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IntersectionTheory .

if

( Day 1) . What is it good for ?
-

① Enumerative geometry .

② Invariants , obstructions , . . .

History -

y

'

18005 :

"

Italian
'

school
" of AG .

Castelnuovo , Seven , Enriques ,

if :::÷.se#.:::::u.G Picard , Schubert, Noether (
F )

,

I
.

Kahler . . .



Amazing calculations :

egg
. # twisted cubias tangent to 12 quadric

surfaces

= 5,819,539,783,680
But , subtle errors crept in ( informal arguments
about

"

gene ricity
"

, edge cases , limits . . .
)

Hilbert ( 1901 Icm) : Put this on rigorous footing.

↳ I 5th problem .

→ Fulton - ( 1984) .

1900-5 : Another
" Who's who

"

:

Zariski , Lefschetz ,
Todd , Chow ,

Samuel , Chevalhey , Verdier,

Serre , Grothendieck,
Weil , Kleiman . . .

Mumford
,

Mao n .



E6 .

①BE-zowtsheoem.LIC
,
DE IPI be integral curves .

CFD -

degrees c, d .

If Cnb is reduced
,
#CND s c. d -

deg 6 pts !

deg 3→

Comments :

① c - d is a product . This suggests 3- a riystue
where " multiplication = intersection

"

.

→ The Changing otp
?

② We didnt care which c.D we had , only their degrees ,
→ Essentially a way to classify plane curves .



② lines on a cubic surface .

Thy . let C c- IP
' be a general

cubic surface .

Then C contains exactly 27 lines .

It turns out this is a special case
of a theorem about vector bundles
y

'

Them . let X s proper variety , dimsn .

Let E vecbdle on X ,
awk n Ilsame)

globally generated .

S E HOLE) a general section .

Then s vanishes at a fixed # of pts
on X

, dependent only on E (not s) .



→ This gives an invariant of E,
called the top Chem class
--

CnCE) .
- 4 this will be an

element of the
Chow Ring of X .)

egg . E = TX
,
DX

Cn (E) is an invariant of X -

-



⇐g . (23 lines) . ( in IP? )
full rank

Xs Gr (2,4) 2×4 matrix

= { lines in R' } : { ( : : : :] )
smooth variety . dim4 .

/Gk
E s

"

vector bundle of cubic

polynomials on IP3
"

s c- HOLE)
"

cubic function on each line
"

s vanishes at LG X ⇐ Sfunctionfe O .

⇐ cubic surcease
contains l .

Cy (E) = 27 . [point] .

in

Chon ring
of Gr(2,4)

.



egg . E
,
F vecbdks on X .

Does there exist a map
of vector

bundles of rank > k (at each pt) ?

Obstruction : A certain combination

of Chem classes of E , f must

Vanish .



③ let s , ,52,5, SIP
'
be distinct smooth

surfaces of degrees si
,
Su

, Sz .

Suppose Sin Sun 53
= C

,
a smooth
ye .

( e.g .

twisted cubic is cut out by

& 3 quadrics . )

Thy . gcc) = 's ( It degcc) (sixes,
-4)

genus
- Sisi Ss) /

(canonical
bdk Of4)

topology , not just enumeration . on 1103 )

This is a special case of the e

intersection formula
- f

-
-

39ns to get
- cod im '§ .



④ Beautiful combinatorial theory .

Thy - 4 , Lz ,Lz, Ly EP
'

general lines .

How many lines intersect all 4 ?

A2 .

Spof .

let Hi
,
- .

,
Hklmk,

dim - Ck-D planes
in 1pm '

How
many complementary plane,

intersect

all of them?

1ns : The number of standard Toying tableaux

i , .
. . . Fineran-ng .

Them: twisted cubics through
L2 general lines?

1ns : 80160 " Quantum Chow ring
"

.



Deaf . Cycles , multiplicity .
- -
-
-

"

scheme
"

: separated ,
finite type 1k -- field .

( Hausdorff)

"

variety
"

: integral scheme .

Although most applications care mainly about

nice spaces ( e.g .

smooth prog: var .) ,
it is necessary to develop the theory

for all

schemes
,
even messy

ones .

X s scheme -

Def : A K- cycle on X (k c- IN ) is a

-
-

(2) formal sum of K -dimensional subvarieties
of X .

Zk (X) = free ab . gp
of K - cycles

on X .

2- (x) = ZKLN .



Zo (x) = formal sums of pts . L
Z, ca

- - - curves

g infinite:
'

.

If dim(X) = k , Zk (x) = I
# iron .

of dim K } finite .

By definition .
2- (x) E Z (x

red) .

literally the same formal sums .

(multiplicity
!)

To track nonedeuced structure ,
we need to

put coefficients
on our sums .

Coughing wibhmutiplrcity
.

④ Length :

-

Rs ring .

M -- R-module
-

The length of
M

, LplM) ,

is the largest n



such that 7 a chain of submodules

o E M ,
s
,
Mr E - -- E Mn (e Ml .

If finite, we say
M has Either

Maifats :

① Additive in short exact sequences :

O → A → B → c → O

LNB) step (A) tlplc) .

② R s k- algebra
^ loyal ring

with maximal ideal
rn

If Rtm = k
,

the-

IrlM) = dim
k
(M) .



X s scheme -

X
'
s X irreducible component . (viewed w/ reduced

structure) -

Ox;×
' local ring

of X along X
'

.

↳ Compute from any affine
chart intersecting X !

X 3 U = Spec R -

P = minimal prime
ideal corny .

to

X
'

( x ' nut .

Ox;x = Rp Artinian ring (din
O) -

= f Eg : g ¥0 on x'nu)

If Rp is reduced , this is just the

function field K (X') .

Otherwise , we're remembering normed need

structure occurring
" generically

"

along X
'

:



← F##,±

Ox;×
reduced . Ox;× ninreduud .

" generically reduced
"

"

generically nonreduced .
"

Def . . The multiplicity ofXX
is

malt ( x 's x) : = lo
,
!Ox :X) ,

Los .

The fu¥al eyed of X is

(x) is E multlxix) (X1 .

X
'

EX
irred .

CdMf -

so (x) t (xred ] even though -244 Hed) .

Liaise : If Y EX sub scheme

[YI c- ZIYI sang as (Y) EZCX) .



Ex :

=

① x. see ¥"

op= Cup

Rp = invert other stuff ins invert
X .

→ implies y
so .

s k (x) .

length 1 . (x) = ( X ') .

② Xs spec k¥4 f , ya. ×'- I elliptic curve .

E

.
e: :
"

I ¥2 .

[D= 2 (E) .



③ x s spec kcqy.jo]
(x,y ,75
- ¥¥f¥÷R lalread,

local ) -

Mm sk .

l(Rl = dink (R) i basis : l
, x. y , z

" I -

(x) . 4 ( pt) .

④ A bad example -

-
-

In IP
"

t words (X : Y : Z : WiT] .

A =
= { x. vi. of ulzswsol .

B =

.

= ( X- z = Y -W : 01 .

Lay ! In the Chow ring
of IP
"
:

' all 2B planes are equivalent



' all points are equivalent
.

(A) . (B) = (2 (2b -MT) . (2b -plane]

= 2 Cpt) .

If B were a genial plane, An B would indeed

be 2 pts .

no am
: ④¥÷¥÷E

Chart T = I

kcx.y.tw] : Ip = (x. y) n te, w)
= (Xz, xw, yo , yw)

'

IB = ( x- z
, y
- w ) -

kcx.yio.it
Fis ; ,

: bars ix. s .

w = length =3 .

I



[A] . CB) = 2 Cpt] .

④
( AnB) s 3 (pH .

→ Turns out this
is because A isn't

Cohen - Macaulay '

Cohen - Macaulay

( Thurifer : If A
,
B are smooth ,

and the dimension of AnB is correct
,

then CA) -CB] = [AnB) . )
④
How did the geometry work ?

A : Itai's::ia⇒.
infinitesimal view space .

B : LF ÷¥¥T MANB -

- ptt 2b
tangent space -

⇒ length 3 .



Day 3
. Rational functions a Rational equivalence
- -

- -

Divisors of rational functions
-

X s variety , dim n.

Zn
. .
( X) is called the group

of Wilding .

f E K(K)
*
rational function .

fi . X - -→ IP
'

The divisoroff , diff) e Zn. , (
X) is given

by : div (f ) = Lord ,Cf) CDT .

Dex

÷:: if
us div (f ) = Goers) - (poles] ,

order of vanishing .

>o @ zeros of f

( If f :X -1 IP
'

,
same as co @ poles of

f

(f -Yo)) - (f- ' lol)
. ) ( = o for all but finitely

many D )



0¥) : look in the local ring Up,×
-

1-dint ring
→ we can write f ' Ts with a,b GOD

,
× .

OrdDlf) = flab,Kay) - I ( Ob ,x/Cb) ) '

- -

Ord Dla) ordpglb)

( doesn't depend on the choices
.)

If X is royal , Op ,× is a DVR -

=) Principal maximal ideal ( t ) ,

a = fka . u

b = f
Kb

. u
, } f -- t " un

,
- i

Hence " divisor"
.

D e t .



Eg : C = N (Y'Z - X' ) s p
'

cusp idol cubic -

f = Yg E K ( c)* .

• Pz

Y so → (o '

- o : I] P
,

.
. .

xso Econ :D R

\
op

. ,c/y=k¥e=3 .

chest Eli ) f ' ¥ up
. ,y× = KYI i.2Up

, ,C
" (Ky)

ordp
,

(f) =3 -2=1 .

( Conyers : Not possible
to write f s of I %}

or else Op
. ,c

would be a DVR! )

↳ Ysl : check ordp
,
(f) = - 1 .

in, dir ( fl
= ( P , ] - (Pz] .



Obj : Total degree of diff )
so .

Thu ( Hartshorne I. 6. lo )(
In

any proper curve ,
diff ) hes total degree O . )

Rai¥abna
Zack) is analogous to the group

of topological cycles

in singular homology .

:÷÷÷÷:÷
GI

,
la] c- HINT)

In this example , (G) = (Cz) because we can deform

C
,
into Cz i

.

:÷i iii. a.
.



The algebraic analog
of homotopy ( homology equivalence

is called rational quince .

Two definitions .

rt more topological #
↳

more algebraic
X > scheme -

Def l i let V s Xx IP
'

be a subvariety ,

not contained
-

in a fiber Xx ft) .

( ④ implies : Ty : V
-' IP

'
is flat .)

'
"
x:*.

(empty) "

Say -T
"

\

f59 KUYT k¥7
T" -

F,
E t xy

1- P '

,
# KAT

•

⇐ I to
(fundamental cycles ! )

→ We say (VOD and [Vbs)) (or XD ,

or any finer)



are rationally egf .

→ Mora generally we say
a
, f E Zk (x) are

rationally equivalent if there exist subvarieties

Vi
,
. .
.

, Ve s Xx IP ; of din Kal , such that

x-p = § Even] - [vital] .

ie .

the transitive closure
of the

" basic
"

equivalences ,

s

EE. In A
' (above) ,

I
'

i:c
."

(empty )

Degf : The ktt Cheongju of X is

Aida :
-
- ZkCH/± .



Diaz .
Rational equivalence (cont 'd)

.

X = scheme -

last class : defined rational equivalence on X via

families over IP
'

: V S Xxp !

Aldef :
(et V

' E X be a subvariety of dim kid .

(not Xxlp
' )

Leo f e k (v' )!

We then say div Cf) C- Zk(V
') s Zk (x)

is rationally equiv -
to Zero .

-
-

" iii.
" ""t

We'll use this as the definition today .

→ The Isth Chonggui off
is

Akcxl : = Zk /( divCfl : tf!Y war .

) .



ACH = ④ AKIN .

K

Remarks .

-

① If Y
is K is a closed embedding , we here

ALY) Atx) .

( A subvariety V
EY is also SX .)

As with ZLXI , we
have Allied) Atx) .

Soon we'll generalize this to any proper morphism
-

① X = variety down

An. , (x) =
Weil divi""/ principal divisors

div (fl '

. fok (x)

s Cl (x) . Divisor chaos group -

③ There's a natural forgetful map

(Ne) . Akey → HITE (x) by
"

forgetting the
algebra

"
.

pryer
In general this is neither injectme

nor surjective .



Examples .

- ( integral)

① c s proper curve .

A , co = I . Ic] .

Aold = Utc) -

NOI : Since C is proper , every
divlf ) on C

hes botel degree
O '

So there's a well
- defined surjective homomorphism

deg : Add → 2 .

① IP
'

: Arup) = I . [BY .

A
,
CIPY = CLUE) I 2

' [line) ( Hartshorne
I -

6.4) .

Ao ( H2) = 2 . Cpt ] .

[
any two pts

are connected

by a straight line
I IP !

So Aol P2) is guested by the

class of a point .

Since degrees of pts
on curves are

well - defined
,

no multiple of Cpt) is =
.
o -



③ An : An Lan) s 74 . GAY .

Ak ( 4th)
" O for Ken '

Proof '. Enough to show [If so for Z s (Hh) ironed

dimension K ch .

o

'By translating , assume O d Z .

Scaly Z by tek .

( field)

In th limit
, fine. ( t -Z) = empty .

-1 Check details ( Problem Session) . ⑨

Functoriatity '

-

The Chow gaps are
Ewwctorial twvways

!

for proper morphisms
:

① They are Yount -
How p

: XY proper
m' p*

: ACN -' ACH -

(K singular homology) .

② They are contravariant Ger flag morphisms .

-

(after f : Xx Y flat us f * : ALY) → AH) .

( = singular cohomology) -



① Push forward .

-

Soy p
: XY proper morphism

-

④

proffer :
i

x

start win:
i

get limit .

t !
Y :I
#

Glandes : o Any morphism XtY ,
if X itself is proper .

° Any projection Xx F → X
where the fiber F is c. proper

-variety .

" Closed embeddings Xcx Y .

' e

:
e¥ ruled surface :

X S fibers are P
' 's

.

j t

# C smooth curve



' Compositions & kiangs of the above -

proper ly
v - XXIP

'

x' → X

¥, t proper protest a ly
,

proper
-

X Y '
→

(compositions) . any
map -

base change :
Xxp

'

→ Ip
'

properly O f proper
.

x → g.I



Days : Proper push forward
-

let p :X
→Y be proper

.

let V s X be a subvariety , dim K.

Proper maps are cloyed ⇒ pass Y
closed subvariety .

dim Ek .

. If dimply = k
,
KW) is a finite degree field extension of KLPLV)) .

Def : The pwshforw.gl p$ : Zk (X) → ZKLY) is

p , guy
. { deg ( View ) )

- ( pm] if
dim pal

-
- k .

O if din pluck -

Eg.
X s PL x IP't

Cz
Fraction field :

"

¥÷÷÷÷÷:÷÷::
"

I field
IP't left) -

' klt)



→ p* (c.7 : 2 Choi. ] .

→ p.ca : o host Cto) ! ) .

⑨ properness
will ensure that p,

descends to a map

Ak CX)
-' Akhil .

Foreshadowing , It's
often useful to look at the genic

-

fiber of our map
X-' Y , ie . base change

(localize) to the faction field
of Y.

In charts : our etenple becomes K (t) Cx) tr, deg -

2 .

tr dy . } . { f
KH) tr . degt .

This becomes a variety over klt) .

④ In fact a cage over
klt) .

just p
'
over klt) in this example .

⇐¥, G disappears ( equation t.to is a unit in KHL .

)

⇒ C
, stays a becomes a

"

fuzzy point
" ( degree 2 field

( x'- t) extension) .



Similar to IRC'The ,
*

still true that p* (G)
= 2 ( spec KGB .

Theorem . If a G Zk (N is wt't eg . to zero ,

-

then so is per
C- Zk (Y) -

Thus p* descend, to Ak (N -' ANY) .

Proof : . By deb
,
L = E div(fi) for some subvarieties Vi s t

dim Kd
,

fi Ek (Vi )!

'

Enough to consider L = dir (f ) on one subvariety VEX
dim Kal -

V→ X

p t tp
p Wl
→ Y

Enough to show p*a rattly y .

to 0 in Zk ( pm)
rather than ZKLY) -

we Reduce to Vs X , put " Y - * both X
,
Y are varieties ,

diwlxl = ktl
,
dimY E Kil .



p surjective .

L = diff) for f Ek (XY .

Thracians depending on dint) -

① If d. in LY) t k- l ( din x
- 2) .

Then Ak (Y ) = Zk (Y) = O so p, a
= O -

✓

② If din (Y) = kit = dim X .

So k (x) is a finite field exit're of KLY
) -

ft

Recall norms : N : K → KLA

Ncf ) = det ( KLM KLM )
map
of KCY)

vector spaces .

• = divlf ) .

Fast (Fulton A -3
) p,

diff) = divqncf) ) ,
/

properties
of local

so p*d so in fkcyy ,

rings a
determinants !



③ If din LY) s din (X) - I

s k .

AKCYI = ZKLY) = 2 . [Y] .

direct ) = E ni [Di) on k y dropping a> Di

that didn't

{* div LH s En .
. dy (Di : Y ) [ Y]

contribute

#
(didnt dominate Y) .

= m . Cy] .

I need this to be 0 !

④ This is a local calculation (multi (orders / degrees )

over k LY) .

So
, bandage to k (Y)

: X
,

c- X
'
: ' X g Spee KH) -

a t
I
I ← Spec NY)

Since din LH was Kal
,
and din Y ' k

,

so X'
is a curse over KLY) -

Actually a proper curve since properness
is preserved

by base Cheney .

So f is now a rt'd function on the PEEVE X' tidy,



④ The total degree of divlf ) on any propylene
is O !

.

S. m so . ⑧

Exes , check functor.
-ah-tg : X-P, Y IZ

paper proper
'
(gop )

' f* op,

on Cho- groups.

Consequence :

If X is a proper
scheme , the structure map X Speck

is proper . This gives the defy my

deg : Aoki → Ao (Speck) -- E .

⇐*7

point count weighted by multiplicity & field
ext '

n

degree -

(same as length it K - E . )

Spee Q t Spee IR

a*
(El = 2 ( IRT .



Day 6 .

Excision and flatness .

-
-

The simplest example of
a flat morphism is an

open.eu#dding N Is X
,

where U is an open

subscheme .

We can
- t push forward , but we can restrict

to U:

j* : Zk ( X) → Z Klm

[z] it (Z nu]
if nonempty{ o otherwise

This respects rational equivalence :
if V E X is a subvariety ,

j
* dir (f)cfekas.gs/

° it Vnu empty

dirt ftp.u) if Vnu ¥0 .

~
Say local calculations , just discard any terms

Di

disjoint from U .

Soon we'll generalize to all flat morphisms .



But first :

Theorem ( Excision) :
-

X s scheme, U X ZE' X Z - XM closed .

Open

There is a right -exact sequence i ④ Generalizes

Hartshorne II. G -

5

ACH ¥ A (X) Alu) → o .

only for divisors
o- varieties .

Proof : jxswjecbie : given V s n subvariety
,
let D= glogau

in X '

w then Tnn =V
.

j*0 i true on cycles .

Key j$* : let L E 7,1N such that g-*a =O in Alda)

i.e -

j
*
a = E divlfi ) for some

subvarieties Vi SU ,

rat 'd fns fi Ek (Vi) -

( in 7kcal .)

m Take closures of each Vi us Vi sX .



us Think of each fi on Vi as fi on Vi .

ie . same element f ; c-Ktvi)* a fi Ek(Vi) .

i. terms from But
,
divlfi) may have extra terms (D) where

the extra

local rings
"

.

D s Xin = z .

So
, jt (x - E dir ( fi ) ) = O in 2kcal

as a cycle onU .

x - E divlfi ) = is p for some cycle

Descend from Zuk) to fkfx) :
B t 7k (Z) -

x
- O = ix. p .

in AKLXI . Be

Cooter, ( Chow groups of Ph)
-

(Hu) A ( tph) = ¥ I ' ( din - d plane] -

↳ Based on decomposition IP
"

= A
"
w p
"

open
closed

i



Flat families -

-

A morphism f '- X→Y is fled if all the map
of local rings

Ux
,
X ← Oy , Y are flat .

(ye. 643) Ou
,

UX

Equity : in any open affine
chert

,
R→ S is flat -

Flat morphisms are algebraic
" continuous families

"

.

Fiber dimension: Gir
- XEX

, ysflx) EY ,
-

dim Q
,
f-' ly) : dim Ox

,
x
- din Oy, Y

- -
fiber dimension ambient dimensions .

We always assume a flat morphism has a constant relate
dimension r 30 - This means :

-
-

(*)
whenever V s Y is a subvariety of din k ,

then f- ' (V) is pug
of dimension Ker -

in> [f- 'WIT E ZK.ir ( Y) -

(fundamental cycle)



degrees. If f is pzpr and flat
of rel dimension §

,

then f is fine and the fiber degrees is constant .

( ( finale = iii. + proper)

( over : lyyth of the fiber is constant
. )

Example '
.
④Exit] 1×4 :

. if t hair in Q1
:

←

f fiber is two pts .

- if t so : fiber is double pt .
④Ct]

. if t # square , fiber is Spec QLrt) .

length ! but degree E
-

length (Qlrtl) =L( dglatr.IQ/=lengtlQlQlrtD=2)
Coretemphsi
① Open embeddings N

Is X .

① Projections Xxf → X ( F pug of dimension r)
.

③ Flatness is local on the base , so anything locally like②
:

vector bundles C- → X (locally Anxxxx)

projective bundles ME)
-' X ( locally Ph"xX→X) .

Prof
and flat .

fiber bundles .



to be continued .

-

( Bayt : Flatness cont 'd)

④ Flatness (Sm curve -

f : X-it
,

Y Sm curve
-

Then f is flat ⇐ every irate
. andf.embedded

Component of X dowie
Y .

Is ¢#mnEi
""

x y*ia÷i: -1
/ proper)

f f l
f

i t
Y I -

. X is not flat OWY '

f is
,

flat .

. but
,
X red is flat .

Very easy to achieve
flatness if it's not already present .

Also NU s X is flat .

Open
(delete the bad fibers)



⑤ universal families -

e y ,ypn
,

i.e . families of
for projector morphisms ¥ project.ve varieties .

Y redyed .

f is flat if the Hilbert polynomial is the same
for all

- fibers .

↳ Z s f
- 'ly) fiber .

Hilbz (d) = din Ho (Oz (H)
( for d>so .)

eg .
Conics in PI if] y2 YZ ZZ
↳ specified by G coefficients : Xy xz

WI IPS = space
of conics .

X
"

very simple example of a moduli space-
.

(f) c. Ip ' ⇐ conic in KP?

"

Universal family
"

: P IP's ⇐ {Gp) : Flp) = o } .
Is

1ps p2

Fibers of Tn : Felps .

-

g-
'(F) = IF] x { p : Ffl so }
-
actual conic in H2 !



This family is flat b/c
IPS is reduced and the Hilbert

polynomial is alway Hilb (d) = 2daL .

( o -1 Opd-2) → Opa -I do -10 .)

it's flat event some fibers are X or En

2.lines double
line.

⑥ Compositions a base changes of flat morphisms
are flat .

e÷g . if X is flat , the restriction of f to any
E t subscheme Z E Y is flat .

Y

X ← f-
'

Cz)

f t o f } also flat .

Y c- 2-
i

what's most flat?
I

① If X has a component that doesn't dominate a component of Y.

⇒ X-it is most flat .

(algebraically : flat modules are torsion free) .



② Blogs . Blp LR) /
x t got

LP
' ( E = projection

f tangent space
+ is nod flat b/c the fiber

at
p

.

dimension isn't constant
.

Blowups are never
flat #

except in trivial
cases .

③ Normalization .

- §
-

C
. \

a t
c &•

⇒ IT isn't flat because the fiber dyce
isn't constant .

This is alto merry flat unless the base
was

already normal
.



Flat pullback .

-

If f :X→ Y flat
of rel din r 30 , we

define the

pullback on oysters '
.

f* : ZKCY) → Zk, (N
ft

[Ed us [ f- ' ( Z ) )
2- SY ( fundamental cycle ) -

subvariety

Theorem
-

① If Z EY is ayy subscheme ,
f-
* (E) = ( f-YZ)) .

In pwtrculr f
*
(Y] = ( X] .

② ( compatibility) Given a fiber square
f' (flat)

X
'
t X then f*p* =p

'

* f
' *

(proper) p
' te Q f p proper
Y ' - Y

on cycles .
f
flat

③ f* descends to rat't eg .

classes : f 'd : AKCY) -' A# (H -



DAI ' flowerings !

X s smooth variety .

dim s n -

write Ac(X) : = An
. .
CX) .

Fundamental Theorem of Intersection :

--

① The Chow groups
have a graded riytwe

A ' (x) x Adlx) → sad (x) .

called the intersection predict , satisfying

[A] . CB) s [AnB)
[Subvwieties

( (fundamental cycle)
with multiplicity!

is . A ,
B are Cohen - Macaulay leg. smooth)

at the generic pts of AnB , and
• codin (AnB) s codin (A) + cod . 'm (B) .



② The pullback f*
: ATY) → A'(X) exists for a!

( fi X→Y )

morphism of smooth varieties an'd is a signup and

satisfies : f* (Z) s ( f- ' (Z)) if Z is Cohen - Macaulay
E T and codim ( f- 'f) =
subvariety ( fundamental
of Y cycle! ) codicil

.

This makes Al- ) a contravariant functor :

smooth
varieties

→ graded
rings .

③ (Projection formula)
IE f :X-it is proper,

d TACH
,
then

a p B EALY)

↳ (ftp. a) s p . f*(a) .

This says : f* is a map
of A LY) -modules .

=

( ALA is already an ACM module

via f* ) .



Fits :

① Very unclear what [a] - (B)
,
Z) are

in the non - cm / non- transverse cases .

② Being empty counts as transverse .

-

Eas .
Ipn . Alum) = §

.

I - (v) Pin - c liner
space -

→ Ky . he] . [E' e) .

4 So Alipur) = 21h)

q
s
h = cb.rs of a

Hyperplane .

in, Gives Bebout 's Theorem :

ACIPY ? I let
✓ ,

I
3

If A
,

B are curves
of degrees a, b

then (A) s. a Cline] ,

CBT = b (line] .

If ARB is finite then [AnB) : CA ) - [B]



÷÷÷÷:c:
"

1- more

(over G)
• since total is 3-2=1

.

2Gt

Et - P' up!
T ' Mgl .

a.

µ
! ! TtlIa . cps

ta.

s Cpl .

- hori
. fiber .

of

Excision us scrumpy . ⑤ 2. { {Y
""Ls

got]

Prides ; [HT Iv] = (ft) .

← mom one fiber

(HT ? [HT :(HI - CH ') ( Algo : is a

= O (empty) -

ring map

assailed
.
! ) .)



Similarly : (VI
'
= 0 .

So
,
AGP ' xp ' ) % 7¥47 ( basis 1

,
hiv

, hug!
Gives the

"

IP
'

xp
' Bison 's Theorem

"

,

"
y C

s IPL,my × It's : has type Laib) if it is

give- by a bihomogeneous ego of bi
- degree
,
!fb¥, .

ez.
in Michal

i:÷÷÷÷÷::c:: :
G
TI -Tx -125×-5=0

[c) = 247 x ( H]
{X'-TXY - 2 SXY - 542=0

bi degree (2, D
r Cp:S
x :Y



If C, has type ( a , ,b .)
C, he, type ( aa ,bz) ,

and Cincy is finite . . .

Canst :[c.I. Ecd :(a. GHB.CH/(adv7-ibzClB)=a.asCv/5x.
. . Cliff

= faint b.az) (HT .fr]
-

Cpt] .



DH : Some counting problems .

Qs : let 4 : IP 't IP ' is a map
of degree d-

Ult : s3 ) s ( Ek;D : GK, s)] .

How many
fixed pts does he have?

↳ look @ graph of 4
: Hel SI?! .

In A
' chart '
f diagonal

DGP ') s IP
'
HP

'

.

"

.

÷:c:i:::"

t

↳ Use the
" method of undetermined coefficients

"

i

We Kyw [aus)
s a CD " b (H] for some a.be I.

us figure out a
,
b by intersecting with V

,
H .

① Intersect with CVT :



Geometrically ,
CH) n V s I pet . ④ smooth

objects
(Coey) . (v) = I GD - intersecting .

Algebra.-ay : fruit - fi!
' bud ) 'M

y?o TEI. Cpd .

=
b Cpt) .

So .

② Internet urn (HT :

Geometrically (cues n a] s d CPD ( H preimages) .

Algebraically : (a M) .CH#aCptT .

So a - d .

So Caleb . DID + (H] .

Similarly (Dlp'D s (v) + (H) ( DLP ') = Vid) ) .

So Cau n Dur 'D : ( CH)) . ( sup's)
-

fundamental cycle .

s ( d G) + IH)) ( fixCHI )



= ( del) Cpt) .

-

# fixed pts
non- identity

est : d =L : (Mobius transformation)
2 fixed pts!
-

0¥ About conics in P{µy :3) -

④ a) Given four general quadratic polynomials
GG, H , J ,

S : span( f- G. Hs) . → SQ Elp
's

Hou may elk
of Sareq

(up to scaling -'lP④I "÷÷÷÷÷±÷÷:÷÷ :c:"
J

.

95 s space
of cozies .

? BCS) HP
's

,
PLT)I IP

'

.

U l

SG s { Squyres 43 .

R s { retail cones LII . SQ s R .



We want : Ca) # IPCDNSQ

(b) # PLAN R .

(E) ' Pfa :b : ay - space
of linen forms - aXxbYxcZ .

- O
.

( dual IPT

Ip
' -43 Ips (dual) Veronese embedding .

L ↳ E ⇐ Ca' : Zab :
- -- T c. 1ps ,

q
" """ fam, .gg?aix42abXY-iv--

Image EUR1 is SQ.

=

us so din(SQ ) : 2 ( codin 3 in IP
" ) -

And dim lpls) s 3 (cod .
-m2 in IPT) .

So ( Bls) n sa) .

- [ pls)) . (SQT If finite .

W

(both Smith = ↳ CPT .

Oh projection fonda to
"

pull
" back to the IP

?

CipcsDice.ap7sce.Ccexqpcsg.dp@eieKYIf.ca
kulak in?



= 4*(4*4963) )
Amounts to saying : calculate (y' ' ( pls) ) ) in BP?

(
Cin fact this is isomorphic

→ IPO is a cod.-n 2Liner space in 1ps .

to its image,
which is

(PG'd) : (HJ .

Hs hyperplane in IP ?
Pls) recipe) .)

so 4*(11%7) . 4*412 on IP?
S

H is easier to describe : H is given by an>linear

condition in the coefficients

of X ? XY, YY . - - .

↳ gives quadratic condition
on a :b :C ,

i.e . 6*47=2(live in lira:S. ) .

So 4
* (HT
'
± (2(lineM
= 4 Cpt] on IP

'

.

" 4*14CPD) s 4 Cpt] in the hrs .

= (PCs) n E (ith) ) = (PCs) n SQ] .



(b) Ips's space of convos
.

I PK) =p
'

.

U

R s reducible conies
it .

↳ There's a morphism Pkp
' I

, p
'

(L , it N LI .

NIT an embedding
-

- 2- to- l onto image !

So Y* (PHP
') = § (123 .

We are asking for (PK) n R) .
Use project.in formula to

relate this to IPL IP?

Y * (404PM ) .. Cipixlp' ) ) -1=4,#CBGB .

= (IPG)) o Y*Gp2,ypy
easier to

- Cirio . 2 Cry .

calculate
.

- Ipt) > IT
'

codin 4
,

in hot . ( IPE)) = (H] " .

What is # (H] in PHP
' ?



Take Hs { f : Fcp) so } (fix pehma.az ) -

Y
-

It ⇐ P'xp' :S ( L xp
'

u IP
'
x L ) .

type ( 1,1) on IP 'xlP?

Y
* CHI = ( H " ) + (Ho ') on Phx IP?

X
*

(H] " s ? Hoo
l l

Aap' xp
') . z .

""

j . or

I ' t '

*age . ?

" "÷ .

= ( Caio, .µoyy4
"

= AM .my#.-6CHlojfHoj+fo.y
.

Tt

Project .in formula said '

+ * (YACHT" . crapy) = CHI
"

- Y*(PHP
')

-
4. ( G Gt3 ) = ④EM - 2cm



G Cpt = 2 ( IPG) n RT .

( what we
wanted -

so CpG) n r] = 3 Cpt] .

Sg

SUMMARY of STEPS
-

① Describe at relevant objects , express the problem

as
" intersection of objects (of complementary

dimension ) "

.

② Express their classes in terms of more
familiar

classes leg . hyperplanes) . ( "graph
" problem)

QB :

Use projection formula to shift
the problem%

+. a discus space . Gq!!:c, the:L, .both(
Eethot, work on tooth problems ! )



③ (After converting to a problem involving familiar
classes on familiar spaces ) i

Multiply , using Throw ring structure
.

④ ( cleanup )

Verify overfunder counting (projection formula)

verify smoothness / transversal.-toy !multiplicity .



Dado : Mhow rings .

Def : Degree of a projective variety
:

-

if X Elp" subvariety din k ,

we know Cx) = d ( Lk)
-linear space

We define deg (x) : s d
.

of dim K
.

This is also the cardinality of the intersection

of X with a general cabinetry
linear space :

( xn Lk ) . Cx) . His .
- Kkk) - KY
-

J

geneal sodimension K
(pH -

liner spree ( Nogle : This proves d > O ' )

So last class with Ip
5

s conics in H2
UI

R s reducible conics
Ul

sQ s squares of linear forms .



We (equivalently) showed : degli) = (# Rn PG)) =3 .

deg (see) =/ # San Iplo) = 4
.

Pullbacks and Intersections
-

One thing we observed last class :

i : X→ Ipn

di - """
""

MH) . (i -
'CH) )

(odin is correct) . Eitan H) : Lila]
. (H]

c- folk) .

= i. CHIH]

(curvets Cl = Pick . different
!

= 2Gt] .

I E Ao ( pm) : I .

Projection formula : n' * i
* (H] = is CH] . (X])

± [ HT . n'* Cx)
= ( Hnilxl ] .



Also for iron -embeddings :

x

¥:÷÷*÷÷÷÷¥""" "
"

i- Ao -

↳ i
*GD : i

* ( i * CHI . (XT)
ti " ""

.

i. Gets
= [H] . n'*CH

= ( H] . 3 (D

- 3 ( HND ← (Hnl]
=

s 3 Cpt] . (Anita)

In this case the projection formula is necessary to

get the correct multiplicity , since
f isn't an

isomorphism-



④ we're still getting lucky to hem transverse intersections .

Ex : Blowup X s Btp IP
" Is IPZ blow down map .

i. i¥¥*⇒¥¥
HI : You showed : SCH = 2 . {¥4?qj line not through pGt3

o t
* Cp] 4 (Elp)) wrong codimension

!

But +* Cp] = a
* (q) for any other pt q ELP

'

= Gn"Lgd) = (q , as a point on X) .

. Also a-
* fl) = a-

* ( L') ,

L
'
= him through p -

s Cri'LL'D [ Is strict transform
.

= ( i v E) s (Ef CE)



*
s

:c::c:::
multi 1 ?

§ In a chart : X IP?
,

sis
-

g
#

q klx.y.ssginkfx.SI ← Klay]¥ "

if.÷i!"c.
"""⇒

""

i
.

l In (x.s) coordinates
:

" Il : :: :": x:÷÷÷ Sx§ pm, um, g. a,.by , ,,µy, . Cyt -

q#(axtby)=ax+bl¥)xt B

EEE i's:" :c:S
.

I
strict transform exceptional .

In



Products ' (if
'

s Cpt) ( x* (E) set on R)
[LI - CE) : o since LnE ri of .

[ET s ? Probyn: not cheer how to
"

more
" E

.

→ We know G) = [E) + CET . ( still)) .
mutt .

f
by CET .

(D . CE) s (E) fo) - Ccj
-

o
= I got] + Gye

- I Cpt] : Ef
'

3

④ This prongs that E is not rat't eguiv - to any

other egg.ec#gin cycle
. . since the- CET would be

30 .

multiplicity of intersection scheme ,(
ie - length of some module )

But , CE) = CLI - (e) .



Chow ring of
X :

(¥ Ahp '

xp
')

. )µme cbutiiiimorphi:a%9!,( e-e
, e
's -14

. ④④AH) b-④ 0

Historically , the construction of
the Chow ring

relied on the " moving lemma
"
.

Moving lemma ( Chow ,
Seven

,
others)

=

If 2, p c- 1. (x)
,

then there exist cycle representatives

as Eni (Ai)

p
' Em; (Bj]

Such that the cycles Ai , Bj
intersect pairwise

transversely . And
,
the class Enimj in Bj]

doesn't depend on the choice
of representatives .

⇒ Gives independent definition of intersection
products .



Probyn : ① very difficult
to prove .

② relies on the
" global

" geometry of X .

BI '. Useful in practice .

Next goal : go beyond surfa.gs :

{ lineside
' } s Grassmannian , 4GB -

↳ The geometry will be more rich .

Nuu phenomena will
occur that were invisible

until now .



Daryll ' Coordinates on Girl2,4) .

-

Linesinl
Affine a projective pictures :

¢4
2. din'd vector subspace S

E E"
.

÷
. ...

."

¥ #¥
How to describe S S G

" / ( c. IP' ?
f full

- rank
Gtr
G

s . Tian f : : : c. Matias Matura
open

[ not unique ,

choice of basis

Gr (2,4) : s Mathai/Gh ( row ops)
Grassmanhim
06 2B subgenus

of Gh



Choosing a representative for S K choosing homogeneous
coordinates for p c- tph.

[a :b] - Cha : Ib)
.

Plucker embedding :

-

Goren S s C: : : %)
,

list all 2×2 minors of the
E -

go Gh matrix:

( deth doting det
m ditz, dela tem ] EPS.

←

((Elsa . )

( Multiplying the matrix by GEGh
rescales all 6

minors by detlg) , so we get the same point of IP ? )

call this map p
: Gr (2.u) → IPs .

St pCsl
= ( Ce dats ] .

This is called the Rliicker embedding .

-

It is a closed embedding ,

the image is a closed

subvariety of Pt .

⇒ Gives one way to define Gr (2,41
as a variety .

( shows : firkin is pnjecbni ! )



Two (better) coordinate systems on Grail)
-

- -

① Stiefel coordinates ⇒ homogeneous words on IP?
(matrix coordinates)

② Affine charts # affine charts on IT?

-

① R s ①(
Sh Sir Sis Siu,

C
Su Sau Su Sau) . ( spec R : Matza) .

Glu

by row ops : g
- sij = (g -

ij entry .

= ( new ij entry of g
- C : : : :] ) .

Any Gtr - invariant ideal gives
a closed sub scheme

-
--

of Grm -

↳ ⇐ grazed ideal
for IP

" )
Thor's a functor

c . rk-i.la:4#c::heYl .
=



Ex Li p
s (2: l : y :3] c. IP?

-

Z ' { lines containing p } s Gr(2,4 ) .

s { f containing (z in3) }

Ideal for Z '
.

si; ¥,
÷ )

we un rank ezf.at
,

is . S ? (21433 .

↳ I s ( all the 3×3 minors of this matrix ) .

This ideal is Gh invariant .

Ex2 : 7 = { lines contained in the plane X - 2. = Of
- -

( (x : Y : z :W) in P
' )

X Z

au etc:: : . %,
Sh - S,z

s O

Su - 52g s OHea
two equation give a Gila!variant



Ex 3 : Any 2×2 minor of [IS =] generated (on its own)
←

a Gh - invariant idled
'

def ,z = dit (cols n) so

I = ( des re) is GL,
- invariant .

Nde: We can think of this as coming
from

dat so f. delay .

which says S intersects I. span ( {9%9} ' ) .

( dim ( St T) E3) -

that is . Pls) intersects the line PLT) -

So I = (def iz) gives
the locus :

Z s { S '
. PLS) intersects ( o '

- o :*
:*] ) .

"lines intersecting a given
line

"

.



② A66in charts

s - fi: : :L: : )
Y : : : :3 .

Since S has full rank
,
at least one 2×2 minor must

be nonzero .

↳ del ,z ¥0 for this S
.

( Along with sea.gr?fgfgY.ea)

let Un = { S .
. det

m
¥0 } s Gr (2,4) '

Obµ ,

" = ( S " Pls) is disjoint from fo : o :* :*] .} .

Any S c-Utz has a unique representative by a mate

with an identity submatrix in cols 1,2 .

is . S = [ A l B ] - A" - ( A l B)
-

della) -40 = [ A - 'A I A-
' B)



=L : : I IT .

in

This identification makes U iz is A
"
÷ (①2×2) .

S t X.ya, W-

w Similarly , we define Nij for Iki cj f 4 .

Each chart is A" .
( 6 choices)

4 These give the standard affair opinover of Grthh)
.

④ c- Each Uij is

{ lines disjoins from
note '

④ xmc.gg?mfi!l .
( 6 coordinate lines ⇐ G charts ) .

Eg: Descend the ideal

Is ( s. . - 5,3 , Sz, -523 ) to Grb , 4) .

Lines contained in the plane { X -7. so } .



in chart Un : (: °, I I ] .

(plug in for Sig -

G - Sig Sz, -523

→ I = ( I - a , o - c) - ( I - a, - c) -

solutions are : (y 0

, to b

, ) : row spur

Sfx-f. of .



Precise bijection between GLI invariant
ideals of R

-
-

-

and subschemes of Gr (2,4)
:

-
-

let Pz = ideal of all 6 2×2 minors .

( locus of rink . deficient matrices
5 Matz,y .

)
"

Irrelevant ideal
"

for this setting.

Pgp .

Let I
,
J SR be Ghi invariant

ideals .

TFA f !

① I,J give the same sub scheme of Gr(2,41 -

② for all 6 charts Nij , I lug.

= JI
Nij .It. i::÷÷÷÷:÷÷÷÷÷÷÷÷÷:" .

Equivalently , I n Rr = J n pi for NO .



Day 12 : Gr (2,4) cont 'd .

-

Toddy : ① A neat computation (w/ charts)

② Chow groups
! A(Grt,41) .

( ③ end of class : revisit the GITI
Stiefel words

stuff ) -

EI : IP
'

xp
' Ips as a quadric surface Q

doubt- ruled surface ,

C two classes of lines on Q .

XX Grhim

we're going to calculate

Grail ? Lf I lines l,
.

LQ



Whoa we can take Q s { XY .

- ZW )
.

-

Stiefel coords :
X Y Z W

s .. I Yu 's:3. crown

④ We want XY - ZW so for egg
vector in S .

x J = a ( row I ) t b ( row 2)

If wet plug this oiinto
"

XY - Z W .

- o
"

we 'll get something quadratic
!

④ a
' fi x ab fig

x b' fyzz = 0

fu = Si, Sir
- 5,3 Siu ( Corresp. to

be 0
,
as I )

!!
" { firs Sz, 522

- 523524

fu =

"

permanents
"

= ( si,Sui Susu) - (s,zszy 't Suss)
LQ

.

For the expression ④ to vanish for ad a, b ,

⇐ fu
,
fire

,
fu must be 0 .

I = ( fu ,
fir

,
fu) is the ideal of La .



⇒ chart Un : ( to 99 I ]
f : O = a . b
"

f : o s c d
22

fire i 1 = a d + bc

Two components :

a
: g : :c " C : : it ily dis

b " !
ad
in, [go, os % ]

components !

Cheek: they are disjoint in
all 6 charts .

(also smooth!)



Dej '. A stratiform of a variety X is a decomposition

X = U X! into pair
it

,

toxoid subvarieties

( open subset
of closed subset)

The X! are called openstnta or cells
.

The closures Xi :-. XI are called closed strata .

Such that Hi , the closure XI is a of Xj 's .

Equivalently : If XT inHg Xjo , then it contains Xj .

~.

hxki of
Xjo

Ok
✓

. Not ok .

affine space ?

④
We say the stratification

is affine if each Xi = ④
hi

quasi
-affine if each Xi ? Uospallt

"
.

-

( e.g .
Xin Cajina: )



Eg : p
'

= 1A
'
w AZ w 1A

'

w A's pt
EXTENT f f f f
[x : y :3

: l) ( xiy : I :O) (x : I :O :o) [ voto :o) .

l
.

.

If xlps : W ( cells of Pr) x ( cello of IPs) .

Blplp
'

!

neem '

O

(⑧ Affine stratification ↳ CW -complex ! )



Theorem (Totaro 2014) .

←

If X has a- affine stratification

with open strata Xio ,
closed strata Xi

then A (X) = 2.(Xi) .

( Chow groups
but doesn't say how

the ring structure
works )

Proyofsketoh :

① Atx) is generated by the classes (Xi) .

"

easy
"

i Use excision ,
induct on # of cells .

- -

Xi ' cell of max dimension . opens
-

open
closed

Al Xi Xi) → ACN →A ( Xi) -so
= A (Ani) = 7L . [Ahi] .

affine Space
'



② Ally is fry on the classes (Xi) .

( no relations .) hast -

"

higher Chow groups ".

Rehabmis in Ai (x) come from Aix, (X) -

but are 0 if all cells are Ak's . ⑨

⇒ We will never need ② .

We will always see it by other means

( using intersection pairings .)

⇒ But it's useful
to have in mind .



Bayly : Chow ring of Gray
.

We'll build an affine stratification
of Gr(2,4) .

We have seen that there are open charts

Uh = { lines disjoint from (o
: o :* :*) } .

= { C :O, # ¥33 . Ah
.

To describe the other strata , we introduce a complete

flag in a
"
:

f
PCT) : xx LEP .

pm :

×;D
We're going to stratify G- thy according to how
s s ich" interacts 7- .

( IPC SIP
'

- . HLF) )
.



Open strata : Schutt cells

④ Closed state " Schubert cyIes/varieties
classes in

A(Gray)) : Schubert classes .

cn"' fxocg.eu)
s

XO = Grain . I

si¥w. X
"

= ( s : PCs) intersects L} . I
3-dim'd .

=p
' X

①
= { St IPLO contains x } .

=p xD . { s : pls) s p } .

ZIP
' XF s { S : xe PLS) s p } .

pt . X ' IL) = { s :

"

xelpcsssl
" } .



Fado : we have containments : ( Gr ( kin) : IIj ) .

①

→
X o

yet z Xo
-

×
ET

s X

→

×
a s

, 2×0:X on XO
codin 3 iodine

.

but this is not transverse.

To get the open strata
. X ! = Xi l Xj's 9ft ied

.

Fast : The open Streda are all affine spaces .

Proof : Most of the Stata
are easy to check .

Also (Xd)
'

= U open chat ÷ $4 .

let 's show X
"
' ( Xo u x ft ) 3%3 .

Hoyos

(X
") ° = { s , PCs) intersects l but doesn't contain x

and isn't contained in P

"} .



$2 of
choices .

P
'
:

PCI) .

- CH' 'm? i pls)

÷÷÷: i s,

Contai Q#

L pts ,
Eh

,↳plow'
"

not × .

IA
'

of choices . -

i

pls) interacts H and isnt

contained in it (since s, ¢ H) or in P

→ gives szEH ,
kelp .

(by hypothesis)

so
,
H'T I

'

xD' :$?

There's also an important algebraic description of the

open cells :

let F s (ey) c. Sq , en) c. (eyes , en)
E E
"

.

"backwards flag
"

.



So (Xd)
°
s open chert

= { s i pls) disjoin from likes , ey)) )
( o :O : * :*]

s Ic : : : :D -Ah
.

The smaller cells are:

His Ic I
④ All the

(x Y s f f I RREF 's
of
matrices !

#Y " { B④xH
in.±. . * omit .

-

on

shape appears in the

( X
°
s f (gj highlighted boxes o o ) .

x . { [894%0] } - le, .eu?



Ex : for (X'T : S intersects (eyed -1 Coto ! ?
but Salley) so CIO .

so (O ! O : l : d) c- S . (2nd row of
matrix ! )

continue in this way .

( XO)Coty : A ( Gresh)) -
- ④ 2. ( (I

' ) codim

l l

F.Gm !

n
." CM (x'92×7: I = c.xD y

'

z

nd s codim X
"

. [ x④] pt . 4
.

All possible ways s car
intersect

(
s

a complete flag
.)



SYasyinbecbjprdutticxl.cxolso.iq?ac:jg.i
.

{ lines containing x)
"

n f lines contained in P
'

} .

"

digoin if x El P !

( x⑤ J
'

± I Cpt .

"
o

{ lines containing x } n { line containing x
' } ¥5

p
'

[ x 32=1 Cpt] .

{linsess P } n f line' E P
' }

y choice
for PLS) .

( x ) . ( x
's ] . I felt .

{ x e 1PM EP ) n f line intersecting L
' )

×

!



( Dagny : A Carthy) cont 'd . )

so far we've calculated :

codim 2 - codin 2

codin 3 . coding } Complementarydimension .

Corddry 's The Schubert classes are non- torsion

in A (Gr (2,41) -

E : ex : (x J . ( x
" ] =3 Cpt]

be 'know Cpt] is not torsion
(since Gr (2,4) is proper )

⇒ (X )
, ( XO) also not torsion .



me

÷
.

Cx . ] . ( xo)

(s : Rsl intersects 4 n f six E PCs)

= {S : x c. Pla s spank ,47 .

' (X ) for this new flag .

-

until Is " interacts
L ④ P

point L
n p .

= { s ! (Lnp) c- pls) s Pf .



L
codin l - codin l L,

-

:

#cm's Ex's -
lines IPO intersecting 4L

'

.

⇒ doesnt give a
smaller Schubert variety .

⇒ Also not a union
of Schubert varieties .

In fact it's irreducible for general

L
,
L' ( called Richardson variety)

'

II : ( s (o to :* :*) L's (* :* :O :o)

4%1=1 detnsol X
"
' {detail .

Check in each chart thet thia is road
.

In the chat Wiz !

[ 'o ! 9 ! ) dear = c - o

ditzy = -b
so .

w



We'll calculate (XYZ using the

method of undetermined coefficients
:

- -

we know [xp)? a ( Xo) .- b ( x
't) .

→ We'll multiply by each coming
days to pick out each coefficient .

(we can do this because our generators

are setlodual : for each generator
x EAKLGRI , 7 ! p

c-An, (Gr)

such that

x. B -
- I Cpt] ,

and d ' . B = 0 for all other
-

"

generators NeddGr) )



① Multiply by (XO
" ) :

(x'5. (xo) = a . fxay
'

- i.fm
'

triple intersection :

""" "÷:c:c:' "

X
a spark'M⇒ I got] .

I choice

⇒ a .- I .
of § .

② Cx'T . Exe ) :

Ein? I?
'



wi so as bsl ,

[x.5 . Exo) + (xD ] .

Completes Alert,u)) !
←

① Question from day 1 of class :

How many
lines intersect 4 given

lines in 1103 ? ( general)

↳ L
.

.
Ln

,
he

,
he

→ Zs X
"(4) n x%dnX4↳7nX%u) .

Assuming traversalily ,

CZ) s ( X '] " .



← ( Xo . XO ) ( Xo . XO )
--

s 2 Cpt) e Akram .

1¥ : z !

① C SIP
'

smooth curve of deg d .

a) Whet is the class of

Z s f lines intersecting Cl ?

b) How many
lines intersect 4 general

curves of degrees d.
,
u
; dy ?

a) dimLZ) =3 :
. I dim of choice

of XEC

° 2 dim's of directions
of lines through X '



T. make the dimenswi count precise,

we use an incidence corpora
:

Glau) x C 3 §
= flips), x) : #IIIs f

Ts / ) (surjective) -

① Z C din t -

fiber of *i. E
'

(x) s { lines through if
④ 2 din'd . = X

④

( x) .

⇒ din § .

( ⇒ Also § is irreducible !

Thy : If f :X→Y prefer, surjective map
of

schemes, Y irreducible ,

all fibers f-
'ly) also

irreducible & all the same dimension . )Then X is irreducible !



Fiber of Ty : L line E Z ,

it
,

" ( L ) = Ln C
un

⇒ fine (generally Ipt
) -

⇒ din § : dim Z .

⇒ dim Z =3 .

S

so : Cz) = a ( x " ] .

@

To find a
o
. CZ) . (X I = a Cpt] .

- s,

lines 11181 : Bly intersects § ,

X E IRS) s E
S

⇐ma ,
d choices of IRS) . C n P s d points -



So GI s d (x " ) .

(b) Given 4 general curves Ci Elp 's

deg(Ci) - di ,
how many lines intersect all 4 ?

→(Zg n Zz n 33 n Zu )

s ( d. Cx") ) . - -
- ( du (x" ))

s fl di - (X')
"

s 2 Ti di Cpt ] .

-



DAHS : Various enumerative problems .

Det' . A homogeneous space is a variety
X with a transitive

-

action by a group variety
G '

eg : IP
"
9 Glue - Pr xp' 9 GL ra, XGLst .

Gr Lk , EH 0 Gln

E elliptic curve G itself .

Lemma lobs : If G s. Glen
o- product of Glen's and

-

Z s X subvariety , then (GZ] .

- (7) .

Sketchy, Gln is rational .

M w

so we can explicitly give the rational equivalence . 80

Kleiman's Theorem . Let X be a homogeneous space w/grey
-

variety G .

Let Y
,
Z E X be subvarieties of cod

-

m C, d .

Then there's an open
subset U E G sit . for all g EU ,

Y n g
-2 has codimension Ctd (empty if Ced LO)

and is generically reduced ( in particular , Y and GZ are



generically swoon along Y n GZ ) .

Therefore [y ng 't]
= (Y) . (gb) -

4=03 it

( If Y , 7 are smooth, Yngz. can
G ' Glenn ,

etc)
also be taken to be smooth . )

"

Moving lemma for homogeneous spaces
"

.

Egg . If I = complete flag ,
( in IPT

X (F) = { Linus PCs) '
- Xc. Pls) SPI . S Gr (2,41 -

Forge Glu . g. X (F)
= X ( g-it. ) .

④ Just a
different
choice of

The, if Y s GrGirl is any subvariety ,

flag !
Z s

. X (T) , then by Kleiman's Thu ,

Y n gt H = Yn Z
'

, general choice of F.)
is guaranteeI to be generates reduced & to

represent the class fi) - [ X ) .

⇒ Justifies our calculator of A ( Gr (2,411 !



Ex : Q : quadric { XY
- ZW so } c. 1ps .

Z s f line in Q ) s Gr (2.4) -

Wu calculated Z and found dim 7 = 1
.

So [Ef s k . ( X I .

To find K : ft) . ( x" ) s k Cpt) .

= (Z n X"(4)) for general choice of F .
(Kleiman's T L (general choiceThu) pls) intersecting of L) .

"
i:*:

C
-

-

⇒ So
,
k s 4 - ( In fact each "

ruling
"

so (7) = 4 (X ) . of Q gave a component
of Z of class 2 ( X f . )



Next examples :

Two relevant facts about curves :

f
① A smooth cure i- P2 of deg d hee

(Adjunction Jews g s (d ) .

Formia) More generally a singular curve has
"arithmetic genus

"

( dfl

( d ) s true genus t
# singularities .

(g(E) normalization) (counted wlmult )

11 " &nodal cubic
, deg 3 . CI ) = true gene t b

o : true gem .

* ② (Riemann -Hurwitz formula)

Chul - If f : C-s C '
is a map

of proper smooth curves ,

s

Hartshorne
-

deg(f) =D , then the
# of ramif . pts is

2gal -2 - d (2g(c
' ) - 2) .

EE. S s 1103 smooth surface of degd ,

not containing any lines (so
d >2) .



Tls) s { tangent lines to Sf s Gr G. 4) .

What's the clues of Tls) ?

① Dim count :

Grain x IP
' ? Ill , x ) : l tangent to S } = OI

at x c. S

A / IF
Tls) s

① fiber of Az : = Ip
'

,

s

m.mn.
⇒ IP ' of tangent lines .

⇒ so dim $ = dim Lst t 1 : 3
.



o Ti
,
is finite since each l can

only touch S @ finitely - many points .

⇒ dints) = dim § =3 .

① So (Tls)) s k (X 'T .

⇒ Interact with X ( F) ,
for general 7- , to find K .

D

' :÷÷÷÷:
deg d .

Y CFdgCss)
How many lines through x are tangent



to C -
- Pns ?

Picture in IT is :

xf¥;¥m÷÷i¥:i:÷ .

⇒ Tix : C → IP !

'A line I through x is tangent to C
⇐ In C is a ramification point .

-1 we know glo = ( d ) ( formula ①
above )

4 By Riemann- Hurwitz
,

the # of ramil , pts :

2 ( d ) - 2 - d ( o - 27

= . - -

= d (d - l ) .

-

→ So (Tls)) = d Ld- l) (x ") . ¢



§ : How many
lines are simultaneously tangent

to 9 general quintic surfaces ?

1ns : (By Kleiman 's Thin)

[Thin - nasu)) :(su Cx " ) )
"

-

t
s 54.4 " . 2Cpt)
i. 320,000 Cpt) .



Daigle .
Enumeration a Kleiman's Theorem .

Egypt . C s smooth curve in IP?

deg d , genus g ,
not contained in a plane .

(d 33) .

Z s { chords to C } s Gr (2, u) i

¥.

-

find the class of Z .

din count i dim Z s 2 ( check with an
incidence comesp

.)

→ so GI s a (XO) x b ( x ⑤ I .



① Find b (easier) -

El - ( xAJ : b Gott .

[ lines contained in a plane - P

→
one 's dies?na'
-

⇒ ({) choices of biscuit contained in P
.

= b
.

② Find a : Ed . (Xo) = a Cpt .

[lines containing a given xflp?

¥¥F Think about

/¥ projection from x :

chord
×,y/ ← : 403-1×74 IP

'
.

node



na a = A chord through X

s A- of simple nodes in Tlc) .

For this to be correct , we reel to ensure

TLC) her in other singularities .

let ! a cusp in TCO)

[cusp
!

X on a tangent ✓
line .

-

⇒ But
,
union of a! target lines to C

is a surface in Ip?

⇒ Take x ¢ this surface
⇒ Hc) has

no cusps .

The other type of singularity to avoid is a multisecant
-

)



which would give a higher order singularity :

+

#f
4th order secant mis ##Tiff:"wity .
⇒ F only finitely -way of these .

( Chuck Hartshorne
Iv §2. Exz-3)

Rexall : for a singular curve in IP?

( d ) s true genus t
# singularities .

(g(E) normalization) (counted wlmult )

( d;') = g x # nodes .

So
,

# nodes s a = ( d ) - g .

→ as .. ( Cd: ) -g) 1×01+141×01 .



general

Clugston : C
,
,
Cz curves of deg di

, dz - genus g. , Sz.

How many common chord, do they have?

wi Z
,
n Zz .

←
Z , ngtz

transverse by Kleiman .

So
, Go, nzjf = (Z ,

] - (721 (corny. to c. , g-ice .)

s ( ((dit) - g.) a x (4) 8) ( - - ie t -" 8)
= (KI) - g.)( Chi ') - ga) x (4) ( K ) 4h .

-
-

Kleiman's Theorem ' X s homogeneous space w/ group variety G -

-

④§ a) Y ,Z s X subroutines of c. dims C
,

d
.

Then F U G G dense open at
. for all GEN ,

Y n GZ is generically reduced t codincxd.

b) f : Y→ X morphism ,
Y -

- variety .

Z E X subvariety co din d
.

Then 7 n E G denn open at .
f
"

(GZ) is

generically reduced & co din d
,

for all GEU '



④ (a) follows from (b) f.r f e z
'

: Y→ X .

- Consequence of generic smooythess ( char 0 only)

'¢y dimension counting ,

>

Thy . for any map
Vliw of varieties

,
V smooth

,

then F U denn open in W sit .µ f- 'th -i n is a smoothmphiw
of nel dimension = - din V .

( all fibers are
smooth & pure of

the gun dimension -)

Proof of Kleiman . ( (b) only) -

-

① dim court .

① smoothness argument .

① Y x Z x G s

,
fly,zig) i fly) = g.if f. " ngz

")
Tiz f ) Ty .

Y xZ G



fibers of % : GI
'

( ly , z)) = { g : fly) = g. 2. } .

-

I stabilize of a point
⑧ under the action of GdX -

fiber dimension of G→ X

q, is dim G - din X -

g ti g
- Xo surjective.

( since G acts

transitively)
⇒ So

, so the fiber ( stabilizer of Xo)
dim f s din Y + dim Z has dim = dim G - dim X .

1- dimG - dim X
-

( dim ( fiber of girl .) (Not necessarily
integral : stabilizers

⇒ also shows T is reduce
!

could have
> t

connected comps.)

Fibers of Tig : f → G .

-

it
'

(g) s Cf) n get = { (y ,z) : ftp.go/ .
= f- ' (gt ) .

⇒ This file may not have
the same dimension

for all g .



We want it to have dim

dim f- 'Gz) = dim Y - ( dim X - dint )
Coo din#)

s din f - dim G .

② Smoothness -

look first @ f l Sing → G .

By construction
,
this this smooth, so

by glneriswoth-nes.SI My
c- G

dense open ,

do . fibers in filingT are

smooth & pure of
rel .

dim - dimf- ding .

-
-

" we just need to bound the size

of ( fiber ) n Sings .



Look at Sing C → G .

Geoff.-he has din

( dense open din (Sig C) - din G

was G ) L

din f - din G -

or is empty ( if sing f doesn't

( map dominantly to G)
)

↳ this www.iuplythd the
guard fiber of ft G

is smooth .

This is not always the case :

l-Y " 9¥ every fin is

singular .



So
,

for g EU,nth
,

dim ( f-' Igt) n Singh) L din F' lgt) -

so f- ' IgE) is generically smooth . fga

¥8 '

① why doesnt this lead directly to

a general
"

moving
Lenny

" ?

1) general varieties X may
have

ng automorphisms .

u) particular cycles 2- EX may not

move leg . exc .

divisor Es Blp IP?)

3) There's no way to parametrize all possible



rational equivalence (esp . non-effective

ones ) .

No route to din - counting /generic.by .

① char pet
eye. IP

' up
'
9 Gh -

f instr .

Every fiber is non reduced .

In Cher
p ,

a weaker version of

Kleiman's Thw holds it G acts

transitively on peine * tangents .

(Rusk : This doesn't apply to AGE, in? )



Questions we can't answer w/ Kleiman :

- -

① p
'
z S cube surface .

Era .4) ⇒ Z
s { lines s s ) .

Later we'll see by dimension count that

Z is finite fu general S .

u, 2. : k - Cpt] .

(I told you previously
'
.

1<=27 . - - )

us 7 is it readily describable as an

intersection of dim 30 Loci .



② IP
'

s f conics in 1PM ,

d PGLce
d PGL,

①

( induced

(c) fried conic ' action) .

-smooth -
Z is { c ' '

- C
' tangent. c } .

= { C' : Unc has apt of
malt 3 2

} -

dim count : dim Z -

. 4 .

So
,
[El = k IH] in IPs

,
some kid .

To find k : compute (Z n L)
[ genre

line

( = f a Ft b G } s ps
in Ipt .



Look at C is p
'

1- Ip
' c, gp2

afxb G =

egn
of

2nd comic -

'

:{af .- BG so} .

④
'

qq.SI -

af ab G gives a quartic egn .
on IP

'
so.

We want it to have a double root ,

ie . discriminant ( af - BG ) = O .

⇒ this is a degree 2.4-2=6

polynomial in a ,b .

⇒ So
,

G values where disco .- O .

-



So Cz) -

- G ( H) .

Say G , . . ., Cg are general conics .

Z
,
- - y Zz loci

of tangent could .

⇒ Gif . .
. .

. ace
'

GB .

= 7776 Cpt .

⇒ Bobby : Zin -

-- n Z, is NOT

a transverse intersection .

It will have the form

A v B = A v SQ .

f.Fat Tim> 0 .



Problem is

Z 3 { seafarers L2 of linear forms?
= SQ shot .

[ 2dimensional !

plats
C'
IP
"

BA the induced action

moving PGL , PIP
'
is not

Comics -
S

transitive .

e.g .

SQ is PGL,
- invariant .

And applying PGLg has no meaning

in terms of the loci 2- .



Bayt : wrap - up In
transversalit,

Vector bundles !

wwtdoesaninl.es#tipductteu ?

Say Zi , - . , Ek E X are subvarieties .

Say we've computed ft,] . n. . [Zk)
= d EACH .

[
Some class .

Whet can we conclude about Z , n - - n Ik ?

① a is a
" lower bound " for Z,

n - - -n 3k -

• of course Z
,
n . -if ,e could have dimension

too large
-

.

.
it can never have dimension too swell
(under the intersection re empty) -

• if the codimension is correct , the

multiplicities are
"
3 d

"
i



x -
- E Kw ' kid

,

WE Z
,
n--KEK

where f f Kw E mwlt (W,
Z
, n'"NZK) -

& can only be <
in non - CM

case )

② If a 40
,
Z
,
n -- - rfk can't be empty !

( ⇒ eg : F conic tangent to 5 conics ) '

③ If a so - Z
,
mazy is either empty

of not dimensionally
transverse -

e.g .
X? X = 0 in ACGrain) .



in
lines DX flies SP .

general interactive is d '

special ones
( xep)

Jim X (×, p)

S

( too big ! ) -

① If a is a nonse§vr clues -

( not representable by
an effective cycle )

'

e.g . as - l Cpt .

Then 7. n " -rfk must be nonempty

and dim to. Large -



For dim>0 , it's hard to know which

classes are Effective .

e÷g
' MOI = moduli space of stable

Fgm
curves genus O .

this it copy for n 77
.

x.

But on GrGill ( Gtk, en) ) :

L EA (X) is effective

⇐
& is a 20 linear comb .

of Schubert classes .

Prost : Kleiman, Thin + dual Schubert classes .

- - on



Veiogbudles (a Degeneracy loci)

Def : V * is a vector blob of rank
-

-

( H Eto r ow X if I open cover

$5.18) fu:3 of X
,

- compatible icons

⇐
'lui) is ui NAR

Yi

+ I t
,
t

Ui di

and ab . Uj o Yi
" :(Uinuj) XIANG

is liner on each fiber .

( ninny- → Glr
u
"
m Tu ) -



EE. Gr (kN) has two tautological bundle
S
,
Q

, defined as follow"

§
Vx GRCKN) 3 S s { Cv, s) : vest .

-

t
saw tint"
Culkin

018 ? If (v.
,
s)
,
(vz, 8) are c- same fiber

then (yah
,
s) is

also E fiber .

⇒ S is a subbundle of Vt Gr,

rank = k s din ( s) -

fibers are a-I
' ( s) = { vi. ve s) - S .



To trivialize

( Ghz,y))
" 87 Uh

' { det, # of .

CM xn s Sla b- U × A 's
. , so

.

I

Cxyzw] { : ; gg) ↳
pairs

( Coni : :3 , ios )

is Cs , sis - f : : : ;]④ O
"animal

.((s , s
,
as ,

AZ
S, , 52

To change to another chat :

"

I = 5 - S
-

= ( 5g) . (g-
' s )

litharge of worthy, ontGh charge
of



E , E - basis for S

=

Similarly 7 tautological quotient bundle :O
(firms are GMs ) .

It cant be written as an incidence

correspondence ( Q $ trivial bundle ) -
( have to use charts) -

⇒ Tautological SES on Gr (K ,
V) :

O- S -i V xGrCk,V) → Q → 0
.

-

trinal bundle .

(lpn : O -roti) -i vxlpcv) -i Q-' O . ]

⇒ Much easier to work globally rather

than in charts - just as long as
all recipes are natural .



44 : Ff, Yg
V
, gives a

" constant section
"

o : Gr u V x Gr .

→ The also induces a section

J : Gr -i Q

J s
" always T E GYs

"

v / C
doesn't

buy S varies -

vary -

⇒ where is E s o ?

(vanishing locus)

WG) = f s c.Gr : 8157=81 .

I j so i- EYs .

I
v e s .

= X (v) .



all S containing V .

④ Njie : NCE) is codimension} -

In general we expect
ly ( o:X→ E) to have

codimension = rank(E) .

Loyally :
o

-

- 1) trio!¥!.us neuron
⇒ r - tuple of regular functions .



Daylong : Ch⇒gre¥
These are classic examples of dfgenergy log

.

.

Important fact :

Pgp: (com n alg)
-

(et m s axb matrix of ring elk Xij ER .

Id s ( ideal of (del)x (dat) minors of m) ( ranked
locus)

.

Then the codim of Mg, is ① ( a - d) (b- d) .

in the use Rs k(Xij) .

Pfyh : ( polynomial ring case) .

Invert the top left dxd miner
U = fate, } s #

at!

÷ ÷ ! . i:*
:

-

[these ( a- d) x (b -d)
entries must vanish .

So cod.-n E la -d) (b - d) (Krull) .
Or



⇒ We'll generalize to vector bundles .

X is a rank r vector bundle .

%
.
. . ..si. :X -' E sections - tooth "

r: .

① If lekEri the (Chow) degage, logs of 5=67 . .
.SI)

is : CD(5) = { x EX : 541
.
. stuff

.

Lin - der }
④ Scheme structure : maximal minor

.

④ If k s r + I - i , expected wdim is is .

(exempt : Ksl : CDC 's ,) -
- NCE)

,
expected coding) -

② If k > r : the (Segre) deferring logs
is

SD (5) = { xc.X : 544
.
. . ,
SICA doesn't span Ext .

④ scheme structure : maximal minors .

④ if k s r - I+ i
i expected codin ie is .



Thy : Xs smooth -

① If Ks rtl- i and Loudin ( costs)) = i
,

then the class

(CDG)) only depends on E and it's called th

in chv-nclas.ec .
- (E) .

② If Ks r
- I +i and codin(SD ( 5)) si , .

.

-
- - ( soca) = : C - 1)

i
si CE) , the

ith

sews .

⑧ of course

the loci can
be larger . ( Lebert will see that

Never smaller lbs Prof) . Ci ( E
* ) =. C- 1)

i
c; (E) .

(unless ¢ ) - si CE
* ) s C- 1) is .- CE) . )

§x : E ' OLD Ot Oth on
IP? ranks2.

sections . ( k ) . Ya) .

onseybioi-cdcsy.qu.pe : scar. ' of .

'K-- I -

(odium2' =, L s Q -
- O

s 2 points .

-



⇒ Cz (OLD ④ 6123) = 2 Cpt) .

-

Two sections :

- CDCs) s { xc.IM : det ( La; ¥) so } .

Codin l
.

-

c
,
=
- si '

s L
,
Qz - LzQ ,

so

-

cubic poly . on IP?
-

. I cwbrccwnel
.

⇒ C
, (6470-014) = 3 (line) .

= - s
. ( OLD ④ 612)) .

Thons
:

sa - SD ( 5) = I xelp' : rk ( to, ha, El } .

Cod-m2
' #

Exercise . find a nice choice of metrist ' ) matrix of
-

It's 7 points . ( soca ) - ( Gegg !)-

Rink : This is also " the locus where a general
forms

=

map 0µF
'

→ 0¥" drops rank .

"

012)

( O, I E same as s c- HYE ) . )



Ig : X s Gr (2,41 .

Recall : O→ S -i ①
"
xx → G - o .

I ¥a. . I
Ews : o -i s - e

"
→

C'
"

Is → 0 .

He2.
rk 2 .

E-. Sym' (S
')

-1$: bundle of liner forges on S .

ok2. ( o -i Q* → Q'"
* -11$- O ) .

Sym-(S
* ) : bundle of quadratic

forms on S .

-

↳ rk =3 . ( locally " syst, t
'
"

.)

let's make this concrete : say Fs
XY - 2-W on IP?

C- Ho ( Gps (4) .
K
"

.

( quadratic functions : Sym- ( G
" 9 -

in X. Y
,
Z
,
W ) -



⇒ F gives a section
of the trivial bundle

Sym'
*) x Gr .

B,
functionality (naturally of Sym't

-)
,
the map

au . × ar En s
.

(rest a.need

induces res

Sym-Ca x Gr → Sym
-Cst ) .

F s XY- 7W . 1-5
"

Ffs .

for each S
"

(as S varies .)

Try this out .

I on : I =

" fl s
"

section .

" XY - 2-W/ s
"

.

Costs) s f se Gr : Fls O } .

Tis:3: ix.aw m ons .

rinks .) C Ypg,@ quadric Qslxt-8Wh

" {lines contained in the quadric ).
[2 I - parameter families of lines .

c,
(Sym' ) s 4 (X ) .

( worked out earlier) .



(Dayo)

2 sections ' S
, ,
s
, quadrics F, G

.

- Q
,

,

Qu
'

codin 2
-

CD CDCs . , sa) :{ se Gr : Fls
,

Gls are

p
linearly depended

/ '

Qi

① Q2
fu. quadratic fans on Pls) IP

'
-

lin
. dep ⇐ some roots on IP !

Pls) ' ( ⇐s proportional ) .

,Q ,
n PCs) = Qun IPCD

= Qin Qz nips) .

= say 2 pts o- PCs) .

Nogle : Q , nQ2 = some smooth curve
C of deg 4

genres I

= { S : S is a chord of Cf .

czcsyn-H) :(( 42 ) - 1) a + (4) g.



= 20 + 68 .

3. Sections
-

- CDCs , , 52,53) =
•din' - { g : Els

,
Gls ,

Hls liu.dep.ms/ '

E's 's"

gag , ¥, says Fat"( ÷÷÷÷:÷: :: "" sa:

= U { s : pls) s Q
' } .

>

quadrics Q
'

,

q.gaf-iba-cH.tl (
I dial for✓ ¥

, ,. .
, µ ,.ae, , a

,

each Q
'

.



( ⇒ some locus of dim 3 ( Colin I in Grail) .

④ " union
"

means
"projection

"

: * Eg : c. ( synth))
Grfhulxliiahc =3 (X " ) .

all

{ ls.at : Pls) ? Q
' ) ( = - s

, ( synth)) - )
" t

( Interact with X . )( Dlsysz
, 5)

4 in' " SDK
, G) = { Stcyr : the 4

(5,6 )

Segre : Sz Sz Sy
give- quadrics dont

*sections 4 5 G span syn'Cs*) } .

Delicate geometry (grey !)

Szlsynast) =3 1+71×0) .

S
,
L ) : - lo ( X J .



Su L Is 10 ( X ) : to Ipt) .

④ I computed then using some tricks !

Question : let G , Ez , . . - , FG are arbitrary quadratic
←

polys in X. Y, 3.W -

Does there exist e line
L SIP
'

sit- I fill } doesn't give
all of the

quadrate fins on L ?

Yes .
ALWAYS .

7 at least to
-

s

such L . ( E Sy ( synth) -)

Question : Let f be any quadratic poly .

in XYZW .

←

Does HLF) contain a line ?

Yes ALWAYS because Cz ( synths) ¥0 .



Question : How many
bums lie

? Cam , .

" aa
& F E HN Op, 13) )

i
.

Syn' ( G
" *)

¥ restriction -

"

Els
"

Syw' ( Sd) cubic Ens o- S .

I ranted (locally 535T ,
Ms) e cubic sf ' Sth

,
1.3 )

⇐I Fl g 50 .

⇒ What is the vanishing locus of 1 Kelvin ,

a.k.a . Cy ( Sym's.)
and why is it 27 Cpt] ??

-



Rehhrkj There's an equivalence

WebMd Is locally free shearers

of Ox - modules .

beware 's

-

#
"

injector map of
modules

+ injective on,?÷n
" injective map
of uecbdbs

" ¥
" injective map
of loc. free i,

sheaves .

"gally injection # misnaming
map
of vecbdles

"

Eg : X =p
' s, s

o ' 9¥, ' txt
IP
' -4, E le dominant !



Geometrically 's a isomorphism on fibers unless
-

def = x
3
- Y
-

Z s. O .

( cu spital cubic) .

(wi c. LOUI OH) =3 (line))
• rank O

,

if X -- Y : YZ :X
'
.

-O .

-

( o : o : I] c- Ip?

Melly , My chart : Rs Klay) .

e- tr' h l ; :) .

• Injective as map
of modules -

because Let 4 = x
's
-

y
' NID on R .

⇒ localization is exact, so 4 is injective
over all local rings a @ generic pt k(x, y)

'



• Look @ fiber (x. y) = 4,1) .

i.se . ④ ¥51
(x.-1, y

- i)
:

hi - hi b
, fi ! ) which has

rank I -

( hornet is Tory ( ¥41. " , coker a) .
)

look @ f.hr (0,0) :

hi - R2 b, ( 88 ) Cranko) .

Look @ f.br ( 1,0) # cuspidor cubic
:

hi - k' by ( lo ? ) rank 2-



Dagg ! Properties of Chern < Segre classes .

Beef : E X vecbdle rank r .

The total Chey class is

C (f) = I t C, (E) tCz (
E) t - - - e Cr (f ) .

Likewise th this is

SCE) s b x s, (E) + self)
t - -

- t s
dine,
(E) -

EI ' . Es Sym-St o- GrGill
-

cm,

s(E) s l - 3 5 + (38+70) - lo + 10 ⑤
.

S
, S2 S3 Su

Easy exercise : c (S*) -

2-

- I + 5
t f .

C , Cz

Theorem ( formal properties of CLE ) , SCE) )
-

① Functionality i f : X u Y ,

E svec bdh on Y .

c ( f
*E) = f-* c ( E) .

s ( f* E) = f * SCE) .



" for line bundles L s OLD)② " Normalization i ,

c. (L) = [D] .

③ Whitney Sun formula :

If 04 A → B
- C -ro is a SES of

me bdks
,

then c (A) - CCC) s c (B) .

(
j,§ ,

507919 = Cil B) )

same for SC-) .

Special case ! If E = ⑤ Li line bundles ,
-

by induction

c.(E) = Tlc (Li)

s ( It c. (Lil )
i

s I t ? c. ( Li) t § c
,
( Lil c. Llj) t

- -
-

<j
- -

elementary symmetric polynomials in c. ( Lj) .



④ This holds also when E is filtered with

line bundle quotients Li .

④ For an E , SCE) = ÷ .

Eg : If E = ④ Li -

c (E) = IT( It c. (Li) ) .

So
, SCE) = IT 1-

Ix c.(Lil

s t ( I - c,Cli)
- c. (Lil
'
- c

,
Clift . - -)

= I - Ec , Cli) t Ec , Cli)
'
" Ec , Kile , llj)
icj

- --
( complete)

ith Toys s ic polygamists in C, ( Lj) '

"

E ay monomials of
total degree i

"

,

in the c, ( Lj) 's
.



Qus : ① Is Sym' (St) on Ertz ,h) the pullback
of

a vec .
bdle from a lower - dimensional variety

?

Aysi NI . Because Sy would heure to vanish .

But self) = to Cpt .

① Does Q contain my subbundles ?

i.e . o→ La Qu L
'

t O -

or Q s L ⑤ L
'

.

AI ? (Easy exercise) : c (Q) = It
0+01 .

and this cajf be factored
as

CCL) CCL ') ⇒ ( Ix a
O) ( t ' b s)

= I + (atb) a t ab o
'

w

= ( ⑤ to)

so
, Ng .



splyittiypi.pk .

(Whitney?
'

" To prove
a polynomial relation involving chunky

re

classes
,
it suffice to prove

it for

Suns of line bundles
.

"

( *Fealty : vec bales filtered by L-

b - s) .

They.. E E X .

There exists a morph,in f
! Y⇒X such that

① ft : ACN -i AM is injective -

① f-*E is filtered by line bundles
-

O -i E
'

t ft f -⑧ o

° → E
"

→ c.
,

→⑧ → o } cCf*E)
etc .

= ITCH all;D.

TICA
" Prove the relation in Aly)

.

Then by ①
it holds in Atx) !



Ey : ei CEI = C- Di ai CE) .

Proof , If E
= ④ Li

,
then C-

*
= ¥

( also if E is filtered by Li
,

E
* filtered by

4¥ . )

factor CLE)
,
CLE*) and compare

'

.

cCE ) = TIL It c. ( Li)) .

cc ) = IT ( I - c, (Li)) because

c. ( E) = - C, ( L)

( by normalisation
property . )

"
'

ci.cn . c- ni ( it! Yg;
-
tn )
-
C
,
- (E) .

By the splitting principle, the relation holds for alt f .



Ex L : Eu X rk 2.

-

Cta : c ( SyneE) = It 3C, (E)
+ 2 c. LET YALE)

(Inf rkzy
" 4G CE) ECE) .

Frodo : If E s L , ③Lz ,

then synthE) =L .

Z
Ot L

,
⑤Lz to LE

'

( similarly ,

if 04L ,
- E-' Lz → 0 , f

then Syne E is filled by these bundles .

⑦V

=L
o → E

'

e Synge - Synth -10

o - how n E
'
→ L, Lz -10 . )

compute Chern classes
.

set a = c, Chi)
, p

- c. (La) -

µ c CE) s ( l tall- p) = It
"

Is .

c. LE) calf) -



Sym'CE) = L .
Z

Ot L
,
⑤Lz to LE

'

I
[L

,

t) = ( I -122)
CLL, ④Lz) : ( lHarp))

( ( LET = ( H2p) .

So c(syn' f) = ( I +22) ( I + axp) ( I-1297
'

⑧ syndic in x. p
.

⇒ = sze eds in k÷%, ' IIe, .
Expand out :

= I + 3 (x-p) x 2K + f)2+4 xp a 443 Cap)

- -

C,CE) t 2 c,LET + 4 calf) x 4 oz
LG c, LG)

=
- -

⇒ By the splitting principle , the
relation' holds for

att E of rank
2 .



Lines on a cubic surface -

-

C- = Sym'S
# on Grau) -

Wu want Cy (E)
is vanishing of a section

-

( = { so Gran : Hs so} .

)

Esg : c(St ) = l x O e I .

pretend this
factors as

= (ka) (Kp) .

Lip =D

xp =D
.

Factors of ✓
L

,

3
-1 ( I -1327

Sym3119 ? - LE
'

La mi (I -1227)
\ L. * Law m ( Lt x -Zp)

(prime 'S
's L,0L§Lz⑧3

- ( Hsp)

⇒ product is Sy hydric in 2
, p .

⇒ quadro turn is Cy = 32 . (2hpm-203 B

= 92ps . ( 2 Capt .-ap)
q f . ( z 't- a ta )
Cz



= 9 ⑤ . ( 202 a ft)
s 9 ④ ( 3D -2 o ) ( D. . 0=0) .

= 27 ⑤ .

-

Cpt] .

because

CI : Evey cubic surface contains aLi
! '4 ¥0 '

)

Cosi. A genial cubic
surface contains exactly 27 lines .



Raygun
: Chern - Segre cont'd -

Remark l- other degeneracy loci
•
-

E
,
f - X vec bLhs ranks e, f .

T: C-→ E mep of vec
b Iles.

It
×

For each k ,
let Dutt) : ' { XtX i rank(Tx : EI' Ex) Ek) .

④ (k'D x (Kai) minors docalf)
-

④ expected codim = (e-KK f-K) .

Thu ! If cod im is correct
,

=

[Dick)) = a particular (universal) polynomial
in Ci (El , Cj (

Fl .

Thom - Porteous formula .

Recovers Cbrn / Segre claim !

%whoe :

Segre classes : 0×0 "-i E not surjective
Chern classes : 0,0k -i f not injective -



RTL . It's straightforward to show

[costs) ) = ( costs: ))
by explicitly giving a

rhinal equivalence.

£5
,
x ( i - t) 5 ,

' ④ Assuming codimenswy

t Iz t ( L - t) are correct -

I

In : what if E has no global Action
?

How to ever define g- (E) , s .

- (E) ?

AIS 's Girl def. in terms of natural Chow operations

that specializes to the degeneracy
locus one if enough

sections exist .

Fep : leanest case)

di①
Dedi. X scheme

,
L line bdk on X -

If s is a rational section
of L ( se H'(Ltu) ,

us x )
Opel

(locally s s Ig )
dense



It still makes sense to define dials) C- An . . (x)

for a rational section -
[
( zeros - poles) .

The fingers off is c. CL) : = [ diva]

For any Rt'd Sechin S .

④ Agrees with
"

vanishing of c section
" if L

has global sections.

Firemen : We can define homomorphisms

AKIN → Ah ,
"

ah c.China
"

(Fulton) (z) he c. lflz)Prop '

II L has a global Sechin s set . Ncs) n Z

is transverse
, they c.(Ltd = (Nls) NZ) .

⇒ This effectively defines the first case of an
-

intersection product .



Projective Bundles
-

F

If E- X vector- ladle of rank r-

BLE) X projection of E .
Fihri are lP(Ex) .

Set - theoretically : IPLE) s ( ( x,

L) : XEX
,
L eine Ex ? .

Schenn theoretically
'

'

( c. ± Spec Sym .(E
')

ACE) = Pnj Syn
. (E
' ) . )

associated ( p3 )
Eg : S on Gettin '

projective I

s s Gr x
G
" K, PCA c. Gr x BLEY

"

"

Ybdh . "

{Csis : ves } . glcs.es : e so }

" vector( subspace
correspondence

" { ( Mst, x) : x EMS) SIP
3} .

"

point -line comes, .
on IT
' "

-

Oh ④ .



OYE) : A pony of
ACE) is a pair ( X EX, L s Ex) -

line

PCE) 4L So
,
there is a tautological SES on Hlf)

at
X ×

o -i Og l- l) → HE
→ Q g t

O -

fiber @
cab is :

O → L → Ex → Ex1L → 0 .

Very similar to Con hole") ) :

O → OL- l) - 00h → Q → O

fiber at

i. c.pm :

o - L - oh - Ek - o .

Cogent " Nothing special about projective
bdks !

Many other varieties have natural tautological families .

① (PCE") ) " s U = { ( h . . . .. Ln ) : L
,
" - -- " Ln ' e'' l .

open .

n > K
"

spanning line arrangements
"

.

On U there are n line bundles Li , - - - , Ln

Li : OH lu .



and the 's a surjection

o - K → ¥
,

Li →n - o

-

trivial bdh '

some
"

kernel bundle
"
'

( ④Li in E. Li
-
- G

" )
since bydefinition span th , -u, Ln) - e

"

on U .

② Flag bundles : E X rank r

FL (E) X flag bundle .

Fibers are Etageres Fl(Ex) = { T.SE, complete flag f .

{ Ff : F, s Fzs " s Fr - Ex) .

So on FllE ) , a-
* E has a complete flag of subbundles

of
,

s - -
' s Fr, s Fr, , s K* E
-line bud"

G
Trygg
,

-

. Eri limb"



③ C s smooth proper curve genus g .

Jac
d ( C) s { L : L is a deg - d line bdk on C ) .

④ nontrivial : Jarod (C) is representable by a scheme .

-
( i.e . exists )

On JackC) x C ,
there should be a universal line bundle
-

( called the Point) L sit .

@ ( L , xtc ) : Ll = (
x

(
deg d

(L
,
x)

I. b .



payjzs : projective bundles cont'd -

f no more

X s scheme Fund.

Thu of

E-i X vecbdle rank r I.Th. )

Ip (f) X .
flat rel din r-I

, proper
.

On IPCC) :

o -i Og Gi) -
i E -t Qs. -so

@
(x, L) i

.
O -I L t Ex → EHL → 0 .

⇒ OfC') controls all the geometry :# res . to L )

o → QE -I a-* E
*
→

→ 0

Suppose C-* Lon Xl here a action 6 c. HOLE) .

( Sa for each X ! 4
,

" Ex-' Q )

' lift y to My e Ho ( # E*)

- Map to Time c- HOL Ooh)) .



Cosme : Hla) = { x ex : 4
,
E o ) is X -

N 4) = {(x.4 EINE) : 4.so } s RE)

: x
" NC 4) .

Nixa) : { cx.LI : EI =
. o c. E } .

④
ICE c. a

codim 1 .

4×1,so
where ex

: Ex-' Q -

in IPC" -

, { Lay .
.
Es Kerce

,

⇐ Ex) c- Hlf) -

④ twisting hyperplane in each IP (Ex) .

Ngok : this contains the whole fiber
if xc.LY/6)

since 4×50 on Ex for those

fibers .

Degf : for i30 , the ith Segre homomorphism
-
-

Regal :

Ak (X) → Ak - i (X) "

c , CL) n a
"

"

a H si CE) n a
"

.

is c. CLIN
"

silent clog.GT
'"

'

n ,a .

q



l l l
preserves low rn +i gain,

r- l dims .

dimension -
dims ftp.r . , ( Hlf)) '

Neste : The ith Egg chess is si CE) n (x) .

Claim.
This agrees with SD( U

"

,
.. . ,

he
""") degeneracy locus

if the dimension is correct .
S

Prost Sound out definition using a
= (x) .

si CEI n Cx) :-. x. ( aces.cn
""

n *
* Cx)) .

-

J
C LED .

By def of
"

c
,
LL) n
-

"

,

this can

be represented by intersecting vanishing
loci of sections if they exist (and cut

down the dimension
' as Expected .)

( otherwise we'd

( ? N ( mya) ) .

need to use

rational siestas
and more

complicated . )



± (x,4 : L s Ker 94" and skua!"

( t ' 7. key.
"

etc - - - -

I

]

= { x ex : there exits L in hiker 44
" } ,

p
'

44"
,

. . . .
4!"
"" dont span EF.

= SD ( e '", → 9
'""" ) .

On

what about the same formula with c. Qclllk
,

Kcr?

( r-Hi
,

i. O )



They- ① For ico and all 2
,

% ( c. 845
""

n Ha) = O .

② For all a , # i :o) .

←
* ( c , 9. CD "

'
n a
*
a ) s h .

Proof ! . Enough to prove for
L = [77

,
Z E X

- subvariety .

. By restricting E, Hlf) to Z, we
effectively replace X by 2-

.

⇒ i.e . assume X = Z .

( variety dim K
.

① AKIN → A X)
← larger than dim (X) !

⇒ I 0 automatically .



② Ak CN → Ak CX) .

µ

¥ 2 . HI .

We know the formula must give some

integer multiple
:

←
* ( c , 9. Ch '

"
n a
*LA ) = n . (x)

for some n E I -

⇒ We need nsl .

i

Let U→ X be agg open
set -

Restrict whole bundle to U .

E. MEIN Ela , IPL Ela)
-

f b d

x ← u



I

•El" l #u
" Oflull) , etc .

⇒ This commutes with the whole

formula ( left -hand side) .

⇒ and
,
i * (X) = (u]

,

so we get
the same n EI (right-hand side)

'

⇒ Take u = tri.uing open at ,

C- In % U x #
r

HCA fans u
x IP
"'

.

r- I

Now c
,

all ) n a-
* CX)
- I

⇒ intersect r- I hyperplanes in
IP
"'

.



= U x { pt) .

it! ( ) s I - fu) . 8

Node : sometimes say
"

so (E) = 1
"

in light of this theorem .

Goody : K* : ACA - A LIPAN is

inject.ie .

Prost : partial inverse is

a n a-
*a tea ( 99.45:-) .



Cergy i bet GX me bdk rkr .

There exists x : Yt X proper, flat , such
that :

① a
* : AHI → ALY) is injective

and
-

② THE is filtered by line bundles .

Proof , Wo Ys Fl ( E) flag bundle .

This is a tower of projective bundles :

i
i

Nostri On IPCQE) ,

IP(0¥) '
-

o →Lf Qe -i Q
'

to L
, gives a

rank 2 subbundle
K f of IT#f :

Ip (f) o → OffDre HE
→ Qf

- o

L
,
o
. Vas a-

* E

w
* t Lt
X

when finished
,
←
* E is completely

filtered by line bundles . Ok



Day 24 : Chow groups
of Projective bundles a Vector bundles .

-

E X vec blob rkr .

PCE) X pro;
bae

,
rel din r -I .

Multiple ways to produce classes in Hlf)
'
.

c
, OECD

"
n a-
*
2 : a c-Aj ( x)

↳ Aj + cr- n - i ( Hlf)) .

If OE ie r - I
,
this class represents

a
"

twisting linear space (codin i) over a
"

.

Theorem .

=

① a-
*
: Ak. . (X) → Ak (E) is an isomorphism

for all k .

② OE : Ak- c.→ + i.
IN → AKCIPCE))

is an isomorphism HK .

(④ di ) t Ee.EU/nu-*2i .



Rgmk '
- Up to minding l shifting .

A ( IPCC.)) ÷ A
④"t

.

Later we'll see ALPLE)) is a free module over A(x) .

Proof : 4 tugs : ① ⇐
* surjective

✓

② Oc. surjective
v

③ Of injective ✓

④ at injective . ✓

③ Extend the corollary from last class.

Suppose 0£ ( ⑤di) s O .

!£
.

c. 9.Cbi n +
*
x;

= 0
.

Apply C
, Og Cl) one more

time
,
then T* :

rn ④
⇒ ( E .

-
-

i

n a-
*

a. )
i o

↳
All lower terms vanish , left

with

= L
r- I

'



So are, so . Rinse and repeat . T

-

① at : ALN - ACE ) surjective .

Excision : if Z EX closed
,

Us NZ open

then Elz s E closed ,

C- In E E open ,

Al Els) → Alf) → A ( flu) -70

atop a
' f a'f

A (7) →ACN -' Alu) -no

Diagram chase : if cob 1,3 swj
-

⇒ Col 2 swj '
#

By Noetherian induction
,
can assign l surj .



Enough to show for U .

Take N to be trivializing
-

I

so i reduce to E
s UxDtr s trivial bundle

.

By composing Naw→ U Harty . .
- → NHA

'

( each n → UNA
"'

is a
I

rank l bundle.) N

Enough to show when r =L . (for all varieties
x ) .

Ak. , ( X) → Ak (
X MA

' ) .

Let Z s XNA
' subvariety of din k .

It) s X - ( din k or K - t) '

Cay ti
din ITCZ) = K- i . C din 8 .

Then Z = I
' (*(Z)) .

Then GT#* (⇐tf)) ) .



caky - din att) = din 3.sk .

Work on att) S X and forget about X "

Ak. , ( ) → Ak ( n-TH MA
' ) .

- -

Cliatt) - Cl ith MA
') .

Hartshorne : this is an isomorphism -

⇒ surjective . ✓

① Oc. surjective .

Excision : can pose to open
set N .

Not necessary (nor
useful ) to trivialize

completely ( can't reduce t, rank I either

way since Tf p"→ IP
"

.)



In steal trivialize paddy to where

E E E
'

④ ① .

I trivial
summoned .

IP ( E ' ④) is called the projective
or

( co
on of E

'

.

pts are ( x , ( e , t ) )
E

,

L
scalar .

c-Ex c. ④ -

Z = { t :O ) s IP ( E
'

④e) s PCE ' )
.

Chad " hyperplane @

U = { t to] gulp ( E
' ④ e)

in each fiber
"

.

↳ ( x, se, t) ) → divide ht : (x , He , 1))



(e :b] m) ( t e : I ] ,

s. u ÷ c.
i
.

Cin Ei .

( Analogous to Pn
' IA
"
- P

" "

.) (f
'

④f)

%
:
" g
⇐

Note : since Z is a hyperplane in each

fiber
, Cz] = c

, ( Op ④ of ' ) ) i

-

(represents any twisting hyperplane .)



Modified excision :

- a g-
*as Boo

(smaller) .
(bigger)

A ( PCE ' ) ) #ALIKE '

④ a)) ACE ' )
*

q
* *

Tie Ty
,

ft f÷*

poA* - r (x )

Nate: if-u*p = c. OLD nip
( Portion of tip supported on hyperplane @ as .)

let a c- Ak ( PCE
' a)) .

By srrjectiwty oh E
'

,

j *a = TY
*

Po for some
£

poet ( X) -



By excision ,
L - Tipo comes

from A
←
( BLE ' )) .

"

L - exp . =i* again # pi)
for some pi EA (x) -

(Inductive hypothesis on ACME
' )) . )

By Node
,

is of this has one extra

C
,
OCD factor

i

= &
.

ai si n Epi .

O



So
, a = If . + :&

,

c. l sina.si
is o W
term terms is 1

,
w ,
r - I -

④ at injun on ALM -' ALE) -

Ended E Tf PCE ④ E)
:

Diagram chase i

AKUPLFD -' AKURE al) the CE)
- a so -

j Ha * f f e

x Ak- r ( X)

If alga so, Ha s ist
r- I

⇒ #
*a = E c. c si

"
n #pi -

is 0

A relation ! Contradicts OE being injective . 8



Baggio : The top Chern class e our first intersection product !

E E, X vec bdle rank r
e
o Zero section .

Nostri Ti is flat ,
o is proper .

Theory . . For all k , '
- Ak- r (X) -i Ak ( E ) is an

isomorphism . (f) t (F'

Z )
C Elz .

iii.
" this as a mine.

> Every cycle class 2 EAKLE) is rattly equiv .
⑧

to a sum § (Ti ' ( fi ) ) for various Zi EX -



Def : The Gysin my Ak(E)
→ A

←r (X) is

s* :S ( x*)"
.

Fast : ⑧ is not obvious
.

That theorem took work !

But Syme wit equiv . s on f age obvious .

Ex l ' . Let 2- E E subvariety din k .

=

(et f c- K. .

Set 67 is { ( x, te .) : (x,edit } .

T
multiply by a global scalar .

In
.
fact Zoo is fling tf makes sense and

is rationally equivalent to Z .



HQ
c. einen

go.ae.ft
section

c

÷:# c

In this example ,

2-• s F'(x.) v a'
'Lalu E'(xD

so
, ftp.t.sffof.sf-ilx.D-i - -

- s

Yi =

cxi-icxd-cxd.FI
" I general tiny.tt is not a union of fibers .

←
""

g .
" ÷:

c curve

y C



Now Zoo = line in u
line in

IT
' ( xn) K'(Xz) .

Gas) f Tl* Ex,] x #Ca)

' In fact s
# ft) so since A (c) so .

-I

- If C- had a global section o' : X-if
,

we could use o
' to shift f :

o
'
t 7 is { ( x, o 'Git ex) : (x. ex)Ef}

This wowll probably move Z off the fer
section .



Lmk : which lines did we get in i'Lxi ) ?

o

'ET" Ana

-
Tax, E Tx

,
C TOI, Kiki)
w -

"

horia "
"

vertical
"

b- (fiber)
X ,

T Z is a lion in Tax, f .

Ax,

In this example ,

Tax, ( Zoo) is the projection of

Tax, Et)
into the fiber .



⇐ Z

:*.ms#Ig .
X surface

7ndX)

# s

⇒ Toc, Zo ' I. (Znolx))
④ Tax,#

H)

FEE, entire
.

Genius : S s v ④ WPGH (w only)
.

- linear subspace

Then ats = ( Srv) ④ Tds) -

(Exes) - Isplit .

§ : Ifta) - (Taxfntaxi'M) ④ Eta.it)
- -

"

outward "

tangent space directions

along 7h04) in E
.



Rf :
A ,
B EX subvarieties

,

X⑤An B .

if
we say A. Bintryttnnweh@xA.B.X

are smooth of X and Tx A + Tx B = TxX .

-

(i.e
. Tx A n B is

as small as possible .)

EY : Z s E subvariety , din k.

Suppose Z intersects DX) (Zero section)

transversely .

Then 5*81 = Cz now] .

Prost : ① Replace Z by tf .

Doesnt change 2- rdx)
,
ft]

,

transversal, -4 .
Take limit as 1-→ or -



Now 2-a s t
'

( 2- noCx))
song homogeneous subvariety .

((Gm- invariant)

② We claim Zoo =
' ( 2-nom) .

Examine tangent spaces !

Tz (Za) s Tz X to 9. (i'Gt) .

(split subspace .

By transversal.by , Tz (Zoo)
t Tz X = TZE .

-

So by split -ness ,
#KM )

I. (Za) 3 Tz ( si't)) .

So by Qu invariance of Es
,
7 • 3 ⇐

'(7) -

True for all Z E Za n DX) .



So
,

Zoo = x
" ( Z n DX) ) .

So
, by definition of the Gysin map .

Elf = MEET = CE noch ) .
Ea

④ Our first intersectwi product !
" Intersection with the zero section .

"

⑧ By abuse of notation , s
* is also sometimes

called
" OH

"

,

where o : X→ E zero section .

-

not flat .

① "

pullback along the zoo action
"
.

Def: The top0hr@rpnisncrCE7n_iAklXl-itk.r H)
is by definition L t s

*
o 0*6)
F t



( ( embed
move off,

inside the

interact with
8W Section .

-(X) .

The top Chernykh is Cr LE) n [x) .

(a.k.a . Gulyas')

Png : If E hee a global action s :X → E

such that NCO has codinner ,

then c. (E) n (x) = (NLT) .

Prof : ok) is
'

nd't, equaled to SLX) .

So
,

s
't

o o*[X) = s * [ ok))
= s
* ( six, ]

thee?!?

= ( s no It by tmarndity
= [Wls) ] .



( Ex it : also true with multiplicity :

2-• s hint Z hes same multiplicity as 2- n ok) does :

C-→ as

2- now#
is a double ( Zoo hes multiplicity 2 -

point .

G.) = 2 ⑤ 'CHI . )



Day 26←

① other Chern classes cite )
?

There's a formula like for Si (E)

It reduces to Cr -

-

E Xxpr- i I define E = q*E 09904)
.

at a.lu
X x

Def : Ci CE) n -
" Ak (X) -' Ak- ill)

Ci CEI n d '

-

=
#*(GCE)n # x )
w w
w

I lose gain r- i

preserves
r dims
dims

dims .

( HWI ! If E hes appropriate sections 9 ,
-→ or- it ,

Ci (E) n (x] = CD ( Q. . . . , or .in)



② Formal properties
0 → At Buc - O SES .

C (A) CCC) = CCB)

Scs) SLC) = SCB)

For any E, s CE) . %, .

} "W '

-

Cones a Normal bundles
-

Def : A Cong C over a scheme X is

Spey of a sheaf of grazed
Q -algebras .

Tr

i.e . c → X
-

Gmt (same as grading) .

EI ? ① Affine come over any projective variety
:

X s Proj Rygraded ring .



I s Spec R .

(in An
") X (in Ph)

-
Gm

"Gm invariant affine variety
"

.

② Vector bundle,
graded !

E : Es Spey sym④E* ) .

-
t

our symmetrical's '×
X

'

locally Rce, - -yes
.

③ Last class

§ vecbgge
? Z subvariety . Sym.CC#)/g

ideal in

Egil .

We defined Zoo is ¥7,67 -



This is a cone !

Given by
"

lowest degree terms
"

in 9 .

(④ Normal cones !)

X s smooth variety .

s smooth subvariety .

O -'Tze Tx ( z → Nz# → O -

( tangent directions
away from Z

.

RMI : c (THz) = cltz) . c (Nex) .

Many consequences
of this formula !



keyidea : Zcsx
?d. inn -

Nza din n. This is like a

a- ffg twbghbood
it around 8 in X .

x. ¥1.
Heath:

s

:&:c
Fer feet .vn-

tangent space KZ) -

along S at p : Snf .



④ : In this case we get
a tangent

"
cone

" showing
E n 7 to first order .

Dif : X scheme .

Z subschemer .

The normalcy to
X Cz (X) .

is Spey A when

I * = '%
,

"

x



Fazio : If X , 2- are
smooth

,

%→d." I Synd (%:)
So A = Sym

. ( tales) .

It / is the ↳normal bundle

*
NtIX i

"

functions on X
,
to first order

near Z
"

.

S. A = Sync ( Nets)

and Cz (X) = Nz Ix '



Pgp . X 33 smooth varieties .

⇒ w arbitrary .

Z nw scheme theoretic intersect
win .

Then the normal cone to 2-
hw inW

embeds in Nflx :

Cznw (W)→ Nex .

I t
7- n w - Z

Pf: Nyx
" Spy Sym

. ( Nz )
-

-



Since Wes X ,
we hone

x-D Ow -

Sz to 93+94
Tw

'

w

s. 9,
→ 9znw

ideal of ideal of
8 in K -

fnw inW
-

# sits "⑤ 'iink: .

d ? O

-
-

s Sym
. ( Hq:) → A

Gines
N ,,×
← Cznwlw) - ⑧



Da#7 : Intersection products a Deformation to the normal bundle
-
-

Def : X ? 2- smoky codin d .

W arbitrary pure
di- K .

tubular -
nbhd .

④ rank d ' Nzlxlznw I Cann (w)
o f ft f normed cone

to W .

z c- 2- nw -
local picturelocal picture of W

.of z s off) (zero section) ,

best ; The interaction product
of Z by V in X
-
-
-

"

(z .×w)
: = s

* [Cznwcw))
w

Gysimep '

perturb, then intersect
with

←

off) (zero section) -



KIS .

① W
,
Z intersect transversely . Tp 2- + Tpw s Tpx

for all pc. Znw .

⇒ In this case Cznwlw) = Nzlxlznw '

fills up the space .

So s* ( J s Gnu) .

( Iso : if 2- nw is empty : get g .)

② W s z : self - intersection .
o

⑧ Cznwcw) = Z → Nzlx

no extra normal directions , just get
the zero section again .

( 2- it) = s
* (da)

def ! !
= 5*0*173 = Cd (Nex) n ft) .



Similarly , if W
sZ

,

*

( Z . W) = S 0*41 = Cd ( Nex) n (w) .

X
" perturb W off of 8

out into X
"

.

③ W
,
Znw smooth but not transverse

.

Say Z nu → w codin d
'
.

So
, Cznw (w) = N%nw/w → Nzlxlznw -

rank d ' rank d .

Then (Z . W) = Cdg , (quotient bundle NHdtnw↳wµ) .x

n Cznw) .

This is called the exciessnormal bundle -

( fiber is I Tp X

¥qw
')

( Prof : Multiplicativeby of top Chem class .
)



④ Our intended uses :

X s smooth
,
dim n .

A, B = arbitrary cycles, dims a. b .

Then X £3 X X X codim n
, smooth

!

AXB → XXX din axb .

(ugly) .

NOI : DID n (Atx B) = An B essentially
by definition -

%
D

×:*
CAME Aa.!!'M f Aa

.
!!) .

µ This This makes A (X) a graded ,
commutative

ring .

f

similarly : X → Y of smooth varieties . d ' din X - din Y.
- a

2- subvariety din k .



Graph of f : X X x Y as Cf) . smooth !

Codim = din Y.

X x Z s X xY .

By def
'

n
,
Cf) n ( X x Z) = f

- '(z) .

my Cf) ( Xxx E Ak, (f
"H) ( A

, ) .
-

For this to work
,
we need ( Z yw)

to descent to rat 'd equivalence in the W

argument . (keep Z fixed .)

(cycles)This . The my z , (x) → Ak,alt)

W H (Z ;W)
descends to AKH) -



Think of this in two steps : (Gysin)
§

DNB

guy → Zk( Nex) →And (3)

w n cznwcw) n s
* (Cznwlw)) .

= : I .×W ) .

④

Enough to show that the first step descends to

AKLX) , since we know SH does .

DNB =
" Deformation to the Normal Bundle

"
'

- - ( cont
-

Note on blowups :
-

D → I - Bhola
d
ZC) ¥ smooth . ( for simplicity) -

The exceptional divisor D is the projectivied normal

⑧ D= IP (Nz,×) .

bundle !



i¥¥i÷i
This is the exterior view of last class 's picture
of Nfa ' ( tubular neighborhood) .

( interior view) .

Deformation to the
normal bundle

_-==
Z x IP

'

→ xx Ip
'

VI

z x fog .

NOI " Nzxgoozyxxp ' = Nth ④ ① '

t ( from IP
'

M = MCZ ,X) : = Be *gag ( xx
,pig factor)

'



④ Exceptional divisor is

IPC Nzxgeozyxxp .) =P( Nex Ot Q) .

The projective co-mpkt.tn of Nz,× .

2-xp
'

NIK :
a!Y, is still flat -

2- ¥-91← fiber Mos
+ becomes

(since M is irreducible) -

reducible .
To lb! theaucibb)

Moo = Bez (x) u IP (Nza, too) .

- -
exterior interior

""
a:÷÷, .

J hyperplane at co -

joined along lP(Nz,×) -



NOI : By universal property of blowups ,

Blz.gg/ZxlP')sBlz*gylXxlP ')
-

④
= Z xp

'
→ M .

because 2- x{of is a Cartier divisor on 2- xp !

( tsao) .

for t too
,
this is just f x {El

Es Xx Itt .

for t so, this is Z x lol I Nzcx S Ma '

⇒ M (Z,X) deforms ( degenerates) the

H in""" : %.int:t:i÷:
"

:*
.



( Day 28 ! )
-

Continuing : Z
Is X .

-

M = M (Z ,X) : = Blzxgag ( xx P
') .

¥
-2 xp

'
- M mostly as 7↳ X .

f- sa : as 7 Is Nzyx is Moo .

=

One last lemma needed :

(pullback)
Gysin map for Cartier divisors
-
-

D is X Cartier divisor .

we have c
,
OLD) n
-

i AKLX) -' Ak . , H) -

we need something stronger !

"

Gysin map
"
i



i * i AKCX) → Ak - i LD) v

S

(Fulton 6)
' (w) ↳ { (ward if w # D

Prof -
Z '

c
, Colbyw) if WED

.

Main observation about it :

--

If OCHI, is trivial, then the

2nd part of the def is O .

that is
,
i
*
z

-

* (w] = 0 for WED .

=

Ex : X 3 Ds Elp) so OLD) s a-
* OLD .

=
a t t acosy

,
-
- nd OLD Ip

IP ' ← p W

vecbdle on a pet !
⇒ trivial .

Nate : ODCD) is the normal ↳dh to D ! ( NDH)

This is saying D has a trivial normal bdk

if D= E'(pl from X C curve .



Palin
! ZKCX) DVB-S Zk ( Nzyx)

W t Cznwcw)

This my descends to ANN → Ak ( Nzlx) '

Proof : Excision :
•

closed open

Mos - Mft, x) c- X x IA
'

(Eso) Ct#es)

where Mao = Blzlx) u PLN# too) .

exterior interior
.

Gies

A
#
lmao) Akal MGM) Aka LXNA

'

) -so .

i

(Gysin it f ,
'
" fix

map for Ma)
"

Ak ( Mas) ←
-
- - AKCX)

Ngtc : Mos is a Cartier divisor i. too .

And since Mos = E'(a) from Mff.,X) -1A
'

,



n'* vanishes on i* ( Skt , (Ma) ) -

⇒ Gives well - defined map

Akai (X MA
' ) → Ak ( Mos)

S ti i
* ( 5) .

Engine : AKCX) Aka. (Xxx') -AidMa)

w t' Gw!# n. @
'

w:* nm.

-

Mftnw ,
w)

by natural it, of blowups
9

( Bt@ny.g.glwxlPDc.B!,.pl"
" ")

and M(Zaw , w) n Moo

= Dlznwlw) u IP( Cznwlw) ④ e)
(exterior) (interior) .



Lastly , Nz,, E Ma is an open subset .

( complement of Bly (x) ) .

So
, Ak (Mes) → A KL Next '

Mastenw, w) h Czawlw) . Ee

Cg : Existence e functionality
of Chow rings

of swnooth varieties !

(graded by codin) .

Cor ( Projective bundle formula) .

= - -

E X vec bdle .

MEI -'' X p nj bundle
'

Ring structure of A( PCE)) is
:

• we hare A (x) A ( HCE)) .



• As an Atx) - algebra,

AllPCEDs.ALx1L@Thc.0c.CD .

are
- ⇒ We had this

relation ( y c. (E) yr
"
x -

-
- earlier :

homey of
⑧

deg r .

-

- + calf) 's c. 9.Chin #2 ,

+ c. (E) -) etc ,

food : On IPLE)
,
we have

0 → OgGi) → THE
→ QE → 0 .

So
, cLE)

( c ( 4. c. D)
= c ( Qe) .

TY E)

L, It c. (E) t - - - t a-
*
CrCE )

=

- = c (QE) -

I - y w
rank r- I

vecbdk .

⇒ deg r part of this equation vanishes .



s ( I + --- + McrCE)) (1+4×74 --
-) = CCQ,) .

f deg r part :

gr-iyr-ic.lflx-ycp.CC/-crCEl--O#
By additive description , this gives

the

correct Chow groups . (No other relations or the

groups would be too small . )

Similar idea : Grassmann bundles :
- -

E- X rec bdk .

Fiber !
g. (k , E) E X Grassman bundle ' Il G. (k

, Ex) -

On Er , we have

O -i be → HE → Qf t O .

-

rank k subbundle .



So
, ACE) is described by relations from :

c. (ME)
⑧ -

= c ( QE)
( (Sf) -rank r- K -

=' deg r- Kali . -- , r partsII vanish .

ACED EACH [ a.
.
. .
.

.
ETCillo) -

-

relations .



Daud : Excess intersections .

X : smooth variety .
VI

Yi s subvariety , regularly embedded.

Our definition of intersection product gives
:

( Y , ; - - - ;Yr)
c- A ( n Yi ) .

If Z s NY ; is a connected component .

(open) (open)
- *

I

⇒ By applying A ( NY :) → Alt)

we get a class in A 17), denoted

( Y . . . - -
o Yr )?

Called the equivalence of 2- in (Yi -- - oYr) .

-
-

Then
cm ; - girls % i

- Z Yi "

local
" contribution fromglobal product .

com. comp -

each 7 -



By default (Yi
- --

- Yr) is computed via

X yr

( Y, o - -
- Yr) s D ( x) yr (

Y
,
x -*Yr )

.

If 7 is smooth
,
the equivalence of 7 can

be computed in IP ( Nz,× ④ 1) :

( project in completion )

How?
- multiply the classes

( IPC
.

.cz (Yi) ④ I))
EACIPCNO.at)

projective
' completion of CzGi ) (closure) -

⇒ Amounts to "perturbing the Yi loudly at Z ,

fixing the global picture
"
.



¥ : IP
'
3 S

, ,£
,
Sg Sm surfaces , digs sysz

, Sz .

Suppose S
, nsznsz = C u X
- w

Sm curve finite

deg d, set of

genus g pts .

What is deg (x) ?

-1%5"

s. - sis,
= ( s , - Sissy -1 dglx)
- - -

rest .

5,5253 Calculate
( Bebout, 93) locally .

Since C is smooth
, pass to IP ( Neaps -01) .

-
↳ rank 3 .

Step - Total Chern less of
!

SES : O → Tc → Tips (c→ Neaps→ O .



On a curve
, just have c , , so

C , ( Ncap' %) = c
,
( Nc, 3)

Em c (maps) . CHIK)
( ( Tc)

'

get a ( N) s c, ( Tip, lo) - c,
( Tc)
-

ditties) 2-2g .

=

014) -

= ( 4d - (2- 2g)) (pts)
( technically a 0-16 in

solo) , not just an integer .)

bring :

A ( MN I )) s Ala GI- (Cz-- O

yo + g-c. (NOI) Farge)
-

4 d -22g .



Step . For each Si , since Si is smooth
,

Ceci) = Ncis ; i

-

SES of normal bdhes :

O → Ncis ; -1 Nc,pp
-Nsi' O -

( ¥.si/c .

✓

IPC Ncis ; ④1) is a divisor

in IP ( Neaps ⑦ 1) .

F¥ti It comes from the line bundle

On ( t) ④ Ns ; lips on B(Nc, ,p, ④ I) .

Reason : Owl-D → * Naps
~.

O -' NCIS ; → Naps → Nsi 11ps →
°

Get a map On th → Nsillp'
( 4 a → OnLN ⑦ Nsi, 3 Section .)



which vanishes at ⇐ I = Nys ; -

( x, l) e MN I)

⇒ Nys; cutout by a section of Oft) ④ Nsi Lips) '

S"
(Ipc Ncis; ④I)) s C

,
( Owl ') ④ Ns .- lips)

④ Local class = c. (on CD) x c. ( ns.yps)

µ of Si surface ~ Toff
,

along C -
= T t d - Si pts) .

Steps : Multiply :

IT (yids ; pts )
ist ( no higher

= y
'
+ g'd ( s , + Szasz) #fois) termsJ sing:p:o)



STY - (41-2+3) t dls , +Susa)) pts) .

-

(Ngtc : T
? [pts] gives O- cycles on BCN -01) .)

therefore in p3 :

S, Sas, = ( sik - Sz)
'

'- deg (x) .

W
- W rest -

glinka . jnsctalculated !
So
,

dgcx) = s, Sss, t 4 d
- 2+2g

- d (s, +Szasz) .

( ⇐ "
'

÷::::":÷"
" "

s:*

' O s 2.2-2 + 4.3 - 2+2 - O - 312+2+2)

: 8 + 12
-2 - 18 ✓



④ 3264 - All that
: § 136.3 . Variant

using BLIND .

(exterior )
instead of PLN -01) .

Conics .

-

IPS = conics in IP?

¥??Thine lines . vet 047=0127
'

abc (ax.BY .- if)
"

(hyperplane SIP
' cuts out

For C a conic, have
conic on IP?)

Hc = { conics tangent to C) .

hypersurface of deg G .

K⇒ Vz ( IP) always ! ⑧
in

This is the base locus
⇒ A double line

of the Ho's .

is always
"

tangent
"

.

Conics tangent to 5 conics : n Dc
;
= Valley u Xw

finite .



5¥ : Nvzupy ups rank ? '

On IP
" have : (Euler sequence)

Ot 01pm -1 OLD
""
y Tph -10

So
,
c (Tlph) s

c ( OLD
④ nm )

⇒
.

.

Vous)
nai

-
-

I

ntl
UP') CR) ← ( I + H )

since H pulls back to 2L ,

O - TP
' -1 TR

' Ivy ,py→ Nyc lips
.

-' O -

W
g w

cc) s CHL) ( 1+246
Since violin soon .

<GPUs) =
(1+246

so
,
c ( Nr q

- I -194305
w

Cpd
on IP?



So
,

the Chor ring is

ACIPCN Il) = KIM) (9)

If y?gIoi)

step : Examine cones Cvaupy (Hd .

He is singular along KUR) because

a double line rs target to a conic

twist :

&
Hc has multiplicity 2 along 411PM .

¥1
Our cone is

[ PC Cup, LHD 01)) = ay + b a-
*L

from Ip?



(divisor)

• a s 2 = multiplicity .

( J is the relative hyperplane class, He looks

like 2 hyperplanes locally .)

Belatedly : in Bluhm, LPD ,
He

= 2[exc. dig
+ [strict transform

of Hc] .

> For b
, apply the Gysin map SK s#T '

s# ( com ] = s* (ay x b a*L) .

-

b . L

s
* ( com)

definitionThis is the
( S

l
of Villa) . Ho .

Ips
= Cycle)) . [He] in Ips

w

deg 6 .



= 12L on IP?

So b = 12 .

←

Step : Multiply : ( 2,9+12*45
(Use defining

=

"
(algebra)

relations = 4¥12 y ' L
'

of ALIPLNOII)) . ) Ign IPL NOI) -

Steph ' . In Psi
mpg

( Hc
.

. -- - - Hc
,) = (Hc ; - -- ' Hcs) xdglx) .

÷
7776 = 4512 + deg .

7776 - 4512 = 3264 Cpt]
-

- deg CX) .

← Or


