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ABSTRACT. We study the shifted convolution problem for the divisor function in
function fields in the large degree limit, that is, the average value of d(f)d(f + h)
where f runs over monic polynomials in F,[T] of a given degree, and h is a
given monic polynomial. We prove an asymptotic formula in the range deg(h) <
(2—e) deg(f). We also consider mixed correlations and self-correlations of v, = 1xx,
the convolution of 1 with a Dirichlet character mod ¢, where £ is a monic irreducible
polynomial, proving asymptotic formulae in various ranges. This includes the case
of quadratic characters, which yields results about correlations of norm-counting
functions of quadratic extensions of Fy[T]. A novel feature of our work is a Voronoi
summation formula (equivalently, a functional equation for the Estermann func-
tion) in Fy[T] which was not previously available.

1. INTRODUCTION

The shifted convolution of divisor functions

1
< > d(n)d(n+h), (1)
n<X
with h € N is a classical problem in the analytic theory of the integers, initially con-
sidered by Ingham [21] who proved an asymptotic formula for (1) with log-savings.
Soon thereafter, Estermann [16] established a power saving asymptotic for (1) by
discovering and exploiting a connection to Kloosterman sums. Bounds on Klooster-
man sums have since played a crucial role in this and related problems, as we shall
see below.
There has been sustained interest in an asymptotic formula for questions like (1)
with uniformity in the shift h due to applications to moment problems, a connection
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due to Atkinson [3]. In this case, (1) is connected to understanding the fourth
moment of the zeta function,

2T
/ (% +it)| dt.
T

Indeed, Heath-Brown’s breakthrough work [20] establishing a power-saving asymp-
totic for the fourth moment uses as an input the asymptotic (obtained via an appli-
cation of Weil’s bound for Kloosterman sums)

(1) = Py(log X; h) + O(X ~Y/%+¢) uniformly for h < X°/6,

where Ps(t; h) is a polynomial of degree 2 whose coefficients depend on h.

Later, Deshouillers—Iwaniec [13, 14] introduced powerful methods from the spectral
theory of automorphic forms to utilize cancellation between the Kloosterman sum to
different moduli, thereby improving on the point-wise use of Weil’s bound.

There are many subsequent works around this circle of ideas; the reader may
consult [24, 29, 30] for a more comprehensive account of the extensive literature.
We content ourselves with highlighting the work of Meurman [23] who proved an
asymptotic formula for (1) in the widest known range h < X*7¢.

In this article, we investigate the analogue of (1) for the function field F,[T7, i.e.,

> ) @)
feEMy
where here and throughout ¢ is a fixed prime power, h € M is a monic polynomial
in F,[T], d(f) counts the monic divisors of f, and the sum f € M,, runs over the set
of monic polynomials of degree n.

The literature on (2) is much sparser than (1) but there are still some antecedents
to our work. One is interested in evaluating (2) when ¢" — oo. Unlike in Z,
there are two natural regimes one can consider. For example, we may fix n and let
q — oco. Andrade-Bary-Soroker—Rudnick [1] considered this problem (among others)
and demonstrated that, provided deg(h) < n,

(& X dnair+n) / t» d<f>)2 —lasg—oo  (3)

fEMYp, feEMy

For a fixed ¢ (or indeed, for Z), the analogous quantity would instead depend on the
prime factorization of h, demonstrating some local dependence between the multi-
plicative structures of f and f + h. Thus, (3) may be interpreted as saying that the
additive arithmetic structure disappears in the large field limit.

The complementary regime of ¢ fixed and n — oo is more reminiscent of the
integer setting and is the subject of our investigations. In this case, several indepen-
dent authors (Conrey—Florea in unpublished work, Gorodetsky in his PhD thesis [18,
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Lemma 3.3], Woo in her undergraduate thesis [32], and Yiasemides in [33]) estab-
lished an exact formula for (2) provided that deg(h) < n. Ultimately, this relies on
the fact that (the function field analogue of) the Estermann function is a polynomial.
In particular, its functional equation is not used.

Our goal is to extend the range of deg(h) in which an asymptotic formula for (2)
is possible (eschewing, as will be necessary, the exact formula). Our main result is
the following.

Theorem 1.1. Suppose that h is a monic polynomial with deg(h) = m and let
d = max{m,n}. Then

Z d(f)d(f+h)=4¢" Z ﬁ[4deg(g)2<1—é>

fems, glh
deg(g)<[n/2]

—2deg(g)<2+§+ (1—$>(n+d)> + [2n+2+(d—1)<n(1—$> +1+$>” +E,

where E=0ifm<n+1orm=n+2 andn is odd; otherwise
E < qm/2+em‘

Note that this gives an asymptotic formula provided that deg(h) < (2 — €)n; thus,
we recover exactly the same range as the aforementioned work of Meurman [23].

Remark 1.2. Notice that when m < [n/2], we have that d = n and the above
expression simplifies as follows:

fg\;nd d(f+h)=q" ZH[(n—Zdeg()—i—l) —é(n—?deg()—l)}

We now turn to generalizations. In Z, progress on problems like (1) goes hand in
hand with similar progress about the sums-of-two-squares function

r(n) = #{(a,b) € Z* : a* + b* =n} = 4ZX_4(d)
dln

where x_4 is the non-trivial character modulo 4. An analogue of sums-of-two-squares
for F,[T] was introduced in [8] (see also [5, 6]). For this, defining

r(f) = #{(a,b) € Fy[T] : a® + TV = f}/{£1},
then r can similarly be written as a convolution of 1 with the quadratic character
mod T given by the Legendre symbol x(f) = (%), see (9). Regarding this function,

we can prove the following (which follows as a corollary of Theorem 1.4).
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Corollary 1.3. Suppose q is odd, h is a monic polynomial with deg(h) = m and let
d = max{m,n}. Let x be the quadratic character (i.e., the Legendre symbol) modulo
T. Then

"L(1, x)? 1
§ : By =L X0 E : =
FEMn Hr ) 1+q7! glh 91

deg(g)<[d/2],T1g

_¢"L(L,x)? 3 1 .5
1+q7! m gl
deg(g)<[(d—1)/2],Tth/g
where
T s Tn
q eg(ted  otherwise.

Finally, note that the character in the previous result is quadratic. However, our
methods work equally well for general characters. We thus prove also the following
theorems, from which the above corollary immediately follows. Let 7, (f) be as in
equation (8) and let G(x) be as in equation (19). We have the following.

Theorem 1.4. Suppose h is a monic polynomial with deg(h) = m and let d =
max{m,n}. Let x1, X2 be two primitive characters modulo ¢, for some monic irre-
ducible polynomial ¢ with deg(¢) > 0. Then

- q"L(1,x1)L(1, x2) X1X2(9)
f;n T (F)re(f+h) = L(2, X1x2) mzh 9]

deg(g)<[d/2]
" X2(—1)G(x1)G (x2)G(X1x2) L(1,X1) L(1, X2) Z xixz2(h/g)
’52’L(27X1X2) |9|

_|_

+ E,

deg(g)gg[‘(}zlfl)ﬂ]
where
B < {qzz/‘”m if m < .n and deg(f) =1,
@Y/AF2des(OFed  otherwise.

We note that the above is truly an asymptotic formula when m < 4?" (1—€)— SdeTg(g).

Remark 1.5. When x; = x2 = x is a quadratic character and ¢ = 1(mod4), r, is a
norm-counting function for a quadratic extension of F [T (see §2.2 for the precise
definition). This is analogous to the work of Muller [25] in the number field setting.

The following theorem provides an asymptotic formula in the case ¢; # /5.
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Theorem 1.6. Suppose that h is a monic polynomial with deg(h) = m and let
d = max{m,n}. Let x1,x2 be primitive characters modulo {1 and {5 respectively,
where {1 # ly. Further assume that ¢1,05 # 1. Then

Z Iy (f)rx (f + h) _ an<]‘7X1>L(17X2) Z X1X2(9)

fer, L(27X1X2) olh |9|
deg(g)<[d/2]
C]”X2(€1>L(1,E)L(17X2) Z X2(9)X1(h/9)
01| L(2, X1 X2) m |94]

deg(g)<[d/2]—deg(¢1)

q"x1(l2)x2(=1)L(1, x1) L(1, X2) 3 x1(9)xz2(h/g)

+ —
12| L(2, x1X2) an |91
deg(g)<[(d—1)/2]
"Y1(l2)x2(—¢1)L(1,%x,)L(1, X2 h
L Cxa)xe(=6) LA, X)L, Xe) 3 xix2(h/g) L
0142 | L(2, X1X2) oh gl
deg(g)<[(d—1)/2]—deg(¢1)
where
z gn/Aten if m <n,n=0(mod?2),deg({) =1,
< qsd/4+deg(zl)/2+3deg(ez)/2+ed otherwise.

We finally have the following two companion theorems.

Theorem 1.7. Suppose that h is a monic polynomial with deg(h) = m and let
d = max{m,n}. Let x be a primitive character modulo ¢, where £ # 1. Then

~¢"L(1,x) XD 19 des(a) - 2K (20
2=t 2 o+ 1 - 2degly) — TS|

deg(g)<[n/2]

q"X(—1)L(1,%) x(h/g)
MTITAoR 2 o 1L 2des(ots) -

2L'(2,%)
(log ¢) L(2,X)

[+E
glh
deg(g)<[n/2]—deg(¢)

where

(P/A+3 deg(0) [2+ed

oo o if m <n,deg(t) =1 orm=mn+1n odd,deg(f) = 1,
otherwise.
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Theorem 1.8. Suppose that h is a monic polynomial with deg(h) = m and let
d = max{m,n}. Let x is a primitive character modulo ¢, where { # 1. Then

q"L(1, x x(g
> nd ) = XS X (441 - 2desto))
feM X g M
deg(g)<d/2
q"L(1,X) x(h/g) [ 2L'(2,X)
A Cy0) d+1—2deg(gl ——_}+E,
GIL2Y) ; 9] B0 g gL 2.%)
deg(g)<d/2—deg(¢1)
where
< qn/Aren if m < n,deg(f) =1,
U/ Atdes(O)/24ed  otperyise.

Let us now discuss the proof of Theorem 1.1. We follow the strategy of Ester-
mann: we open the divisor function d( f+ h) with a divisor switching trick to restrict
to divisors g | f + h satisfying deg(g) < d/2. Thus, after swapping the order of
summation, we need to understand

> d(f) for deg(g) < d/2. (4)
feMy
=—h(mod g)
One may now use additive characters to detect the congruence. As usual, the zero
frequency gives a dominant contribution and the goal is to bound the nonzero fre-
quencies

Z d(f)e(%) for deg(a) < deg(g) < d/2 and (a,g) = 1. (5)

feMn,

Here e(-) is the additive character defined in §2.1. It is now natural to look for a
Voronoi-type summation formula for (5), which was hitherto unavailable. The main
new contribution in this work is the formulation and derivation of such formulae
(see §83-4). These results depend on a functional equation (Proposition 3.2) for (the
function field analogue of) the Hurwitz zeta function. This formula will transform

(5) into
a
> ane(*),
JeM, g
with 4 ~ d — n and @ is the inverse of a modulo g. This is a beneficial move if

d < 2n which is why the error term in Theorem 1.1 only dominates the main term
in this case. The sum over a yields a Kloosterman sum over [F,[T] (see (18)) and
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ultimately our theorem relies on the Linnik—Selberg conjecture for these sums, which
was proved by Cogdell and Piatetski-Shapiro [9].

The ranges in Theorem 1.6 are smaller than in Theorem 1.1 for two reasons. First,
the conductor calculation implicit in the dual length being y =~ d — n is no longer
valid, since ¢ will also contribute to the conductor. Second, and more importantly,
we do not have access to Linnik—Selberg type cancellation when the Kloosterman
sums are twisted by multiplicative characters. We must instead rely on a point-wise
Weil bound [4, Lemma A.13].
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2. PRELIMINARIES AND NOTATION

We adopt the standard convention that e is a sufficiently small quantity that may
vary from line to line. We shall use asymptotic notation, such as <,>, O(-), and
o(+) with their usual meanings. The implicit constants will usually depend on ¢ (the
size of the constant field) or e but will be uniform in all other parameters.

2.1. Basics of function fields. Let p be the characteristic of the function field
so that ¢ = p” for some n > 1. The set M = U,>oM,, denotes the set of monic
polynomials in F,[T], with M,, being the ones of fixed degree n.

The only valuation of F,(7") that we shall use will be the one at the infinite place,
so we reserve the notation | - | for the associated norm. Thus,

[l =" = [F[T]/(f)], (6)
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where the lattermost quantity is the cardinality of the residue ring. The completion
of F,(T) with respect to this norm is the ring of Laurent series in 1/7,

N
Fo(T)oo = {a: > T’ :a; €F,and N € Z with améo}. (7)

j=—o00

We now fix an additive character on this ring. Denote by e, : F, — C* and ¢, :
F, — C* the canonical additive characters,

eq(y) = e,(Tr(y)),

where in the former x € F, and one interprets z/p as an element of R/Z and in
the latter y € F, and Tr : F, — [, is the (absolute) trace. The standard additive
character on (7) is then defined by

o) = o0 (210,

e(a) = eq(res(a)) = eq(a-1),
where o € F,(T")s and res(«) is the residue of « (i.e., the coefficient a_).
For a primitive Dirichlet character y modulo ¢, we write r, = 1xx for the Dirichlet

convolution
() = x(9). (8)
glf
Here, and throughout, sums of the form g | f run only over monic divisors g € M.
For P a monic irreducible polynomial, we also define the Legendre symbol by

(%) — 55 (mod P), 9)

for f € F,[t]. Note that (£) € {0, %1}
For k > 1, d(-) is the generalized divisor function, and for ¢ € F,[T], g € M, and
R(s) > 1 we define

(sieg)= S0 ,fl’s,

fem
f=c(mod g)

Dilscfg) = Y- eI,
fem
These are the respective analogues of the Hurwitz zeta function and the (degree k)
Estermann functions in F,[T7.
Throughout, we will let v = ¢~*. Thus, |f|™* = u%°¢/. With this convention, one
may view the above as functions of u. When we do so, we will use script letters Z
and D to emphasize the change-of-variables. That is, for |u| < 1/g,

and
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Z(ue,g) = Y, u'l Di(usc/g) = Y di(f)elcf/g)u’.  (10)
fem fem
f=c(mod g)

Remark 2.1. Observe that if ¢ = ¢/ (mod ¢), then
Z(u;e,9) = Z(u; ', g) and Dy(u;¢/g) = Di(u; ' /g)

A similar caveat applies to all other generating functions of this type such as Dy or
Ry (defined below).
We have

Ra(ui ) = 3 (e,

fem

Zy(ue,g) = Y x(fHu'e/,

fem
f=c(mod g)
Ra(ui £) = ;Arx<f>e(%)udegf, (11)

which are the character twists of Dy, Z and D,, respectively.
We also have the usual (Riemann) zeta function,

b N R M=

femMm fem

the functional equation of which can be written as
1—u 1
2= 1= z( L), 1
() u(qu —1)  \qu (13)
For a Dirichlet character modulo ¢, we also define the L—function as

Llu,x) =Y x(Hu'D =T = x(P)ussD),

fem P

where the product above is over monic, irreducible polynomials in F [t]. When x is
a non-principal character modulo ¢, then L(u,y) is a polynomial of degree at most
deg(¢) — 1.

We will frequently use the Lindelof bound for the L—function as follows. If x is a
non-principal character modulo ¢ and for |u| < ¢~'/? and any € > 0, we have that

|£(u, x)| < €] (14)
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(For a reference on this, see Lemma 2.5 in [12].) We shall also use the fact that for
lu| < 1/q, we have

L u, )7 < [0, (15)

For a proof of this, see Lemma 2.6 in [12].

Throughout the paper we will also frequently use Perron’s formula in function
fields. Namely, if the power series A(u) = >\ a(f Judeef) is absolutely convergent
in |u| <r <1, then

1 A(u) _ 1 A(u)
erMn a(f) = 50 o w du, feggn a(f) = i fo =) du.  (16)

2.2. Norm-counting functions for quadratic extensions. Let A be a Dedekind
domain whose field of fractions k is a global field. Further, let K be a finite extension
of k and let B be the integral closure of A in K. For an ideal b in B (resp. an ideal
ain A), one has the notion of absolute norm | - | given by

[b] = [B/b]  (resp. [a| = |A/al).

On the other hand, there is the notion of relative norm Ng4(b) which is an ideal in
A defined on primes P by

Ng/a(B) = p’
where p = P NA is the prime under B and f is the residual (or inertial) degree of B.

On other ideals of B, Ng/, is defined by complete multiplicativity. See [28, Chapter
I, §5].

Remark 2.2. Tt is not difficult to check that the following diagram commutes, where
I is the set of ideals.

Np/a
IE E— IA

N £-I

We now take A = F [T] so that k = F,(T"). All ideals a = (f) are principal and
the absolute norm agrees with the valuation of f as given in (6). We will also drop
the subscript from Ng/y. The Dedekind zeta function of B is given by

Ca(s) =D [6]7,
bCB

where the sum runs over non-zero integral ideals of B. This differs from the zeta
function of K as a curve only in that it is missing the Euler factors corresponding to
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the infinite places of K. By Remark 2.2, we have that

. ri(a) B ri(f)
CB(S)—Z FE = Z T )

aCA femM

where the first sum runs over integral ideals of A and rg is the norm-counting function
given by

ri(a) = #{b CB: N(b) = a}, ri(f) = r((f))-

Some basic properties of rx are proved in [7, §5.2].

We now assume that ¢ = 1(mod 4) and assume that K is a quadratic extension of
F,(T) whose field of constants has not changed. Then, B = F [T, \/¢(T")] for some
squarefree £ € M. Artin proved in his thesis [2], [26, Chapter 3] that, in this case,

Ce(s) = C(s)L(s, x)
where x is the primitive quadratic character given by the Kronecker symbol x(f) =
<i> = <£), see (9). From this, it follows immediately that

G 7
ri(f) = rx(f)- (17)

See also Remark 1.5.

2.3. Character sums over F,[T]. For f,h € F,[T] and g € M, we denote the
Kloosterman sum over F,[T] by

S(rhig)= 32 (ML), (15)

a(mod g)

where the * indicates that the sum runs over coprime residue classes modulo g, and
a is the multiplicative inverse of @ modulo g.
For ¢ € M and a character y modulo ¢, we denote the Gauss sum by

ce = ¥ x@e(D). e =on. (19)

a(mod ¢)

Note that if y is primitive then G(x, f) = X(f)G(x).
Throughout the paper, we will use the following point-wise bound for the Kloost-
erman sum. Lemma 1.13 in [4] gives that

deg(g) | deg(f.h,9)
2t 2

1S(f, h;g)| < 2°Wq 2 T2 (20)

where w(g) denotes the number of monic, irreducible factors of g.
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We will also use the Linnik—Selberg bound for averages of Kloosterman sums over
function fields (see Remark 3 following Conjecture 1.4 in [27] and [9]). Namely,

‘ 2 S(f,h;g)‘ < ¢"I|fnl (21)
gEMn
2.4. Character sums over F,. The orthogonality of additive characters states that
1
1,0= - Z eq(Ax)
1 \eF,
for € F,. Separating the term A\ = 0 and rearranging, we have that
D eg(Ar) = —1+ gl (22)

AEFS

which will be useful in §3.

The r-dimensional hyper-Kloosterman sum over F, will be denoted by Kl,. For
aq, -+, ap € Fg, this is defined by

Klr(oq, e 7ar> = Z eq(Oﬂ% + gy o+ Oén%)- (23)

Y150y EFG
T1y2 - n=1

The important cases for us are
Khi(A) =e,(\),  Kly(a,8) = > eglay+ 877" (24)
yEFY
Further, it is not hard to see that
Kly(a, 0) = Kly(0, ) = —1 when o # 0 (25)
and
Kly(0,0) = ¢ — 1. (26)

For a multiplicative character of Iy, x, we will also need the x-twisted Kloosterman
sum Kl defined by

Kl (o, 8) = Y x(7)eglay + By7H). (27)

X
'Yqu

Remark 2.3. If x is a Dirichlet character over F,[T7], then the restriction x|« is a
q

bonafide multiplicative character of IF, and hence has an associated twisted Kloost-
erman sum. We will slightly abuse notation and write Kl, also for the latter.
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An important special case of (27) is
Kl (@,0) = > x(7)eq(@) =: 7(x, a), (28)
yeFy
which is the Gauss sum of (the restriction of) y over F,. Similarly,
KL(0,8) = > x(Mea(By") = 7(x, B), (29)
vEFg
by substituting v by v~ and noting that X(v) = x(y™'). Finally,
KL(0,0) = )~ x(7) = (¢ — 1)L(x is even), (30)
yEFY

where we recall that x is an even Dirichlet character if it is trivial on the units F
and is odd otherwise.
We also set,

) =7(x.1) = > x(Meg(v). (31)

v€eFg

3. FUNCTIONAL EQUATIONS
Recall the definition (10) of Z(u; ¢, g) and Dy (u;¢/g), which holds for |u| < 1/q.

3.1. Degree one. Our first goal is to derive functional equations for the degree one
functions Z and D;. We have the following representation for these functions, which
implicitly gives us a meromorphic continuation to the whole complex plane.

Lemma 3.1. Let g € M and ¢ € F,[T] with deg(c) < deg(g). Then, for all u € C,
we have that

deg(g)
Z(uic.g) = 7+ Leenu™. (32)
—qu
If, further, ¢ # 0, then we have that
c o) —dee(c) — 1 1
D, (u; §> = (qu)des(9)—des(0)-1 (eq(sgn(c)) — 1z qu) + —qu (33)

where Leep s an indicator function detecting whether ¢ is monic and sgn(c) is the
leading coefficient of ¢ as a polynomial.

Proof. To prove the first equality, we note that writing f = ¢f; + ¢, we find that
since ¢ is monic and deg(c) < deg(g), then the condition that f € M is equivalent
to fi € M unless c is monic and f; = 0. In the former case, deg(f) = deg(gf1+c¢) =
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deg(g) + deg(f1), whence |f| = |g||f1]. In the latter case, |f| = |¢|. Thus, we find

that
C(sieog) = D> A7 =191 D AT+ Teemle]
fem fiem
f=c(mod g)

The claim now follows from (12) by rewriting both sides as functions of u = ¢~*.
Note that this argument also applies for ¢ = 1 (in which case ¢ is necessarily 0).

To prove the second equality, we first note (by Taylor expansion) that the right
hand side is a polynomial in u, given by

deg(g)—deg(c)—1
Z apu”,
n=0
with a, = ¢" for 0 < n < deg(g) — deg(c) — 2 and a,, = ¢"¢,(sgn(c)) for n =
deg(g) — deg(c) — 1. On the other hand, arranging the left hand side by the degree
of f, we find that

Di(u;c/g) = %\;e(%>udegf = ni:;u” f;ne(%)

The equality then follows from the fact [19, Theorem 3.7] that under the hypotheses
of the lemma,

. of 1 if n < deg(g) — deg(c) — 1,

— Z e(—) =< eq(sgn(e)) if n=deg(g) — deg(c) — 1,

e, Y 0 if n > deg(g) — deg(c) — 1.
Note that in this case, we need not worry about the case g = 1, since that is
incompatible with the requirements that ¢ # 0 and deg(c) < deg(g). O

It is worth remarking that the above lemma implies that
Z(u;0, 9) = u**s D Z (u),
with Z(u) given in (12). On the other hand, it follows directly from the definition
that
Dy (u;0) = Z(u).
We are now ready to prove the functional equation of the Hurwitz zeta function.

Proposition 3.2 (Functional equation of Z). Let g € M and ¢ € F,[T|. Then, for
all w € C, we have that

Z(usc,g) = utes®1 Z |:€q(_)\) B 1 )}D1<i &) (34)

1_ b
byt q q(1 —qu qu’ g
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Proof. First, since both sides depend only on the congruence class of ¢ modulo g by
Remark 2.1, we can assume without loss of generality that deg(c) < deg(g).

Let us quickly dispose of the case ¢ = 0 by noting that in this case Z(u;0,g) on
the left hand side becomes u°8(9) Z(v) while every copy of D; on the right hand side
of (34) is equal to Z(1/qu). Thus, we may execute the sum over A by using (22). On
doing so, (34) simply becomes the functional equation of the Riemann zeta function,
(13), multiplied by ud°&).

When ¢ # 0, we can replace u by 1/(qu) in (33) and simplify, to find that

1
D1< E) — g dee(c)+1—deg(g) (eq(sgn(/\c)) . ) + Y

qu' g u—1 u—1
Since sgn(Ac) = Asgn(c), we see that the right hand side of (34) may be written as
> [Aey(Asgnle) = 1) + Bey(Asgn()) + Ceg(=A) + D] (35)
AEFS
where
A udeg(c)’ B ydes(c) |
q q(1 = qu)
oo ydes(9) _ udeg(c)-‘rl, D ydes(e)+1 _ 4 deg(g) '
g(u—1) q(1 = qu)(u—1)

By orthogonality (cf. (22)), (35) is equal to
—A+ qAlgy()-120 — B—C + (¢ —1)D.
Now, by a routine calculation, we find that
ydeg(9)

—A=B=C+(q=1D=1— =

while clearly,
qA]lsgn(c)—I:O = ]lceMudeg(C)-
Note that, by (32), the sum of the above two expressions is precisely the left hand
side of (34), completing the proof.
O

Remark 3.3. The expression in square parentheses in (34) may be written as

CpCal@=1N) K (= DY)
n;%;;}( g a1l —qu) 2 (1 q(1 —qu)n

This will be useful later.

7]6{071}
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Proposition 3.2 can be reversed (for example, by basic linear algebra over C(u))
to obtain the functional equation of D;. It is slightly more convenient to proceed
directly, with a similar argument.

Proposition 3.4 (Functional equation of D;). Let g € M and ¢ € F,[T]. Then, for
all w € C, we have that

Dy ) = (0 3 e, - 2|2 (). 30

C1-qu U
AeFy q q

Proof. We proceed similarly to the proof of Proposition 3.2. As before, we may
restrict without losing generality to deg(c) < deg(g) with ¢ # 0 (in the case ¢ = 0,
(36) devolves to (13) by applying (22)) and thus, by (32),

1
Z(—; Ac, g) = (qu)_deg(g)
qu
whence the right hand side of (36) may be written as
S [AesA ) Dert + Blent + C'ey(37) + D (37)

AEFY

+ Tacerm(qu)™ deg(c) )

u—1

with | . )
A/ — (qu)deg(g)—deg(c)—l B, - (qu) eg(g)—deg(c)—

/. 1 : 1

1—qu

g(u—1)’ (I —qu)(u—1)
Note that A — A~! is an involution on F, so that (37) is equal to

Z [Aler‘)]l)ﬁlceM + B'ly-1em + Cleg(A) + D'
AeFy
= A'e,(sgn(c)) + B = C"+ (¢ —1)D/,

where we have used (22) together with the fact that A™'c € M if and only if A =
sgn(c). The result now follows from observing that

A'eq(sgn(c)) + B = (qu)desl9)—deg(e)—1 <eq( sgn(c)) - >

1—qu
is the first term in (33) while

1
—C'+(¢—1)D' =
+(—1) —

is the second.
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Remark 3.5. Similar to Remark 3.3, the expression in square parentheses in (36) may
be written as

Z (_1)77%((1 _77))‘_1) _ Z (_1)77K11 ((1 _77))‘_1)'

_ n — n
e (1—qu) o (1—qu)

3.2. Degree two. We will now use Propositions 3.2 and 3.4 in tandem to prove the
functional equation for D,. For this, we need a lemma that expresses Dy as a combi-
nation of Z and D;. This lemma also implicitly provides meromorphic continuation
for D, to the whole complex plane.

Lemma 3.6. Let g € M and let ¢ € F,[T]. Then, for all uw € C, we have that
c ac
D, <u; —) = Z Z(u;a,9)Dy (u —) (38)
g a(mod g) g

If we further assume that (c,g) =1 and let b € F,[T] (not necessarily coprime to
g), then for all u € C, we have that

bc ab
D(u—)z Z(u; ac, D(u—), 39
2 g (Zd ( 9)Ds p (39)
a(mod g)
where € is any inverse of ¢ modulo g.

Proof. As in the proof of Lemma 3.1, we may assume |u| < 1/q for absolute conver-
gence. On doing so, we find that

Dy (u; E) _ Z (cflfz) deg(f1)+deg(f2) (40)
g J1,fo€EM g

We now collect the terms with f; in a particular congruence class a modulo g together.
For all such terms, e(cfifa/g) = e(acfs/g); from this it follows that

JCOED WD IR wIC O

a(modg)  fieEM
h=a(mod g)

We can close the sum over fy as a copy of Dj(u;ac/g), while the sum over f; will
then yield a copy of Z(u;a, g); from this we obtain

Dz(U; E) = Y Z(wa 9)1?1<u E),
g a(mod g) g

as desired to prove (38).
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To prove (39), we first replace ¢ with b¢ and a with a; in (38) to get
be
DQ(U —) Z Z U ai, g Dl( @ C)
a1 (mod g)
Now, we make the substitution a; = ac. This gives
bc be b
DQ(u —C> Z Zuacg)Dl( acc) Z Zuacg)Dl( a),
g a(mod g) g a(mod g) g

as desired. Here, we have used ¢¢ = 1(mod g), together with Remark 2.1. d

We are now in a position to prove the functional equation for the Estermann
function, Ds.

Proposition 3.7. Let g € Mz, and ¢ € F,[T] be such that (c,g) = 1. Then, for all
u € C, we have that

DQ(u;g) = (@)D Y Ay (u D2( ! AC) (41)

AeFy

where € is any inverse of ¢ modulo g and
Kl (m —1,(1 - nQ)A)}

R 1+m2
A/\(u) T Z |:(_1>n ! q(l — qu)771+772
n,m2€{0,1} (42)
L Kl(=1,0)  1+4¢-2qu

q q(1 — qu)?

Here, Kl is as in (24).

Proof. Before proving (41), let us establish the second equality in (42). By (25) and
(26), we have

Kly(~1,0)  Klp(=1,0)  Klx(0,)) | Kly(0,0)

Aw) ==~ g(1—qu)  q(1—qu) " q(1 - qu)?
Kly(—1,)) U SR
B q g1 —qu)  q(l—qu) q(1—qu)*

The claim follows on combining the latter three terms above.

The proof strategy for (41) is hopefully clear: we use Lemma 3.6 to write Ds
as a combination of D; and Z and apply the functional equations (cf. Proposi-
tions 3.4 and 3.2) of D; and Z. To put this into effect, we substitute (34) and (36)
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into the right hand side of (38) — with ¢ replaced by a or ac, as necessary — to find
that

n0) - 3 (5 oA 5 copelns

9 9

a(modg) \ \jeFy me{0,1}
eq(1=m)A5")
s _1\m2 4 (( /)72 2
X Z ( ; Asac, g> Z (—1) 1= qu) ), (43)
A2€F n2€{0,1}

where we have implicitly used Remark 3.3 and Remark 3.5.
We now focus only on the sum over a. We have

Z Z(q— Asac, g>D1<qiu M) _ D, < 1 /\1/\2 E)’

a(mod g) g qu g

where we have used (39) after making the appropriate substitutions. Substituting
this back into (43) and rearranging, we see that

'D2<u;£>:(qu2>deg(9)—l Z ( Z (_1)7714-772

g
Al,AQEF; 77177726{071}

eo((m =DM+ (1 —m)Ay") ) (L LA c>
q(1 — qu)mtm u’ g '
We now collect the terms which have the same sign A = A\ A;' together. Thus,
the sum over (A1, A2) may be replaced by a sum over (A, A;). On doing so, and
rearranging with the sum over \ outside, and the sum over \; all the way inside, we
get

(1) =y Yooy (L) > U

m 77726{071}

X Y eg((m = DA+ (1=m)ANT) |

A E]F;<

We can now close the sum over \; as Kly(rm — 1, (1 — 12)\), whence (41) follows by
noting that the quantity in the square brackets in the right hand side is precisely
Ay (u). O
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Remark 3.8. The identity
D, (w g) - > e(%l)c>Z(U;a,g)Z(U; b, 9)

a,b(mod g)

holds simply by fibering the right hand side of (40) in terms of congruences classes
of both f; and f; modulo g. With this as a starting point, an alternate proof of
Proposition 3.7 may be obtained by applying the functional equation of Z twice. In
the classical setting, this is essentially Estermann’s original strategy [15] (see also [10,
Lemma 4]). This route is marginally tedious compared to our approach (especially
for character-twisted analogues and the degree 3 analogue a la Fazzari [17]; see §3.3
and the remark below), so we leave the details to the interested reader.

Remark 3.9. An analogue of Propositions 3.4 and 3.7 for the GL(3) Estermann
function, Ds(u;c¢/g), has been obtained by the authors, the details of which will
appear elsewhere.

3.3. Character twists. In this section, x is a fixed primitive character modulo /.
We are making neither the assumption that ¢ is prime nor the assumption that ¢ =1
here, though one of these assumptions will become necessary in later sections. Our
goal is to prove a functional equation for Rs(u;x,c/g), given in (11). This is more
complicated when the greatest common divisor (¢, g) ¢ {1, ¢}, so we restrict ourselves
to the cases (¢,g) = 1 and (¢, g) = £. The reader interested in the general case may
try adapting [31, Theorem 2.3].

Lemma 3.10. Let g, € M and ¢ € F,[T] such that (¢, g) = 1. Further, let x be a
primitive Dirichlet character modulo £. Then, for all u € C, we have that

¢ -1, de
R (u; X, 5) = x(9)G(x) (qu) &)~y e

< SN e = ] 2 atg),

AEFg
where G(x) is the Gauss sum of x defined in (19).
Proof. From the definition of R, it follows that

R1<u X’) Z Z (a;c) Z udee s

a1 (mod £) az (mod g) f=ai1 (mod ¢)
f=az (mod g)

by fibering the sum over f € M according to the congruence class of f modulo g
(say aq) and ¢ (say as) respectively.
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Now, let g represent any fixed multiplicative inverse of g modulo ¢ (and the same
for ¢ with roles reversed). These are well-defined as (¢,g) = 1. By the Chinese
Remainder Theorem, if we set

a:= a1gg + asll, (45)

where a depends on a; and as, then the congruence conditions in the right-most sum
above may be replaced by f = a(mod g¢). Doing so and recalling the definition of Z
(10) yields the identity

Rl(u X, — ) almzmm@mzwg ( )Z(u a, gl).

Inserting the functional equation of Z above (cf. (34)), we find the following expres-
sion for Ry (u; x,¢/g):

> > X (G;C)Z {eq(xl)_ 1 ]udeg(gz) D<1 )\a>

1 —
a1 (mod ¢) az (mod g) AEF q q( qu) qu gé

We now open the definition of D; as a sum over f and push the sums over a; and
ay inside. Recalling the definition of a from (45) and focusing only on the terms
depending on a; and as, we find

asc  Naolf  AaGf
> Y a0y 2l 2l

a1 (mod ¢) a2 (mod g) g

We can perform the summation over a, using orthogonality of characters. This yields
the congruence condition f = —cA™'¢(mod ¢) and contributes a factor of |g| = ¢i¢&(9).
On the other hand, closing the sum over a; yields a Gauss sum

GO Agf) = x(A x(9)x(f)G(x),

where we have used the primitivity of y. From here, we get that

Rl(“;x’?:X(9>G(X>(QU)deg Tt S X { - — }

AEFY
fem
f=—XA"1cl(mod g)

Here it is worth remarking that we have consolidated the powers of ¢ arising from
the congruence sums with the extra factor inside the A-sum. Making the change of
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variables A — —A~! and closing the sum over f, we obtain
c €, — €,
Ra (1) = M(G)G() (gu) <) w0

< S AN = 1 7 (eta),

-
AEF] a a

as desired. O

Remark 3.11. It is worth noting that the term in square brackets in (44) is the same
as in Remark 3.5 and so may be written as

> (capall=mAT)

nelol} (1 —qu)"

The case g = 1 of the above lemma is particularly interesting, since it gives
an alternate proof of the functional equation for a primitive Dirichlet L-function,
L(u, x), which is similar to Hurwitz’s original proof of the functional equation in the
integer setting (see the discussion in Davenport [11, pp. 65, 71-72]).

The stage is now set for proving a functional equation for Ry(u;x,c/g) when

(t,9)=1.

Proposition 3.12. Let g € Mxy, £ € M, and ¢ € F,[T] be such that (c,g) = 1.
Further, let x be a primitive Dirichlet character modulo €. Then, for all u € C, we
have that

v 8 2\ deg(g)—1, deg(f) v 1 _ X
Ro (u,x, g) X(9)G(x) (qu?) u ZXBA(u,x)%(qu,x, p ) (46)
AEF
where
Kl — 1, (1 —=m) A
Bi(u; x) == Z (—1ymtm— (7(711 _ ’u()m—l—nzz) )

n1,m2€{0,1} 4 g (47)

= — + 1(y is even).

q q(1 — qu) q(1 — qu)? x )

Here, G(x), Kl, 7(x,-) are as in (19), (27), (28).
Proof. For (lc,g) =1 and any b € F,[T], the identities

RQ(U§X7§>: > Z(u;aag)Rl(um%) (48)

a(mod g)
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and

be b
Ry (U; X —C> = Y Z(uac,9)Dy (u a—) (49)
g o 9
a(mod g)
can be shown to hold entirely analogously to Lemma 3.6. Substituting the functional
equations for Z and R, (i.e., (34) and (44)) into the right hand side of (48), we get

¢ — e
Ry (u; X ;) = x(9)G(x)(qu?)ie8@)=1ydee®)

2 (g o)

a(modg) \ a,eFy “nae{0,1}

E o] T S (L))

A €Fy me{0,1}

Here, we have incorporated Remark 3.3 and Remark 3.11. Using (49), we can execute
the sum over a(mod g) to get

Rz(U%ﬁ)=X(g)G<X)(un)deg(g)‘ludeg“) > x(=A)

AL A2 €Fg

[ 3 <—1>m+meq(<1—mW+<m—IMRZ(L—w)_

q(l — qu)ﬂl-ﬁ-”h ’

m,m2€{0,1} a g

Letting A = A ')Ay, writing the sums over (\j,\y) as a sum over (), );), and
pushing the sum over A; inside we find that the right hand side above transforms
into

x(g)G(X)(un)deg(g)_ludegmZR2<LY’E>[ 2 ﬂ}

’ 1— n+n
AEFY 7 g n,m2€{0,1} al qu)re
X Y x(=A)eg (1= n)AT + (i = DAN).
)\161{“5

To finish the proof of (46), we need to show that the sum over A\; above is equal
to
Kly (Th —1,(1—- 772))\) = Z Y(v)eq((m — 1y +(1- 772))\7_1),
v€Fg
which can be seen by substituting \; = —y~! and by noting that x(y~!) = x(7); in
this way, we find that the sum over 7,7, in the above expression gives B(u;%) as
desired.
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It remains to show the second equality in (47). Thus,

Kl (-1,%) KL(-1,0) KL(0,)) = KL(0,0)

Bi(u; x) = P q(1 —qu) q(1—qu) q(1— qu)?
_KL(=LA) 1,1 (XN g—1 is even
- q q(1 —qu) q(1—qu) i q(1 — qu)Q]l(X !
by (28), (29), and (30). =

Remark 3.13. Notice that if y is even, then 7(x,A) = —1 for A # 0. Thus, we find
that whenever y is even, Bx(u; x) = Ax(u) for every A € Fy.

Remark 3.14. The above proposition remains valid when ¢ = 1. In this case, we see
that there is only one primitive character modulo ¢ (namely, the constant function
f — 1). Thus, Ra(u;1,¢/g9) = Da(u;c/g) and in view of the previous remark,
Proposition 3.12 simply becomes Proposition 3.7.

We finish off this section by establishing a version of Proposition 3.12 in the alter-
nate situation where ¢ divides g.

Proposition 3.15. Let g € My, { € M, and ¢ € F,[T| be such that { | g and
(c,g) = 1. Further, let x be a primitive Dirichlet character modulo . Then, for all
u € C, we have that

c _ 1 e
Ra (1, =) = X(=e) (@) ™97 37 By(us ) Ra (53 = ).
g = q g
where By(u; x) is the same as in (47).

Proof. By opening r\(f) = >_; ;,—;X(f2) and fibering the sum according to the
congruence class of fy modulo g, one finds that

Rz(U;x,g)— >, x(a)Z(U;a,g)Dl(U;%c) (50)

a(mod g)
Similarly, for (¢, g) =1,
_ bc ab
X(©) Rz (wx, —) = > x(@)Z(u;ac,g)D; (U; —)- (51)
g a(mod g) g

Here, € is the multiplicative inverse of ¢ modulo g (and hence, also modulo ¢). These
are analogous to (48) and (49), but depend greatly on the fact that ¢ | g.
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Applying the functional equations for D; and Z (cf. Propositions 3.2 and 3.4),
the right hand side of (50) becomes

-1
i S (v 3 el 0
a(mod g) A1, A2 €F m,m2€{0,1} Q( —qu)
1 A
X (— Aac, g)Dl (— ia) )
qu qu g

Executing the sum over @ mod ¢ using (51), we get

Ro (u; X, g) deg Z Z 771+772

A1, )\QEFX 71, 7726{0 1}

eq (1= n)AT" + (12 — 1)Ao)
q(l — qu)n1+772

e 1 A7\
X X()\llc)RQ(q_u;X’ - p 2 )

Now, we follow the usual strategy of letting A = A ')Ay and replacing sums over
(A1, A2) by (A, A1). In particular, we see that the sum over \; is given by

D XA (L=m)AT" + (12 = DA = x (1) KL (m — 1, (1= m)),

A1 E]F;<

by making the substitution \; = —y~! and recalling (27). Thus, we find

Ro <U;X, §> = x(—c)(qu?)de)-1 Z By (u; X),R2<q1u Y. )\E>7

AeFg* 9
as desired. O

Remark 3.16. As with Proposition 3.12, one can set £ = 1 in Proposition 3.15 in
which case we get back Proposition 3.7.

4. VORONOI SUMMATION FORMULAE

In this section, we shall derive the requisite Voronoi summation formulae from the
functional equations we found in §3. The reader may wish to compare the formulae
to Theorems 4.13 and 4.14 in [22, Chapter 4].
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Proposition 4.1. Let g € Mq, )2, L € M, and ¢ € Fy[T] be such that (lc,g) =1
and let ry be as in (8) with x a primitive Dirichlet character modulo {. Then,

Z Tx(f)€<g> = My

feM, g
-

I Y Y Y b X rhe(*L) o2)

AeF) m,m2€{0,1} 0<k<p feEM,,

where p = 2deg(g) + deg(f) —n — 2,
My = —Tes,—1/g (M)) (53)

un+1

br = be(X; A, 71, m2) is given by
. — k—n1—n2 =
b (X A, 12) = (—1) Kl (m—1, (1=m2)A) x []lk>m+n2 (k; o 772)} . (54)
Notice that when p < 0, the second term in (52) is simply 0.

Proof. Let
F(o,n) 1 % R ( c> du
on)=— u X, — | ——
’ 271 lu|=q—7 2 ’Xyg yntt’

where the contour |u| = ¢ 7 is being traversed counter-clockwise. Note that the

integrand has poles only at v = 1/q (coming from Rs) and u = 0, whence two
applications of Cauchy’s residue theorem give that

F(—1,n) = —M,+ F(2,n).
On the other hand, Perron’s formula (16) tells us that
cf
(2n) = Y rfe().
feMy, g
Thus, it suffices to show that
Acf
F(—1,n) = ’ Z Z Z bu—1(X Z Ty(f)€<_>-
AeFy mm2€{0,1} O<hsp feMy, g

To do this, we apply Proposition 3.12 to the integrand of .#(—1,n). On doing so,
and pulling the sum over A out, we obtain that

deg(g)—1
q x(9)G(x) 1 _ Ae du
2711 Z lul=g BA (U X)R2 <qu X; g ) —2deg(g)—deg(€)+3

AEFY

F(—=1,n) =
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We now substitute u = 1/(qv) and recall the definition of u, finding that

S (—1,n) = g"9e@)=deOFly ()G ()
1
Xﬁzﬁ

where we have consolidated the factors of ¢ coming from the change of variables
together with the existing factor ¢4°&@ =1 Now, by substituting « = 1/(qv) in (47)
and simplifying, we obtain

1 Kl; (n —1,(1—7] ))\ n1+n2
BA<Q—U;X>= Z x ( 2 )>< Y

1 —v)ymtn
n1,m2€{0,1} q ( U)

=Y Ynoe

n,m2€{0,1} k=0

B, (ql ,X)RQ(U T )\C) dv

=g~ g/ ontl’

The last step follows from the binomial theorem. Substituting this above, we get

S=Ln) = |g€| Z Z Z 2m |

AeFX m.m2€{0,1} k=0

)¢ dv
R (v;x, ?)W'

vl=q—2

The inner integral vanishes if & > p, whence the sum over k can be truncated to
k < p. Then, using Perron’s formula to evaluate the integral, we get

B Z Z Z bi(X L £| (9)G(x) Z T’X(f)e<ﬂ)}’
AeF) n1,n2€{0,1} 0<k<p

completing the proof. O

We will need an explicit evaluation of the term .7, in the above proposition.

Lemma 4.2. Under the same assumptions as Proposition 4.1 and the additional
assumption that x is nonprincipal (equivalently, that ¢ € M) we have that

n

My =
9]

where My, is as in (53) and L(s,x) is the Dirichlet L-function associated to x.

x(9)L(1, x),
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Proof. Collecting the terms fi, fo according to their congruence classes a and b mod-
ulo g and applying (32), we obtain

RQ(“QX’ 5)2 ) (f1)€<cf;f2) deg(f1)+deg(/2)

f1,foeM

b
- > e(E)ZX(U;b,g)Z(U;a,g)
a,b(mod g) g
udes(9)

= 3 (") atubo[{ L] (55)

a,b(mod g)

If we now focus on the term Z,(u;b, g) and again collect terms according to their
congruences modulo g, we have, by applying (32) again,

Z(wbg) = > x(r) Y ursd

r(mod g¥) f=r(mod g¥)
r=b(mod g)
deg(g¢)
= Y x0T+ L™
1—qu
(mod gf)
r=b(mod g)
deg(g¢)
u
S RN N TRD DNCTC R
q a(mod ¢) r(mod gf) r(mod gf)
r=b(mod g) r=b(mod g)
r=a(mod ¢) reM
= Z x(r)udes), (57)
r(mod g¥)
r=b(mod g)
reM

Note that in equation (56) we used the fact that there is a unique solution r(mod g¢)
such that » = b(mod g) and r = a(mod¥), since (¢,g) = 1, which implies that the
sum over 7 is equal to 1, and then the sum over a(mod ¢) vanishes by orthogonality
of characters. Replacing (57) in (55), dividing by u™*!, and computing the residue
at u=1/q yields

b
A IDIRICO NS
a,b(mod g) g r(mod gf)

r=b(mod g)
reM
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It remains to evaluate the above sums. We have

SRCIPL R Vil I C)

a,b(mod g) 9 r(mod gf) | | r(mod gf) | | a(mod g) 9
r=b(mod g) remM
rem
x(r)
=gl > o = XL,
r(mod gf)
rem
r=0(mod g)
Combining the last two equations above, the conclusion follows. O

Lemma 4.3. Under the same assumptions as Proposition 4.1 and the additional
assumption that £ =1 (equivalently x is principal), we have that

M, =L

where M., is as in (53).

Proof. Recalling that Ro(u; x,c/g) = D2(u;¢/g) when ¢ = 1 and applying (38), we
have that

D2<u; §> = Z Z(u;a, g)Dy (u %)

a(mod g)
deg(g)
B Sl L P
a(mod g) T qu g
udes(9) udee(9) - des(a)
_(l—qu)2+1—qu Z 1<U_> Z “ 1( )
a(mod g) a(mod g)
a#0 aeEM
deg(g) deg(9)
u u ac
_ " > Di(wf)+ 3 w0 (),
_ 2 _
(1 QU) 1 qu a(mod g) a(mod g) g
a#0 aeEM

where we used Lemma 3.1 and we made a change of variables in the last line. Using
Lemma 3.1 again, it follows that D;(u;ac/g) is a polynomial in w, so the third term
in the expression above is a polynomial and there is no pole at v = 1/q¢ in that case.
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It follows that

udes(9) udes(9) a 1
My = —TeSy=1/q ((1 —qu)?  1—¢ Z Dy (u; §>) untl
a(mod g)
a#0
= (n+1-deg(g)) -+ > Di(:%). (58)
gl 19l oo ¢ g
a(mod g)
a#0

Now using Lemma 3.1 again,

> Di(8) = 3 (exlsun(a)) + desly) — deg() — 1)

a(mod g) a(mod g)
a7#0 a#0
deg(g)—1 deg(g)—1
Z ¢" + (deg(g) = D(lgl = 1) = (¢=1) Y k¢"
k=0
= —deg( )-

Combining the above equation with (58), it follows that

My, = (n—i— 1 —2deg(g)).

We also have the following Proposition.

Proposition 4.4. Let g € Mxy, { € M such that { # 1 and l|g, and c € F,[T] be
such that (c,g) = 1 and let v, be as in (8) with x a primitive Dirichlet character
modulo £. Then,

> rhe(h) =4

s g 9]

n

—GO)X(e)L(1,X)
|q_ - Z Z Z by ( Z rx(f)e(LC']C),
AEF) M ,m2€{0,1} 0<k<y FeEM, g

where v = 2deg(g) —n — 2, and the coefficients bi(x) are defined in equation (54).

Proof. We proceed as in the proof of Proposition 4.1, and we get that

3 rx(f)e<%> — M+ I (=1,n), (59)

FEMn



THE SHIFTED CONVOLUTION PROBLEM IN FUNCTION FIELDS 31

where, as before,

My = —resi, <R2(u; X, C/g)>7

un—i—l

and

1 c\ du
I(~1,n) = — xS .
( ,n) 270 f;_q R? (U7X, g) untl

Using Proposition 3.15 in the integrand above, we have that

1 _ Jdex(o) 1 Ac\ du
st = g Towt ot S B )

PYSpa qu g

Making the change of variables u = 1/(qv), we get that

—deg(g)— 1 1 Ac\ dv
F(—1,n) = gt g(g)x(—c)—, E ]{ BA<—;X)R2<U;X, —> — i1
2mi i Jivl=a qu g/v

where v = 2deg(g) — n — 2. Similarly as before, we have

B(n) =1 3 Suiok

771,7726{0,1} k=0

L

SO
b ( e\ d
I (—1,n) = ¢"t degl9)y Z Z Z K ( ]{ R2<U;X,—C>V_—:+1.
AeF) mm2€{0,1} k=0 2mi -2 g/v

Note that the integral above vanishes if £ > v + 1, and using Perron’s formula (16)
it follows that

\e
S (—1,n) = ¢"ti-deslo)y Z Z Z by—i( Z rx(f)e<if>' (60)
AR mm2€{0,1} 0<h<y FeEM,, g
Now we focus on the evaluation of .#,,. We rewrite

RQ(U;X, g) = > > x(fe (asc> deg(f1)+deg(f2)

a,b(mod g) fi=a(mod g)
f2=b(mod g)

b deg(g) deg(g)
= Z X(a)‘f(%) [u + ]laeMUdeg(a)} [u + ]lbe/\/ludeg(b)] )
a,b(mod g) g u qu
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where we used the fact that ¢|g and Lemma 3.1. Computing the residue at u = 1/¢,
it follows that

= _q"(2deg(g) —n—1) Z X(a>e<abc) % Z X (abc)
abaE/Vl

2
|g| a,b(mod g)

T ) o

a,b(mod g)
beM

Now note that
abe
> x( ( )= > x@lgllazomos = 0.
a,b(mod g) a(mod g)

where we again used the fact that ¢|g.
We similarly get that the second term in (61) vanishes. For the third term above,
writing a = a(mod ¢) and then b = by(g/{), we have

LRCORRERICOIP T

a,b(mod g) a(mod £) b(mod g) a1 (mod g/¢)
beM beM
g 1 /bea
=l X v ¥ e
b\ g
a(mod £) b(mod g)
beM

b=0(mod g/¥)

_ Z (@) Z Le(l)l%>: Z |b_1| Z X(a)e(ln;a)

1] |
a(mod ¢) b1 (mod ¢) b1 (mod ¢) a(mod ¢)
bieM bieM
- X(b1) - _
= G(x)x(c) w|=GuM@MLM-
b1 (mod £) 1
bieM

Using the two equations above in (61), we get that
My =1

||<><wam

Using the above and equations (59) and (60), the conclusion follows. O

5. SETTING UP THE PROOF WHEN /5 # 1

In this section, we assume that ¢, # 1 (so X3 is a non-principal character modulo
ly). Let d = max{m,n}, where m = deg(h).
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Observe that

ref =Y @+ Y w(EHh),

gEM((a/2) gEM(((a-1)/2] g
gl(f+h) gl(f+h)

Using the above in the computation of the correlation, we find that

Z Ty (F)e (f +h) = S1(x1, x2) + S2(x1, X2),

fEMY
where
S1(x1, x2) = Z T (f) Z x2(9),
feEMy gEM((a/2)
gl(f+h)
and
f+h
Salxtx2) = > ralf) Y xQ< )
feMy, gEM(((d-1)/2] g
gl(f+h)

From now on, for ease of notation, we will denote S;(x1, x2) by S; for i = 1, 2.

We rewrite
Sl = Z X2(g) Z r)a(f)'

QEMg[d/g] fEMp
f=—h(mod g)

Detecting the congruence condition using additive characters modulo g, we get that

s, = x2(9) 3 e(%)f; 7‘>a(f)€<g>-

9EM<ay2) 91 b(mod g) g

We further rewrite S; as

SIS S () S (™). e

1
gEM(a/2) g1lg bi(mod g1) 9

For S5, we interchange the f and g sums as before, and arrange the terms according
to the congruence class modulo ¢y that (f + h)/g takes. In particular, (f + h)/g =
a(mod ¢5) implies that f = —h + ag(mod gfs). This latter congruence entails the
fact that g | (f + h), so we omit the constraint. In doing so, we find that

Sy = Z x2(a) Z Z v (f).

a(mod £2) 9EML((a-1)/2) feMn
f=—h+ag(mod gf2)
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Detecting the congruence using additive characters modulo gf5, we find that
1 1 bh — abg bf
S = Do oxale) Dy o D €<T) > 7“>a(f>€(g7>-
2 a(modﬂz) g€M<[<d71)/2] b(modg[z) 2 feM, 2

Focusing only on the sum over a, we observe that we have

> () = w-boha)

a(mod £2)

Note that this identity is valid even when ¢5 | b.
Thus, we have obtained,

-6 s L (M) S ()

14 14
9EM([(d-1)/2] b(mod gf2) gta feMy, gt2

To apply the functional equation of Ry to the innermost sum, we need to reduce
%2. To do this, first observe that x2(—b) ensures ¢, 1 b. Thus, we must have

b _ b
gl 91@’

where £, { Z (and the latter fraction is reduced). Further, for every reduced fraction
of this type, there is exactly one choice of b for which it occurs. Thus, we may rewrite
the sum over b(mod g/3) as a sum over g; | g satisfying ¢, 1 i and a sum over reduced
residues by (mod g145).

Upon making these substitutions, we find that

_ Glxa) big\ [ bih b f
s="0 Y X 3w )eln) X rneeln)
QEMg[(d—l)/ﬂ glljbl(m‘)dgléQ) feMy

By multiplicativity, we have x2(—b19/g1) = x2(—b1)x2(g9/¢1). In particular, we see
that we can drop the constraint £5 1 g% from the sum over g;. This gives

5= Y gZw(l) ¥ s

102
geMg[(d—l)/z gilg b1 (mod g1£2) g

< 3" () ( f) (63)

FeEMn 9152
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5.1. The case ¢; # 1. Here, we assume that ¢; # 1. We first rewrite S; as follows.
In equation (62), we apply the Voronoi summation formulas as in Propositions 4.1

and 4.4. In this case, we write

S1 = S + Sig,

where Sj; corresponds to the sum over ¢; { g; and Sj5 corresponds to the sum over
l1]g1. Applying the Voronoi summation formula from Proposition 4.1 and Lemma

4.2, we write

S11 = My + By,

where
* bih
M = q"L(1,x1) X|2(L|q) X|1(9|1) Z €<1_>7
9EML(a/2) g g1lg 91 b1 (mod g1) 9
and
"G * bih
Ey = q |£(T<1) X|2(|9) X|1(9|1) Z 6(1_>
! geMiasa) g gilg 91 b1 (mod g1) 91
- Afby
<« Y Y ham) Y m (),
AeFy m,m2€{0,1} 0<k<p feMy 91

where = 2deg(g1) + deg(4) —n — 2.

Remark 5.1. The error term E4; vanishes in the following cases:

e when m < n, n is even, and deg(¢;) = 1;
e when m < n, n is odd, and deg(¢;) < 3;
e when m =n+ 1, n is even, and deg(¢;) = 1;

where we recall that deg(¢;) > 0 since ¢; # 1.
Applying the Voronoi summation formula from Proposition 4.4, we have
S12 = Mis + Eh,

where

My = q" G(Xl Z X2g Z|g| Z X1 bl (blh>
191

9€M<[d/2] b1 (mod g1)

(64)
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and

By =q"*? |g’ Z |g | Z* (blh>X1(_bl)

9EM(a/2) by (mod g
Zl\gl
by f
X Z Z Z by—k(x1) Z er(f)e< >, (67)
AR} m,m2€{0,1} 0<k<y fem, g1

where v = 2deg(g1) —n — 2.

Remark 5.2. The error term E\5 vanishes when m < n + 2 or when m = n + 2 and
n is odd.

Remark 5.3. If {1 = {5 = £, then (¢ | g; implies that ¢ | g and we get M5 = Ej5 = 0.

Now we focus on Sy given by equation (63). We will use the Voronoi summation
formula for the sum over f. We first assume that ¢; £ ¢5. We write

Sy = Sa1 + Sao,

where S5 corresponds to the case /1 1 g; and Ssy corresponds to the case ¢1]g;. Using
Proposition 4.1 and Lemma 4.2, we write

Sa1 = My + Eoy,

where
q"x1(l2)G(x2) L(1, x1) Xz(9/91)x1(g1)
Mo = |£2|2 Z Z |91
96M<[<d—1>/2] 91|9
* - blh
X Z X2<—b1)€<7), (68)
b1 (mod g142) gita
1 git2
and
_"xa(2)G(x1)G(x2) Xa(9/91)x1(g1)
P = 00 > I
2 GEM((a-1)/2] gilg
* - )\l_?lf
S (MY Y Y e X (),
b1 (mod g1£2) g1tz AeF) m1,m2€{0,1} 0<k<p feMi 172

(69)
where p1 = 2deg(g1¢2) + deg(¢1) —n — 2.

Remark 5.4. The error term Fy; vanishes when m < n, n is even, and deg({;) =

deg(ls) = 1. We recall that deg(¢;),deg(f2) > 0 since £y, 5 # 1.
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Now using Proposition 4.4, we further rewrite

Moy — ¢"G(x1)G(x2)L(1,X1) Z Z Xa( 9/91
” gl |

2
|£2| GEM((a-1)/2) gllg 91
191
* blh
X b )wi(b . (70
3w xilbwe( ). (70)
1 (mod g1¢2)
and
n+1
G x bih
Ba= T X pTn(n) T waene(gy)
(2] lg] g1l
gEM([(a-1)/2] 91|g b1 (mod g1£2)
191
Aoy f
DY Y b)) X raDe(55E). ()
AeFy m,m2€{0,1} 0<k<y feMy =2

where v = 2deg(g102) — n — 2.

Remark 5.5. The error term FEsy vanishes when m < n and deg(¢s) = 1, or when
m=n+ 1, nis odd, and deg(¢3) = 1. (Recall that here deg(¢s) > 0.)

Now we assume that ¢; = f5 := £. Since ¢ | (g;/) trivially, we use Proposition 4.4.
In this case, we write

Sy = My + E,
and My is now similar to Mss and FEs is similar to Fos. Namely, we have
"G G L(1,%
M, = q"G(x1) |§>|<22) (1,Xy) Z ZX2|;J1/91
QEMg[(d—n/z] g1lg
* blh
<Y m—bombe(2), (72)
b1 (mod g1£) 91
and
n+1G b h
Fy = q |£|2(X2) Z Z X2|9/91 Z e (—b1) < 1€>
gGMg[(d—n/z] 91\9 91 b1 (mod g1 £) g1
Aoy f
< 3Y D bl Y raDe(55). ()
AEF X m,m2€{0,1} O<k<w fEMy, g1

where v = 2deg(g1/) — n — 2.
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Remark 5.6. As before, the error term Ey vanishes when m < n and deg(¢) < 2 or
when m =n+ 1, n s odd, and deg(¢) < 2. (Recall that here deg(f) > 0.)

5.2. The case ¢, = 1. If ¢; = 1, using equation (62), we have

Xz Z S e <;fl>f§nd(f)e<2—f>.

gEM((a/2) g1lg b1 (mod g1)

Using Proposition 4.1 and Lemma 4.3, we write S; = M; + E7, where

]\41 _ qn XQ(g) Z n+1-— Qdeg(gl) Z* €<M>, (74)

9] |91 b1 (mod g1) 91

gEMa/2) g1lg

B =g Xz(g)zi Z* e(@)

gEM((a/2) ’g’ gilg |g1|b1(m0d91) o1

<SS b S ay (Ab1f>, (75)

AeFy m,m2€{0,1} 0<k<p JeEMy,

with p = 2deg(g1) —n — 2.

Remark 5.7. As before, the error term F; vanishes when m < n+2 or when m = n+2
and n is odd.

In the case of S5, given in equation (63), we use Proposition 4.1 and Lemma 4.3
again, and we write Sy = My + F,, where

q"G(x2)
My = —=222
2 |52|2 Z

Z Xz(g/g1)(n + 1 —2deg(g142))

gl |91

9EM((a-1)/2] gilg

<Y b ). (10)

b1 (mod g142)
and
7"Gx2) X2(9/9 . bih
E, = ‘62(‘22> > Ly~ 2lgl/| 2N e )
9EML((a-1)/2) g1lg by (mod g1£2)
Aby f
X Z Z Z bu—x(1) Z d(f)e< ; >, (77)

AR 11,m2€{0,1} 0<k<p feM, g1€2

with p = 2deg(g12) — n — 2.
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Remark 5.8. As before, the error term FEjy vanishes when m < n and deg(f2) < 2 or
whenm=n+1,ns odd, and deg(¢2) < 2. (Recall that here deg(ﬁg) > 0.)

6. EVALUATING THE MAIN TERMS WHEN /y # 1

6.1. The main terms when /; # 1. Here, we will evaluate the main terms My,
Mo, My, and My in the case where ¢4 #£ 1.

We begin by evaluating M, given in (64). Recall that expression (64) holds
regardless whether ¢; = {5 or not. Note that we have

* blh {951 b2h )
o) =2u(5) X ()= 2w )l
b1 (mod g1) 1 g2lg1 2 b2 (mod g2) 2 g21(g1,h) 2
and hence, writing g = Bg, and g = Ag,

n X2\9 X1\g g
=i Y MO S0,
gl

g1lg
L1191

= ¢"L(1,x1) Z <X19|6922)|(92) Z M(B)XQiﬁééleQ)(B)' (79)

9EML1a/2]

gz2|h deg(AB)<[d/2]—deg(g2)

Using Perron’s formula (16) twice for the sums over A and B, we get that

My = ¢"L(1, 1) —— % ]{ L(xy/q, x2)
(270)% Jyymg—e Jiaj=g— £ (/6 xax2) (1 — 2)(1 — y) (zy) /2
deg(g2) d d
XZ X1X2 92 xy) X ?/
92| Ty
g2|h

In the integral over x, we shift the contour of integration to |z| = ¢'/? and encounter
a pole at x = 1. The integral over the new contour is bounded up to a constant by
q"~4/4F< We then get that

q"L(1,x1) L% L(y/q,x2) Z (x1x2) (g2)y ) dy 4 O( n— d/4+ed>.
L(27 X1X2) 2mi lyl=q (1 - y>y[d/2} ’92’ Yy

Now in the integral over y we shift the contour of integration to |y| = and
encounter the pole at y = 1. By the Lindel6f hypothesis (14), the integrand on the
circle integral over the new contour is bounded up to a constant by ¢" #/*t<d It
follows that

_q"L(1, x1) L(1, x2) (x1x2)(g2) n—d/4+ed
My, = o) > T +O(q / ) (30)

1 =
gz2|h
1/2
q /

ga|h
deg(g2)<[d/2]
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We now focus on evaluating Mjs, which is given by equation (66). As remarked
before, if /1 = {5, then M5 = 0. We then assume that ¢; # 5. We rewrite

"G L(1,x1 1 * bih
MH:(I (XT; |( X1) X‘2(|9) Z | | Z Yi(b)e <€1 )
1 gEMg[d/Q] g 92|(g/ 92 b1 (mod £1g2) 192
lilg
We have
* b h 14 14 b h
S wlbe(F) = 0 n(ZE)w(=E) Y wloe(=). 6y
b1 (mod £1g2) 192 93](£192) 9s 93 b1 (mod g3) 93

In the sum above, note that we need ¢|gs, since otherwise X1(¢192/g3) = 0; hence
we write g3 = {1g4. Writing by = a + byfy, we then get that

(81 =Y u(%)x <92> 2. e Gfi)

94]92 94 94 b1 (mod £1g4

_ h boh
=2 n()nly) X mee(gg) 3o ()
= > (B)w(E) X E(a)e(alz/%)
941 (g2,h) A2 NI ned ) !
=G Y, \94\u<g >X1(§2)X1<;:)

94‘(92’h)

Now, using the above and the fact that G(x1)G(x1) = |f1], and writing go = By
and £ = Cgy so that B | C, we get that

Ma=gla Y My |g4lu<92>x_<gz>xl(£>

9EM[d/2) g21(g/t1) 94|(92 h) 9a
l1lg
Cq"x2(0) L1, X7) ~— x2(g9a)x1(h/ga) w(B
|44 %; |94 Z IC\ Bzé !BI
deg(C)<[d/2]—deg(t1) —deg(g1)
_ "xe(0)L(1,X1) o~ xe(g9a)xa(h/g4) 3 x2(C) 11 (1 _xi(P)
|41 94 €l Be 1P|

deg(C)<[d/2]—deg(f1)—deg(g4)
Looking at the generating series for the sum over C, we have
x2(C) H (1 _ E(P))udeg(c) _ L(u/q, x2)
o7 LU £(u/¢ Xix)

ceM
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Using Perron’s formula (16), it follows that
Z x2(C) H <1 _ E(P)>
] 1P|
CeMc(a/21—deg(e1)—deg(9a) PlC

]{L q

T 27 Sy L(u/¢2 Xix2) (1 — u)u[d/zl—deg<z1>—deg<g4> o

In the integral above, we shift the contour of integration to |u| = ¢*/? and encounter
a pole at u = 1. Using the Lindel6f hypothesis (14) to bound the integrand on the
circle [u| = ¢*/? and evaluating the residue at u = 1, it follows that

3 MH <1 B K(H) _ L(1/g,x2) (I&I V10194 )

|O| PlC |P| (l/q X1X2) d/4

Using the above in the expression for Mp,, we get that

CeMiasa—deg(e1)—deg(ay)

"o (0 L(1, %7) L(1 h n—d/4pp, €
My, — L)L X)L X2) 3 X2(94)x1(h/ga) +O(q 122I >
|£1|L(27X1X2> galh |94’ ’€1| /
deg(ga)<[d/2]—deg(¢1)
(82)

Now we will evaluate the terms My, and My, in the case ¢; # ¢5. Using the
computation in (81), we have that

b(gdj*“ a(-be(2) = (-6 ) b (2 w2 e ().

so using equation (68) and the fact that G(x2)G(X2) = |(2|, we get that

"x1(l2)x2(—1)L(1,
My = q Xl( 2)X722‘ ) ( Xl) Z ’ |Z X2 9/?;1961 91)
geEML((d-1)/2] gilg
> )
X — ).
o (2 (2o (2
931(g1,h)

Setting g1 = g3A and g = g1 B, we have

14 L(1 (h
My, = q"xa( 2)X2|€ ,X1) Z x1(g3 |>g<2 /93)
9| 3|

Z p(A)x1X2(A)Xz2(B)

. 425

deg(AB)<[(d—1)/2]—deg(g3)
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Applying Perron’s formula twice for the sums over A, B, we get that

(A xaixz2(A)xz(B)

deg(AB) <[ (d—1)/2]—deg(g3)

L (a/0.79 dr dy
(2mi)? wleg—< Jizi=q— L(xy/¢®, x1X2) (1 — x)(1 — y) (zy)ld-D/2=deelos) g y(
83)

In the integral over x, we shift the contour of integration to |x| = ¢*/2, and encounter
the pole at z = 1. By applying the Lindeldf hypothesis (14), the error term coming
from the double integral over the new contour is bounded by ¢"~#/4-deell2)+ed W
further shift the contour over y to |y| = ¢"/?, and the error term coming from the
new single integral will be similarly bounded by ¢"~%/4~des(2)+ed  Qyerall, it follows
that

q"x1(l2)X2(—1)L(1, x1)L(1,X32) Z x1(g3)x2(h/g3)

Moy —
- 12| L(2, X1X2) 93]

g3|h
deg(g3)<[(d—1)/2]

+0 <qn7d/4fdeg(€2)+ed) ) (84)

Now we evaluate Masy given in (70). Let x = Xix2. We proceed similarly as in
equation (81), and we have

S o) = Su(E(E) T (i)

b1 (mod g1¢2) a(mod £142)
lich
< e(=)

cmodge/tr) 9
i T R 5 ()
T ) 5 o)
—G(y) gs(gzl;m Ig5\u(glg/fl)x(glg/fl)7<g%>'

gs|h
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Using the above in the expression (70) for Myy and setting g1 = ¢1¢g2, we have

 I"(=1)G(x1)G(x2)G(axz) L(1, X1) Xz(9/91)
Mz = |€2|2 Z Z ’91

9€M<[<d—1>/21 91\9
‘91

x> |95|M<glg/5€1>X1X2 (glg/fl)xm (3)

5
g51(g1/¢1)
gslh

¢"x2(—1)G(x1)G (x2)G(x1x2) L(1,X,)
0143

X Z | Z X2 g/ b)) Z| 5|M< )X1X2<g )X1X2(h>

5
gEM([(d-1)/2] g2l(g/41) ’g | 95192 9

l1]g gs|h
_ "X(=1)G(x1)G(x2)G(Xax2) L(1,X1) x— x1x2(h/gs)
- 2 )2
|£1€2| galh |95|
(A xixz(A)xz(B)
% 2 |A2] !

deg(AB)<[(d—1)/2]—deg(f195)

where in the last equality, we set go = g5 A and g = {192 B.
We proceed as before, applying Perron’s formula as in (83) and using the fact that

G(xixz) = X1 (l)x2(6) G (1) G (Xa),

which follows from the Chinese Remainder Theorem, to obtain that

Mo — q"X1(l2)X2(—¢1) L(1,X,) L(1, Xz2) Z xixz(h/gs)
22 = E— T
10102 L(2,X1Xz2) st |g5]
deg(gs)<[(d—1)/2]—deg(¢1)
+0 (qn—d/4—deg(41)/Q—deg(ég)—i-ed) ‘ (85)
Now we evaluate M,, the main term coming from S, in the case that ¢; = /5.

Proceeding with equation (72) as in equation (81) and applying Perron’s formula as
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n (83), we have

_ "e(=D)GE()G(x2)G(Xaxz) L(1, X)) 1 xalg/g)
= F P

9EML((d-1)/2]

< Y |g4|u< >X1X2<g >X1X2(;)

4

gal(g1,h)
_ 4 "X2(—1)G(x1)G(x2)G (Xixz)L(1,X1) xixz2(h/ga)
Ik 2
p(A)xixz(A)xz2(B)
X Z | A2B]

deg(AB)<[(d—1)/2]—deg(ga)
_ "(=1)GEX)G (x2) G(Xaxz) L(1, X)) L(1, Xz) Z xX1Xx2(h/g4)
|€2|L(27X1X2) |94|

galh
deg(g4)<[(d—1)/2]

+ O<qn—d/4—deg(é)/2+€d> ’ (86)

where we have set g1 = g2 A and g = ¢1 B.

6.2. The main terms when ¢; = 1. To evaluate the main term M; given by (74),
we proceed as before, using (78), and applying Perron’s formula as in (83), we have

n X2(9) x\~n+ 1 —2deg(g1) g
gEMas) a1 Ig ! g2/(g1, h) 2
=q j{ Z — )22 deg(gr) Z ,u(—>|g2
96M<[d/2] ’g’ 2mi ful=a~ (1 = w)*u 1 92l(g1,h)

f j{ j{ L(z/q, x2)

27” =g Jial=g—c Jjuj=q—c L(@yu? /%, x2)(1 = u)2(1 — 2)(1 — y)(ay)ld/2un
xa(g2) (zyu?)deslaz) du dx dy

o> 92| u Ty

(87)

gz2|h

In the integral over y we shift the contour of integration to |y| = ¢ and we encounter
a pole at y = 1. The integral over the new contour will be bounded by ¢"~ %2+,
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Then we have

_ T L(z/q, x2)
(2mi)? %ﬂﬁlqe %Ulqﬁ L(zu?/q?, x2)(1 —u)?(1 — z)xld/2yn

Z x2(g2) (u?z) deg(gz) du dx @ O<qn—d/2+5n>.
|92 u x

gz|h

In the integral over x we shift the contour to |x| = ¢ and encounter the pole at x = 1.

The integral over the new contour will be bounded by ¢~ %?tdeg(t2)/2+en  Then we
obtain
1 1 X2(g2)u® ¢192) du
2mi ujmg—c L(U? /@2, x2)(1 — u)?um gzﬂ; |92 u
+ O<qn7d/2+en‘€2‘1/2>
q"L(1, x2) X2(92) [ 2L(2, x2)
= —— 10 n+1-—2de — ]
Ioow 2 592 flogg) L2 o)
deg(g2)<[n/2]
+ O<qn—d/2+deg(€2)/2+en + qn/2+en>’ (88)

where in the final step we shifted the last integral to |u| = ¢'/? resulting in a contri-
bution from the residue at v = 1 and an error term bounded by ¢"/?*<".

Now we will evaluate the term M, given by (76). We proceed as before (see (81)).
We have

o (—1 n+1—2de 12
M, = q X|2(| ) Z Z X2 9/91 - g(g1 2))
2 96M<[(d—1>/2] 91|9 9
g1 h
x> |g4\u< ) ( >><2( )
g4
94|(91,h)
_ ") 3 ii% 3 xz(9/91)du
o ; . — 2)2,,n+1—-2deg(g142)
|€2| 9EMC((a—1) 2] |g| 2mi lul=¢ alg ‘g1‘<1 U) u e

<Y (2 w(2)(L)

94](g1,h)
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Now, we write g = g1 B and ¢g; = g4A to get

M, = e Z x2(h/g4) ]{ 3 u? 42935 (AB) u(A) du
|62 l9a] 27 Jyjuge | A2 Blunti=2des(t2) (1 — )2
9" deg(AB)<d/2—deg(gs)

_ "l 7{ 7{ 7{ 3o (h/ga)u?deslosts)
|€2 27” wl=g—< Jlel=q—< Jpul=¢- |94]

L(z/q,X2) du dx dy
Ly /g2, xz) (1 — w)(1 = 2)(1 — y)(ay) DAl u z oy
where we wrote ¢ = g1 B and g1 = g4 B.
In the integral over = we shift the contour to |z| = ¢ and encounter a pole at = = 1.
The integral over the new contour will be bounded by ¢*~/2~deg(t2)+ed,
It follows that
¢"Xa(=1)L(1L, X3) Yo (7/94)
(2] |94l

M,y =
galh

]{ ]{ 2 deg(gat2) du dy
27” =g Jaj=g— LYu?/¢% X2)(1 — u)?(1 — y)yld-D/2=deelgalyn o y
+0 <qnfd/27deg(€2)+ed) )

In the integral over y we shift the contour of integration to |y| = ¢, and we en-

counter the pole at ¥y = 1. The integral over the new contour will be bounded by
n—d/2—deg(l2)+ed

g , and we get that
M, — CRCEDL ) ZX2 (1/94)
|5 |94]
L% 12 deg(galz) d_u n O(qn—d/2—deg(€2)+€d>,
i E(u2/q2 Xz)(1 — u)?um u

We further shift the contour to |u| = ¢'/? and encounter the double pole at u = 1.
The integral over the new contour will be bounded by ¢"/?*¢¢. Computing the residue
at u = 1 we get that

vy (ECVIAE) s~ (o)
LIL(2 ) 2 94
deg(ga)<n/2—deg(¢2)
2L (2, %x2)

% <n +1-— 2deg(g4€2) . > + O<qn—d/2—deg(€2)+ed + q”/2+€d>. (89)

(log ¢)L(2,X2)
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7. SETTING UP THE PROOF WHEN /5 = 1 AND THE MAIN TERMS

Here, we will consider the correlations

> (Hd(f +h).

feMy,
We write
d(f+hy=2 > 1- Y 1
glf+h glf+h
deg(g)<[d/2] deg(g)=d/2
SO
Yoradf+h =2 > > raH= D, D )
feM, gGMg[d/g] feM, gGMd/g feEM,
f=—h(modg) f=—h(mod g)

We note that the second term above vanishes if d is odd. We then write

" (Hd(f +h) =28, — Sy,

feEMy

and the term S above is the same as that given in (62) when y2 = 1 (after detecting
the congruence condition using additive characters). We will only present the details
for the evaluation of Sy, since Sy is very similar. As before, we write Sy = My1+ E1o,
and Sio = Mis+ F1o, where S1; and Si5 correspond to the sums with ¢1]g; and ¢4 1 ¢
(in equation (62)). If ¢, = 1, then we only have one term, and we write 51 = M;+ E}.
We rewrite the error terms here as (see equations (65) and (67)):

nG 1 1 1\g1 * blh
B, =4 wﬁd 3 x1(g1) T e<_>

96M<[d/2] |g| g1lg |g1| b1 (mod g1) 91
_ by
<D D D () D 7ﬁzl(f)e< ) (90)
AeF) m,m2€{0,1} 0Spsk FeM,, 5

where p = 2deg(gy) + deg(¢1) —n — 2, and

: 1 1 c bihy
En=q" ) sz > 6(?))(1(—51)

gEM[a/2] g1lg b1 (mod g1)
L1)g1
by f
Y Y a2 @
AeFX m,m2€{0,1} 0<k<y feMy n

where v = 2deg(g1) —n — 2
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If ¢, = 1, then the error term becomes (see equation (75)):

Bi=d' 2 Iglz\gl > <b1h)

gEM (a2 gilg 1(mod g1) h
)\blf
XY Y X an(), o2
AeFy m,n2€{0,1} 0<k<p feMy

where = 2deg(g1) — n — 2.

Remark 7.1. As before, we remark that E7; = 0 in the following cases:

e when m < n, n is even, and deg(¢;) = 1;
e when m < n, n is odd, and deg(¢;) < 3;
e when m =n+ 1, n is even, and deg(¢;) = 1.

Note that £, = E; =0 when m <n + 2 or when m =n + 2 and n is odd.

7.1. The case ¢, # 1. Similarly as in equation (79), we have

My = q"L(1, x1) xlse) Z ng(B)
g92|h 92| deg(AB)<[d/2]—deg(g2) [AB7]
LX) g f ?{ i
)2 Sy Samge L0/62 x0) (1= 2y)(1 = 2)(1 = y)(xy)
Z Xi1(g2) (wy) 9 da dy
|92 Ty

gzlh

In the integral over x, we shift the contour of integration to |z| = ¢ and we encounter
two poles, at © = 1 and = 1/y. The integral over the new contour will be bounded
by ¢"~ %2t We then get that

¢"L(1,x1) 1 X1(g2)y 92 dy
Mllz—_. d2
L<2,X1) 27 ly|=q ( /] ’92 Y
X1(92) 1 f{ 1 —d/2+ed
— "L, — d+0<"/+6>.
T 2 o) 3w P 2 e - g O

Note that the second integral above vanishes, because the integrand is analytic inside
the circle of integration |y| = ¢ . In the first integral, we shift the contour of
integration to |y| = ¢ and obtain an error term of size ¢"~%?**’. The main term will
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be given by the residue at y = 1, so

q"L(1, x1) x1(g2) n—d/2+e
Mi = o gz'; W([d/?]—{—l—deg(gg))—{—O(q ) (93)

deg(g2)<[d/2]

The evaluation of Mjs(x1,1) is similar to that of Mj(x1, x2) in the previous sec-
tions. We skip some of the details, and we get that

M_qL1X12X1h/94 7{ 1 du
2T 2l 26 ey Bl ) (0wl )

We shift the integral to |u| = ¢ and encounter a pole at u = 1. The integral over the
new contour will be bounded by ¢"~%2?*<¢.  We have

¢"L(1,X1) x1(h/g) [ L'(2,x1)
My = L2 X1 AR IV N d /2] +1 — deg(gal ——_}
*S a2 g (At fe %)
deg(g4)<[d/2]—deg(¢1)

+O(g ). (94)

For the other term

Z Z T (),

QEMd/Q feMn
f=—h(mod g)

which exists when 2 | d, we have

My =LY 08y HBa(B) 5 1
92|

2 deg(B)<d/2—deg(g2) 1571 deg(A)=d/2—deg(g2) —deg(B) 4]
We get that
q"L(1, x1) X1(g2) d/2+ed
My = L2050y +0<” /+€). (95)
L(2, x1) |92
g2|h
deg(g2)<d/2

Finally, we have

M _qL1X1 Zth/% 7{ du
“ 4] lga]  2mi =g« £(u/q? X1) (1 — u)ult+d/2=des(tr)~deg(gs)
q L(LXl) X1 (h/g4) —d/2+ed
_ X)) —+0(” /+6>. 96
G 2 Ol o

deg(g4)<d/2—deg(f1)
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7.2. The case ¢; = 1. Finally, we consider the correlations of d(f) and d(f + h).
Similarly as before (see equation (87)), we have

B
1
27” lyl=qg=¢ J |z|=q—¢ J |u|=q~ (1 —u)?(1 —x)*(1 - y)(xy)[d/Q] n

deg(gz dudr d
XZ xyu u dx y

S el uway

We note that the integral over y above is precisely given by the residue of the pole
at y = 1. We then get that

j{ j{ 1—zu?/q Z (zu?)de8l92) doy dx
1 - T .
27” ei=g—< Ju=g-e (1 = w)?(1 = 2)%clPur 2o go| oz

Note that in order for the integral over u not to vanish we need deg(g2) < [n/2]. We
similarly have that

M, — ]{ ]{ 1 —au?/q Z (zu?)de8(92) dy dx
Lojirs—3 ===
| 27” =g Ju=ge (1 = 0?(1 = @)al@Pun 2o g v @

The integrals above are given by the residue of the poles at © = 1 and x = 1 (with
no error terms), and computing both of the terms and putting them together, we get
that the final main term M is given by

M=2" ) ’12’ l2deg(gz) <1 - é)

gz2|h
deg(g2)<[n/2]

— deg(g2) ((3 + %) + (1 - é) (n+ 2[d/2]))

(sl 0+1)]

g Y [m—zoleg(g»)(l—%)+1+1 -

ol q
deg(92)<[n/?)

(97)

8. BOUNDING THE ERROR TERMS

Combining Remarks 5.1, 5.2, 5.4, 5.5, 5.7, 5.8, 5.6, and 7.1, we see that when
deg(h) < n and deg(f;) < 2 and 2deg(l2) + deg(¢;) < 4, the various error terms
given by (65), (67), (69), (71), (73), (75), (77), (90), (91), (92) vanish and the only
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error terms in the asymptotic formulas are those in the main term computations (if
any). In particular, if (deg(¢;), deg(¢2)) € {(0,0),(0,1),(1,0),(1,1)} and deg(h) < n,
then the error terms mentioned above vanish.

In fact, we can say a little more. Namely, we obtain exact formulas in the following
scenarios as well. Let m = n + a for a > 0, where we recall that m = deg(h). Then
the error terms F;; and E; for i = 1,2 and j = 1,2 vanish in the following cases:

(0,0,0)

(0,0,1)

(0,1,0)

( ) and n = 1(mod 2)
(a,deg(l1),deg(¢2)) € ¢ (0,1,1) and n = 0(mod 2)

(1,0,0)

(1,1,0)

(1,0,1)

(2,0,0)

and n = 0(mod 2)
and n = 1(mod 2)
and n = 1(mod 2).

Now we focus on bounding the various error terms when we are not in one of
the scenarios described above. We will only bound a few of them, since they are
all similar. We first bound the terms Ej; and Ej, given in (65) and (92) (they are
very similar, the only difference being that in the latter case, xy1 = x2 = 1.) We
interchange the sums over g; and g writing ¢ = ¢g19> and we have

EllzqnG(Xl) Z xix2(g1) Z X2(g2)

|4 1|2 |92

g1EMay2] 92EM(d/2]—deg(g;)

x Z Z Z bu—r(X1) Z e (F)S(hy Af591),

)\G]F; m 77726{071} 0<k<p feMk

where p = 2deg(g1) + deg(¢1) —n — 2 and we recall that S(a,b;c) is the function
field Kloosterman sum given by (18). We further write

[d/2]

nG 1 —2j 2192
Enzqwﬁc)zq 3 X(Q)Z Z

- 2
j=0 92EMa/2)— 5 |g| AeFy m,m2€{0,1}

2j+deg(1)—n—2

X Z b2 deg(gy)+deg(t1)—n—2—k(X1) Z %, (f) Z x1X2(91)S(h, Af; g1).

k=0 femM, g1EM;
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In the case when y;x2 = 1 (namely, when ¢; = ¢, = 1) we use the Linnik—Selberg
theorem (21) and we have that

7 S Afig) < @I fR
g1EM;
Trivially bounding the other sums, we get that in this case,
Ell < qd/2+€d. (98)

If we are not in the case mentioned above, then we use the Weil bound (20) on the
sum over ¢g; and we have that

(b, Afs 1) < g/t 2o
Let A= (f,h). Then

Z 9w(91) gdes(91)/2+deg((A.91))/2 - gi/2+4e] Z Z 1 < ¥/ | Ale « ¢/ Feited,

g1EM;; RIA gq1EM;
(91,)=R

Trivially bounding all the other sums, we get that
E < q3d/4+deg(€1)/2+ed' (99)

Now we focus on bounding s, given in (69) (in the case {1 # {3).) We rewrite it as

"1 (ls)G G
By = q Xl( 2) (261) (X2) Z Xl(gl) Z X2(92)
10165 |92
92€M[(d-1)/2]~deg(g})

x Y Xl <9152>Z Y. > bkl erl(f)e@af),

l
b1 (mod g1¢2) )\E[FX m,m2€{0,1} 0<k<p feEMg g2

gG1EML((d-1)/2)

where p = 2deg(g102) + deg(f1) — n — 2. Now we rewrite

G(x2)Xa(—b1) = Z Xz(a)€< - ag—l;l>,

a(mod £2)
so we have that
(6) [(d 1)/2]
By = q"x1(l2)G(x1) Z g2 Z Z Z
|€1£ | j=0 g2EM[(d—1)/2]—; |g | AeF ¥ m,m2€{0,1}

X Z bk (X1) Z 5, (f Z X2(a) Z X1(g1)S(h — agi, Af; gila).

0<k<p feMy a(mod £2) g1EM;
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Now we use the Weil bound (20) on the Kloosterman sum and we have that
|S(h — agy, \f; gils)| < qdeg(91€2)/2+deg((h—a917f791€2))/22w(91€2)
<< qdeg(glZQ)/2+deg((f791£2))/2‘g1£2|6

It follows that introducing the sum over f and trivially bounding everything else,

Z %, (f) Z x1(91)S(h — agi, Af; g1ls)

feEMy g1EM;

< |£2|Eqdeg(f2)/2+j/2+5j Z /|€2| Z qdeg((f/ez,gl))/z

feMy g1EM;
bo|f

+|£2|eqdeg(£2)/2+j/2+ej Z Z qdeg((f,gl))/Q<<qu/2+sj+deg(€2)/2|€2|eqk(1+e)'

fEM) g1EM;
Lot f

We trivially bound all the remaining sums, and we get that

By < q3d/4+ed+deg(€1)/2+3 deg(l2)/2 (100)

9. PROOF OF THE MAIN THEOREMS

Finally, we are ready to prove Theorems 1.4, 1.1, 1.6, 1.7, 1.8.

Using Remark 5.3 and equations (80), (86), (99) finishes the proof of Theorem 1.4.

Now using equations (97), (98) finishes the proof of Theorem 1.1.

Using equations (80), (82), (84), (85), and (100) finishes the proof of Theorem 1.6.

Using (88),(89), and (100) finishes the proof of Theorem 1.7.

Finally, combining (93), (94), (95), (96), (100) finishes the proof of Theorem 1.8.

To deduce Corollary 1.3, we simply set xy; = x2 = x in Theorem 1.4 and note
that the quadratic character modulo 7" is an odd character. In that case, we have

X(=1)G(x)*G(x*) = —¢.
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