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Abstract We show that a matrix game within groups in a finite-island model is effectively
equivalent to a matrix game in a well-mixed population. The effective game matrix is a sum
of interaction effects minus competition effects, weighted by identity measures involving up
to three individuals. These identity measures are computed in the absence of selection but
depend on the selection regime and the dispersal pattern: differential viability or fertility,
hard selection or soft selection, uniform dispersal or local extinction followed by uniform
recolonization. Hard selection, which allows for group selection, understood as differen-
tial contributions of groups, reduces competition within groups compared to soft selection.
Moreover, the reduction is more pronounced in the case of uniform dispersal than in the case
of local extinction. Fertility differences add competition effects between an individual and
itself. A personal inclusive payoff can be defined from the effective game matrix and used to
predict the increase or decrease in frequency of a mutant strategy. However, this personal in-
clusive payoff is generally frequency-dependent and its mean does not necessarily increase
over time.

Keywords Evolutionary game - Matrix game - Finite-island model - Group selection -
Inclusive fitness - Relatedness

1 Introduction

The replicator equation for a matrix game [36] can be seen as the beginning of evolutionary
game dynamics. Since then, a wide variety of dynamical properties have been characterized
by the entries of the game matrix, their number and their relationships (see, e.g., [12, 13],
and references therein).
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The replicator equation assumes random pairwise interactions in a well-mixed, infinitely-
large population. In real populations, however, interactions among close neighbors, relatives
or similar individuals are more likely to happen than interactions among distant or dissim-
ilar individuals. In order to take into account local interactions among individuals, group-
structured populations have been considered: heterogeneous population [6], island model
or stepping-stone model on a lattice [10, 30, 35], graph structure [26, 34], phenotype space
[1, 37] or set space [33]. Diffusion approximations and fixation probabilities have also been
obtained for family-structured populations [32], island models [17, 31] and under isolation
by distance [29]. See, e.g., [24] for a recent review of game dynamics in group-structured
populations.

In the vast majority of models dealing with interactions in populations subdivided into
group units, the focus is on the evolution of cooperation or altruism, traits that appear to
be disadvantageous from an individual point of view. Moreover, it is usually assumed that
individuals in interaction have additive effects on the fitness of each other, which is a good
approximation if there are small differences in individual strategies. Some authors insist
on the role of kin selection, as accounted for by a personal inclusive fitness [9], which is
obtained by transferring fitness effects from recipients to donors, weighted by some coeffi-
cients of relatedness. Others think that the primary driving force that can explain the spread
of cooperation is group selection, involving extinction and recolonization of demes [20, 21],
or understood more generally as a variable contribution of groups to the whole population
through differential growth or expansion ([39], and references therein), which may prevail
over the effects of individual selection within groups.

Group selection and kin selection, which are closely related (see, e.g., [2, 3, 22]) have
nourished long debates in population genetics and they remain controversial subjects. Con-
fronted with the intricacies of the effects of interactions among individuals in evolutionary
games, some have come to the conclusion that an inclusive fitness approach is useless or
unapplicable [25].

In this paper, we will study a matrix game within groups, not necessarily additive, in
an infinitely-large, finite-island population with partial uniform dispersal or local extinction
followed by uniform recolonization. We will consider that the payoffs are translated into via-
bility or fertility differences under the assumptions of soft selection as well as hard selection,
which allows for differential group outputs. The exact dynamical equations for the strategy
frequencies will be deduced in the limit of weak selection and compared to the replicator
equation for a well-mixed population. The roles of group selection and kin selection will be
commented.

This will complement and extend a previous exact study on general matrix games in an
infinite family-structured population [19] and diffusion approximation results for additive
matrix games in island models for a finite population [17].

2 Matrix Game for Viability Selection

We consider a large, virtually infinite population subdivided into groups of N individu-
als. This is Wright’s [38] island model but with a finite group size. We assume that there
exist n possible individual strategies denoted by Si,...,S,. An ordered group type i is
represented by a vector of strategies S; = (Siy, ..., Sixy) whose entries are the strategies
used by the individuals in the group once these are arbitrarily ordered. Moreover, the vec-
tor x; = (x;1, ..., X;,) gives the frequencies of the different strategies in a group of type i.
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Namely, we have

Xik = — > (D

where Nj; is the number of individuals using strategy S; among the N individuals in a
group of type i. Note that there are n" different group types, but that several group types
can exhibit the same strategy frequency vector. Finally the frequency of group type i at time
t > 0 is denoted by z; (¢). This yields

Xe(t) =y xuzi(t) )

for the frequency of S; in the whole population at time ¢ > 0.

Generations are assumed discrete, non-overlapping. From one generation to the next, off-
spring are produced in large numbers in each group, every member of the group producing
the same proportion N~! of offspring. This is followed by viability selection as a result of
a matrix game taking place among the offspring in the same groups. More precisely, we
assume that every offspring uses the same strategy as its parent in random pairwise inter-
actions among offspring within each group and that the payoff a;; to an offspring using Sy
against S; is such that the viability of the offspring takes the form

Wy = 1+ Sdyg; . (3)

Here, 1 represents some reference value and ay; a coefficient of selection with respect to an
intensity of selection s. In other words, the payoff translates into an additive effect in units
of selection intensity on a relative viability measure initially set equal to 1.

Note that the viability of an offspring / can be written in the form

w; =14 say, (€

where
ap = Z ariqrrqir ©)
k=1

represents the payoff to I in interaction with 1, and I’ is an offspring chosen at random in
the same group as /. In this notation, g;; represents the frequency of S; in I (1 if I uses
strategy Sy, and O otherwise), and similarly g,/ the frequency of S; in an offspring /.

In a group of type i, the mean payoff to S; is

ai = (A = ) _ auxir. (6)
I=1
while the mean payoff in the entire group is

n
a; =x; - Ax; = E A XikXil - @)
k=1
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Here A = [ay ]} ;_, denotes the game matrix and - the usual scalar product. Therefore,
Wi = Z wixip =1+ saix 3)
=1
is the mean viability of Sy in a group of type i, in which the mean viability is
by =) Wixi = 1+ 53;. ©)
k=1
Consequently, the frequency of S in a group of type i after viability selection is given by

X Wik ajx — a;

X = ——— =X + Sxik —. (10)
w; 1—sa;
This leads to the approximation
Axip = xj, — Xix = sxi (@i — a;) + o(s), (1)

for the change in the frequency of S; in a group of type i due to viability differences. Note
that this change can be written in the form [27, 28]

Cov; , W

Ay = I on(guga) +0(s), (12)
E; (wy)

where E; and Cov; denote expectation and covariance, respectively, in a group of type i. As

a matter of fact, we have

Ei (qx1) = xi,

n n
Ei(ar) = Z auBi(qrrqir) = Z A1 XikXils (13)

k=1 k=1

Ei(quran) =Y auEi(qurqur) =i y_ auxi,
=1 =1

with E;(w;) =14 sE;(a;) and Cov; (ku, wy) = sCov; (qk[, ar).

3 Soft Viability Selection with Uniform Dispersal or Local Extinction

In this section, we assume soft viability selection [4] so that the total number of offspring in
each group after viability selection is the same as before viability selection. Moreover, we
make either of the following assumptions: a fraction m of offspring in each group disperse
uniformly among all groups (uniform dispersal); or each group goes extinct with proba-
bility m independently of all other groups and then it is recolonized by offspring coming
uniformly from all remaining groups (local extinction and uniform recolonization). In both
cases, this is followed by random sampling of N individuals within each group to start the
next generation.
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Under these assumptions and with time scaled so that one generation corresponds to s
time units, the frequency of S; in the whole population at time ¢ + s will be

xi(t+s) :Zx;‘kz,-(t). (14)

This yields
X, (t +5) — xx (1) = 5By (Covi(qur, ar)) + o(s) (15)

for the change in the frequency of S; in the whole population from time ¢ to time ¢ + s.
Here, we have

Ey)(Covi(qis, ar)) = ZZi ()Covi(gkr, ar)
= ZZi ®E;(grrar) — ZZi(f)Ei (qrs)Ei(a;)
= ZZi(I)Ei(CIkIaI) —x(Da(t)

— Z zi(OE;i (qr))E;i (ar) + xi(t)a(t)

= Covyr)(qrr. ar) — Covyay (grs, ar). (16)
where / and J designate two offspring chosen at random in the same group, and
at)y=>y_azt) (17
is the mean payoff in the whole population at time .
Finally, we define

Xe(t +8) — xi (1)
S

(1) = lim (18)
Then, we obtain
X () = Covyy (qrr, ar) — Covyy (qrs, ar) (19)
for the rate of change in the frequency of Sy in the limit of a small intensity of selection.
On the other hand, a group of type i at time ¢ will be transformed into a group of type j

at time ¢ + s with some probability P;;(s, z(¢)), which depends continuously on the intensity
of selection and the frequencies of the different group types at time ¢. This yields

2t +9)=Y 7 () Py(s.2(t)) (20)

for the frequency of type j at time ¢ 4 s, or

z(t +s) =z(t)" P(s,z(1)) 1)
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in matrix notation.
We assume throughout that z(¢) is continuous as a function of 7. Then, taking the limit
as s tends to 0 on both sides of the previous equation yields

z(t) =z(t)" P(0,z(1)). (22)
This means that z(¢) is an equilibrium of the recurrence equation
2t +n+1) =zt +n)" P(0,2z(t +n)) (23)

for every integer n > 0. Note that P(0,z(tr + n)) is a transition matrix in the absence of
selection.
It can be shown [17] that the entries of

z(t) = nli)r{)lc z(t +n) (24)
are given in the form
(=) c;@x )" - x ()" (25)
T
Here, the summation is over all r = (r,...,7,) # (0, ..., 0) satisfying O < r; < Ny, for

k=1,...,n. Note that Nj; is the number of individuals of type S; in a group of type j.
Moreover, c¢;(r) represents the number of ways for a group of type j to have r; ancestors of
type S for k =1, ..., n, all in different groups. The proof relies on the coalescence approach
[14] by tracing the ancestry of a focal group backwards in time under neutrality. Individuals
having the same common ancestor are identical-by-descent (ibd) and they are necessarily of
the same type. On the other hand, the types of individuals that are not ibd are independent.

Let us summarize our findings in a statement in which the explicit dependence on ¢ has
been dropped to simplify the notation.

Result 1 In the case of soft viability selection with coefficients determined by a matrix game
within groups in a finite-island model with uniform dispersal of a fraction m of off-
spring, or local extinction and uniform recolonization with probability m, the rate of
change in the frequency of strategy Sy in the limit of a small selection intensity is
given by

Xx = Cov,(qkr,ar) — Cov,(qis, ar), (26)

where a; and a; represent the payoffs to two offspring 1 and J chosen at random in
the same group as defined in (5), and qy; the frequency of Sy in I. Moreover, Z is
the equilibrium distribution of the group types with respect to the current strategy
[frequencies in the absence of selection as given in (25).

4 Hard Viability Selection with Local Extinction and Uniform Recolonization
In this section, we suppose that the total number of offspring in each group after viability
selection is proportional to the mean viability in the group. This is a case of hard selection

[4]. Moreover, we suppose that each group goes extinct with probability m independently
of all other groups. In this case, it is recolonized by offspring coming from all remaining
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groups weighted by their mean viabilities. In other words, there is local extinction followed
by uniform recolonization

Under the above assumptions, the frequency of S; in the whole population at time ¢ 4 s
is given by

D wixjzi(t)

w(t) ’ @7)

Xt +9)=>0=mY xjzi(t)+m

where

w(t) = Z Wiz (t) =1 +sa() (28)

is the mean viability in the whole population at time ¢. This leads to the approximation

xie(r +5) — xi (1)
= s{(1 = m)Ey)(Cov;(qir. ar)) +mCovy)(qis. ar)} + o(s), (29)

from which the following conclusion can be drawn mutatis mutandis.

Result 2 In the case of hard viability selection with local extinction and uniform recolo-
nization with probability m, Result 1 for the rate of change in the frequency of S
becomes

Xx = Cov,(qkr,ar) — (1 —m)Cov,(qiy, ayr), (30)

where I and J are two offspring chosen at random in the same group.

5 Hard Viability Selection with Uniform Dispersal

Now suppose hard selection as in the previous model but with uniform dispersal so that each
group receives the same number of migrants. Then, the relative size of a group of type i after
dispersal of a proportion m of offspring will be (1 — m)w; + mw, where w; is its relative
size before dispersal and w the average relative group size in the whole population.

Moreover, the frequency of Sy in a group of type i at time ¢ after selection and migration
will be

(1 —m)w;x}, +m Zj WXz (1)
(1 —m)w; + mw(t)

() =

=0 —m)xiy +mxi(t) +s(1 —m)agxi + sm Z&jkxjkzj (1)
J

—s{( =m)a; + ma@)}{(1 — m)xy + mx(t)} + o(s). @31

Then, the frequency of Sy in the whole population at time ¢ + s is given by

Xt +s)=) E 0z, (32)
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and we have the approximation

n@+ﬂ=n0%ﬂ<zﬁmmm®—&®&00

—Ml—mf(E:%MﬂAﬂ—ﬁUMHO)+0@) (33)

This yields the following result.

Result 3 In the case of hard viability selection with uniform dispersal of a fraction m of
offspring, Result 1 for the rate of change in the frequency of Sy becomes

% = Covy(qir, ar) — (1 — m)*Cov,(qey. ar), (34)

where I and J are two offspring chosen at random in the same group.

6 Matrix Game for Fertility Selection

In this section, we assume that the matrix game takes place among parents within groups so
that the mean payoff to a parent using S; in a group of type i is given by

ai = (Ax; (K)),. (35
where
_ NXx; —e;
x; (k) = N1 (36)

is the mean strategy used against Sy in a group of type i. This assumes random pairwise
interactions among the N parents of a group and excludes self-interactions. Here, e; denotes

the standard kth n-dimensional coordinate vector, so that x; (k) = (x;1(k), ..., x;,(k)) with
oy = D= 37)
=N
and
Nu
i1(k) = , 38
xak) =~ (38)

for [ # k. Moreover, it is assumed that the payoff has an effect on fertility in such a way that
the mean fertility of a parent using Sy in a group of type i is given by

=1+ s = 1+ — o (((Axp) — 2 (39)

Wik = Saj = —_— X))k — — |

k k N1 L

This fertility model corresponds to a situation in which the viability of an offspring whose
parent uses S; against another parent in the same group using S; is wy; = 1 + say,. In other
words, the viability of an offspring 7 is given by w; = 1 4 sa; as previously with a payoff
in the form

ar= Y auqudir (40)
k=1
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where I’ designates an offspring chosen at random in the same group as I, but produced by
a different parent.

Therefore, all previous results apply modulo this modification in the expression of an
offspring’s payoff.

Result 4 In the case of fertility selection instead of viability selection, Results 1, 2 and 3 for
the rate of change in the frequency of Sy apply with the restriction that only interactions
among non-sib offspring are considered in the payoff a; for an offspring I.

7 Effective Game Matrix

In all the models of the previous sections, the rate of change in the frequency of Sy has been
expressed in terms of the covariances

Cov,(qir,ar) = Z amCov(qrr, qrigmr’) 41

I,m=1

and

n

Covy(gisran) =Y amCovy(gis. qugmr). (42)

I,m=1

where I, I’ and J represent offspring in the same group. In the viability models, these off-
spring are chosen at random among all offspring within the group. In the fertility models,
I and J are chosen at random among all offspring, while I’ is chosen at random among
all non-sibs of /. In all cases, the covariances are calculated with respect to the equilibrium
distribution of the group types in a neutral population, given the current strategy frequencies
as expressed in (25).

In order to compute the covariances, we introduce the following identity measures for
offspring 7, J and K in the same group in a neutral population:

¢y =Pr(I =),
¢rxk =Pr(l =J #K), (43)
¢k =Pr(l =J =K).

Here, the symbol = means identical-by-descent (ibd) and # non-identical-by-descent (non-
ibd). Note that

Q17 =1k +Prik,
¢1/]=Pr(l;.-éj)=1—¢”, (44)
Sk =Pt #J, 1 # K, JEK)=1—¢1; — 1k — b1

These measures will be used to develop the formulas (41) and (42).
Conditioning on the ibd status of two offspring 7 and /' in the same group, we find that

Cov(qir qirgmir) = P11 (XiSkim — XxX181m)
+ 10 (X XmSp — Xk X1 Xp)- (45)

Here, 6§y = 1 if k =1, and 0 otherwise, and similarly 8;;,, = 1 if k =1 = m, and 0 otherwise.
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Analogously, for three offspring 7, I’ and J in the same group, we have
Cova (s> quigmr) = Grir XxSkim — XxX181m)
+ P11 (kX Spt — X X1 X )

+ Gy 1 (kX 8pm — Xp X1 X)) (46)

Note that this covariance given that J is not ibd to I and 7’ is equal to 0.
Finally, we find that

Cova(qur, ar) = xi (Z agx — Yy afmxlxm> 47

=1 I,m=1
and
n n
Covy(qrss ar) = x (Z allxi =Y aj) xzxm> : (48)
I=1 Lm=1
where
aly = brraw + ¢iyrau (49)
and
all =bsrap + dsran + dsvian. (50)

Note that a// = a/, when J is replaced by I.
For the viability or fertility models of the previous sections, this leads to a rate of change
in the frequency of S; in the form of the replicator equation [36]

K =xc ((A°X), — X+ A°X), (51)

for some effective game matrix A° = [a;].

Result 5 With viability or fertility selection within groups in a finite-island model with co-
efficients of selection given by a game matrix A = [a,,], the rate of change in the fre-
quency of Sy is given by the replicator equation as in a well-mixed population with an
effective game matrix A° = a1, where

1 JI
Qg = —aj, (52)

in the case of soft selection with uniform dispersal of a fraction m of offspring, or local
extinction and uniform recolonization with probability m,

ap =aj, — (1 —m)a}/ (53)

in the case of hard selection with local extinction and uniform recolonization with prob-
ability m, and

ap =aj; — (1 —m)a}] (54)

in the case of hard selection with uniform dispersal of a fraction m of offspring. In all
cases, the entries a,fl and a,{lj are given by (49) and (50), respectively.
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8 Computation of the Identity Measures
8.1 Case of Uniform Dispersal
The identity measures for three offspring 7, J and K chosen at random among all offspring

in the same group in a neutral population before uniform dispersal of a fraction m of oft-
spring satisfy the equilibrium equations

_ 1 ! 1 2
¢1J——+( _ﬁ>( —m)“¢yy,

N
¢ : + . 1 ! (1—m)’¢ (55)
=—=+—=|1-—= —m
K= m Tty N 17
(-2 (1-2)a-ms
N N m) Qrjk -
The solution is given by
by = 1
YTNm@—m) + (1 —m)?
(56)
ok = N +2(N = (1 —m)? 5
YETINIMG =3m+m?) + BN —2)(1—m)> |
Moreover, we have the equality
11k = Q1) — Prik- (57)

In the limit of a large group size (N — oo) and a small dispersal rate (m — 0) so that the
product tends to a constant (Nm — M), the above identity measures converge to

0o _ 1
7 Tom+ 1
1
(00)
= 58
VK™ QM+ 1)(M + 1) (58)
$%) = M
K™ oM+ 1)(M + 1)’
respectively. Note that
(c0) ¢(<>0) + ¢(00) 2¢(oo) 1
K _ "1J/K 1K/J _ 1J — ) (59)
% ¢ L+¢7 M+l

The above equation states that the probability for a third individual to be ibd to at least one
of two previous individuals chosen at random in the same group does not depend on the
event that the two previous individuals are ibd or not. Moreover, this probability is given by
the scaled rate of coalescence 1 over this scaled rate plus the scaled rate of migration M.
This is in agreement with the Ewens sampling formula [5] with migration playing the role of
mutation and identity-by-descent that of identity-by-state under the infinitely-many-alleles
assumption.
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{ 1
+ ( - N)@lu

1
b1+ (1 — ﬁ>¢111u (60)

1
drix = <1 - N)d’]l/l’,

if I' is an offspring chosen at random among all non-sibs of I in the same group. This leads
to the relationships

Note that we have

b1 =

b1k =

z|l- ==

No;y—1
b = N1
N¢I./K_¢I.I
, = Nok =1y 61
biir N 1 (61)
_ Noiyx
bir = N_1"

between identity measures for offspring /, J and K chosen at random among all offspring
in the same group and identity measures for offspring 7, I’ and J chosen at random in the
same group under the restriction that 7 and I’ are not sibs. Note that there is no difference
in the limit of a large group size. Moreover, we have always ¢/, = ¢, by symmetry.

8.2 Case of Local Extension and Uniform Recolonization

In the case of local extinction and uniform recolonization with probability m, the equilibrium
equations become

1 1
Q17 = M + (1 — ﬁ)(l —m)¢py,

= ! 3 1 ! 1 1 ! 1 2 1 62
¢1]K—m+ﬁ( _N>( —m)qb”—i—( _N>< _N>( —m)¢rg, (62)

from which
1

s = Nm+1—-m’
(63)
" | N+2(N-D(A-m) "
YET LN+ BN =21 —m) [
whose limiting values, as N — oo and m — 0 so that Nm — M, are
(00) _ 1
1J + 1 ’
(64)
(c0) M

VKT M+ )M +3)

Note that the relationships in (59) do not hold in this case.
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On the other hand, the relationships in (61) between identity measures for offspring cho-
sen at random without restriction and offspring chosen at random under the restriction that
two given offspring are not sibs are still valid.

9 Discussion
9.1 Effective Game Matrix

We have shown that a matrix game within groups in a finite-island model with partial dis-
persal or local extinction is equivalent to a matrix game in a well-mixed population defined
with respect to some effective game matrix. Then, everything that is known about such ma-
trix games (see, e.g., [12, 13]) can be applied mutatis mutandis.

The equivalence holds in the limit of weak viability or fertility selection with coefficients
given by the entries of a game matrix A = [a,,] as a result of pairwise interactions within
groups. The corresponding effective game matrix A° = [ay,] is a linear combination of two
matrices, A’ = [a/,] for the effects of / in interaction with an offspring /” that may be ibd
ornotto /,and A’/ = [akfl’ ] for the effects of / in competition with another offspring J that
may be ibd to either I or I’, or both.

In the case of soft selection followed by uniform dispersal or local extinction, compe-
tition occurs effectively among all offspring within groups before dispersal whatever the
dispersal rate is. In the case of hard selection followed by uniform dispersal, competition
occurs after dispersal and is effective only in a proportion (1 — m)? of the group, which is
the probability for two competitors to come from the same group. If hard selection is fol-
lowed by local extinction and uniform recolonization, then this proportion becomes 1 — m,
which corresponds to the probability for the whole group not to have been recolonized.

Note that local extinction and uniform recolonization following hard selection has the
same effect on the strategy frequencies in the whole population as proportional dispersal,
that is, dispersal of a fraction m of offspring in each group and replacement by as many
migrant offspring chosen at random among all migrants so that dispersal does not change
the number of offspring in each group.

More important is the fact that hard selection, which allows for group selection under-
stood as differential contributions of groups, reduces competition within groups compared
to soft selection. Moreover, the effect becomes more pronounced as the dispersal rate or
extinction probability increases.

In all cases, the entries of the effective game matrix are sums of interaction effects minus
competition effects. They take the form

611:1 =¢rraw + ¢I/l’akl - ¢lcll’akk - ¢1C1/I’akl - ¢Ipl’/1alk~ (65)

Here, I’ designates an offspring chosen at random in the same group as I before dispersal,
with the restriction of not being a sib of I in fertility models, and in interaction with it.
On the other hand, /. is an offspring chosen at random in the same group as I, before
dispersal in the case of soft selection, but after dispersal in the case of hard selection, and
in competition with it. Therefore, the above identity measures involving /. in the case of
hard selection are those in the case of soft selection as computed in the previous section,
but multiplied by 1 — m or (1 — m)? in models with local extinction or uniform dispersal,
respectively. Moreover, [ and I’ can be permuted in the last term of (65) so that

agy = Qrrax + drray — Grara — Proyrax — Gk, (66)

where I designates an offspring in competition with /'.
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9.2 Personal Inclusive Payoff

The effective game matrix corresponds to a mean payoff to S given by

ag, = brrap + 1)1 ke — Q110 rk — Pro1/1'Ake — ¢1(£1/1/a.k, (67)
where
are = (AX)r = iaklxl (68)
I=1
and
au = (A"x), = Zn:a,kx,. (69)
I=1

This can be interpreted as a personal inclusive payoff. As a matter of fact, the overall ex-
pected payoff to S, played by an offspring I is ay if I is ibd to the interacting offspring I’
but not ibd to a competitor /., while it is a, if I is not ibd to /" and not ibd to /.. Moreover,
we must subtract a., the expected payoff to I’ not ibd to /, if its competitor I/ is ibd to I.
Consider the special case of a game matrix A = [a,,;] with entries in the additive form

ay = —cx + by, (70)

where ¢, represents some cost associated to playing S; and b; some benefit associated to
interacting with S;. Then, the inclusive payoff to S; is

ag, =—( = ¢r.)ck + (D11 — .10 — rrayr)br
+ @11 — Pray1)be + b1/ Ces (71)

where

n
Co = Z C1 X (72)
=1

and
b. = Zngl. (73)
=1

Actually, this is equivalent to a frequency-independent inclusive payoff to S; given by
are == =1k + @11 — Prorr — drayr) i (74)
This is the case since the replicator equation
Xp = Xp (a,‘z. — af.), (75)

oo

o NV o - e o
where a2, =)} _, ag,. is the same if ap, is replaced by age.
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In general, however, the inclusive payoff to S; will be frequency-dependent. One of the
original objectives of the inclusive fitness approach [9] was to find a quantity that is maxi-
mized under the effects of natural selection in the case of interactions among related indi-
viduals. The main idea was to transfer fitness effects from recipients to donors weighted by
coefficients of relatedness and then to apply Fisher’s [7] Fundamental Theorem of Natural
Selection to this inclusive fitness to predict an increase of its mean. However, this requires
that the inclusive fitness is frequency-independent.

Although a frequency-dependent inclusive fitness can account for the selection effects
in a population, its usefulness may be questioned. This can explain recent criticisms about
the inclusive fitness approach [25]. The sign of a;, — a;,, however, informs us about the
initial fate of a mutant strategy Sy introduced in small frequency into a population that
was previously fixed or at equilibrium. In the additive case with ¢; = b; =0 for all / # k,
the condition for the initial increase in frequency of Sy, ap, — a2, > 0, is the same as the
condition for its increase to fixation. Moreover, it reduces to

by 1 — 11

> )
b — brar — by

This is an extension of Hamilton’s [9] rule for the evolution of altruism, which corresponds
tothe case ¢;p = R and ¢;.; =P 1 = (f)]{([/]/ =0.

In the general framework of matrix games in group-structured populations, the notion of
effective game matrix appears to be more useful since a linear game in a well-mixed popu-
lation is entirely characterized by its game matrix. The terminology is akin to the notion of
effective size in population genetics, defined as “the number of breeding individuals in an
idealized population that would show the same amount of dispersion of allele frequencies
under random genetic drift or the same amount of inbreeding as the population under con-
sideration” [38]. In the case of a matrix game, the effective game matrix mimics in a single
population all interactions that may occur locally in a subdivided population.

(76)

9.3 Coefficients of Relatedness

The identity measures in the expressions of the inclusive payoff to S, are coefficients of
relatedness between donors and recipients that involve up to three individuals. In all cases,
they represent the probability for the recipient to be ibd (identical-by-descent) to the donor
and ibd or not ibd to the individual in interaction with the donor. Similar identity measures
have already been considered for kin selection in Mendelian populations with inbreeding
(see, e.g., [8, 15, 19, 23]).

Note that the recipient can be the donor itself, 7, or the individual in interaction with it,
I, and then the coefficient of relatedness to consider is

iy = b1/ (77
or
brir =¢ir, (78)

respectively. When the donor, 7, and the individual in interaction with it, I’, are not ibd, the
recipient can be a competitor of I or I’, but the coefficient of relatedness to consider is the
same since

bur = Prayr (79

by symmetry.
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All coefficients of relatedness are computed in the absence of selection. Exact expres-
sions are given by the identity measures calculated in Section 8 for three offspring chosen
at random in the same group, excluding the possibility that two sibs may be in interaction in
the case of fertility models. These expressions generally depend on the assumptions made:
soft selection or hard selection, differential viabilities or differential fertilities, uniform dis-
persal or local extinction and uniform recolonization. Approximations in the case of a large
group size are the same for fertility models and viability models. In the case of uniform
dispersal, these approximations are related to the Ewens sampling formula, which predict
that the probability for a third offspring to be ibd to at least one of two previous offspring is
the same or given that they are not ibd.

9.4 Complete Uniform Dispersal

In the case of uniform dispersal with m = 1, offspring in the same group are ibd only if
they have the same parent. For I, I’, I, and I/ chosen at random in the same group before
dispersal, we have

1

b = v
1
Q111 = e (80)
N—1
bryr = QL = N
in the absence of constraint, but
b =110 =0,
| (8D
bryr = Qrar = N

under the constraint that 7 and I’ are not sibs. This leads to entries of the effective game
matrix in the case of soft selection in the form

. 2 1 1 1
ay = (1 - ﬁ + m)(l}d + N <1 — N)(akk —an) (82)
for the viability model, but in the form
=11 ! ! (83)
ay = N Akl Nazk

for the fertility model. This means that the effective game matrix for the soft fertility model
with complete dispersal is

A+ AT
A°=A— + . (84)
N

This is in agreement with Hilbe [11]. The same effective game matrix had been obtained
previously for fertility models in well-mixed finite populations [16, 18]. In the light of our
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present analysis, this particular form of the effective game matrix can be explained by neg-
ative effects of competition between two sibs, or since interactions occur among parents in
the fertility model, negative effects of competition between a parent and itself.

Note that these competition effects disappear in the case of hard selection since

¢1611’ = ¢1g1/1' = ¢I(>l/l’ =0, (85)

if 1., I/ and I are chosen at random in the same group after dispersal. This leads to an
effective game matrix

A° = [akl — N‘l(akl — akk)] (86)

for the hard viability model, but A° = A for the hard fertility model, both in the case of
complete dispersal.

9.5 Finite Number of Groups

With a finite number of groups, D, and an intensity of selection given by the inverse of
the total population size, s = (N D)~!, the limit as D — oo leads to a diffusion whose
drift functions are given by the time derivatives of the expected changes in the strategy
frequencies [17]. Then, the effective game matrices in Result 5 come into play in diffusion
approximations. In particular, they can be used to compute probabilities of fixation to find
conditions for weak selection to favor one strategy to replace another one [16].

Acknowledgements A first version of an effective game matrix for a finite group-structured population
with partial dispersal was presented by the author during the BIRS workshop on Evolutionary Games held
in Banff from June 13 to June 18, 2010. Dr. Ohtsuki gave a talk on a similar additive model for an infinite
population with complete dispersal in the same workshop. The author is grateful to C. Hilbe for sending a
preprint of his paper.

References

—

. Antal T, Ohtsuki H, Wakeley J, Taylor PD, Nowak MA (2009) Proc Natl Acad Sci USA 106:8597-8600

. Aoki K (1982) A condition for group selection to prevail over counteracting individual selection. Evolu-
tion 36:832-842

. Boorman S, Levitt PR (1980) The genetics of altruism. Academic Press, New York

. Christiansen F (1975) Hard and soft selection in a subdivided population. Am Nat 109:11-16

. Ewens WJ (1972) The sampling theory of selectively neutral alleles. Theor Popul Biol 3:87-112

. Ferriere R, Michod RE (1980) The evolution of cooperation in spatially heterogeneous populations. Am
Nat 147:692-717

. Fisher RA (1930) The genetical theory of natural selection. Clarendon, Oxford

. Grafen A (1985) A geometric view of relatedness. Oxf Surv Evol Biol 2:28-89

. Hamilton WD (1964) The genetical evolution of social behaviour I and II. J Theor Biol 7:1-52

. Hauert C, Doebeli M (2004) Spatial structure often inhibits the evolution of cooperation in the snowdrift
game. Nature 428:643-646

11. Hilbe C (2011) Local replicator dynamics: a simple link between deterministic and stochastic models of

evolutionary game theory. Bull Math Biol, doi:10.1007/s11538-010-9608-2
12. Hotbauer J, Sigmund K (1998) Evolutionary games and population dynamics. Cambridge University
Press, Cambridge

13. Hofbauer J, Sigmund K (2003) Evolutionary game dynamics. Bull Am Math Soc 40:479-519

14. Kingman JFC (1982) The coalescent. Stoch Process Appl 13:235-248

15. Lessard S (1992) Relatedness and inclusive fitness with inbreeding. Theor Popul Biol 42:284-307

16. Lessard S (2005) Long-term stability from fixation probabilities in finite populations: new perspectives

for ESS theory. Theor Popul Biol 68:19-27

NN AW [\e}

—_
S O 00

19 Birkhauser



318 Dyn Games Appl (2011) 1:301-318

17. Lessard S (2009) Diffusion approximations for one-locus multi-allele kin selection, mutation and random
drift in group-structured populations: a unifying approach to selection models in population genetics.
J Math Biol 59:659-696

18. Lessard S, Ladret V (2007) The probability of fixation of a single mutant in an exchangeable selection
model. J Math Biol 54:721-744

19. Lessard S, Rocheleau G (2004) Kin selection and coefficients of relatedness in family-structured popu-
lations with inbreeding. Theor Popul Biol 66:287-306

20. Levins R (1970) Extinction. In: Gerstenhaber M (ed) Some mathematical questions in biology. Lectures
on mathematics in the life sciences, vol 2. Am Math Soc, Providence, pp 75-107

21. Lewontin RC (1965) Selection in and of populations. In: Moore JA (ed) Ideas in modern biology. Natural
History Press, New York, pp 292-311

22. Maynard Smith J (1964) Group selection and kin selection. Nature 201:1145-1147

23. Michod RE, Hamilton WD (1980) Coefficients of relatedness in sociobiology. Nature 288:694-697

24. Nowak MA, Tarnita CE, Antal T (2010a) Evolutionary dynamics in structured populations. Philos Trans
R Soc Lond B, Biol Sci 365:19-30

25. Nowak MA, Tarnita CE, Wilson EO (2010b) The evolution of eusociality. Nature 466:1057-1062

26. Ohtsuki H, Hauert C, Lieberman E, Nowak MA (2006) A simple rule for the evolution of cooperation
on graphs and social networks. Nature 441:502-505

27. Price GR (1970) Selection and covariance. Nature (London) 227:520-521

28. Price GR (1972) Extension of covariance selection mathematics. Am Hum Genet, London 35:485-490

29. Rousset F (2006) Separation of time scales, fixation probabilities and convergence to evolutionarily
stable states under isolation by distance. Theor Popul Biol 69:165-179

30. Rousset F, Billiard S (2000) A theoretical basis for measures of kin selection in subdivided populations:
finite populations and localized dispersal. J Evol Biol 13:814-825

31. Roze D, Rousset F (2003) Selection and drift in subdivided populations: a straightforward method for
deriving diffusion approximations and applications involving dominance, selfing and local extinctions.
Genetics 165:2153-2166

32. Roze D, Rousset F (2004) The robustness of Hamilton’s rule with inbreeding and dominance: Kin selec-
tion and fixation probabilities under partial sib-mating. Am Nat 164:214-231

33. Tarnita CE, Antal T, Ohtsuki H, Nowak MA (2009) Proc Natl Acad Sci USA 106:8601-8604

34. Taylor PD, Day T, Wild G (2007) Evolution of cooperation in a finite homogeneous graph. Nature
447:469-472

35. Taylor PD, Irwin A, Day T (2000) Inclusive fitness in finite deme-structured and stepping-stone popula-
tions. Selection 1:83-93

36. Taylor PD, Jonker L (1978) Evolutionarily stable strategies and game dynamics. Math Biosci 40:145—
156

37. Traulsen A, Claussen JC (2004) Similarity-based cooperation and spatial segregation. Phys Rev E
70(046128):1-8

38. Wright S (1931) Evolution in Mendelian populations. Genetics 16:97-159

39. Wright S (1970) Random drift and the shifting balance theory of evolution. In: Kojima K (ed) Mathe-
matical topics in population genetics. Springer, Berlin, pp 1-31

) Birkhauser



