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Selberg’s sieve

∑
d |(a,m)

µ(d) ≤

 ∑
d |(a,m)

λd

2

,

for any λd ∈ R with λ1 = 1.

Minimize quadratic form

∑
a∈A

 ∑
d |(a,m)

λd

2

=
∑

d1,d2|m
D=[d1,d2]

λd1λd2 ·#{a ∈ A : D|a}.

Assume λd supported on d ≤ R, so D ≤ R2.

Optimizing (making assumptions on A) yields

λd ≈ c · µ(d) ·
(

log(R/d)
log R

)κ
· 1d≤R , κ = sieve dimension
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Selberg’s sieve weights & beyond

λd ≈ c · µ(d) ·
(

log(R/d)
log R

)κ
· 1d≤R , κ = sieve dimension

Weights λd decay smoothly to 0, with ‘smoothness degree’ increasing
with κ.

More generally, consider

Mf (n;R) =
∑
d |n

µ(d)f
(

log d
log R

)
,

supp(f ) ⊂ (−∞,1], f (0) = 1.

Mf (n;R) should behave like a sieve weight for f sufficiently smooth, i.e.∑
n≤x

Mf (n;R)2 � x
log R

�
∑
n≤x

p|n ⇒ p>R

1.

Maynard and Tao used k -dimensional generalization of Mf (n;R) to
detect small gaps between primes.
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To smooth or not to smooth?

Mf (n;R) =
∑
d |n

µ(d)f
(

log d
log R

)
, supp(f ) ⊂ (−∞,1].

Is this a sieve weight when f is not smooth?

If n = 2m, 2 - m, then∑
d |n, d≤R

µ(d) =
∑

d |m, d≤R

µ(d) +
∑

d |m, 2d≤R

µ(2d)

=
∑

d |m, R/2<d≤R

µ(d).

Ford: #{n ≤ x : ∃!d ∈ (R/2,R], d |n} � x(log R)−δ(log log R)−3/2,

where δ ≈ 0.086 < 1, i.e.
∑

d |m, d≤R µ(d) 6= 0 too often.



To smooth or not to smooth?

Mf (n;R) =
∑
d |n

µ(d)f
(

log d
log R

)
, supp(f ) ⊂ (−∞,1].

Is this a sieve weight when f is not smooth?

If n = 2m, 2 - m, then∑
d |n, d≤R

µ(d) =
∑

d |m, d≤R

µ(d) +
∑

d |m, 2d≤R

µ(2d)

=
∑

d |m, R/2<d≤R

µ(d).

Ford: #{n ≤ x : ∃!d ∈ (R/2,R], d |n} � x(log R)−δ(log log R)−3/2,

where δ ≈ 0.086 < 1, i.e.
∑

d |m, d≤R µ(d) 6= 0 too often.



To smooth or not to smooth?

Mf (n;R) =
∑
d |n

µ(d)f
(

log d
log R

)
, supp(f ) ⊂ (−∞,1].

Is this a sieve weight when f is not smooth?

If n = 2m, 2 - m, then∑
d |n, d≤R

µ(d) =
∑

d |m, d≤R

µ(d) +
∑

d |m, 2d≤R

µ(2d)

=
∑

d |m, R/2<d≤R

µ(d).

Ford: #{n ≤ x : ∃!d ∈ (R/2,R], d |n} � x(log R)−δ(log log R)−3/2,

where δ ≈ 0.086 < 1, i.e.
∑

d |m, d≤R µ(d) 6= 0 too often.



To smooth or not to smooth?

Mf (n;R) =
∑
d |n

µ(d)f
(

log d
log R

)
, supp(f ) ⊂ (−∞,1].

Is this a sieve weight when f is not smooth?

If n = 2m, 2 - m, then∑
d |n, d≤R

µ(d) =
∑

d |m, d≤R

µ(d) +
∑

d |m, 2d≤R

µ(2d)

=
∑

d |m, R/2<d≤R

µ(d).

Ford: #{n ≤ x : ∃!d ∈ (R/2,R], d |n} � x(log R)−δ(log log R)−3/2,

where δ ≈ 0.086 < 1, i.e.
∑

d |m, d≤R µ(d) 6= 0 too often.



How much to smooth?
For f ∈ C1(R), n = pv m with p - m,

Mf (n;R) =
∑
d |m

µ(d)f
(

log d
log R

)
+
∑
d |m

µ(pd)f
(

log(pd)
log R

)

= −
∫ log p

log R

0

∑
d |m

µ(d)f ′
(

u +
log d
log R

)
du.

For f ∈ CA(R), n = pv1
1 · · · p

vA
A m with p1, . . . ,pA - m,

Mf (n;R) = (−1)A
∫ log p1

log R

0
· · ·
∫ log pA

log R

0

∑
d |m

µ(d)f (A)
(

A∑
a=1

ua +
log d
log R

)
du

⇒ Mf (n;R) . Mf (A)(m;R)
A∏

a=1

log pa

log R
.
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How much to smooth?

For f ∈ CA(R), n = pv1
1 · · · p

vA
A m with p1, . . . ,pA - m,

Mf (n;R) . Mf (A)(m;R)
A∏
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log pa

log R
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Guess :
∑
n≤x

Mf (n;R)2k . max

{
x

log R
,

∑
n≤x(

∑
d |n, d≤R µ(d))

2k

(log R)2kA

}

If
∑

n≤x(
∑

d |n, d≤R µ(d))
2k ∼ ckx(log R)Ek , then we would need

A > Ek/2k for Mf (n;R)2k to act as a sieve weight.
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Theorem (Granville, K., Maynard (201?))
Let k ,A ∈ N. Assume that:
•
∑

n≤x(
∑

d |n, d≤R µ(d))
2k ∼ ckx(log R)Ek when x/R2k →∞;

• f ∈ CA(R), supp(f ) ⊂ (−∞,1], f , f ′, . . . , f (A) unif. bounded.

(a) If A > Ek/2k + 1, then

•
∑
n≤x

∃p|n, p≤Rη

Mf (n;R)2k �f ,k ,A
η3/2x
log R

(x ≥ R ≥ 2)

•
∑
n≤x

Mf (n;R)2k =
ck ,f x
log R

+ Of ,k ,A

(
x

(log R)3/2

)
(x ≥ R2k+ε)

(b) If A ≤ Ek/2k + 1 and x ≥ R ≥ 2, then∑
n≤x Mf (n;R)2k � x(log R)Ek−2k(A−1).

Dominant contribution when #{p|n : p ≤ R} ∼ (Ek + 2k) log log R.
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The exponent Ek

∑
n≤x

( ∑
d |n, d≤R

µ(d)
)2k
∼ ckx(log R)Ek (x/R2k →∞).

Dress, Iwaniec, Tenenbaum (1983): E1 = 0

Motohashi (2004): E2 = 2

La Bretèche (2001), Balazard, Naimi, Pétermann (2008) :
Ek exists for all k . Ek =?

Let’s simplify the problem: recall if n = 2m, 2 - m, then∑
d |n, d≤R

µ(d) =
∑

d |m, R/2<d≤R

µ(d).

Finite field analogy:
1
qn

∑
F∈Fq [t]

deg(F )=n

( ∑
G|F , deg(G)=m

µ(G)
)2k

.
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The analogy for permutations

Perm(n;m, k) :=
1
n!

∑
σ∈Sn

( ∑
T⊂[n], |T |=m
σ(T )=T

µ(σ
∣∣
T )
)2k

with µ(τ) := (−1)#{cycles of τ}.

τ ∈ Sm : µ(τ) = (−1)m
∏
ρ|τ

(−1)|ρ|−1 = (−1)msgn(τ).

Perm(n;m, k) =
1
n!

∑
σ∈Sn

( ∑
T⊂[n], |T |=m
σ(T )=T

sgn(σ
∣∣
T )
)2k

=
1
n!

∑
σ∈Sn

∑
T1,...,T2k⊂[n]
|Tj |=m, σ(Tj )=Tj

sgn(σ
∣∣
T1
) · · · sgn(σ

∣∣
T2k

).
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The analogy for permutations, 3

Perm(n;m, k) = #{(rI)∅6=I⊂[2k ] : rI ∈ {0,1} (|I| odd),
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I: i∈I

rI = m, ∀i}.

We have 22k−1 − 1 free variables of size ≤ m and 2k constraints :

Perm(n;m, k) � m22k−1−2k−1 (k ≥ 2).

Remark: The analogous results holds for Fq[t ].

Guess: Ek = 22k−1−2k−1 in
∑
n≤x

(
∑

d |n, d≤R

µ(d))2k ∼ ckx(log R)Ek .

Motohashi proved E2 = 2, but 24−1 − 4− 1 = 3 (the analogy between
Z and Fq[t ] analogy breaks down).
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The source of the extra cancellation
Write d ≈ R if R/2 < d ≤ R, so that

1
x

∑
n≤x

( ∑
d |n, d≈R

µ(d)
)2k
∼

∑
d1,...,d2k≈R

µ(d1) . . . µ(d2k )

[d1, . . . ,d2k ]
.

Change variables : DI =
∏

p|di⇔ i∈I

p (∅ 6= I ⊂ [2k ])

1
x

∑
n≤x

( ∑
d |n, d≈R

µ(d)
)2k

=
∑[

∏
I3i DI≈R

1≤i≤2k

∏
I⊂[2k ]

µ(DI)
|I|

DI

Since
∑

n≥1 µ(n)/n = 0, can ignore terms with DI > (log R)C , |I| odd:

1
x

∑
n≤x

( ∑
d |n, d≈R

µ(d)
)2k
∼

∑[

∏
I3i DI≈R (1≤i≤2k)

DI≤(log R)C when |I|=odd

∏
I⊂[2k ]

µ(DI)
|I|

DI
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Fixing DI with |I| odd, we must perform a lattice point count:∑[, even

∏even
I3i DI≈Ri ∀i

∏even

I⊂[2k ]

1
DI

∼ c · (log R)22k−1−2k−1 + smaller terms,

The total main term cancels since
∑

n µ(n)/n = 0.

=⇒ Ek < 22k−1 − 2k − 1.
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The exponent Ek : encore

∑
n≤x

( ∑
d |n, d≤R

µ(d)
)2k
∼ x

(2πi)2k

∫
· · ·
∫

<(sj )=
1

log R
1≤j≤2k

F (s)
∏even

I ζ(1 + sI)∏odd
I ζ(1 + sI)

2k∏
j=1

Rsj

sj
ds,

with sI =
∑

j∈I sj and F (s) some nice Euler product.

Shifting contours, we pick up pole contributions when sI = 0 with
|I| = even.

Dominant contribution NOT when s1 = · · · = s2k = 0, but when
sj = (−1)j−1s1 6= 0 after a permutation of the variables (many, many
such poles).

Theorem (Granville, K., Maynard (201?))

Ek =

(
2k
k

)
− 2k , i.e.

∑
n≤x

( ∑
d |n, d≤R

µ(d)
)2k
∼ ckx(log R)(

2k
k )−2k .
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Interpolating between integers and polynomials

If σ ∈ Sm, then µ(σ) = (−1)msgn(σ) and Eρ cycle[sgn(ρ)] = 0.

Theorem (Granville, K., Maynard (201?))

Let k ≥ 2, χ 6= χ0 real character mod q, and x/R2k →∞.

(a) If log R ≥ max{log q,L(1, χ)−1}Ck , then

1
x

∑
n≤x

( ∑
d |n, d≈R

χ(d)
)2k
�k L(1, χ)22k−1

(log R)22k−1−2k−1.

(b) If L(β, χ) = 0 and (log q)Ck ≤ log R ≤ 1
1−β , then

1
x

∑
n≤x

( ∑
d |n, d≈R

χ(d)
)2k

= (log q)Ok (1) · (log R)(
2k
k )−2k .
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Thank you!



Polyq(n,m; k) :=
1
qn

∑
N∈Fq [t]
deg N=n

∣∣∣ ∑
M|N

deg M=m

µ(M)
∣∣∣2k

=

∫
[0,1]2k

F̃ (r ,θ)
∏even

I Zq(r |I|e(θI))∏odd
I Zq(r |I|e(θI))

· dθ∏2k
j=1(r · e(θj))m

,

where

Zq(w) =
∑

G∈Fq [t]

(
w
q

)deg(G)

=
∏
P

(1− (w/q)deg(P))−1,

θI =
∑

j∈I θj and F̃ is some ‘nice’ function.

Poles when rI = 1 and θI ≡ 0 (mod 1) with I even. e.g. when rj = 1 and
θj = 1/2 for all j .

The torsion of R/Z, i.e. the discrete structure of Fq[t ], yields a
fundamentally different pole structure.
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