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Basic set-up

Main question: given a prime p, what is the statistical behaviour of
the elliptic curves E/Fp?

A ⊂ Cp :=

{
isom. classes
of e.c. over Fp

}
, P(A) :=

1
p

∑
E∈A

1
|Aut(E)|

=
|A|+ O(1)

|Cp|
.

Analogous questions when E is fixed and p varies.

Advantage when E varies: access to the work of Deuring.

If E/Fp, then ap(E) := p + 1−#E(Fp).

|ap(E)| < 2
√

p
E(Fp) ∼= Z/mZ× Z/mkZ with p ≡ 1 (mod m).
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Examples of possible questions

A ⊂ Cp :=

{
isom. classes
of e.c. over Fp

}
, P(A) :=

1
p

∑
E∈A

1
|Aut(E)|

=
|A|+ O(1)

|Cp|
.

P(ap(E) = t) for some given t ∈ Z?∑
p≤x P(ap(E) = t) ∼?, P(α ≤ ap(E)

2
√

p ≤ β)
?∼ 2
π

∫ β
α

√
1− u2du.

P(#E(Fp) = prime) =?

P(E(Fp) ∼= G) for some given G? P(E(Fp) = cyclic) =?

Dynamics of elliptic curves:∑
p1,...,pk≤x
pk+1=p1

P
(

#Ej(Fpj ) = pj+1 (1 ≤ j ≤ k)
∣∣∣ Ej ∈ Fpj (1 ≤ j ≤ k)

)
=?
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Deuring’s theorem and an application

D := t2 − 4p < 0, P(ap(E) = t) =
H(D)

p
:=

1
p

∑
d2|D

h(D/d2)

w(D/d2)

=⇒ P(ap(E) = t) =

√
|D|

2π

∑
d2|D

D/d2≡0,1 (mod 4)

L
(

1,
(

D/d2

·

))
d

∑
p≤x

P(ap(E) = t) ∼
∞∑

d=1

1
2πd

∑
p≤x

t2−4p≡0,d2 (mod 4d2)

L
(

1,
(
(t2−4p)/d2

·

))
√

p

∼
√

x
log x

· 2
π

∏
`|t

(
1− 1

`

)−1∏
`-t

`(`2 − `− 1)

(`− 1)(`2 − 1)
.
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Equidistribution of Frobenius
Let (N,p) = 1 and E/Fp. Then

E [N] ' Z/NZ× Z/NZ.

Choosing a basis for E [N], the action of Frobp(E) is given by a matrix
FE ∈ GL2(Z/NZ) with

det(FE ) ≡ p (mod N), tr(FE ) ≡ ap(E) (mod N).

Writing GL(p)
2 (Z/NZ) = {σ ∈ GL2(Z/NZ) : det(σ) ≡ p (mod N)},

Theorem (Castryck-Huberts)
Let (N,p) = 1. For any conjugacy class F in GL2(Z/NZ) with
determinant p, we have∣∣∣∣∣P(FE ∈ F)− #F

# GL(p)
2 (Z/NZ)

∣∣∣∣∣� N2 log log N
√

p
.

(Cebotarev on the modular covering X (p2; ζN)→ X (1; 1). Similar
result by Achter via the Katz-Sarnak equidistribution theorem.)



Equidistribution of Frobenius
Let (N,p) = 1 and E/Fp. Then

E [N] ' Z/NZ× Z/NZ.

Choosing a basis for E [N], the action of Frobp(E) is given by a matrix
FE ∈ GL2(Z/NZ) with

det(FE ) ≡ p (mod N), tr(FE ) ≡ ap(E) (mod N).

Writing GL(p)
2 (Z/NZ) = {σ ∈ GL2(Z/NZ) : det(σ) ≡ p (mod N)},

Theorem (Castryck-Huberts)
Let (N,p) = 1. For any conjugacy class F in GL2(Z/NZ) with
determinant p, we have∣∣∣∣∣P(FE ∈ F)− #F

# GL(p)
2 (Z/NZ)

∣∣∣∣∣� N2 log log N
√

p
.

(Cebotarev on the modular covering X (p2; ζN)→ X (1; 1). Similar
result by Achter via the Katz-Sarnak equidistribution theorem.)



Equidistribution of Frobenius
Let (N,p) = 1 and E/Fp. Then

E [N] ' Z/NZ× Z/NZ.

Choosing a basis for E [N], the action of Frobp(E) is given by a matrix
FE ∈ GL2(Z/NZ) with

det(FE ) ≡ p (mod N), tr(FE ) ≡ ap(E) (mod N).

Writing GL(p)
2 (Z/NZ) = {σ ∈ GL2(Z/NZ) : det(σ) ≡ p (mod N)},

Theorem (Castryck-Huberts)
Let (N,p) = 1. For any conjugacy class F in GL2(Z/NZ) with
determinant p, we have∣∣∣∣∣P(FE ∈ F)− #F

# GL(p)
2 (Z/NZ)

∣∣∣∣∣� N2 log log N
√

p
.

(Cebotarev on the modular covering X (p2; ζN)→ X (1; 1). Similar
result by Achter via the Katz-Sarnak equidistribution theorem.)



Equidistribution of Frobenius
Let (N,p) = 1 and E/Fp. Then

E [N] ' Z/NZ× Z/NZ.

Choosing a basis for E [N], the action of Frobp(E) is given by a matrix
FE ∈ GL2(Z/NZ) with

det(FE ) ≡ p (mod N), tr(FE ) ≡ ap(E) (mod N).

Writing GL(p)
2 (Z/NZ) = {σ ∈ GL2(Z/NZ) : det(σ) ≡ p (mod N)},

Theorem (Castryck-Huberts)
Let (N,p) = 1. For any conjugacy class F in GL2(Z/NZ) with
determinant p, we have∣∣∣∣∣P(FE ∈ F)− #F

# GL(p)
2 (Z/NZ)

∣∣∣∣∣� N2 log log N
√

p
.

(Cebotarev on the modular covering X (p2; ζN)→ X (1; 1). Similar
result by Achter via the Katz-Sarnak equidistribution theorem.)



Probabilistic interpretations of Euler products
If p > N4+ε, then the Castryck-Hubert result implies

P(ap(E) = t (mod N))

1/N
∼
∏
`r‖N

`r ·#{σ ∈ GL(p)
2 (Z/`rZ) : tr(σ) ≡ t (mod `r )}
|GL(p)

2 (Z/`rZ)|
.

Similarly, a direct computation reveals that the result of Fouvry-Murty
and David-Papallardi can be rewritten as∑
p≤x

P(ap(E) = t) ∼
√

x
log x

·2
π

∏
`

` ·#{σ ∈ GL2(Z/`Z) : tr(σ) ≡ t (mod `)}
|GL2(Z/`rZ)|

.

Gekeler showed the following remarkable identity:

P(ap(E) = t) = f∞(t ,p)
∏
`

f`(t ,p), f∞(t ,p) =

√
1− ( t

2
√

p )2

π
√

p
,

f`(t ,p) = lim
r→∞

`r ·
#{σ ∈ GL(p)

2 (Z/`rZ) : tr(σ) ≡ t (mod `r )}
|GL(p)

2 (Z/`rZ)|
(` 6= p).



Probabilistic interpretations of Euler products
If p > N4+ε, then the Castryck-Hubert result implies

P(ap(E) = t (mod N))

1/N
∼
∏
`r‖N

`r ·#{σ ∈ GL(p)
2 (Z/`rZ) : tr(σ) ≡ t (mod `r )}
|GL(p)

2 (Z/`rZ)|
.

Similarly, a direct computation reveals that the result of Fouvry-Murty
and David-Papallardi can be rewritten as∑
p≤x

P(ap(E) = t) ∼
√

x
log x

·2
π

∏
`

` ·#{σ ∈ GL2(Z/`Z) : tr(σ) ≡ t (mod `)}
|GL2(Z/`rZ)|

.

Gekeler showed the following remarkable identity:

P(ap(E) = t) = f∞(t ,p)
∏
`

f`(t ,p), f∞(t ,p) =

√
1− ( t

2
√

p )2

π
√

p
,

f`(t ,p) = lim
r→∞

`r ·
#{σ ∈ GL(p)

2 (Z/`rZ) : tr(σ) ≡ t (mod `r )}
|GL(p)

2 (Z/`rZ)|
(` 6= p).



Probabilistic interpretations of Euler products
If p > N4+ε, then the Castryck-Hubert result implies

P(ap(E) = t (mod N))

1/N
∼
∏
`r‖N

`r ·#{σ ∈ GL(p)
2 (Z/`rZ) : tr(σ) ≡ t (mod `r )}
|GL(p)

2 (Z/`rZ)|
.

Similarly, a direct computation reveals that the result of Fouvry-Murty
and David-Papallardi can be rewritten as∑
p≤x

P(ap(E) = t) ∼
√

x
log x

·2
π

∏
`

` ·#{σ ∈ GL2(Z/`Z) : tr(σ) ≡ t (mod `)}
|GL2(Z/`rZ)|

.

Gekeler showed the following remarkable identity:

P(ap(E) = t) = f∞(t ,p)
∏
`

f`(t ,p), f∞(t ,p) =

√
1− ( t

2
√

p )2

π
√

p
,

f`(t ,p) = lim
r→∞

`r ·
#{σ ∈ GL(p)

2 (Z/`rZ) : tr(σ) ≡ t (mod `r )}
|GL(p)

2 (Z/`rZ)|
(` 6= p).



Average Lang-Trotter, revisited

∑
p≤x

P(ap(E) = t) =
∑
p≤x

f∞(t ,p)
∏
`

f`(t ,p) = W · Ep≤x

[∏
`

f`(t ,p)

]
,

where wp = f∞(t ,p) ∼ 1
π
√

p , W =
∑

p≤x wp ∼ 2
√

x
π log x , and

Ep≤x [g(p)] =
1
W

∑
p≤x

wpg(p).

f`(t ,p) = lim
r→∞

F`r (t ,p), F`r (t ,p) =

#


σ ∈ GL2(Z/`rZ)
det(σ) ≡ p (mod `r )
tr(σ) ≡ t (mod `r )


|GL2(Z/`rZ)|/φ(`2r )

,

for ` 6= p, and F`r depends only on t ,p (mod `r ).

=⇒
∑
p≤x

P(ap(E) = t) CRT∼ W ·
∏
`

Ep≤x [f`(t ,p)].
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Justification of steps

f`(t ,p) = 1 +

(
t2 − 4p

`

)
+ O

(
1
`2

)
(` - t2 − 4p)

zero-density
=⇒

∏
`

f`(t ,p) ∼
∏

`≤(log x)A

f`(t ,p) for all but x ε primes p ≤ x

smooths are sparse
=⇒

∏
`

f`(t ,p) ∼
∑

P+(n)≤(log x)A

n≤xε

µ2(n)δn(p) for most p ≤ x ,

where δn(p) =
∏
`|n(f`(t ,p)− 1).

=⇒ Ep≤x

[∏
`

f`(t ,p)

]
∼

∑
P+(n)≤(log x)A

n≤xε

µ2(n)Ep≤x [δn(t ,p)] .

f`(t ,p) = F`r (t ,p) if r > ν`(t2 − 4p), where F`r (t , ·) is `r -periodic. So
a→ δn(a) is q-periodic, where q =

∏
`|n `

e` , if t2 − 4a 6≡ 0 (mod `e`).

Usually, ν`(t2 − 4p) is small, so q is of comparable size with n (maybe
nO(1)) =⇒ need info on primes in APs of size xO(ε).
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Sums of Euler products : axiomatic framework

S :=
∑
a∈A

wa
∏
`

(1 + δ`(a)),

A ⊂ Zd ∩ [−X ,X ]d living in sets G(q) ⊂ (Z/qZ)d satisfying CRT

Assume A is well-distributed among members of G(q), q ≤ X ε,

δ`(a) = ∆`r (a) (r > ν`(P(a))),

where ∆`r is `r -periodic and P ∈ Z[x1, . . . , xd ],

∆` := lim
r→∞

1
|G(`r )|

∑
a∈G(`r )

∆`r (a) exists,

δ`(a) = λ1

(
D1(a)

`

)
+ · · ·+ λk

(
Dk (a)

`

)
+ O

(
1
`2

)
if ` - Ba ≤ e(log X)2

, where D1, . . . ,Dk ∈ Z[x1, . . . , xd ] of height X O(1).

Then S ∼W
∏
`

(1 + ∆`), where W =
∑
a∈A

wa.
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1st application : Sato-Tate for short intervals

S = P
(
α ≤

ap(E)

2
√

p
≤ β

)
∼ 2
π

∫ β

α

√
1− u2du (β − α > p−1/2+ε)

S =
∑

2α
√

p≤t≤2β
√

p

P(ap(E) = t) =
∑

2α
√

p≤t≤2β
√

p

f∞(t ,p)
∏
`

f`(t ,p).

Proof: write S =
∑

a∈Awa
∏
`(1 + δ`(a)) with

A = [2α
√

p,2β
√

p] ∩ Z, wa = f∞(a,p), G(q) = Z/qZ,

δ`(a) = f`(a,p)− 1, ∆`r (a) = −1 + `r ·
#

{
σ ∈ GL(p)

2 (Z/`rZ)
tr(σ) ≡ a (mod `r )

}
|GL(p)

2 (Z/`rZ)|
,

∆` = −1 + lim
r→∞

1
`r

∑
a (mod `r )

∆`r (a) = 0.
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`(1 + δ`(a)) with

A = [2α
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p] ∩ Z, wa = f∞(a,p), G(q) = Z/qZ,

δ`(a) = f`(a,p)− 1, ∆`r (a) = −1 + `r ·
#

{
σ ∈ GL(p)

2 (Z/`rZ)
tr(σ) ≡ a (mod `r )

}
|GL(p)

2 (Z/`rZ)|
,

∆` = −1 + lim
r→∞

1
`r

∑
a (mod `r )

∆`r (a) = 0.
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2nd application : e.c. with a prime number of points

S := P(#E(Fp) = prime) =
1 + O(ε)

log p

∏
`

#

{
σ ∈ GL2(Z/`Z)
` - det(σ) + 1− tr(σ)

}
(1− 1

` )|GL2(Z/`Z)|
,

where ε is small if we can show that there is the right proportion of
primes in [p − 2

√
p + 1,p + 2

√
p + 1] among APs a (mod q), q ≤ pδ.

Proof: Note that

S =
∑

q prime
p−2
√

p+1<q<p+2
√

p+1

f∞(p + 1− q,p)
∏
`

f`(p + 1− q,p)

=
∑
a∈A

wa
∏
`

(1 + δ`(a)),

where

A = {q prime : |q − p − 1| < 2
√

p}, wa ∼ f∞(p + 1− a,p),

G(b) = (Z/bZ)∗, δ`(a) = 1`-a · (f`(p + 1− a,p)− 1).
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3rd application : e.c. with a given group structure

G = Z/mZ× Z/mkZ, N = |G| = m2k ,

∑
p

P(E(Fp) ∼= G) =
1 + O(ε)

log N

∏
`

lim
r→∞

#


σ ∈ GL2(Z/`rZ)
tr(σ) ≡
det(σ) + 1− N (mod `r ),

σ ≡ I (mod `ν`(m)),

σ 6≡ I (mod `ν`(m)+1)


|GL2(Z/`rZ)|/`r

,

where ε is small if we can show that there is the right proportion of
primes in [N − 2

√
N + 1,N + 2

√
N + 1] among APs a (mod qm),

a ≡ 1 (mod m), q ≤ kδ.

Need analogue of Gekeler’s formula for P(E(Fp) ∼= G).
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