) U(f)€Sect(v,k)

where the sums are taken over monic polynomials of fixed degree under a condition (see (18))
corresponding to the function field analogue of having the argument of a complex number
lying in certain specific sector of the unit circle, and where Y5 is the quadratic character over
F,[T] defined by x2(f) := x2(f(0)), where for x € F,, x2(x) := 1 if = is a non-zero square,
—1if z is a non square, and 0 if x = 0.

We obtain the following generalizations.

Theorem 1.5. Let g be defined as before and consider

Noxw = 3 olf)  and Ay = Y g<f>(w).

feMn feMy 2
f(0)#0 F(0)50
U(f)€Sect(v,k) U(f)€Sect(v,k)

Let k = LSJ As q — oo, the mean values are given by

PO AROE JEEDY S () (f) - duy ()

veS; q mi+2ma+-+Nmy=N flEMml

fNEMm
fifafn(0 )75
o (0N 1
(YT,
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and

1 1
— > NGn @) ~ o > > dn (f)dny(f2) - diy ()
4 veS} q mi+2mo+--+Nmy=N f1€Mm1
fNeMmN
fife-fn(0)#0
quH 0+ N -1
2 N ’
Assume that 91 is a positive integer and N < 01(2k — 2). As ¢ — oo,
1 1 ?
Var(-/\/’gfk,N) = Z MSkN(U) Sy a(f)
7" Lest T pemy
F(0)#0
2
ol
~— ( > Se(U)- scjz(U)> dU.
q Sp(2k—2) jittje=N

0<J1,5e-,Je<2K—2

Assume that 91 is a positive integers and N < 01(2k — 1) with k = [%J > 3. As q — o0,

. 2

/\/g(?k,N(U) - 2_q“ Z a(f)
feEMn

f(0)#0
U(f)€Sect(v,k)

2
N
q
~—— Sc,; (U)---Sc,;,(U) | dU.
17 O(%_D( D SG(U) e >>

jittie=N
051 erenfe<26—1

1
VarS(%?k,N) ::E Z

1
vES

The integrals appearing as expressions for the variances in all the above results have been
studied in [KRRGR18, KL.22a, KL22b|. For example, Keating et al prove that

2
/ ‘ > S (U)-- SCjk(U)’ AU = yi(m/M)M* =1 + O (M),
UMD i ot g=m
0<j1, e <M
where 7 (c) is seen to be a piecewise polynomial function of degree k* — 1. Similar results are
proven by Kuperberg and Lalin for the symplectic and orthogonal cases (with the degrees
changing in these cases). Basor, Ge, and Rubinstein [BGR18] further analyze vx(c) in the
unitary case. See also Medjedovic’s MSc thesis [Med21] for more on the properties of i (c)
in the symplectic and orthogonal cases.

We see that, while Theorems 1.1, 1.2, and 1.5 give similar results to (3) and (4) in the
sense that the variance is entirely determined by 0;, Theorems 1.3 and 1.4 give a different
result from those, as the variance depends not only on 91, but also on hy = 05 — 01(0241)

This article is organized as follows. Section 2 exposes some general background on the
arithmetics of function fields, while Section 3 treats some auxiliary results on evaluations of
sums of g twisted by characters that are needed for the results. Sections 4, 5, 6, and 7 contain

the proofs of Theorems 1.1, 1.2, 1.3, and 1.4 respectively. A discussion on the evaluation of
7



the integrals appearing in Theorems 1.3 and 1.4 is included in Section 8. Finally, Section 9
contains the proof of Theorem 1.5 together with some necessary background.

2. SOME GENERAL BACKGROUND

In this section we give some general background about the arithmetics of F,[T]. For
f € M, let di(f) denote the kth divisor function given by

di(f) =#{(f1,-- fo) - f=fr fo, [ €M}

The divisor function can be extended to non-zero elements of F,[T'] by setting di(cf) := di(f)
for ¢ € ;. Notice that dj, is a multiplicative function, defined on powers of P € P by

dk(Pj) — (j+1;71)'
The zeta function of F [T is defined for Re(s) > 1 by

() =

fem

If\s’

where for any non-zero f, the norm is given by |f| = ¢%¢). By counting monic polynomials
of a fixed degree, one obtains that

1
Co(s) = T

which provides a meromorphic continuation of (,(s), with simple poles when ¢* = ¢. Making
the change of variables u = ¢~*, the zeta function becomes

S (1 _ udeg<P>>‘1,
fem peP

for |u] < 1/q. As before, we have the expression
1
1—qu

Zy(u) =

We remark that the kth power of the zeta function is the generating function of dj, namely,
- 5 s
fem

For k € R and |u| < 1/q, we can define (1 — qu)~" by taking the principal branch of the
logarithm. Writing the generating function gives

Z d deg
feMm

which leads to an extension of d,(f) to the case where k is a real parameter.
For a general arithmetic function g : F,[T] — C, we define

M(N;g) == > alf).
feEMny
In particular, we have that

S i

N=0



For a polynomial Q(7T') € F,[T] of positive degree, the order of (F,[T]/(Q))* is given by
the Euler function ®(Q). A Dirichlet character modulo @ is a homomorphism
X+ (FT1/(@)" = C,

which is extended to x(R) = 0 for R € F,[T] such that (R,Q) # 1. The orthogonality
relations give, for A(T) € F,[T],

1 B _J1 R=A(modQ),
(6) m Z X(A)X(R)_{O otherwise.

X (mod @)
Given a Dirichlet character x, the corresponding Dirichlet L-series is given by
x(f
Lis.0 = 3 40
fem

for Re(s) > 1. As in the zeta function case, we can make the change of variables u = ¢~*

and write
Z X deg H (1 . X(P>udeg(P))—1
fem PecP

Notice that
Lo(u, )" =D x(F)di(fu'eV Z M(N; xdy)u
fem

A Dirichlet character x is called even if x(c) = 1 for any ¢ € F* and is called odd otherwise.
By orthogonality, when y is a nontrivial character, £,(u,x) is a polynomial of degree
A < deg(Q) — 1 ([Ros02, Proposition 4.3]). If we consider the reciprocals of the roots, i.e.,

A

Ly(u,x) = [J(1 = ).

j=1

Then, for x odd, the Riemann hypothesis implies that |o;| = (/g. If x is even, one root
equals 1 and the others satisfy the Riemann hypothesis. This implies that

Ly(u,x) = (1- u)’\ det(1 — uql/QGX)a

where A = 0 if x is odd and 1 if x is even, and ©,, is a conjugacy class in the unitary matrix
ensemble of dimension N = A — \.
For an N x N matrix U, the secular coefficients Sc;(U) are defined by

det(f + 2U) Z Sc; (U

Thus, the coefficients of £,(u, x) can be expressed in terms of the secular coefficients of ©,.
For xo the trivial character modulo @, we have Lq(u, x0) = Z4(u) [1po(1 — udes(P)),
Let P(T) € P and f € F,[T]. The quadratic residue symbol is defined by

(%) = [ (mod P)
9




if Pt f, and (%) = 0 otherwise. If Q = P --- P with each P; irreducible, then the Jacobi

symbol is given by
() 1)
o)~ U\F
From now on we will assume that ¢ = 1 (mod 4); in this case, quadratic reciprocity implies

(%) = (%) for any A, B € M non-zero such that (A4, B) = 1.

For D € H, we consider the quadratic character

Xp(f) = (?) :

We have that yp is an odd character if deg(D) is odd and even otherwise. In both cases
L,(u, xp) is a polynomial of degree deg(D) — 1.

3. EVALUATION OF TWISTED AVERAGES OF g

In this section we will establish a general setting for evaluating M(N; xg), where x is a
Dirichlet character, and g : F,[T] — R is multiplicative function such that g(a) = 1 for any
a € FY, and for P € F,[T] irreducible, g(P*) = d), where {0;}32, is an arbitrary sequence
of reals. Many of the arguments of this section follow ideas in the proof of [Yud20, Theorem
1].

We start by considering the generating series

Gu;xg) == > x(Ha(fHu®) =" M(N;xg)u
N=0

fem
Since g is multiplicative, we have

G(uixg) = [T (14 x(mo(mus™ + x(x)g(r)u 4 - .-)

TeP

- H H (14 x(m)ogu’ + x(m)*0u® + -+ )

(=1 m€Py

=TT T fx(mu)

(=1 mePy
=11 IT = x(mu) (1 = x(m)Pu®) ™" - (1= ()" u™) ™ fa (x (),
(=1 m€Py
where we have applied (1) and (2) and we have set
Fasa(t) = FO)L = )" (L= 2" (1 —t7)"
Gathering the first n factors gives
(7) G(u; x@) =Lq(u, )" Lo(u®, x*)" - Lo X" T] T Foer (x(m)u

(=1 m€Py
10



Taking n = N and comparing coefficients in (7), we get

(8)  M(N;xg) = > M(my; xdn, )M (ma; X2dn,) - - M(m; XV diy,).

mi1+2mo+-+Nmy=N

The above expression allows us to relate M(N; xg) to a product of M(m;xdy). The ad-
vantage of this process is that several tools are available to us regarding how to evaluate or
estimate these sums.

We recall the following results.

Lemma 3.1. [KL22a, Lemma 2.1] Let x be odd and k be a positive integer. For N < kA
we have

M(N;xd) = (=1)Vq% 3" Scj,(0y) - Sc;, (0y)

jit+jr=N
0<j1,-Jk <A

and M(N;dgx) = 0 otherwise.
Let x be even. For N < kA, as ¢ — oo we have

Z S¢;, (Oy) -+ S, (Oy) + Okan <q¥> .

Jitetie=N
0<j1,--Jx <A

N
2

M(N; xdy) = (=1)"q
For kA < N <k(A+1), as ¢ — oo,
IM(N: xdy)| <ra g7 -

Finally, M(N;xdg) =0 for N > k(A +1).

Lemma 3.2. Let k be real and let xo be the trivial character modulo Q@ € F,[T]. As ¢ — oo,
we have that

k+N—1 _
M 7X0d Z d ( N ) Odeg nN(qN 1)7
fem
(1@)=1

where the implied constant depends on the degrees of the prime factors P; of ), but not on

Q tself.

Proof. This is essentially [KL22a, Lemma 5.2]. Without loss of generality we can assume
that @ is monic. Let Q@ = P['--- P be the prime decomposition of (). We can estimate
the sum by considering its generating function.

r : 1 — udee®))\ "
Z d deg f) _ (Zq(u) H(]- _ udeg(Pj))) _ (H] 1(1 — ))

JEM j=1
(f,@)=1

_i i Z (H( )) (N 5 1_;] deg(P))qN—Z’;_lm]-deg(Pj)(_DNuN‘

N=0m1=0 m,=0
11



By focusing on the coefficient of u”", we obtain

N (H (nﬂ) ) L

(J}GQA)A—Nl mi1=0 m,=0 \j=1
k+N-—-1 _
ZQN ( N > + Odeg(Pj)vm’N(qN 1)'

O

Proposition 3.3. Let x be a nontrivial Dirichlet character of conductor Q. Then we have

N
IM(N; xg)|* = > LI My X7 i, ) My Xy, )
mi+2mo+---+Nmy=N j=1
ni+2ng+-+Nny=N

= > M(ma;xdn, ) M(ng; xdi, ) M(mg; X2dp, ) M(n2; X2dn,) + O, v deg(Q) (CJN_%)

mi1+2mo=N
n1+2ns=N

Proof. By equation (8) and Lemmas 3.1 and 3.2, we have that

N
[M(N; xo)* = > [T Mmy: X, ) M(ny xidy,)
mi1+2ma+--+Nmy=N j=1
n1+2ng+-+Nny=N

Z B +mat-+my+ G Angt-4ny

Lh;,N,deg(Q) q?

mi1+2mao+---+Nmy=N
ni+2no+-+Nny=N

Using that M(0; xdy,) = 1, we have, as ¢ — o0,

N
§ HM(mj;X]dhj>M(nj;dehj>
mi1+2ma+---+Nmy=N j=1
ni+2no+-+Nny=N

= Z M(ma; xdp, )M (n; xdp, ) M(m; dehz)M(n2; X2dn,)

mi1+2mo=N
ni1+2ns=N

N
N Vi
+ E H./\/l(m],x dp, ) M(nz; X7 dp,)
mi1+2ma+--+Nmy=N j=1
ni+2na+-+Nny=N
mi14+2mo <N or ni1+2na<N

= > M(ma;xdn,)M(na; xdn, ) M (ma; X dp, ) M(n2; X3dn, )

mi1+2mo=N
ni1+2no=N

mi1+2mo+-+Nmy=N
ni+2n2+--+Nny=N
mi1+2mo<N or ni+2ns<N

12



Note that, for m; + 2mo + -+ - + Nmy = N, we have

m mi1 + 2m 1
71+m2+---+m]v:%+§(3m3+3m4+~-+3m]\/)

my + 2m 1

_1TQ+§(3m3—|—4m4+-~-—l—NmN)
+ 2 1

:www—(mﬁzmz))

_N+m1+2m2

-3 6

Thus, when m; + 2my < N, the above is at most % — %. Incorporating this in (9),

N
> [T My X7 dn, ) M(nj xPdy, )
mi+2me+-+Nmy=N j=1
n1+2na+-+Nny=N

=Y MO O X M (s ) MG ) + O (474
mi1+2ma=N
n1+2na=N

4. SUMS OVER ARITHMETIC PROGRESSIONS

In this section we prove Theorem 1.1. Let @ € H and let A € F,[T] be coprime to Q. We

consider the following sum
Sg({N,Q(A) = Z a(f)-
FEMN
f=A (mod Q)
4.1. The average. We use the orthogonality relation of Dirichlet characters (6) to isolate
the arithmetic progression as in Section 4.1 of [KR16]. This gives

ol = 3 alf) @ S XA
feEMn X (mod Q)
1 _
:wx r%;Q)X(A)/\/l(i\f;Xg)

feMn
(f,.Q)=1 XFXO0

where o denotes the trivial character modulo Q.
We have the following result.

Lemma 4.1.

SgU;NyQ(A> = Z Z dh1(f1)dh2(f2)"'th(fN>'

mi+2ma+-+Nmy=N f1eEMmy
fNEMmN
f1f22~~~fﬁEA (mod Q)
13



Proof. By equation (8) and the previous expression, we have

:ﬁ S xS [ M)

X (mod Q) mi+2ma+--+Nmy=N j=1

=$ O S T (f)

X (mod Q) mi+2mo+-+Nmy=N fr€EMm, j=1
fNGMmN

2l 1 2 N
=D 2 g 2 AL f)

mi+2ma+--+Nmy=N freEMpm, j=1 (mod Q)
fNeMmN
= Z Z dh1<f1)dh2(f2)"'th(fN)7
m1+2mo+--+Nmy=N fieEMim,

fNeM'mN
f1f22 IJVVEA (mod Q)

where the last identity follows from orthogonality of Dirichlet characters (6).

We also have the following average result.

Lemma 4.2. As ¢ — oo,

1 N

Sena(4) ~30) >, S dn (A)dny(f2) - diy (fn) + O (q 2
mi1+2ma+--+Nmy=N fiEMpm,
fNGMmN

(fifefn,Q)=1

(Q)

qN <01+N—1

R )(1+O(q1)).

14



Proof. By equation (8) and Lemma 3.2, we have that, as ¢ — oo,

> 8(f) =M(N; xo0)

feMn
(f,Q)=1
= Z Z dh1(f1)dh2(f2)"'th<fN>
mi+2me+-+Nmy=N  fieMp,
fNGMmN
(frfafn,Q)=1
N
= > [T M(mj: xodn,)
mi+2mo+-+Nmy=N j=1
N
et h: +m; —1 _
= Z q1++NH(7 m] )(1+O(q 1))
mi+2ma+-+Nmy=N j=1 J
hy + -1
() ("N o),
1

since the only way to maximize the contributions of the powers of ¢ is to take m; = N and
me =---=my = 0.
Now equation (8) and Lemmas 3.1 and 3.2 imply that, for y non-trivial,

M(N; xg) = > [T M(my; xPda,)

mi+2me+--+Nmy=N j=1

—O( Z q”;l+m2+---+mw> )

mi1+2ma+--+Nmy=N
As in the proof of Proposition 3.3, we have that
mq N my + 2m2 N
5 + mg + +my < 3 + 6 S5
Thus, we obtain

U 1 1 _ 1
Sive = 57 f&% g<f>+wx(§@ XAMN;x0) = 5755 fe% 8(£)+0 (a

(f,.Q)=1 XF#X0 (f,Q)=1
Combining the above with (10) and noticing that hy = 91, we conclude.

vz
~

4.2. The variance. We now consider the variance, which is defined by
Var(Sy v o)

95

50 L [Sed g X ST (F)dna(fo) i ()

( )A(mon) CI)( )m1+2m2+"-+NmN:N fieEM
my
(fifzfn,Q)=1

We prove the following result.
15
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Theorem 4.3. Let QQ € Hso. Assume that 9 is a positive integer and N < 91(deg(Q) —1).
As g — 00,

Var(Sé{NQ) ~ N ~dee(@) / du.
U(deg(Q)—1)

Jitting =N
0<j1,--,Jnq Sdeg(Q)—1

Proof. By the discussion in the proof of Lemma 4.2 and (8), we have that

2

1 N
Q) ) > XA [ Mms;xd,)

) A (mod Q) m1+2ma+--+Nmy=N x (mod Q) Jj=1
(4,Q)=1 X#X0
1 1
R D(Q)?
(@) 4 foao) (@)
(A,Q)=1
N ' B
X > > xa(Axa(A) [T MOmy; xddn,) M(nj; x3dn,)-
mi1+2ma+--+Nmy=N x1,x2 (mod Q) Jj=1

ni+2no+-+NnN=N  x1 x2#X0

Applying orthogonality, we obtain

Y Ay = {1 = X

o(Q) A ) 0 otherwise.
(A,Q)=1
Thus, this gives
N
1 O
Var(Siy o) = SO > S TIMOng P dn,) Mng; xidy,).

mi+2ma+--+Nmy=N x (mod Q) j=1
n1+2no+-+NnNy=N  y#xq

Now we apply Proposition 3.3 to get

1 —
var(sg N Q) Z Z M m17 thl)‘/\/l(n].? thl)M(mZ; X2dh2)M(n2; dehz)

2
(I)(Q) m1+2ma=N x (mod Q)
mt2ne=N " y#xo

+ O (qN—g—deg(Q)> ,

where we have used that ®(Q) ~ |Q| = ¢4¢® as ¢ — oo.
There are two cases in which the terms in the main term of the above sum are maximal
with respect to powers of ¢ (and lead to a final size of ¢V=4€(@)  The first case is when

my =ny, = N and Yy is arbitrary. The second case is when Yy is a quadratic character, so that
16



x? = xo. All the other terms will have size at most O (qN ’%’deg(Q)). Therefore, we have

(11)
1
Var(Syiy q) = D MV xd)?

) 2
(Q) x (mod @)
XF#X0
1
+ (I)(Q)z § § : M(mlﬂ thl)M(nlﬂ thl)M(m27 XOdhz)M<n2; Xodh2)
m1+2ma=N x (mod Q)
ni+2nga= X2:X0
mi1<N or ni<N X#£X0

L0 (QNfé—deg@)) .

We proceed to bound the second sum above. To do this, we estimate the number of quadratic
residues modulo @), for () square-free. This is equivalent to the number of conductors, which
is do(Q) = 2*(@). The expected size is then

w(@)
(@)

The first sum in (11) was estimated by Keating et al (sum (3.12) in [KRRGR18]). First
one discards the contribution of even and non-primitive characters, then one applies Lemma
3.1, where the nontrivial condition is N < hy(deg(Q) — 1). This gives

qN < qN+(€—2)deg(Q)

1 L
Var(SgN,Q) :(I)(Q)2 Z |M(N, th1)|2 +0 (qN 5—d g(Q))
X (mod Q)

x7#xo0 odd primitive
gV 1e8(@ /
U(deg(Q)—1)

where the last identity follows from applying Katz’s equidistribution theorem [Kat13b], which
requires @) to be square-free and 2 < deg(Q).

Jiteing =N
0< 1,0y <deg(Q)—1

0

5. SUMS OVER SHORT INTERVALS

In this section we prove Theorem 1.2. Given A € My and 0 < h < N — 2, we recall that
Ij(A) ={feF,JT) : |f-A4| < qh}

is the interval of radius b centered in A. Consider



5.1. The average. We have the following result.

Lemma 5.1. As ¢ — oo,
h+1

LN S NG =t > > iy (f1)dny(f2) - diy ()

q AeMpy q mi1+2ma+--+Nmy=N f1€Mm1
fNeMmN

_ (Dl +J]\7V - 1) (1+0(¢h).

Proof. Adding over all the possible A’s means that we are adding over all the f € My, and
that each f is counted ¢"*! times, since there are ¢"*! possible A’s to which f is close, as
the lowest h + 1 coefficients are completely free. Applying (8) in the trivial case, together
with Lemma 3.2, the mean value is given by

1 o qh+1
&~ > Np(A) = o(f)
AeMy feMn
qh+1
= >, D dn(f)dr(f2) - duy (fn)
mi+2mo+-+NmN=N fi€Mm,
fNGM'mN
N hy+my — 1
:qh+1—N Z qm1+"'+mN H ( J m7 )
m1+2ma+-+Nmy=N J=1 !
hi+N -1 _
:qm( R ) (1+0().
since the only way to maximize the contributions of the powers of ¢ is to take m; = N and
mgz---:mN:(). O

5.2. The variance. Our goal here is to compute the variance

Var(./\/;;]h)
1 U qh+1 2
=g > NG A - e > > dny (f1)dny(f2) - - diy ()
AeMpn mi1+2ma+-+Nmy=N f1EMm,

fNeMmN

In order to compute the variance we need some preliminary results. A function « :
F,[T] — C is called even if a(cf) = a(f) for any nonzero ¢ € F,, and symmetric if a(f) =
a(t48) £(1/t)). Notice that the functions g under our consideration satisfy both properties.

We need the following result of Keating and Rudnick.

Lemma 5.2. [KR16, Lemma 5.3] If o : F,[T] — C is even, symmetric, and multiplicative,
and 0 < b <n—2, then for all B € M,,_4_1,

1 - n—m ~
./\/gh(THlB) =<NaU’h> + m E a(T ) E X(On—p-1(B))M(m; xa),
even m—=0 X (mod T
XF#Xo even
18



where

Nap) = > alf)

n
q feEMp

denotes the average, and 0,, : F[T|<, — F,[T]<n, is given by

1
0, ™H=T"f|=].
(=17 (1)
One can apply the above Lemma by observing that if A(T") € My, then

(12) N (A) = NE (T B),
where B is the polynomial of degree n—h —1 that is made of the highest n —§—1 coefficients
of A. Notice that there are ¢"*! polynomials A corresponding to each B.

We are now ready to prove the following result.

Theorem 5.3. Suppose that 0, is a positive integer and 0 < h < min{ N —5, (1 — %)N— 2}.
Suppose also that 0 = o(q%) for any e > 0. Then, as ¢ — oo,

2

> Scj, (U) -+ Sey, (U)]| dU.

iteting =N
0<j1,eerjng SN——2

Var(Ny) ~¢" /
U(

N—p—2)

Proof. We apply Lemma 5.2 with B as in equation (12). This gives

U
Var( g;h)
g 2
= D a TN oF > XOx-y1(B)M(mi xa)
BEMth (rr;odTN_”)
XFX0 even
¢ -
TN P Z ON-mdN—n Z M(m; x19) M(n; x29)
q even m,n=0 x1,x2 (mod TN =)

X1,X27X0 even

XY Xa(On g1 (B)xa(On—p1(B)).

BeMpN_p-1
As in [KR16] (equations (5.34) and (5.35)), one can see that

> XOv-s1(B)xa(Ox-y-1(B)) = {1 X

N herwi
q BeMm oy 0 otherwise.

19



Thus we have

Var(Ngy) = TN 7 S owds Y Mo g M

m,n=0 x (mod TN =)
X7X0 even

1
o (TN-0)2 Z ON-3 jm; ON=3 jn;
even mi1+2ma+-+Nmy<N
ni+2no+-+Nny<N

N
X Z HM(mj;dehj)M(”j;dehj),
x (mod TN —Y) j=1
XF#X0 even

where we have applied equation (8).
Now we apply Proposition 3.3 and make use of the fact that @ = o(¢°). This leads to

1

Var(Ng) = = Do (TN > > M(maxdn, ) M(ni; xdn, )M (ma; X2dp, ) M(na; xd,)
even m1+2ma=N y (mod TN
n1+2n2=N "y £y even
+0 (qh+%> :

where we have applied the fact that that ®gye,(TV ) = q%lé(TN*h) ~ gV as ¢ — .
As in the proof of Theorem 4.3, we can consider the case of m; = n; = N separately from

the rest. For the non-quadratic characters, the cases m; < N or ny < N contribute at most

@, <qb+%>. For the quadratic characters, the contribution is bounded by O (g?T#H(E=DN),

Following [KRRGR18], one can discard the non-primitive characters, then apply Lemma 3.1,
where the nontrivial condition is N < hy(N — b — 2) (since for primitive even characters
modulo 7", the degree of the L-function is n — 2). This leads to

h+1-N .
- =) > |M(N; xdn,)|* + O (q“E)

x (mod TN =)
XFXo0 even primitive

Var(N3y) =

cI)even primitive (TN

th+1 /
U(N-h-2)

where the last identity follows from an equidistribution result of Katz [Kat13al, which applies
tob < N —h. O

2

> Scj, (U) -+ Sey, (U)] dU,
Jiteting =N
0<j1,0jiny SN—b—2

6. SUMS OVER SQUARES MODULO P

In this section we prove Theorem 1.3. For simplicity, we fix P € Pyyqq of odd degree.
Thus, the corresponding character xp will be odd. Our aim is to study the following sum.

San(P)= > ).
feMn
f=0(mod P)
Ptf
20



6.1. The average. Recalling that if P t f, then f is a square modulo P if and only if
1+ xp(f) = 2, we obtain

1 1
Son(P) = 3 Z a(f) + §M(N§XP9>‘
fEP/;}IN

Denoting by xo the trivial character modulo P, we have, by (8),

53 o)+ MV xpa) = ZM(N; xo0) + 5 M(N; xp)

2
feMn
pif
- ¥ S D)l ()5 (ol S+ 1)+ xefi 1)),
mi+2ma+---+Nmy=N flE../.\./(ml
fNEMmN

Thus, we immediately conclude the following result.

Son(P) = > > dny (f1)dny (f2) -+ dny ()

mi+2mo+--+Nmy=N flEMml

fNE-./.\/[mN
F1f2 fN =0 (mod P)
Ptf1fafNn

We can also obtain the following average result.

Lemma 6.2. As ¢ — oo,

1 N
SvP) =5 > > dn(F)dna(fo) - du () + O (aF)
mi-+2mo++Nmy=N fieMm,
fNEMmN
Ptfifa-fn
N
q 01 + N -1 -1
p— 1 .
(Y T aroE)
Proof. By equation (8) and Lemma 3.2, we have that, as ¢ — oo
M(N; x08) = > > dn (A)dny(f2) - dny (f)
mi+2ma+-+Nmy=N fi€EMm,
fNEMmN
Pififn

= Z H M(m; Xodn,)

mi+2ma+--+Nmy=N j=1

-y e (P o)

; m;
mi+2mo+-+Nmy=N J=1

1) (" a0,

21



since the only way to obtain a maximal contribution for powers of ¢ is to take m; = N and
mg=---=mpy = 0.

Notice that equation (8) together with Lemmas 3.1 and 3.2 imply that, since xp is non-
trivial,

M(N; xrg) = > [T Mmj; xpd,)

mi1+2ma+---+Nmy=N j=1

:O< Z q";l+m2+~-~+mzv> _

mi+2mao+--+Nmy=N
As in the proof of Proposition 3.3, we have that

m1+ NS <N+m1+2m2<N
—+m m —F =< —.
2 ? V=73 6 2
Thus, we obtain that
1 1 1 N
S5n(P) = SM(N: xo8) + 5M(N: xpg) = 5 M(N: xo8) + O (7 )

We conclude by combining the above with (13) and by noticing that h; = 0;.
OJ

6.2. The variance. We now consider the variance, which is defined by

Var(Siy) = g Y (sng(P)—% > > dh1<f1>dh2<f2>---th<fN>>.

PePogi1 mi1+2mao+---+Nmy=N flEMml

fNeMmN
Ptf1fa--

We prove the following result.

Theorem 6.3. Assume that 01 is a positive integer and that N < 2g0,. As ¢ — oo,

/=0
0<j1,eeesdny <29

Sle(U> cee Sthl (U)) dU.

Proof. By the discussion from the proof of Lemma 6.2, we have that

1
Var(SfN) 4#7)2%1/\/1(]\7; XP9)2

1 2
= P > ( > HanXp ))-

PEP2g+1 mi+2ma+---+Nmy=N j=1

We apply Proposition 3.3 to obtain
ST Ml xpdn )M(ng; xpda, ) M(ma; Xpdn,) M (n2; Xhd,)

PePo g+1 M1+2mo= N

ni+2ne=N
+0 (qN’%> .

S
Var(Syn) = 4#7329+1

22



By Lemmas 3.1 and 3.2, the inner sum above becomes

( Y =D™gT Y Scu(Oy,) - Se, (04,) (qm2 (hz +77:22 - 1) N O(q%1)> )2

m1+2ma=N Jittgng =ma
0<j1,-,Jn <29

+ 0 <qN*%>
2
i qN <m1+2z:"‘2N(_1)m1 j1+"'+2jh:1m1 5¢; (Oxp) -+ Sthl (Oxp) (h2 +TZL22 a 1)) (1 + O (q_é)> )

0<J1,.-.Jny <29

Thus, we obtain

C]N

4#P29+1

2
hay +mg — 1
( a Z Z Sle(@XP)'”Sthl(GXP)( 2 m2 )>
PePagia m1+2me=N ji1+-+jn, =m1 9
0<j1,.-.dny <29
(1 +0 ( ))
4#P29+1 PePagi1 \ (=0 ¢ X Thi A TXP

j1+~~~+jh1=N—2f
(+o)

0<j1 w1y <29
We conclude by invoking the following equidistribution result of Katz. 0

Var(SgN) =

@\H

w2
[

Theorem 6.4. [KL22a, Theorem 3.2]Let F' be a continuous C-valued central function on
Sp(2¢g) and let o be any fized partz’tion of 29 + 1. Then

d F(Q /S o F(U)dU.

QEPs

g—00 #'P

7. SUMS OVER FUNDAMENTAL DISCRIMINANTS

Here we prove Theorem 1.4 by considering, for R € Hagy1,

Tav(B) == > g(f)xalf).
feEMn
(va):l

7.1. The average and the variance. Our first observation is that the average is very
small. By equation (8),

N
(14) Ton(R) = > [T My xhdn,) = O (q%> ,
mi1+2ma+---+Nmy=N j=1
23



as in the estimate for M(N, xpg) in Subsection 6.1.
Given the size of the average, we consider

2
1
Var(Te) = g 2 (EfN(RO |
g

ReH2g41

As in the case of Theorem 1.3, we obtain a contribution that depends on hs.

Theorem 7.1. Assume that 01 is a positive integer and that N < 2g0,. As ¢ — oo,

5]
Var(T5y) ~ ¢~
( ¢ ) /Sp(29) (Z

=0

<_52> (D" Y Seu(U)Se, (U)> 2dU.

j1+"'+jh1 =N-2¢
0<j1,riny <29

Proof. By (14), we have that

1 N . ’
Vaulf(7;,;SN)I#H%+1 > ( > HM(mj;qudhj)> .

ReHag+1 mi1+2mo+--+Nmpy=N j=1

By Proposition 3.3,

1
Var(T2y) = 7 Z M(ma; Xrdp, ) M (n1; Xrdn, )M (ma2; Xgdny, ) M(n2; X5dn,)
# 29+1 ReHagr1 m1+2mo=N
n1+2ne=N
+0 (qN_%> .

Applying Lemmas 3.1 and 3.2, the inner sum above becomes

( S (=D™gT D Sei(Oy,) Sy, (Oy,) <qm2 (h2 +7ZL22 - 1) N O(qm21>> >2

mi1+2mo=N j1+"’+jh1:m1
0<j1 iy <29

+ 0 <qN*%)
2
=gV <m1+2Z:MN(—1)m1 j1+...+zjh:l_ml Sci, (Oxp) - S¢, G (hQ +7ZL22 — 1)) (1 0 (q‘%)) |

0< 41 -eerjiny <29
24



Thus, we have
N

Vi N
ar(7;7N) #Hog1

> <<—1>N > Scj1<@m>---Sc:jhl(@m)(h?*””‘1))2

R€H2g+1 mi1+2mo=N j1+"~+jh1:m1

<1 --jny <29
(o ()

q" el ho4+0—1 2
N #Hog1 RE%H ( s ( 14 ) Z 5¢; (Oxw) -~ Scia, (@XR)>

Jreeting =N —2¢
X (1 +0 (q_%» )

0<j10eerjiny <29
We conclude by standard equidistribution results for the hyperelliptic ensemble. 0]

w2

8. ANALYZING THE INTEGRAL

Consider the integral

/ det(1 + Uz)™ det(1 + Uy)™
Sp(29)

m, n 1S .
(15) (1 — l’Z)hQ (1 — y2)h2 dU = Z Ty th1,2(m7n7g)'

m,n=0

The diagonal coefficients on the right hand side are then given by

[5] 2
—hy
K o(N,N;g) = /S o (Z ( , )(—1)4 > S (U)- scjhl(U)> du,
Pl2g
which is the integral appearing in Theorems 6.3 and 7.1.

£=0 J1itetin, =N—-2¢
0< 1m0y <29
Our goal is to find a formula for K;lghl,Q(N, N;g). We can give a partial result.

Proposition 8.1. Let N < g+ % We have

L3 )

2
C+ho+ (M) =1\ (N—20+h2 -1
S . _ 2 1
(16) K3, 2(N.N;g) = 2 ( / N —20 '

m‘z

We will need the following lemma, which is a particular case of the generalized Vander-
monde matrix in [Kal84] (see also [KL22b, Lemma 2.2]).

Lemma 8.2. For any positive integer k,

G=D)! j—is
(3—i1)! 2 k2
det =G(1+k)?*(y — o),
1§i1zi2,§k (j—1)! J—i2
1<<2k | w5y

(§—i2)!

where G(1+ k) =0!-1!---(k — 1)! is the Barnes G-function.
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Proof of Proposition 8.1. Using results of Medjedovic [Med21] and the Désarménien—Stembridge—
Proctor formula [BK72, BW16, Pro90, BG06], the authors of [KL22b] obtain that

1
(1 =202 () = zy)e(y - )

(29+4h+1 g) 2g+4h+2—j—i1 __ (,J‘*l)mjfil

/ det(1 + Uz)" det(1 + Uy)"dU =
Sp(29)

i1—1 i1—1
S o
1§j7§2h <g+lf12114r11 y)y2g+4h+2 j—ia __ (é_ll)yj 12
Combining the above with (15), we immediately see that
2ghs I 1
m%zox ! th1,2<m7 59 _(1 — x2)h2+(h12+1)(1 -y )h2+( 1+1)(1 — xy)h% (y — x)hf
(29+§£1i1-1—j> p20+t4h+2—j—in _ (1 11) pi—ih
% 1<i??2t<h1 _; i
T I ) [ e 1)?/] "
From the right-hand side of the above equation, the contribution to K ( ; g), that is,

the coefficient of zVy?, for N < g+ 1+h1 , comes from the determinant that takes exclusively
terms of the form (Z 1):753 © and sumlarly with 3. In other words, K 5h1:2(N ,N:;g) comes
exclusively from the diagonal terms of

J 1)$J i1
1 (zl 1
oL T e S0
(1 —x2?) 2 J(1—y?) > (1L —ay)hi(y — )M 1<]’<2h1 (12 1)?JJ 2

Lemma 8.2 implies that we should consider the diagonal terms in
1

(1 — 22t (") (1 — g2yt () (1 - i

—Z <£1 + hy + ( - )m% i <£2 + hy +€§’“2+1) —~ 1)y2£2 f’: (m}—;hj 1— 1) (o)

£1=0 l2=0 m=0

The result follows by fixing the coefficient of (xy)™ with N = m + 2(; = m + 2(,. O

In the case where hy is an integer satisfying hs + (h1+1) — 1 > 0, equation (16) gives a
quasi-polynomial in N, since the upper bound in the sum depends on the parity of N. Each
term in the sum has total degree 2 (hg + (h1+1) ) + h? — 1 = 2hy + 2h? + hy — 3 in the
variable . By summing over /, each term leads to a polynomial of degree 2hy + 2h% + hy —
on NN, or more precisely, L%J Moreover, the coefficients are all positive, which guarantees
that there is no cancellation that could lower the final degree.

Now we focus on the case hy = 1. Equation (16) gives

7 3]

5 | 2 2
{+h —1—-nh
K3 ,(N,N;g) = < ’ 2) = ( ) 2) .

(=0 /=0

vz

Thus, for hy a nonnegative integer, we get a polynomial in L%J of degree 2hsy + 1.
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As an example, consider the multiplicative functions Dy, : F,[T| — Z given by

F

We have that 0, = Dy(P*) = di(P*!) = (k;gﬁz) In particular, 9; = 1 and 0, = k.

Therefore, hy =07 = 1 and hy = 05 — M = k — 1. Thus, this leads to a polynomial of
degree 2k — 1. For example, if we take &k = 2, then

K3 o(N,N; D) = izo(u 1) = é (gJ +1) (gJ +2> (2 gJ +3> :

9. SUMS OVER SHORT ARCS OF THE UNIT CIRCLE

1\3‘2

We consider here a couple of problems involving the divisor function in function fields that
can be described by integrals over the unitary symplectic matrices and over the orthogonal
matrices. We follow part of the exposition by Rudnick and Waxman [RW19].

Let a P(T) € P. Then, there exist A(T), B(T') € F,[T] such that

(17) P(T) = A(T)* + TB(T)?
if and only if P(0) is a square in F,. Accordingly, let x5 be the character on F, defined by
0 a =0,
x2(a) =41 a is a nonzero square in [,

—1  otherwise.

We can extend a2 to M by defining x2(f) := x2(f(0)). Thus, (17) is solvable if and only if
X2(P) # —1.

Set S := /=T and we think of F,[T| C F,[S]. The goal here is for S to play the role of a
square-root of —1 in the function field setting. Equation (17) then becomes

P(T)=(A+ BS)(A— BS) =pp
in F,[S]. One can define the analogue of complex conjugation by considering the automor-
phism over the ring of formal power series
o F (S S FS], o) = -,
Complex conjugation can be used to construct the norm map as
Norm : F,[[S]]* — F,[[T]]", Norm(f) = fo(f) = f(S)f(=9).
We define
S':={g € F,[[S]]* : 9(0) = 1,Norm(g) = 1},

a group that can be seen as an analogue of the unit circle in this setting. For f € F,[[5]] let
ord(f) = max{j : S7 | f} and |f| := ¢ "), the absolute value associated with the place
at infinity.

A sector on the unit circle is given by
(18) Sect(v; k) ;== {w e S" : |w—v| < g}

Thus, we have that w € Sect(v; k) if and only if w = v (mod S*).
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The following modular group then parametrizes the sectors of the unit circle:
Sy = {f € F,[S]/(S*) : f(0) =1, Norm(f) = 1 (mod S*)}.
Lemma 9.1. [Katl7, Lemma 2.1], [RW19, Lemma 6.1],
(1) The cardinality of Si. is given by
k
#S;. = ¢", with k= {§J .
(2) There is a direct product decomposition
(Fy[S]/(S%))" = Hy x S},
where y
Hy = {f € (Fg[S]/(S"))" + f(=5) = f(S) (mod S")},
and .
#Hy, = (¢— gl ],

For f € F,[S] coprime to S, the square-root of % € S! is well-defined, since v — v? is

an automorphism of S' by Hensel’s Lemma. Thus, we can consider
f
U(f): —.
D=y e

Thus, U(f) defines an analogue for the complex argument of f. Note that U(cf) = U(f) for
scalars c € F\.
The modular analogue of U is given by

Ue: (B [S)/(S) > 8. fo ﬁ(mods’“)

and is a surjective homomorphism whose kernel is H;, ([RW19, Lemma 6.2]).
A super-even character modulo S* is a Dirichlet character

= (F,[S]/(S")" — C*

which is trivial on Hj, (see [RW19] and [Kat17]). Super-even characters modulo S* can be

seen as the characters of (F,[S]/ (S”“))X J/Hy, = S}. They are the analogues of the Hecke
characters in this setting.
The super-even characters modulo S satisfy the orthogonality relations,

K —_ —_

(19) > EiW)E() = {g her

! otherwise.
vES,

(See the proof of Lemma 6.8 in [RW19, page 192].)

Proposition 9.2. [RW19, Proposition 6.3] For f € (F,[S]/(S*))" and v € S}, the following
are equivalent:
(1) Uelf) € Sect (v k),
(2) U(f) = U(v),
(3) fHy =vHy,
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(4) 2(f) = Z(v) for all super-even characters (mod S*).

The Swan conductor of = is the maximal integer d = d(Z) < k for which = is nontrivial
on the subgroup

D= (14 (S) /(S*) C (F[S1/(S%)" .

In other words, = is a primitive character modulo S“®*1. The Swan conductor of a super-
even character is always odd, since these characters are trivial on I'y for d even.
The L-function associated to a non-trivial = is given by

—_ — e — e -1
Lu,Z) =Y E(Hu=V = T (1 -2@)u=") ", |ul <1/q,
fem PeP
F(0)#0 P(0)#0

which is a polynomial of degree d(Z). We have
L(u,E) = (1 —u)det (I — uq1/2@5)
with ©=z € U(d(Z) — 1).
In [Kat17, Theorem 5.1], Katz proved that for ¢ — oo the set of Frobenius classes
{©z : = primitive super-even (mod S*)}

becomes uniformly distributed in Sp(2x — 2) provided that 2k > 8, and that the same holds
for 2k = 6 in odd characteristic and for 2k = 4 provided that the characteristic is coprime
to 10.

We can also consider the twists Zyo, where = is a non-trivial super-even character. The
associated L-function is

LOuZxe) = Y E(e(Hu= = T (1-
feM PeP
f(0)£0 P(0)#0

(1]

(P)xa(Pyuts ™)™ Jul < 1/q.

Again, this is a polynomial of degree d(Z). We have
L(u,Zxz) = det (I - uql/QG)gXQ) ,

with Oz,, € U(d(Z)).
Katz [Katl7, Theorem 7.1] showed that in odd characteristic, for ¢ — oo the set of
Frobenius classes
{O=,, : = primitive super-even (mod S*)}
becomes uniformly distributed in O(2x — 1) if 2k > 6, and that the same holds for 2k = 4 if
the characteristic is coprime to 5.

9.1. The averages. We proceed to study the following sums

N;S,k,N(U) = Z a(f) and Afg?k,N(”) _ Z a(f) <1 +>2<2(f)> _

feEMN JeMy
f(0)#0 f(0)#0
U(f)€eSect(v,k) U(f)€Sect(v,k)

Remark that /\/'gsk ~(v) represents the average over the polynomials whose argument is re-

stricted to certain sector on the unit circle. Meanwhile, Nf, \(v) represents an analogue

average with the extra condition that the constant coefficient is a nonzero square in .
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Mo(N:Zg) = 3" E(fa(f),  and  Mo(N:Zxes) = Y E(xe(alf).
T T

where the subindex 0 indicates that we perform the sum over f(0) # 0.
Lemma 3.1 becomes the following statement in this setting.

Lemma 9.3. We have for N < {d(=),

Mo(N;Zxads) = (=1)¥gF 37 S¢;(Ozy,)Ses(O=y,)
Jite+ie=N
0<j1,.-5¢<d(E)
and My(N;Exade) = 0 otherwise.
We have for N < ((d(Z) — 1),

Mo(N:Zde) = (-D)¥¢% 3 Se;(02) S0, (02) + Ori (477 ).
itetie=N
0<51,...,5e<d(E)—1
IFUd(E) = 1) < N < (d(E),
(Mo(N: Zdo)| <en g -
Finally, if (d(Z) < N, Mo(N;Zd,) = 0.

Lemma 9.4. Let A\ be real. As g — oo, we have that

A+ N-—-1 _
(20) Moo = 3 an(n = (M U7 + outa
feEMn
F(0)#0
0 N>0
21 N:vody) = ’
( ) Mo( y X2 ,\) {1 N—o0.

Proof. Equation (20) follows from a particular case of Lemma 3.2, while Equation (21) follows
from Equation (37) in [KL22b]. O

We start our analysis by looking at the mean value of N k. averaged over all the directions
of v €S}.

Lemma 9.5. As ¢ — oo,

Z Sy =— 3 ST ()i () du ()

vES}E q mi+2ma+-+Nmy=N  fi1eEMm,

fNEMmN
f1fa-fn(0)#0

N (01 +]]VV - 1) (1+0 ().
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Proof. As before, we apply (8) and obtain

Y N = elf) = 3 ST A () dna(fo) - dny (f)-

ueSIIg feMn mi+2me+-+Nmy=N  fi€EMm,
£(0)740 e
fifa-fn(0)#0
The rest of the argument proceeds as in the proof of Lemma 6.2. U

Lemma 9.6. As ¢ — oo,

LS N % S () () + O (437)

vESE q mit+2met-+Nmy=N  fi€Mpm,

fNEMmN
f1f2 N (0)7#0

:CINQ‘” (01 N 1) (1+0( ).

Proof. As before, we have

- Z (%) :L a(f) + %MO(N;XN)'

2q"
fEMN feEMn
F(0)#0 F(0)7#0

By equation (8) and Lemma 9.4, we have that, as ¢ — oo,

(22) Mo(N; Xx29) = > [T Mo(mys xidn,) =0 (q%> :

mi1+2ma+--+Nmy=N j=1

since the only way to obtain a maximal contribution for powers of ¢ is to take my = % and

my =mg = ---=my = 0. We conclude by combining with the result of Lemma 9.5.
OJ

9.2. The variances. Our first step to understand the variance is to obtain formulas for
NZ v (v) and NS, y(v) in terms of the super-even characters Z. By Proposition 9.2 and the
orthogonality relations, we find, for f € My,

1 5 5@)5@0):{1 U(f) € Sect(v; k),

q = super-even (mod Sk) 0 otherwise.
Hence
1 = -
Now@) = > olf) == > Z(v) D> 2(Nalf).
feEMn q = super-even (mod S*) feMn
f(0)70 £(0)£0

U(f)€eSect(v,k)

The contribution from the trivial character =, is precisely

Tk Z gkN>

fEMN
F(0)#£0
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Thus

= super-even (mod S* fem
pergreplmod S o

1 = —
(23) =— > Z(v)M(N; Zg).

q = super-even (mod S¥)

=#£Z
We define the variance as

(24) Var(NJ, ) izq > Wakw (@) = (N M

vESl

Theorem 9.7. Assume that 0y is a positive integer and that N < 01(2k — 2) with k = ng
As g — o0,

2
N
Var(NS, v) ~ = / ( 3 scjl(U)-..scjg(U)> dU.
Sp(2k—2)

qK/
jittig=N
01,0 Je <22

Proof. By applying the orthogonality relations (19) to equations (23) and (24), we obtain

1 1 - /N — —_ AA AT — N\
Var(Ngy x) = D > E1(v)Mo(N; E19)Z2(v) Mo(N; Z29)
veSE 21,22 super-even (mod S*)
E1,Z2#50
1 — AAq AT, — N\ 1 = / \N—
:F Z Mo(N; E1g) Mo(N; :29)q7 Z E1(v)Z2(v)
Z1,Z2 super-even (mod S¥) veS]
Z1,22#50
1 =
= > | Mo(N; =Zg)|?

= super-even (mod S*)

=45,

N
1 Z Z H,/\/lo(mj; = dy, ) Mo(nj; Eidy,),

m1+2ma+-+Nmy=N = super-even (mod S*) j=1
ni+2n2+-+Nny=N 245

where we have applied (8). Now Proposition 3.3 implies

1 —_ A /. =7 N —_ —
Var(NJ; n) = =— Z Z Mo(my; Zdp, ) Mo(ng; Zdp, ) Mo(ma; Z2dp, ) Mo (na; Z2dy,)
mi1+2m2=N = super-even (mod S¥)
ni+2ne=N 245
+ O (qN_%_“> )

As in Subsection 4.2, we can consider the case of m; = n; = N separately from the rest, and
show that the rest contributes to an error term O (qN _%_“). Following [KL22a, Theorem
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5.6], this leads to

Var(V, ) q% ST IMo(N:Zd)P + 0 ()

= super-even
primitive (mod S¥)

=45,

2
N
q
~— Sc;, (U)---8c¢;,(U) | dU,
S T sworso)

Jittie=N
0<j150,J0<26—2

by the equidistribution theorem due to Katz [Kat17, Theorem 5.1]. O

We now turn our attention to N, y(v). This sum has two kinds of fluctuations away
from its average: one is the fluctuations of the function g itself in sectors, and the other is
the fluctuations coming from the twist by the character x,. We are interested in isolating

the latter fluctuations, which are more subtle, so we will consider the following “average” of
NG v, defined as:

g9,

(Nrn(0))s = > el
q fEMN
f(0)#0
U(f)eSect(v,k)
and we will compute the variance
2
(25) Varg (N, gkN Z ‘A/’gOkN gkN(U)>S| .

’UESI

We start by splitting the sum in terms of the character y»:

M= 5w (FE) -0 T atney X el

feMn feEMn feMn
f(0)#0 f(0)#0 f(0)#0
U(f)€Sect(v,k) U(f)€Sect(v,k) U(f)€Sect(v,k)

Using the super-even characters to impose the circle sector condition, we get

No®) =~ Waw@hs =35 S xalfalf)
feEMn

f(0)#0
U(f)€eSect(v,k)

G IE

= super-even (mod S¥) JeMy

(26) DY

E super-even (mod Sk)

[1]

(V) Mo(N; Zx20).

We are now ready to compute the variance.
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Theorem 9.8. Assume that 91 is a positive integer and that N < 0;(2k—1) with k = LgJ >
3. As ¢ — oo,

2
N
q
Vars(/\/;(?k’N) ~ E /0(2 ) < Z Sle (U) cee SCjZ(U)> dU.

Jit+je=N
0<J1,mmnje<26—1

Proof. By combining equations (26) and (25), we obtain

1 1 —_— — _ —
Varg(Ng v) = Z 1 Z E1(v)Mo(N; Z1x28)Z2(v) Mo (N; Z2X29)

’UGS%C =1,E2 super-even (mod Sk)

1 — — 1 —_—
“i 2. Mo(N: 2160 Mo(N: 2260 - 3 E1(0)a(0)

21,22 super-even (mod S*) veS;

- 1 -
|AA&AE:¢@9N”+4fK N IMo(N; Ex20) [,
= super-even (mod S*)
245,

1
_4q2n

where we have applied the orthogonal relations (19).
As in equation (22), we have that

> xe(Helf) = > [T Mo(my; xbd,)

FEMN mi1+2mo+-+Nmy=N j=1
f(0)#0
N - _
() 140 ) 2| N,
0 21N,
by Lemma 9.4, since the only way to obtain a maximal contribution for powers of ¢ is for
my = % and m; = m3 = --- = my = 0. Moreover, as soon as one m; # 0 with j odd, we
obtain 0.
On the other hand,
1 _ 1 — _1_,
e MNEeeP=gn X IM(ViSned)P 4O (45).
= super-even (mod S*) = super-even (mod S¥)
=420 242

which follows exactly as in the proof of Theorem 9.7.
Putting all of this together,

N (hy+N/2—1\? 1 - 1
VarS(A@?k,N) =02|N q% ( i / ) T Joan § | Mo(N; Exadp,))* + O (qN 6 H) :
4q N/2 4g%~ .
= super-even (mod S*)
=45,

We remark that the first term above is of size O (qN _2”), while Lemma 9.3 implies the second

term is of size O (qN _”). Therefore, the first term is part of the error term. Following [KL22b,
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Theorem 6.5], this leads to

N
q

Vars(NG) ~ o [ S Seu ()5, W) ) v
a~ Jo@2k-1)

Jit+je=N
0<J1,mnje<26—1

which follows from applying [Kat17, Theorem 7.1].
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