ON ARRATIA’S COUPLING AND THE DIRICHLET LAW FOR THE FACTORS OF A
RANDOM INTEGER
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ABSTRACT. Letz > 2, let N, be an integer chosen uniformly at random from the set ZN[1, z], and
let (V1, Va, .. .) be a Poisson—Dirichlet process of parameter 1. We prove that there exists a coupling
of these two random objects such that

E > |log P; — Vilogz| < 1,
i>1
where the implied constant is absolute and N, = P P - - - is the unique factorization of IV, into
primes or ones with the P;’s being non-increasing. This establishes a conjecture of Arratia (2002),
who proved that the right-hand side in the above estimate can be made < loglog x. We also use this

coupling to give a probabilistic proof of the Dirichlet law for the average distribution of the integer
factorization into & parts proved in 2023 by Leung and we improve on its error term.

1. INTRODUCTION

Let N, be an integer chosen uniformly at random from the set Z N [1, z]. We may then factor
it uniquely as N, = P P, - - - with the P;’s forming a non-increasing sequence of primes or ones.
In 1972, Billingsley [5] showed that, for any fixed positive integer r, the joint distribution of the

random vector
log P, log P,
<logw Y logx>
converges in distribution as x — oo to the first » components of the Poisson—Dirichlet distribution
(of parameter 1).

There are many ways to define the Poisson—Dirichlet distribution. One of the most intuitive ones
involves a “stick-breaking” process that we will use throughout the paper. We start by sampling
a sequence of i.i.d. random variables (U;);>; that are all uniformly distributed in [0, 1]. We then
define the sequence (L;);>; in the following way:

j—1
Ly =U; and L; =U;[[0-1;) forj>2.
i=1

The distribution of the process L = (Ly, Lo, ...) is called the GEM distribution (of parameter
1). Lastly, we sort the components of L in non-increasing order to create V. = (17, V4, ...). The
distribution of this process is the Poisson—Dirichlet distribution (of parameter 1)'. We note that
both ., Liand ) .., V; are equal to 1 almost surely.

In 2000, Tenenbaum [17] studied the rate of convergence in Billingsley’s Theorem by pro-
viding an asymptotic series for the difference between the cumulative distribution functions of
(eeli lER) andof (Vi,..., V).

logzx ? ’ logx
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The GEM and Poisson—Dirichlet distributions have more general definitions involving typically a parameter 6. In
the rest of the paper, we will not be mentioning the parameter since we will always work with 6 = 1.
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Another way to give a quantitative version of Billingsley’s result is by constructing a coupling
of N, and V, i.e. a single probability space over which lives copies of N, and V, such that the
expectation

(1.1) EY " |log P, — V;log x|

i>1
is bounded by a positive monotone function that is o(log z) as x — oo. The random variables N,
and V must be strongly correlated in this new probability space to achieve this. Indeed, if, for
instance, V; and P; were independent, then we would have that P, < 2% and Vi > 2 /3 with
positive probability, so that ] log P, — V) log x‘ > k’% with positive probability. Hence, a coupling
with N, and V being independent (also called a trivial coupling) makes (1.1) > log z. In 2002,

Richard Arratia [2] constructed a coupling satisfying
(1.2) E) " |log P, - V;log x| < loglog x
i>1
for all z > 3. Moreover, he conjectured that there is a coupling for N, and V with the expectation
above being O(1). The main goal of this paper is to prove this conjecture:

Theorem 1. There is a coupling of N, and V satisfying
E Z |log P, — V;logz| < 1
i>1

forallz > 1.

Remarks. (a) Theorem 1 is optimal. Indeed, since log P; can never take any value in (0, log 2), we
have

log 2
EY |log P, — Vilogz| > °§ -E[#{z’ >1:V e [a(a;),za(x)]}]
i>1
with a(z) = Slfog;m for any coupling of N, and V. However, this last expectation is exactly equal

to log 2 no matter how we choose x > 2.

(b) The way we construct N, inside the coupling will be with a deterministic function of some
random variables. These random variables stay unchanged as x grows. The coupling actually
generates a random process (IV,),>1.

(c) Let o be a random permutation uniformly distributed in the permutation group .S,,. It is well
known that the factorization into primes of NV, and the decomposition into disjoint cycles of o
share similar statistics when n ~ log z. In 2006, Arratia, Barbour and Tavaré [3] have proved that
there exists a coupling between ¢ and V such that

logn
1.3 E C; —nVi| ~ ,
(1.3) > |Ci—nVi| ~ =

=1

with C; being the number of cycles of length 7 in . They showed that this (1.3) was optimal by
using the inequality |C; — nV;| > ||[nV;|| where ||-|| is the distance to the closest integer, and com-
puting E ., [[nVi]|. This breaks the analogy between primes and permutations since Theorem
1 and (1.3) are not of the same order of magnitude when n is replaced by log x. The main reason
why it is possible to get a better result in Theorem 1 is because the set {logp : p primes} have
much shorter gaps around log x than the gaps of Z around n.
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1.1. Application to distribution of factorizations of random integers. We apply the coupling
of Theorem 1 in the theory of divisors. Let A*~! be the set of k-tuples a = (ay,. .., ) € R’;O
satisfying a; + - - - + a; = 1. We also need to define a special class of functions:

Definition 1.1 (The class of functions F,(c)). Given k € Z-, and a € A*7L, let F () be the
set of functions f: N¥ — R satisfying the following three properties:

(a) For any fixed positive integer n, the function f(d) is a probability mass function over all
vectors d € N* satisfying d; - - - dj, = n, i.e. Y didpn f(d1; ... dy) = 1foralln € N,

(b) Whenever d satisfies
d; = b lfl - j
1 ifi#7.

for some 1 < j < k and prime p, then f(d) = ;.
(c) The function f is multiplicative, i.e. for any vectors a, b € N¥ such that (a; - - - ag, by - - - by,)
1, we have the property

f(albl, Ce ,akbk) = f(al, ce ,ak) . f(bl, ceey bk)

Remark. Let w(n) denote the number of prime factors of n. If n is square-free and f € Fy, then
properties (b) and (c) of the definition above imply that

(1.4) fld,... dy) = o™

We will use the class of functions Fj () to define certain “random factorizations” of a random
integer into k parts. Specifically, let us fix f € F(a) and x > 1. We then define the random
k-factorization corresponding to f to be a random variable D, = (D, 1, ..., D, ) to be a random
variable taking values on N* and satisfies the formula’

(1.5) P[D,, = d; ng’Nx:n] — f(d, ... dy)

for all k-tuples (dy, . ..,d;) € N¥F with d; - - - dj, = n.
Here are three examples of such random factorizations.

Example 1 (Uniform sampling). Let f(dy, ..., d;) = 7x(d; - - - d},) " with 7 (n) being the number
of k-factorizations of n. Then f € ]-"k(%, cee %) If f is seen as a probability mass function as in
(1.5), then we are sampling D, ; - - - D, j, uniformly among all k-factorizations of N,.

Example 2 (Recursive sampling). Let f(dy,...,dy) = Hf;ll 7(d; - - - dy)~" with 7(n) being the

number of divisors of n. Then f € fk(%, i, e 2;%1, %%1) One way to realize this random
k-factorization is by first sampling uniformly an divisor D, ; of N,. Then, for all j < k, we
recursively sample D, ; uniformly among the divisors of 1“].\[5 —.

T, xr,)—

Example 3 (Multinomial sampling). For any fixed a € A*!, let f(dy,...,d},) = Hle a?(d") .
L. (Vp é"l()d.l_'.';i’“()dk)) with v,(d) being the p-valuation of d and €)(d) being the number of prime

2Stlrictly speaking, we only need property (a) of Definition 1.1 to define D,. But we will also need the other two
properties when proving Theorem 2 below.
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factors of d counted with multiplicity. This function f is in Fj(c). This sampling can be under-
stood as considering a sequence of i.i.d. random variables (B;);> satisfying P[B; = j] = «; and
constructing the k-factorization Dy ; - -- D, = N, as

Dm,j = H -Pi»

i>1: B;=j
where P, P, - - - is the prime factorization of N, as before.

When k = 2, we write for simplicity D, = D, ;. In Examples | and 2, the samplings are exactly
the same when £ = 2. In both cases, we are sampling uniformly a divisor D, of N,. In 1979,
Deshouillers, Dress and Tenenbaum [7] proved that

(1.6) IP’[DI < N;ﬂ = %arcsin\/ﬂ%— O((logx)_%)

uniformly for x > 2 and u € [0,1]. Their proof uses crucially the Landau—Selberg—Delange
method to compute sums of multiplicative functions. Their result is optimal if we want an error
term uniform in u € [0, 1].

It turns out that for general values of £ and «, the distribution of D, converges to the Dirichlet
distribution Dir(cx). Recall that if & € A*! satisfies a; > 0 for all i, we say that a A*~!-valued
random vector Z follows the Dirichlet distribution Dir(a) if

k k
P[Z; < u; Vi< k] = Fu(u) = Hr(ai)*1 // Htg”‘l dty -+ ity

=1 0<t; <u; Vi<k =1
t1++tp_1<1
with ¢, ;== 1 — (t; + -+ - + t4_1) in the integrand, for any u € [0, 1]*~1.

In 2007, Bareikis and Manstavi¢ius [4] proved that if f € Fy(aq, ag) with ag,ay > 0 and
a1 + as = 1, we have

PIDs < N2J = Flaw ) () + Oct oy (1 uloga) (14 (1 ) log ) 2.

As a matter of fact, their result covered a more general class of functions than F5 (v, as), with
f(p, 1) being allowed to be on average o, instead of being fixed.
In 2013, Nyandwi and Smati [15] considered the 3-factorization D, 1D, 2D, 3 = N, with its
distribution f as in Example 1. They proved
P[Da;,l <N and D, 5 < Nﬁ;ﬂ =Fa11
3’3’3
In 2016, de la Breteche and Tenenbaum [6] considered the 3-factorization D, 1D, 2D,3 = N,
with its distribution f as in Example 2, and they found that

P[D,; < N and D,» < N2] = F,

More generally, for each fixed £ > 2 and each @ € AR Leung [14, Theorem 7.1] proved in
2023 that for any f € Fi(a), we have

(1.7) IP’[DM < NY Vi < k:] = F,(u) + Oq ((k)gx)—min{al ..... ak}>

uniformly for z > 2 and u € [0, 1]*! satisfying u; + - -+ + ux_; < 1. Similarly to the result of
Bareikis and Manstavicius in [4], Leung’s theorem holds for a more general class of functions than



ON ARRATIA’S COUPLING AND THE DIRICHLET LAW FOR THE FACTORS OF A RANDOM INTEGER 5

Fr(cx), where the quantities f(1,...,1,p,1,...,1), with p being at the ;™ coordinate, are allowed
to equal «; on average instead of pointwise.

All results mentioned above use Fourier-analytic techniques, such as the Landau—Selberg—Delange
method, as their main ingredients to get to their results.

We have a new approach to this problem: Since the size of the divisors on a logarithmic scale
of any integer is entirely determined by the size of its prime factors, we might expect Leung’s
theorem to be a consequence of some quantitative form of Billingsley’s Theorem. Indeed, using
the coupling from Theorem 1, we deduce an improved form Leung’s theorem for the class of
functions F. ().

Theorem 2 (Dirichlet law for the factorization into k parts). Let k > 2, let o € AF-1 pe fixed with
a; > 0foralli, andlet f € Fi(a). In addition, let x > 1 and let D, be the random k-factorization
corresponding to f.

For any u € [0,1]*! with at least one i € {1,...,k — 1} with u; # 1, we have

P[D,; < N Vi < k] :Fa(u)—|—0< Z ! ) ;

1<i<k (1 + wilogz)t=o(1 + (1 — u;) log x)*

u; #1
the implied constant in the big-Oh is completely uniform in all parameters.

Remark. When u € [0,1/2], we have (1 + u;logz)' = (1 + (1 — u;)logz)® > (0.51logx)™.
Similarly, when u € [1/2, 1], we have (1+wu;log z)' = (14 (1 —u;) log z)* > (0.51log z)' = . We
thus find that the expression in the big-Oh in Theorem 2 is < (0.5 log ')~ ™in{a1arl=at,...1=ar}
uniformly inu € [0, 1], Since 1—«; > «; forall i # j by our assumption that a; +- - -+ = 1,
we conclude that the error term in Theorem 2 is <, (log )~ ™12} thus recovering Leung’s
estimate (1.7) when f lies in the class F ().

The proof of Theorem 2 is based on a 1987 result of Donnelly and Tavaré [8], who proved the
following probabilistic version of the Leung’s theorem: If V. = (V7, V5, .. .) is a Poisson—Dirichlet
process and (C;);>1 is a sequence of i.i.d. random variables supported on {1,..., k} satisfying
P[C; = j| = o, then

(1.8) (Zva)

follows exactly the Dirichlet distribution Dir(c). In 1998, Arratia [1] used this result to show that
the left-hand side of (1.6) is 2 arcsin /u + o(1) as © — oo with probabilistic methods. We use the
coupling to bridge between the distribution of (1.8) and Theorem 2 and get an explicit error term.

Remarks. Here is a brief heuristic about the shape of the error term we obtain in Theorem 2. Let
5. — (1OgDm,1 logDm,k)
. =

oM. Tog Vo ) There exists a coupling between &, and the random vector (1.8)
1

such that their distance is of typical size < Toga" For each j, the marginal distribution of the ;"
component of Dir(e) is Beta(a;, 1 — «;), which is why we get the error term of Theorem 2 when
none of the u;’s are close to either O or 1.

When one of the u;’s is close to 0 or 1, the behavior changes completely in the error term of
Theorem 2, because the vector d,, has discrete distribution (compared to the continuous distribution
Dir(e)). For instance, if u; < log2/logz for some i, then the relation D, ; < N} implies that
Dx,i - 1
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1.2. Structure of the paper. We have organized the paper as follows in two main parts.
Part I contains the proof of Theorem 1. It is divided as follows:

e In Section 2, we present the coupling implicit in Theorem 1 and present a proof of the
latter as a corollary of four key results (Lemmas 2.1-2.3 and Proposition 2.4). Lemma 2.2
is simple and proven right away.

e In Section 3, we prove Lemma 2.1.

e In Section 4, we explain another way to realize a GEM process that was presented by
Arratia in [2], and we use it to prove Lemma 2.3. This alternative way of describing a
GEM process will be also key in proving Proposition 2.4.

e Sections 5, 6 and 7 are reserved to prove Proposition 2.4.

Finally, Part II contains the proof of Theorem 2 and it is organized in the following way:

e In Section 8, we present an argument due to Donnelly—Tavaré showing that random k-
partitions of the Poisson—Dirichlet distribution are distributed according to Dirichlet’s law.

e In Section 9, we use the coupling of Section 2 to construct a coupling of the random k-
factorization D, and an analogous k-partition of the Poisson—Dirichlet distribution. We
then use this coupling to reduce Theorem 2 to estimating certain boundary events, one
involving number-theoretic objects and the other one pure probabilistic objects.

e In Section 10, we prove the necessary estimate for the number-theoretic boundary event,
and in Section 11 we show the analogous probabilistic estimate.

Remark. The readers interested only in Theorem 2 need to only understand Section 2 from Part .

1.3. Notation. We let log; denote the j-iteration of the natural logarithm, meaning that log; = log
and log; = logolog; , for j > 2.

Throughout the paper, the letter p is reserved for prime numbers and the letter n is reserved
for natural numbers, unless stated otherwise. Given such p and n, we write v/,(n) for the p-adic
valuation of n, that is to say the largest integer v > 0 such that p”|n. In addition, we write w(n)
for the number of distinct prime factors of n.

Moreover, n € N, we let s(n) denote its large square-full divisor. Also, we let n’ = n/s(n) and
note that n” is square-free and co-prime to s(n).

We write 7(z) for the number of primes < z. We shall also use heavily Chebyshev’s function
0(z) =2 pea logp.

To describe various estimates, we use Vinogradov’s notation f(x) < ¢g(z) or Landau’s notation
f(z) = O(g(x)) to mean that |f(z)| < C - g(x) for a positive constant C'. If C' depends on a
parameter «, we write f(z) <, g(z) or f(z) = O,(g(x)). If two positive functions f, g have the
same order of magnitude in the sense that f(z) < g(z) < f(x), then we write f(z) < g(x).

If P is some proposition, then the indicator function 1 p will be equal to 1 if P is true and 0 if P
is false. For a set or an event A, we will sometimes write 1 4(w) to mean 1, 4.
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PART I. SHARPENING ARRATIA’S COUPLING

2. THE COUPLING

In this section, we describe the coupling behind Theorem 1. To construct it, we begin with an
ambient probability space {2 containing the following objects:

e a GEM process L = (Ly, Lo, .. .);
e three mutually independent random variables U, U} and U} that are also independent from
L, and which are uniformly distributed in the open interval (0, 1).

We shall extract an integer /N, and a Poisson—Dirichlet process V as deterministic functions of
these random objects. Extracting V is done by sorting the components of L in non-increasing
order. The extraction of N, is more complicated, and we need to introduce additional notation to
describe it.

Let (\;);=0 be the increasing sequence of positive real numbers defined by A\ := e~ and

1
Aj = exp(—’y—i—zv'q) forj > 1

(5]

with ~ being the Euler-Mascheroni constant and ¢; = p?j being the ;" smallest prime power, i.e.,
(gj); is the sequence 2, 3,2%,5,7,2% 32 ... Note that

@.1) Aj = log g; + O(1/(log ¢;)%).

Indeed, Mertens’s theorems and the Prime Number Theorem [12, Theorems 3.4 and 8.1] yield
1

> T = loglogy + 7+ 0(1/(log v (y=2).

pk<y

A detailed proof of this estimate is given in Proposition A.2. Taking y = ¢; in it proves (2.1).
Moreover, we have that

(2.2) gj+1 = q; + O(q;/(log ¢;)*).

Indeed, the Prime Number Theorem (Proposition A.1) implies that ¢)(g;4+Cq;/(log ¢;)*) = (q;) >
0if C is large enough, whence ¢;+1 < ¢; + Cq;/(log ¢;)?, as needed.
Next, we define the step-function h : Ry — R by

(2.3) h(t) = (logq;) - 1n,_,<i<n,

i>1
In particular, (2.1) and (2.2) imply that, if 7(¢) := |h(t) — t|, then
(2.4) r(t) < min{t,t 2} forallt > 0.
Using the above notation, here is how to extract IV, from L, U7, U, and Uy:

(1) Construct the sequence of random prime powers or ones (Q;);>1 by letting Q; = e(Filos®),

Note that only finitely many (); will be prime powers.

(2) Define the random integer J, = Hj>2 Q;.
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(3) Define the extra prime P.y.., as the smallest element of the set {1} U {primes} such that
0(Pextra) = Uif(z/J;), where 0(y) = > _ logp is Chebyshev’s function. (In particular,
we have Peyira = 1 when J, > x/2; otherwise, Poxtra i @ prime < z/.J;.)

(4) Let p, be the probability measure induced by the random variable M, = J, Paytra, and let
v, be the uniform counting measure on ZN[1, z|. Then, by Lemma B.2 and our assumption
that UJ and U} exist on 2, there exists a random variable /V, on {2 such that:

e N, is uniformly distributed on Z N [1, ],
L4 ]P)[M;v 7é Nx] - dTV(M$7 Vm)
with drvy being the total variation distance defined in (B.1).

This completes the definition of our coupling, since the space {2 contains a Poisson—Dirichlet
process V and also a random variable N, with distribution v,.

In Section 2.1, we show how to use the coupling to prove Theorem 1. Lastly, in Section 2.2, we
make some technical remarks on the coupling.

2.1. Reducing Theorem 1 to three lemmas and a proposition. With the following four key
results, we directly get Theorem 1. Recall that s(n) denotes the largest square-full divisor of the
integer n. In addition, let

0, = Z r(V;logx).

i>1
Lemma 2.1 (The ¢! distance within the coupling). When M, = N,, we have the inequality
Z |log P, — V;log z| < log(z/N,) +2-logs(N,)+2-0,.

i>1

Lemma 2.2 (Properties of N,). Fix a € [0,1) and 3 € [0,1/2). Uniformly over x > 1, we have
E[(z/N,)*s(N;)"] <ap 1.

Proof. We must show that

S = Z(m/n)“s(n)’g <o T

n<e
Indeed, if we let a = n’ and b = s(n), then

S < Z xabﬂ_aZa_a<<a Z o0 (2 /b)Y L Z vt

<z a<z/b b<z b square-full
b square-full b square-full

where we used our assumption that « < 1. Since we have assumed that 5 < 1/2, the sum over b
converges, thus completing the proof. U

Lemma 2.3 (Properties of ©,). Fix a > 0. Uniformly over x > 1, we have
E[ea%] <, 1.

Proposition 2.4 (Total variation distance between M, and N,). For x > 2, we have

P[M, # N,] < .
log x
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The proof of Lemma 2.1 is given in Section 3, and the proof of Lemma 2.3 is given in Section
4. The proof of Proposition 2.4 is the longest part. We set it up in Sections 5 and 6 to eventually
give it in Section 7. Here is how we get Theorem 1 with these results:

Proof of Theorem 1. Let S = .., |log P; — V;logz|. We always have the trivial bound S <
2log x. This bound and Lemma 2.1 gives us

S < azn, - (2log @) + 1ag,—n, - (log(z/Ny) +2-log s(N,) +2- 6,).

Taking expectations on both sides, we get E[S] < 1 with Lemmas 2.2-2.3 and with Proposition
2.4. O

In fact, if we condition on the event M, = N,, we can obtain a much stronger bound:

Proposition 2.5. Fix « € [0,1/4). For x > 2, we have

E <, L

exp (aZHogB —Vilogx|> ‘Mx =N,

i>1

Proof. This follows readily by Holder’s inequality and by Lemmas 2.1-2.3. U

2.2. Remarks on the coupling. (a) As discussed previously, we have \;_; =~ A; =~ logg;, and
thus (log x)L; ~ log @; as long as L; is not too small. In particular, we expect that ) ., log Q;
would be too close to log z, and thus [],., @; cannot serve as a proxy of N,. This is the reason
we have to delete (), from the factors of .J,, and we insert instead an extra random prime Pyira
conveniently chosen so that J, Py, has a distribution close to v,.

As we already remarked, we have P..., = 1 if, and only if, J, > x/2 (which happens rarely);
otherwise, Peyira is a prime < x/.J,. As a matter of fact, for all j € Z N [1, x/2], we have

Lp<as; - logp

0(x/5)
This is the crucial property that will allow us to show that M, = J, Peytra 1S close to being uni-
formly distributed.

(2.5) P[Pextra =p| Jo = j] =

(b) The coupling we defined above is a modification of Arratia’s coupling in [2]. Some of the
differences in our definition are purely aesthetic. The one major difference is within step (3), which
is the whole reason why we obtain a stronger bound than (1.2). The construction of Arratia’s extra
prime Py 112 had a different distribution which satisfied

1
2.6 ]P)Prraia: Jm::—
forall j < zandall p € {1} U {primes < z/j}. It is possible to get the inequality in Lemma 2.1
with Arratia’s original coupling. However, it would be impossible to get a version of Proposition

2.4 with a bound better than lfogTQ;.
3. THE /' DISTANCE WITHIN THE COUPLING

In this section we establish Lemma 2.1. We need the following rearrangement inequality.

Lemma 3.1 (Rearrangement inequality). For two non-increasing sequences (x;);>1 and (y;)i>1 of
real numbers, and for any two permutations o, p: N — N, we have

Dz —ul < lrot) — oo

i>1 i1
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Proof. See [3, Lemma 3.2]. O

Proof of Lemma 2.1. Recall that the definitions of the sequence (Q););>1, the extra prime Peysy, and
M,.. We create another sequence of primes or ones (P;);> in the following way:

o We set ﬁl ‘= Potra- B

e If i > 2 with ); = 1, then we set P, := 1.

e If ¢ > 2 with ); > 1, we set P, to be the only prime dividing ();.

~ ~

We let (P;);>1 be the sequence (F;);>; in non-increasing order, and we set
=TT
i>1 i>1

Since M, = N,, we have P, > ]3, for all ¢, because (f’i)i>1 is a subsequence of the non-increasing
sequence (P;);>1. Therefore,

> " |log P — Vilogz| < Y |log P, — Vilogz| + > log(Pi/P))

i>1 i>1 i>1

We have that [ [,., £/ 151 = M,/ ]\/4\33 Furthermore, the integer M, / ]/\4; only contains prime factors
whose square divides N,.. Thus, M,/ ]\//.TI divides s(V, ), and

3.1) > log(P,/ Py) = log(M,/M,) < log s(N,),
i>1
and thus
(3.2) Z|logB—Vﬂogw| < Z|logf’,»—vilogx]+logs(Nm).
i>1 i1

Next, we use the rearrangement inequality (Lemma 3.1) to find that

Z|log]3i — Vilog x| < |10g Poxtra — L1 log x| +Z|log]5i — L;log x|

i>1 i>2

< |1ngextra - Ll 10gl’| + Z | lOng - L110g$| + Zlog(Qz/ﬁz)y

122 122

where we used that é < Q) for each i. Moreover, we have Hi>2 Qi /]5, = M,/ ]\/4\36, so (3.2)
implies that

Z | logﬁz - V,log$| < |10gPextra - Ll lOgZL‘| + Z | IOng - LZIOgI| + IOgS(Nx)
i>1 i>2
Finally, we note as well as that log Peytra = log M, — Z@z logQ;, L =1 — 292 L;. Since we
have also assumed that M, = NV, we have
‘ 1OgPex‘cra - Ll log:c] g log(z/Nﬂc) + Z | IOng - L’L Ing‘
i>2
Combining the two above displayed inequalities with (3.2), we conclude that

> llog P; = Vilog x| < log(x/N,) +2 ) |log Q; — Lilog | + 2log s(N,).

121 122
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To complete the proof, recall that log Q); = h(L;logx) and r(t) = |h(t) — t|, whence
Z |log Q; — L;log x| < ZT(LZ» logz) < O,.
i>2 i>2

This proves Lemma 2.1. 0

4. ANOTHER REALIZATION OF THE GEM DISTRIBUTION

For the proof of Lemma 2.3 and Proposition 2.4, we will need to be more precise as to how the
GEM process L is sampled in the coupling. The construction we present below is also the one used
by Arratia [2].

Definition 4.1 (The Poisson Process Z#).

(a) We denote by Z the Poisson process on R?  that has intensity measure e~*¥ dw dy. With-
out loss of generality, we may assume that the w-coordinates of the points of &% are always
distinct.

(b) We index the points of Z = {(W,, Y)) i€ Z} according to the following rules:

o W, < W,y foralli € Z;
o if welet S, == Z@i Y, for all ¢ € Z, then we have S; < logx < Sj.

Remark. By the Mapping Theorem (Proposition B.3), projecting % on the w-axis yields a Poisson
Process with intensity %" and, similarly, projecting Z on its y-axis yields a Poisson Process with
intensity d—;. Therefore, the w-coordinates of the points in &% have almost surely exactly one limit

point at 0 and they are almost surely unbounded. Hence, the indexing (W;,Y;) in part (b) of the
above definition is well-defined.

The following lemma describes the distribution of the point process S;.

Lemma 4.2 (Scale-invariant spacing lemma). The point process {S; : i € 7} is a Poisson process
on the positive real line with intensity measure %.

Proof. See [3, Lemma 7.1]. O
Using this lemma, we have the following description of the GEM distribution.

Proposition 4.3 (Arratia, [2]). The process (1 B S < < ) follows a GEM distribution.

logz’ logx’ logx’

Proof. Applying the map T, (s) = log, x — log s to the points of {S; : i € Z} gives a homo-
geneous Poisson process on the real line with constant rate 1, by using the Mapping Theorem
(Proposition B.3) with Lemma 4.2. Furthermore, we have T,.(Sy) < 0 < T,(S1) and (7,(S;))iez
increasing. Therefore, T,,(S7) and T).(S;;1) — T5(S;) for all i > 1 are independent exponential
random variables of parameter 1. If X is a standard exponential random variable, then 1 —e~* is a
uniform random variable in [0, 1]. We conclude that 1 — : (;Sglaﬂ g—i, g—z, ... are independent uniform
random variables in [0, 1]. The proposition follows by the characterization of the GEM distribution
described in the introduction. U

Therefore, for the next sections, we will assume that the process L = (L1, Lo, . . .) sampled for
our coupling was determined by % by defining L; == 1 — ; Osglz and L; = i;]g*; for 5 > 2. In this
setting, we now have that

@) J, =[] .

121
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4.1. Proof of Lemma 2.3. We conclude this section by using the realization of the GEM described
here to prove Lemma 2.3. Note that

(4.2) 0, =r(Lilogz) + Y _r(Y;) < O + O(1)

121

with O = ., r(Y;). With Campbell’s Theorem (Proposition B.5), we directly compute that

o car(y) _ 1
4.3) E[e*®>] = exp (/ eT dy) .
0

This integral is convergent for all fixed & > 0 because e®"¥) — 1 <, 7(y) < min{y,y 2}.
Combining this fact with (4.2) proves that E[e*®+] <, 1. We have thus established Lemma 2.3.

5. AN INTEGER-FRIENDLY VERSION OF .J,
Let A be the von Mangoldt function, that is to say
logp if n = p* for some prime power p*,
A(n) = :
0 otherwise.
Recall the Poisson Process # = (W}, Y;)cz given in Definition 4.1. We then define
R = {(mn/h(n),ehm>> i€Z, Y, > 6—7}.

Without loss of generality, we may assume that the quantities W;Y;/h(Y;) with Y; > e~7 are all dis-
tinct. By the Mapping Theorem (Proposition B.3) applied to the map (w,y) — (wy/h(y), e"™)),
the random set Z* is a Poisson process on the space Ry X {prime powers} with mean measure
w* satisfying

w (B x{q}) = /B /;1(2 dt

for any B C R and any ¢ € N. There is a unique way to relabel the points of #Z* as {(T*, Q7) :
i € Z} such that:

o T <Tf  foralls € N;
o [[2,Q <z <][5Q;

We then define the random integer

Jr = HQ;‘.

One advantage of introducing J is that the computation for the distribution of J; can be done
more easily and precisely than the distribution of .J,. We perform this calculation in this section.
We will then see in the next section that the probability that .J,, is different from .J! is small enough
to be negligible in the calculation of the total variation distance in Section 7.

This random integer J; was used by Arratia in [2], and he estimated its distribution in his Lemma
2. For the sake of completeness, we repeat his proof in Lemma 5.2 below. But first, we need the
following preliminary result on a particular sum of independent Poisson random variables.

Lemma 5.1. Let A € (0, 1), let (Xy)i>1 be a sequence of independent Poisson random variables
such that B[ X}| = ’\—,:, andlet Z =, k - Xj. Then we have

PZ=0=(1-\-X  fort{=0,1,2...
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k

X (s —

Proof using generating functions. Let s € C with |s| < A~!. We have that E[s**] = exp(
1)). With the independence of the X}’s, we have

E[s?] = Hexp(% (8" = 1)) = exp (—log(1 — As) + log(1 — Z (1-
k=1 7=0
We finally recover the probability mass function of Z using
1 E[s?]
PZ =0 =-— ds. D
[ ) 271 ﬁ|_1 sttt 7

Proof using combinatorics. For any ¢ > 1, we have

M ,ynny my =0 Jj=l+1
S imi=L
= exp( — Z —) A
7=1 J/ me=0 j=1
Z]mJ:
By a classical formula due to Cauchy [ 16, Proposition 1.3.2], the expression /! Hf %j—)m equals

the number of permutations in Sy with m; cycles of length j for all j. In particular,
> e

whence P[Z = (] = (1 — ) - A%, as claimed. Finally, we compute P[Z = 0] using the formula
P[Z=0]=1-P[Z>1]. 0

Lemma 5.2 (Arratia [2]). For x > 2and 1 < j < x, we have

PlJ; =Jl = - ! <1+O( ! ))
jlogx log

Proof. Lett > 0 and let ¢ be a prime power, and consider the random variable N, (¢) that counts
the number of points (7}, Q%) with T* > ¢ and QF = q. Moreover, let I := [] ¢"**) with the

)

product being over all prime powers ¢, and let Z,(t) := >~ kN, (t). Thus, we have
— H pZr®
p

The family of random variables (Z,(t)), is independent since %" is a Poisson process. We also
know that each random variable N,x(¢) follows a Poisson distribution with parameter m.

p
Hence, P[Z,(t) = (] = (1 — p~'7)p~“+") by Lemma 5.1 for all £ > 0. Therefore,

1t

P[* = j] = H]P )]:C€1+t)'

All points of Z* have distinct 7*-coordinates with probability one. In this situation, we have that
J* = j if and only if there exists exactly one point (77, Q*) € #Z* such that [;. = j and Q* > 2.
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Thus, we have
L= Y Li—jmagrsa
(T*,Q*)e%*
almost surely. Taking expectations on both sides and using the Mecke equation (Proposition B.6),
we get the distribution of .J':

o e [(5) g

>z/j

We want to estimate this integral. Let S(u) = > _ 2@ We have S(u) = logu+O(1) foru > 1

qsu g
by Mertens’ estimate [12, Theorem 3.4(a)]. We use partial summation to get

M) [* o (i)
> _/x dS(u) (1+0(1)).

; t
>x/j /3

for all £ > 0. By putting this estimate in (5.1), we have

1 [z (14 0(t

p[t];:j]:_./ Mdt.

jJo t-C(1+1)
Since ((1 +¢) > 1 for all £ > 0, the portion of the integral over t > 1is < 1/(xlogz). On the
other hand, if t € (0, 1], we have 1/¢(1 +t) = t + O(t*). We conclude that

1
iez))
log

P R 1 1
Py =j4l==] 2 (14+0(t))dt+ O 1+
0
This concludes the proof. U

Jj jxlogx :jlogx

6. WHEN J, AND J; ARE DIFFERENT

To prove Proposition 2.4, we must get a hold of the distribution of J,. Since we have a good
approximation for the distribution of .J, it will be enough, for our purposes, to show that the event
{J» # J}} occurs with low probability.

For any ¢t > 0, consider the random variable

We compute below the distribution of /;.

Proposition 6.1 (Arratia, [2]). For any fixed t > 0, the random variable I, follows an exponential
distribution of parameter t, i.e. P[I, > y| = e~ for all y > 0.

Proof. A direct application of Campbell’s Theorem (Proposition B.5) implies that E[es] = ¢/(t —
s) for Re(s) < t, which agrees with the moment generating function of an exponential distribution
of parameter ¢. This completes the proof. U
Let 1 be the smallest positive constant satisfying
a_ h(b) U

K

h(a) b min{a, b}?
for all a,b > e™". Such a constant must exist by (2.4). In addition, let

ro = supr(y).
y>0
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Let us then define the following events:
W= {Sl <logx — R, — 19, So >logx+ R, + 27“0}, where R, =), (V).

e &, is the event where 24 > 1 + forall: > 1.

Wo

P/ —
min{Yy,Y;}?

e &3 is the event where VV[[;O > 1+ m foralli < —1.

The variable R, depends on the value of x since the labeling of points in & change as x grows,
even if & stays fixed.

Lemma 6.2. For x > 1, we have & N E N E3 C {J, = J:}. In particular,
PlJ. # J;] < PET] + P& N &)+ P[E N &5

Proof. Recall that J, = [T, ¢"*3) and assume that £ occurs. Then

(6.1) log J,. —Zh Z (Y +7(Y3)) < Si+ R, + 1o < logz,

i1

since r(Y7) < 9. Similarly, we have

log Zh Z i —r(Y; )) So — Ry — 2rg > log x.

>0

Therefore, £ implies the inequalities
6.2) Ty < 1< Jyeh0o)

In particular, we must have Y, > e™".

Assume now further that £ and &5 also occur. We claim that this implies J, = J}.

Let B, be the set of integers ¢ > 1 such that Y; > e~7, and let B_ be the set of integers 1 < —1
such that Y; > 7. By our assumption that & N &; occurs and by the definition of 7, we have

WiYs WYy

6.3 if:e€ B
and, similarly,

Y, Y:
(6.4) Wifi Wolo i g

<
h(Y:) — h(Yo)
Now, let (T, Q}) with j € Z be the indexing of points of %* given in Section 5, that is to say
we have T < T7,, for all j, and such that [T, Q7 > = > [[}Z, @;. Let jo € Z be such that
Q;TO = MY0) (which exists because Y, > ™). Using relations (6.3) and (6.4), we find that

[T = [T & =[] =

Ji>jo i€B+ 121
On the other hand, we have [[..; Q} = ") J.. Hence, using (6.2), we find that [] 50 @F <
z <[];5,, Q- Inparticular, jo = 0 and thus J; = [[,.; @} = J,. as claimed.

The following lemma requires a lot more care than in Arratia’s paper [2] since he only needed
PlJ # J| <« 1;)5—2; to be true for his coupling.

Lemma 6.3. We have P[£f] < = for T =2
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Proof. We may assume that z is large enough. We have Elef*] < E[e®~] < 1 by (4.3). There-
fore, the event R, > log, x occurs with probability < L Using Lemma 4.2, we find that the

probability that there exists ¢ € Z such that |S; — log x| < 47“0 is O(1/log x). In conclusion,

1
PEY] < Z IP’[ZLTO < |Sk —logz| < R, + 21, R, <log, x} + 0 :
ke{0,1} logm

Note that if W}, > (log, 2)~'° and |S), — log z| < 27 +1og, @, then [ /{14, z)-10] = logz —log, = —
2r9. So, using Proposition 6.1, we find that

[|Sk —logz| < logy z + 2, W, > (log, x)_lo} < P[Lj1og, )-10 > logz — log, & — 2r]

log x — logy x — 21y
=exp| —
g (log, 7)"

for x large enough. Consequently,

1
P[E E P[4T0 < |Sk —logz| < R, +2r¢, R, <logyz, Wi < (log, x)’lo} —l—O(l >
ogw
ke{o 1}

Let my be the largest integer such that 2 'ry < log, . Hence, if 2ry < R, < log, z, then there
exists a unique integer m € [2,my] such that 2" 'rqg < R, < 2™rg, in which case the condition
|Sk — log z| < R, + 2rg implies that |Sy, — log x| < 2"ry + 2r0 2m+1r. We conclude that

1
Peg <> jP[R> 2m=1p0 1Sk — log z| < 2™, Wi < (long)_w} +0(1 )
ke{0,1} 08 ¥
2<m<myg

Note that 1, som-1,, < *==1g, 2, R2. In addition, if R, > 2rg, then >_,_,7(¥;)? < roR, <
0
R3/2, whence R} <437, ., 7(Y;)r(Y;). We conclude that

42 m 1
SR 5 00 B o o] +0().

ke{0,1} 1>5>k
2<m<myg

Therefore, to complete the proof of the lemma, it is enough to show that

z
65 B =E] 33 r00r) Lacmes - Inicton,o 0] € s

ke{0,1} i>j>k

uniformly for z € [0, 4log, x].
For the rest of the proof, we fix z € [0,4log, x]. Givent” > t' > t, let

[t,t’,t” = E Y
(WY)eZ, WeRs\{t',t"}

Since the W;’s are almost surely distinct, we have

E(Z) <2 E|: Z Z Z T(Y,)T(Y”) ’ ]l|Y+Y’+Y”+IW,W/7W//flogx|<z ’ 1W<(log2 z)—10 |-

(W,Y),(W.Y"),(W" Y")eR
W”>W’>W
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Hence, using the Mecke equation (Proposition B.6), we find that

dw - -+ dy”
! / !
/ / y)IP’[|]w+y+y +y —10g$|<2}m,

O<w<w’ <w”
w<( log2 T
2 v,y >0
y+y' +y" <log z+z

where the integral is sixfold with variables w, w’, w”, y, v, y”. Proposition 6.1 implies that
]P)[‘Iw +y+ y/ + y// . logx‘ < Z] < e—w(logaz—y—y’—y”)(ewz . e—wz) < ujze—w(log:I:—y—y’)7
since w < (logy ¥)7'% and 2 < 4 log, x here. Consequently,

<< / / zwe —wlog x—(w' —w)y' —(w" —w) (y' +y'") dw--- dy”

O<w<w’ <w"
y,y'y" >0
y+y'+y" <log x+2

//// e tdtdydy dy”,
logx

ty.y' ' >0
y+y' +y"' <log z+2z

where we made the change of variables ¢ = wlogx. Since fooo r(u)/udu < 1and logz + z <
log z, relation (6.5) follows. This completes the proof of the lemma. U

Lemma 6.4. We have P[E; N ES] + P& NES] < 1/ logx for x > 2

Proof. Recall that &, failing means that there exists ¢ > 1 such that W; /Wy < 147/ min{Yp, Y;}2.
In addition, recall that the event &£; implies that Y > e~” (this was explained in the beginning of
the proof of Lemma 6.2). Hence, we have that

]P)[gl N 820] < |: Z Z :H-1<W’/W<1+n/min{Y,Y’}2 . ]]-Y’,Y>e*’Y : HIWE(logfo,logx] .
(W,Y),(W',Y")eR

We use Mecke’s equation as in the proof of (6.5) to get that

P& NES) < //// P[logz —y < I, +y <loga] - ey qu dw' dy dy'.

O<w<w' <w(1+n/ min{y,y’}?)
vy >e 7, y'<logx

/i !
We have e < e Y, thus

we_w(y+y/)
P& N &) < /// P[logx—y<]w—|—y'<logw]-'—lzdwdydy'.
min{y, y'}
w>0, y,y' >e™ 7
y'<logz

By Proposition 6.1, we have

if y <logux,

(logz—y—y')
e
Pllogz —y < I, + vy <logzx| <

[ 8 Y Y g} {1 ify > log x.
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Therefore,
—w log$ we—w y+y
P& NES| < /// dwdy dy’ + /// ————— dwdydy/
mln{y y'}?
w>0, y,y' >e 7 w>0, y,y' >e 7
y,y’<10g x y’élog z<y’

// L dydy + // ! dy dy’
min{y, y'}2(logz)? (w2

e~ Y<y,y’'<logx Y,y >e

y'<log z<y’

< 1/logx.

This completes the proof of the claimed bound on P[&€; N &5).
Finally, we bound P[€; N &S] using a very similar argument. We have

P& NE<E [ Z Z Licw/wr<in/min{v,y32 - by yse= * Ly e(logz—viloga]
(WY ), (W Y")e

) //// Pllogz —y < I, < loga] - 7™ dw duw' dy dy’

O<w’<w<w’ 1+77/ min{y,y’}?)

Y,y >e”7
< Jl + J27
where
Jp = //// e~ wlos =y Qo duw' dy dy’
o<w’ <w<w (14n/ min{y,y’'}?)
y,y' >e” 7, y<logx
and

Jy = //// e =Y qu dw' dy dy.

0<w’ <w<w'(14n/ min{y,y’}2)
y>logzx, y'>e™7

Using e~ “l8% L e~ 1087 we find that

w' 7w (y'+log )
J1 < /// 5 dw' dy dy’
“min{y,y'}?

w'>0, y,y' >e™ 7
y<10g:v

1
= dy dy’
// min{y, y'2(y +logz)?

Yy >eY
y<logx

< 1/log.
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w' —w (y+y')
Jy K /// 5 dw' dy dy’
minfy, y'}?

w'>0, y'>e™ 7
y>10gx

1
= dy dvy’
// min{y, y Py +y )2 Y

y'>e
y>logz

< 1/logx.

Similarly, we have

This implies that P[£; N &5] < 1/ log z, thus completing the proof of the lemma.

As an immediate corollary of Lemmas 6.2, 6.3 and 6.4, we have:

Proposition 6.5. For x > 2, we have P[J, # J}| < 1/log .

7. PROOF OF PROPOSITION 2.4

19

With a good estimation of the distribution of .J; and with the fact that J, = J with a quantifiably
high probability, we are able to give an upper bound on the total variation distance between the

distribution of M, and N,,.

Proof of Proposition 2.4. Recall that we constructed N, in the coupling such that P[M, # N,| =
drv(pz, V) With p, and v, being the distribution of M, and N, respectively. Note that M, > z
must imply that J, > x, which means that £ cannot happen by (6.1). Hence, using Lemma 6.3,

we see that it is enough to show that

4 A

P, € 4 = 7 +0(@)

uniformly over all A C Z N [1, z].
For each 7 < z, we define the sets

L Ofp—1) 0(p)
A= U < o)) ’ﬂw/ﬁ] |

p: pjJEA

Note that M, € A and J, < /2 if, and only if, J, = j for some j < x/2 and U] € A;. With this

in mind, we define the following events:

o By ={J,=J <x/2};
.BQ—{M EA}
o B3 ={J:=jand U] € A for some j < z/2}.

Since B; N By = B; N B3, we have

PIB) — P[Bs]| < PIB] < P[J # J2] + Plo/2 < Ji <] < o
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by Lemma 5.2 and by Proposition 6.5. Therefore, we have

R 1
P[M, € Al = Y P[J;=j, Uj € Al +0(10gx>

j<z/2

(7.1) ZZ 1ng —j]+O(IO;$).

p,j: pJEA

Since 6(t)/t = 1+ O((logt)~?) for all ¢ > 2 by the Prime Number Theorem [12, Theorem 8.1],
we have

P[efi/j)ﬂ = elegs (1 y O((logéw § 12))

for j < x/2. In addition, note that

1 1 ff v
@3 3. losp: (log (2/7))? logx)<<.z (jaog@/j))?*ﬂogw)«”

p,j: pjEA j<z/2

By combining (7.1), (7.2) and (7.3), we reduce the problem to showing the following:

1
74 Zzlzglx) +O<lozx>'

p:j: pjEA
If we set L(a) = }_,, log p, then we have

logp L(a) log(z/a) loga — L(a)
ZZlogac_GEZAlogaz:_#A_Z log x Z logz

p.j: PJEA acA acA

(7.2)

Since log(x/a) > 0 for a < z, and we also have L(a) < loga for all a, relation (7.4) holds
uniformly over all choices of A C Z N [1, z] if, and only fif,

(7.5) Z log(z/a) < x and Z(loga — L(a)) < .

asx asx
The first estimate follows readily by partial summation (or by Stirling’s formula). The second one
is a simple consequence of the identity loga — L(a) = 3_ ., ,»2(v — 1)log p. This establishes
(7.5), and hence it completes the proof of Proposition 2.4. U
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PART II. FACTORIZATION INTO k PARTS

8. THEOREM 2 FOR THE PROBABILISTIC MODEL

With the following probabilistic version of Theorem 2 given by Donnelly and Tavaré in 1987 [8,
Section 3], we see how a Poisson—Dirichlet process relates to the Dirichlet distribution. We repeat
their proof since they use a Poisson process that will come in handy later.

Proposition 8.1 (Donnelly-Tavaré [8]). Let V = (Vi, V5, . ..) be a Poisson—Dirichlet process and
let (C;)i>1 be a sequence of i.i.d. random variables (also independent of V) with P|C; = j] = «;
forall i > 1. Then the random vector

2 1 N C,L:k

is distributed according to Dir(a).

Proof. Let X; > X9 > --- be the points of a Poisson process on R+, with intensity % dx, and
let § = > .., X;. Foreachi > 1, Let V; = X? We then know that (V;, V5, .. .) follows the
Poisson—Dirichlet distribution [9, Theorem 2.2]. With the Colouring Theorem (Proposition B.4),
the point processes

form independent Poisson processes of intensity a,, - % dx forallm =1,..., k. We then let
S = Z X
Xe€lly,
form =1,2,..., k. With Campbell’s Theorem (Proposition B.5), we compute the moment gener-

ating function

e —

log E[e®™] = ay, - / e dr = —ay, log(1l — s)

0 T

forRe(s) < 1. This coincides with the moment generating function of the distribution Gamma(c,, 1).
We thus deduce that the vector

Si Sk
(Z Vi 3 w) :<—Z’“ S s )
IR CiZ]. i CiZk) m=1"~m m=1"~m

follows the distribution Dir(«x) (see [11, Chapter 49, pp. 485-487] for a proof). O

9. A COUPLING FOR D,

Fix k > 2, o € A1 with o; > 0 for all 4, and f € Fj(cx). In addition, let D, be a random
variable satisfying (1.5), and let Z be a A*~!-valued random variable distributed according to
Dir(ex). We will construct an appropriate coupling between D, and Z. This will build on the
coupling given in Section 2. To state our result, we also introduce the A*~!-valued random variable

©.1) 5 log D, 1 log D, and 8 — log D, log D,
' v logN, """ log N, v logz 77777 logz )’
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which are more convenient to work with than D, because we can compare them to Z. To this end,
we write ||-||  for the supremum norm in R*. Note that

1 N, 1 N,
oB(a/No) | loala/N)
(logx)(log N,) 1<i<k log z

In addition, we have the following lemma:

Lemma 9.1. Let © > 2 and assume the above notation. There exists a probability space )
containing copies of the random variables N, d., 0%, V and Z, and an event £ such that:

(a) P& < 1/logz;

(b) If € occurs, then

2 -log(z/N,) 4+ 3-logs(N,) +2-0,

8. - 7| < 1
ogx

Proof. Our starting point is the coupling of NV, and V described in Section 2. We equip this space
with some additional random variables that are all independent of each other and of /V, and V, and
whose role will become apparent later:

e a sequence (C!);>; of random variables such that P[C] = ¢] = «a, for all i > 1 and all
(=1,2,...,k;
e for each natural number n and each prime p, let (X,Sl)(n), . ,X;(;k) (n)) be independent

random vectors
P[Xl(f)(n) =& Vi<k]=f(p,....p%),
for every non-negative integer solutions to e; + - - - + e, = v,(n).

Finally, we take £ = { M, = N, }, which satisfies the required property (a) by Proposition 2.4.
We will now show that the space we constructed above contains copies of d,, 4 and of Z

satisfying part (b). The construction of §, and J? is rather straightforward. Indeed, using the fact

that f € Fi(a) (property (c) of Definition 1.1), we may easily check that the random k-tuple

(IL, pr('i)(Nz))f?:1 satisfies (1.5). Thus, we may take

D, = HpXéi)(Nz) fori=1,2,...k,
p
so that the distribution of D, = (D, ,...,D,) is indeed in accordance with (1.5). We then
define 4, and 4 as in (9.1).

Next, we define Z. Firstly, we introduce a new sequence of random variables (C;);>1. To define
them, fix n € Z N [1, ] and, for every prime p|n° = n/s(n), fix a number £(p) € {1,... k}.
Moreover, fix choices of ¢}, ¢, ... € {1,2,... k}. Recall that N, = P, P,--- with the P;’s
forming a non-increasing sequence of primes or ones. Assume that the events N, = n, X,gj ) =
Lj—gp) for j =1,...,k, and Cj = {; occur.

e If i > 1is such that P;|n’, then we let C; = ((P;).

e If ; > 1is such that P;|s(n), then we let C; = ..
Since f € Fi(a) satisfies property (b) of Definition 1.1, a straightforward computation reveals
that the random variables (C;);>; are independent of each other, of N, and of V, and they satisfy

PC;={l=a fori=1,2,...andl¢ =1,2,... k.
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Finally, equipped with these random variables and motivated by the proof of Donnelly and Tavaré

in Section 8, we take
= < Z Vvl? ceey Z %ﬂ) )

i1 C;=1 i>1: Ci=k

which is distributed according to Dir(a) by the discussion in Section 8.
In order to complete the proof of the lemma, it remains to show that (b) holds when & = { M, =
N, }. Define the auxiliary random variable

. log P; log P;
Px~—< Z logz ' 7 Z logx>'

i>1: C;=1 i>1: Ci=k

When £ holds, then Lemma 2.1 implies that
Z |log P, — V;log z| < log(z/N,) +2-logs(N,)+2-0,.
i1
Thus, we readily find that

log(z/N,) +2-logs(N,)+2-0,
log x '

(9.3) lpz = Zl . <

In addition, by the construction of the random variables C;, we claim that

log s(N,.)

9.4) 18; = poll.e < 2
ogx

Indeed, if NV, = n, then we have

longg—ZX(E logp+ZX€ )logp

pln® pls(n)
= Z 1, 10gP+ZX£) )logp
i>1: P;|nb pls(n)
= Z 1c,—¢log P; + ZX n)log p,
i>1: P;|nb
whence (9.4) follows readily.
Combining (9.2)-(9.4) completes the proof of part (b), and hence of the lemma. [

In order to make use of Lemma 9.1, we need to introduce some further notation. Let

log(z/N,) + log s(N,) and  Rop = 2. 0,

RNT =3-
log logz’

We write B(x,r) for the closed ball of radius > 0 centered at x in the normed vector space
(R*, []]|...)- We recall that A*~! is the standard (k — 1)-dimensional simplex. For any subset A C
AF=1 we write OA for the boundary of A in the relative topology of A*~! (cf. Definition C.1(c)).
In addition, we define the following events:
° 8NT(A) = {B(é;, RNT) NOA = @},
L] 8PD(A) = {B(Z,RPD) NOA = @}
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Lemma 9.2. For any measurable set A C A*~!, we have

P[5, € A] = P[Z € A] + 0 (P[gNT(m + P[Emn(A)] + 10;3) |

Proof. Let € be as in Lemma 9.1. Hence, it suffices to show that
9.5) P[eN {6, € A} ~P[EN{Z € A}]| < P[Exr(4)] +P[Ern(A)].

We shall prove the following stronger statement: if £ N Ent(A) N Epp(A) occurs, then §, € A if,
and only if, Z € A.

Indeed, assume that £ N ExT(A) N Epp(A) occurs, and we also have §,, € A. We must show that
Z € A. Assume for contradiction that Z ¢ A.

Let Ry = (logz)~'(2 - log(x/N,) + 3 - log s(N,)). Note that B(d,, R\) C B(d%, Rnt) by
(9.2). By assumption of Ext(A), we know that B(d,, Ryr) N A = . Since 8, € A, we use
Lemma C.2 to find

B(8,, Ryp) N AFL C A,
On the other hand, since Z € A¥~'\ A and B(Z, Rpp) N OA = (), we must have
B(Z, Rpp) N APt C AF1\ A

In particular, we find that B(8,, Ryy) N B(Z, Rpp) N AF~1 = (). On the other hand, we know
that ||, — Z|| ., < Ryr + Rpp when & occurs by Lemma 9.1(b). In particular, there exists a point
y on the line segment connecting 8, and Z such that ||8, — y||., < Ry and ||y — Z||, < Rep.
Since the sets A*1, B(d,, Rr) and B(Z, Rpp) are convex, we conclude that y lies in their
intersection. But we had seen before that this intersection is the empty set. We have thus arrived at
a contradiction. This completes the proof that if £ N Ext(A) N Epp(A) occurs, and we also know
that 4, € A, then we must also have that Z € A.

Conversely, we may show by a simple variation of the above argument that if £ N Exr(A) N
Epp(A) occurs, and we also know that Z € A, then we must also have that §, € A. This completes
the proof of the lemma. U

To prove Theorem 2, we need to bound P[Ext(A)¢] and P[Epp(A)¢] when A equals the set
ARV = Ix e AR S ug Vi < k)
with u € (0,1]*~1. Note that
(ALY C{x e A" ' :3i < ksuch thatz; = u; < 1},

(here it is important that the boundary of A*~! is defined with respect to the topology of A*~1),
Therefore,

Ent (A U BNT u;), Wwhere Bl(\;)T(u) = {| log D, ; —ulog z| < 310g(x-s(Nm)/Nx)},

i<k

as well as

Epp (AL U BY (u;), where BY (u) = {|Zl —u| < },
i<k
u;#1

We then have the following two crucial estimates:
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Lemma 9.3. Fori € {1,2,...,k — 1} and u € (0, 1), we have the uniform estimate
; 1
P[BY) .
[Bur(w)] < (14 ulogx)!=(1+ (1 —u)logz)
Lemma 94. Fori € {1,2,...,k — 1} and u € (0, 1), we have that
1
(1+ulogz) =2 (1+ (1 —wu)logxz)™

Using Lemmas 9.2-9.4 together with Proposition 8.1 yields immediately Theorem 2. Thus, it
remains to prove Lemmas 9.3 and 9.4, which we do in the next two sections.

P[Bp ()] <

Remarks. (a) The proofs of Lemmas 9.3 and 9.4 are rather involved. However, it is possible
to obtain slightly weaker versions of them in a rather easy manner, which will then lead to a
correspondingly weaker version of Theorem 2.

First, we prove a variation of Lemma 9.2. Let £*(A) be the event that B(Z, R*) N A = () with

2 -log(z/N;) +3-logs(N,) +2-0,

R =
log x
A straightforward modification of the proof of Lemma 9.2 implies that
1
(9.6) P[D, € A|=P[Z € A]+ O (IP’ (£ (A)°] + logw)

for any measurable set A. With Chernoff’s bound and Lemmas 2.2-2.3, the probability that R* >
log, = is < 1/log x. Moreover, for any 6 € (0,1/4], we can show by a direct computation with
the Dirichlet distribution the uniform bound

. )
]P[Elj<kzsuchthat|Z u;| < 5}<< Z o (=, + )%
1<]<k
for all u € [0,1]*~! (see Lemma 11.1 below for a proof of this claim). Taking § = lfo %;5 proves

that

1
P[D,; < NY Vi < k] = Fa(u) + O — _ _
5 T (-

(b) As a matter of fact, the above proof could have worked with Arratia’s original coupling from

[2]. Under this coupling, we have P[M, # N,] < lfog;; (see Remark (b) at the end of Section 2),

so that Lemma 9.1 would hold with part (a) replaced by the weaker bound P[£¢] < lfogng and thus
(9.6) would hold with °g2 ~ in place of

logz

10. PROOF OF LEMMA 9.3 USING ELEMENTARY NUMBER-THEORETIC TECHNIQUES
Note that

(10.1) P[N? < z/(logz)*] <

E Nb 1/3
log [(I/ :) ]<<loga:

by Lemma 2.2 applied with « = 5 = 1/3.
Fixnow i € {1,...,k — 1} and u € (0, 1). For simplicity, let us write

a = Q4
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for the remainder of this section. Given z, let us define

= > S fldi L dy).

n<T ~dp=n
n E(z QZ}dG[:v 273, 2% 23]

Using (10.1) and (1.5), we find that

(10.2) P[Br(u)] < = S(zm)+0< ! )

I‘xJ 1<m<5logy x 10g X

Hence Lemma 9.3 follows readily from the estimate below:

Lemma 10.1. There exists a universal constant xo > 2 such that if v > xy and z € [2, (log )%,
then we have the uniform estimate

log 2z x
Vz  (I+ulogz)=o(1+ (1 —u)logx)®

S(z) <

Proof. I dy - - - dj, = n, then we may uniquely write d; = d;d’ with d}|n’ and d//|s(n). In par-
ticular, d/ < s(n) < x/n’ < zfor all j. Hence, if d; € [2"27%, 2%, we must also have that
d, € [x"27*, 2"23]. Hence, using property (c) of Definition 1.1, we deduce that

oo fldd) < YD fdydy) Y f(d] ).

dy-dp=n dll...dgcznb dy--djl=s(n)
d;€[x*273,2%2%] dielruz—4 g8

Relation (1.4) implies that f(d,...,d}) = Hle a;}(dj ), Moreover, using property (a) of Defini-
tion 1.1, we find that the sum over d;-’ equals 1. In conclusion,

Z f(dl, e ,dk) < Z H . w(d;) - Z aw(d)(l _ a)w(nb/d)'

dl"'dk,?’:n 5 dl dl _,nb = d|nl7
die[x“z* ,z“z] d' [Z‘ P 4 3] dE[l‘“zfAl,.I“zS]

Letn’ = dmand s(n) = b. If n’ € [£, 2] and d € [2"27,2"2%], then m € [z!7"272 2217423
Hence, we find that

S< Y > ei—apm Y1

de[z 21} b<z
de[ztz—% z%23] b square-full

me[:ﬂl_“z_Q le u 3]

(10.3) <vVz o Y Y a1 -t =z (S + 5),

dme[z 2z
delz 2_4 s 23]
mE[a:lfuz’Q,Q:cl*qu]

where S; denotes the double sum over d and m with the additional constraint d < /2x/z, and S

is the corresponding sum over pairs (d, m) with d > /2x/z and m < \/2z/z.
First, we bound S;. Note that for the conditions on d to be compatible we must have that
u < 2/3, provided that x is large enough. Assuming this is the case, we apply twice Proposition
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A.3 to find that

S T w0 Yo apm
d<y/2z/z m<3—§

de[zvz=4,2% 23]

w(d) z(logx)~®
< Z “ dz
d<y/2z/z
de[zvz—4,2% 23]

< z(log 2)(1 + ulog z)* *(log x)*o“
z

(10.4)

We bound S, in a similar manner. For this sum to be non-empty, we have u > 1/3. If this is the

case, then we have
S5 X e P

m<a/2z/z dg%
me[z! ~uz73 217U 22
z(logz)*!
< Z (1— a)w(m) B S = R
mz
m<a/2x/z

mext~1z73 22017122

< z(log2)(1+ (1 — u) log ) *(log :1:)0‘*1.

(10.5)

z
Combining (10.3), (10.4) and (10.5), while keeping in mind that S; = 0 if u > 2/3 and that S, = 0
if u < 1/3, completes the proof of the lemma, U

11. PROOF OF LEMMA 9.4 USING PROBABILISTIC TECHNIQUES

Since Z follows the distribution Dir(cx), its i-th component Z; follows the Beta(a,;, 1 — «;)
distribution, meaning that if [a, b] C [0, 1], then

- 1 b dt _ sin(may) b dt
ALY P{Zi€ o l] = r<ai>r<1—ai>/a fl—p= — w / toe (=)

by Euler’s reflection formula. For this reason, we need the following preliminary estimate.

Lemma 11.1. Uniformly for u, ), « € [0, 1], we have
. dt )
070) [ o T < G
In particular, if 6 > 1/log z, then

in(ra) / dt < 0logx
sin(mo .
u—sutonoa] 11 =) (1 +ulogx)=(1 + (1 — u)log x)~
Proof. The lemma holds trivially when o € {0, 1}, so let us assume that & € (0, 1). Note that both
sides of the claimed inequality are invariant under the change of variables (o, u) — (1 —a, 1 —u).
Hence, we may assume without loss of generality that « € [0, 1/2]. In addition, observe that
in(ra) /1 dt sin(ma)
sin(ma = =T.
o tre(l—t) T()[(1-a)
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Hence the lemma is trivially true if § € [1/4, 1].
We have thus reduced the proof to the case when o € (0,1), w € [0,1/2] and § € [0,1/4]. In
particular, u + 6 < 3/4,sothat 1 — ¢ € [1/4,1] forall ¢t € [0, u + ¢]. It thus suffices to prove that

dt 0
(11.2) sin(ﬂa)/ < .
u—sutonoa] 1% (u+4d)tm

Assume first that 6 < u/2. We then have ¢ > u/2 whenever t € [u — 0, u + ¢]. Using also the
trivial bound sin(7«) < 1, we conclude that

in )/ dt < / dt < )
sin(ro — .
tsarsin0] U Juswranpr (@/2)7 T (u+6)-e

This proves the lemma in this case.
Finally, assume that § > u/2. We then use that

dt oAt s 5
sin(wa)/ - < sin(wa)/ — = sin(ra) | (30)" K O0% X g
[u—Suts)no, T o t7° e (u+ )t
This completes the proof of the lemma in all cases. U
Let us now show Lemma 9.4. For the simplicity of notation, let us fix i € {1,2,...,k} and
u € (0,1), and let us set &« = «v; and
1

(1+wulogz)'=*(1+ (1 — u)logz)>’
Thus, our goal is to show that

(11.3) IP’[}ZZ- —u| < 2@”61 < A.

Recall that

O, =) r(V;logx),

>1
and that there exists an absolute constant ¢ > 1 such that 7(y) < cmin{y,y 2} forall y > 0 (see
(2.4)). Since there are at most 10 indices j such that V; > 0.1, we find that

0, <O, +10c, where O = Z r(V;logx).
j=1: V;<0.1
Now, using Lemma 11.1 and relation (11.1), we have that

]P’DZZ-—U‘ < 20001 <A
log

On the other hand, if 120%0; < |Zi—u| < 120(22 < %, then we must have ©, > 90c. In particular,

there exists m € Z such that 2™ > 40c and ©', € (2™, 2™*1], whence |Z; — u| < 2™*?/log x. We
thus conclude that

20 20/ 20 om+2
IP’}Zl-—uK—C+ Sy P\Zi—uing, 0, > 2| + O(A).
log meZ: 2™ >40c logx

Therefore Lemma 9.4 will follow if we can prove that

(11.4) ]P’[|Zl- | et s

x

A
, 0 > /ﬂ)] <L — for all k > 40c.
log x K
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We shall make a further reduction. If we set
G\) =#{j > 1:V;logz € (N, 2)\]},
then we have

e, = Z r(Vjlogz) <c Z min{%logm,(‘/z‘logf)_Q}

j=1: V;<0.1 j=1: V;<0.1
G(Qm) m+1 m
<c > 4—m+c22 G(2™)
m=0 m<0
2™m<0.1logx
< 5e max <23m/2 ) +5crrlnli%< (2m2G(2m)),
2™m<0.1logx

since Y,,-027™* < 5and Y, _,27™/? < 5. We thus find that

20c + 4 20c + 4 23m/2
P{‘Zi—u|<m, @;>,@} < Z [[»“Zi_u‘gm’ G2™) > Ii]
log x — log x 10c

2™m<0.1logx

20c + 4K K272
P||Z; —u| < ——, G(2™ .
* Z [‘ u| log x @7) > 10c }

m<0

Note that in both sums, we have G(2™) > 4, since £ > 40c. Hence, Markov’s inequality implies

20c + 4k 250¢? m
IP’“Zz-—u} S s K] < Y B[l - Lagmss - G
Zmég%l(l]ogx
250¢22™
+ —a2 & [ﬂ|zi_u\<72?g;;~ LaEmyza G(Q’”)Q] :
m<0

This reduces (11.4), and thus Lemma 9.4, to proving the following estimate:

Lemma 11.2. Uniformly for n > 1 and )\ € (0,0.11og x|, we have
E |:]]-Zi—u<10‘;’x Loy G(A)2} < A+ p)-A.

Proof. Let us call E the quantity we seek to bound from above. Consider two independent Poisson
processes (A;);>1 with intensity a“— dz and (B;);>1 with intensity (1 — o)== dz. Hence, the
union of the two processes is a new Poisson process of intensity % dx. The sum S, = Z]}l A,
has distribution Gamma(c, 1) and the sum Sp = .., B; has distribution Gamma(1 — «, 1). If
we also set S = S4 + Sp, then, as we saw in the proof of Proposition 8.1, we have

log z

2
E=E|\Ls,/s—u<2 " La,0)+Ga0=4 - (GA(A) +GB(A)) }

where GA()\) = Zj>1 ]lAj log 2€(\S,2)\S] and GB(A) = Zj>1 ]lBj log z€(AS,2A5] - We know GA(/\) +
Gp(\) = 4. Hence, if G4(A\) > Gpg()\), then we must have G4(\) > 2, whence G4(\) <
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G 4(N)?/2. So, we find that
2
<GA()‘) + GBO‘)) <AGAN)’ =4Ga(N) +8) > L togr. 4 logac(x5228]

k>j>1
<16 § E ]1Ak logz, Aj log z€(AS,2AS]-
k>j>1

The analogous inequality also holds when Gg(A\) > G 4(\), with the roles of A and B reversed.
We conclude that
E < 16(E4+ Ep),

where

Ey=E |::H-SA/Su<IOgI Z Z Laj o, A, log:ce(/\S,Z)\S]:|

k>j>1
and E'p is defined analogously. Using Mecke’s equation (cf. Proposition B.6), we find that

2 —ai1—az

€
“1+a2+SA —ul< H ﬂa] log z€(A(a14a2+S5),2X(a1+a2+9)]
a1+a2+S \logz . a

2a1>a2>a1>0

S T ) daydsyd
- Ma)I'(1 — «) //// a1a2s% “s 41 Gz Q51 @52,

2a1>a2>a1>0, 51,52>0

| ajtag+tsy —ul I

ajtag+sy+so Slogz
ajlogxe(A(a1+az+s1+s2),2\(a1+az+s1+s2)] (j=1,2)

da1 da2

102

where we used that the a;’s lie in the same dyadic interval to deduce that a; < 2a;. We make the
change of variables ¢t = s7/(s1+ s2) and s = s1+ s9. Since A/ logz < 0.1 and a; < as < 2a4, the
conditions a; logz € A(ay + as + s), 2)\(a1 +ay + s)| for j = 1,2 imply that a; log x € (As, 5As].

- tazt 10>\+ -
Knowing also that [%22L — 4| < 10 x ,we find [t — u| = |51+52 —u| < 52 2E. Finally, we use
Euler’s reflection formula to write I'(a)I'(1 — o) = 7/ sin(ra). We conclude that

sin(ma) e MTaTs
Es < da; dag ds dt.
A s //// alazt“o‘(l — t)a a1 a2 s
az>a1>0, s>0, t€[0,1]
[t—u|<(10A+p)/ log =

ajlogxe(As,5Xs] (7=1,2)
For every fixed value of s, the integral over a; and as is < (log5)?, since fjw % d < logb for
any w > (0. We also have fo ~®ds = 1. We thus conclude that

2 .

B, < (log 5)* sin(mav) / dt

h s tHa(l —t)e’
t€[0,1]
[t—u|<(10A+p)/ log =

Using Lemma 11.1 shows that F4 < (A 4+ p)A. The same estimate holds for Ep too, thus
completing the proof of the lemma. U
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PART III. APPENDICES

Because this paper lies in the intersection of number theory and probability theory, readers
coming from one of these fields might not be familiar with standard results of the other one. For
this reason, we gather here some key results from both fields. We shall also need a standard fact
from topology. We present these results in the following three sections.

APPENDIX A. TOOLS FROM NUMBER THEORY
Let0(z) == _ logpandlety(x) =3 _ A(n)where

A(n) logp if n = p* for some prime power p*,
n)=
0 otherwise.

Understanding these functions gives information about the distribution of primes. In 1896, Charles
de la Vallée Poussin and Jacques Hadamard proved the Prime Number Theorem, which gives an
approximation for ¢)(x). The formulation we shall use in this paper is the following weaker version
of their result:

Proposition A.1 (The Prime Number Theorem). For x > 2, we have

0(z) = = + 0(@)

x
= Ol ——= |-
v1o) =2+ 0 ()
For a proof, see [12, Chapter 8].

and

Proposition A.2 (Strong Mertens’ estimate). For z > 2, we have

1
Zk 10g2x+7+0<(10gx)3>.

pk<a

Proof. By partial summation and the Prime Number Theorem (Proposition A.1), we directly have
“dy(t) 1
——= =loglogr +c+ 0| ———=
kzq kpk /2 tlogt (log x)3
for some real constant c. Note that

Zmﬁmneuy-zm

pk<a p<T ph>x
P

Since the right-hand side above tends to 0, and Mertens’ estimate says that

()~
P log =

p<zT

(see [12, Theorem 3.4(c)] for a proof), then we have c = 7. [

In the proof of Theorem 2, we need the following estimate:
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Proposition A.3. Uniformly for o € [0, 1] and x,y > 2, we have

Z o™ < z(logx)*!  and Z

n<T z/y<n<zy

Q) »

< (log y)(log(zy))*

Proof. The first bound follows readily by Theorem 14.2 in [12]. Let us now prove the second one.
When y > \/x, we have

w(n) w(n)
D e | (R R T

z/y<n<zy pln =p<y? p<y?

by the inequality 1 + ¢ < e’ and Mertens’ theorem (Proposition A.2). This completes the proof in
this case. Finally, assume that y < \/E We then have

O'/w(n) W(n) 1-m w(n)
> < > > o< ) dTmya
z/y<n<zy meZ ne(em—1.em| meZ n<Lem
e €z /y.exy] e €z /y,exy]

For every m as above, the innermost sum is < ¢™m®~! < e™(log(zy))*! by the first part of the
lemma and our assumption that y < /. Since there are < 1 + logy < logy choices for m, the
needed estimate follows in this last case too. U

APPENDIX B. TOOLS FROM PROBABILITY THEORY

B.1. The Total Variation Distance. The rotal variation distance is a metric between two proba-
bility distributions. Let ;1 and v be two probability measures on C. Then

(B.1) drv(j1,v) = sup |u(A) — v(A)],
where the supremum is taken over all Lebesgue-measurable subsets of C. For any real number a,
let

a’ :=max{a,0} and a :=max{—a,0}.
When p and v are supported on Z- 1, here are some alternative definitions of the total variation
distance:

Lemma B.1. Let ;1 and v be two probability measure supported on N. Then

drv(p,v) =Y (i) = v(@)" =Y (pi) = v(i)”

i>1 i>1
Proof. Let E .= {1 € N : p(i) > v(i)} and let £ = p — v. Note that for any B C N, we have
E(BNE)>02>¢&(BnN E°). Therefore, for any A C N, we have
§(A) = E(E) + (AN E) — (AN E) < &(E).

and
§(E) +E(ANE) — (AN E°) > §(EF)

) =
up e [€(A)] = max{{(E), —€(E°)}. Note that {(E) = ) ., (u(i) —
1(u(i) —v(4))” and that

Therefore, dry (i, v) =

§(4
v(i))", that —=§(E°) = 3.
> (u(i) = v(@))* [((@) = w(8)) + (uld) = (@) 7] = D (k@) = v(@) "

121 i>1 i>1

The lemma follows. U
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The total variation distance will be especially useful in this paper because of the following
proposition. In [2, Section 3.8], Arratia proved that for any two random variables X and Y return-
ing positive integers, we can always construct X’ and Y’ within the same probability space such
that:

e X’ and Y have the same distribution as X and Y, respectively;
e Y’ is a function of X', U,V where (U, V') is a point uniformly chosen in the unit square
independent of X';
] P[X/ 7é Y/] = dTv(X, Y)
We repeat his proof here. Let i and v be two probability measures supported on N. Let z; =

> i< % (with zy := 0). We consider the function f,,: N x (0,1)* — N defined as

m ifa-pu(m) <v(m),

Dois1 1 L., <b<,  otherwise.

fur(m;a,b) = {

This is the function used in Section 2 for the extraction of NV,. Note thatif a,b € (0,1) and m € N,
then we have the equivalency

(B.2) fur(mia,b) #m <<= a-p(m) > v(m).

Indeed, the direction “=-" is obvious. To see the converse direction, note that if a - u(m) > v(m),

then (p(m) — v(m))~ = 0, and hence the interval (z,,_1, z,,] is empty.

Lemma B.2 (Arratia, [2]). Let p and v be two probability measures supported on N, let X be a
random variable with law i, and let U and U’ be two uniform random variables in (0, 1) such that
X,U,U" are independent. LetY = f,,(X;U,U") with f,, defined as above. Then P[X # Y| =
dry(p,v) and PlY € A] = v(A).

Proof. Using (B.2), we find that

(B.3) (X #Y} = {U-p(X) > v(X)}.

Furthermore, we directly compute that

(B.4) P[U - p(m) > v(m), X =m] = (u(m) — v(m))*.
Therefore,

B3 P AY]=BU-u(X) > v(X)] = 3 (u(m) — v(m))* = drv(u,v)

with Lemma B.1.

Next, we prove that P[Y" = n] = v(n) for any n € N. Note that Y = n if, and only if, one of two
disjoint events happen: either we have U - u(n) < v(n) with X = n, or we have U - u(X) > v(X)
with 2,1 < U’ < z,. Therefore, with (B.4) and (B.5), we have

= () = ) = 00) ) + iy ) - LD

where we used (B.3) and (B.5) to show that P[U - p(X) > v(X)| = drv (i, v). This concludes
the proof of the lemma. U

— —v(n),
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B.2. Poisson Processes. The following definition and propositions are borrowed from Kingman’s
book on Poisson processes [10]. Let (S, S) be a measurable space with S being a subset of R? for
some d > 1. A Poisson process on a state space S with mean measure p is a random countable
subset II C S such that:

e for any disjoint measurable subsets Ay, ..., A, of S, the random variables #(ITN A;), ...,
#(II N A,,) are independent;

e the random variable #(II N A) is a Poisson random variable of parameter p(A) for any
A C S measurable.

We can see II as an element of the measurable space (€2g, Fs) where () is the set of countable
subsets of S and Fg is the smallest o-algebra for which the map I — #{II N B} is measurable
forall B € S. If 1 has no atoms, meaning no singleton with positive probability, and is o-finite,
meaning that S is a countable union of measurable sets with finite measure, then a Poisson process
with mean measure p always exists (see [10], the Existence Theorem in section 2.5 for a proof). If
(1 is absolutely continuous with respect to the Lebesgue measure, then the function A\: S — R
such that u(A) = [,A(z)dx for all measurable subsets A C S is called the intensity of the
Poisson process. Here are a few important propositions about Poisson processes that we will use
in the paper and proved in [10]:

Proposition B.3 (Mapping Theorem, [10] section 2.3). If Il is a Poisson process with mean mea-
sure pon S, and f : S — T is a measurable function such that p*(B) = u(f~'(B)) has no
atoms, then f(I1) is a Poisson process on T with measure [i*.

Proposition B.4 (Colouring Theorem, [10] section 5.1). If Il is a Poisson process with mean
measure |1 on S, and the points are randomly coloured with k colours such that the probability of
a point receiving the colour i is p;, and such that the colour of a point is independent of different
points and of the position of the point. Let 11; be the subset of 11 with colour i. Then all the 11; are
independent Poisson processes with mean measures [i; = D;/L.

Proposition B.5 (Campbell’s Theorem, [10] section 3.2). Let I1 be any Poisson process on S with
mean measure (1. Let f: S — R be a measurable function. Then

=) f(X)

Xell

is absolutely convergent almost surely if and only if

/min{f, 1}dp < oo.
s

E[e*"] = exp ( /S (e — 1) dﬂ)

for any complex s for which the integral converges. Moreover,

B[] = /Sfdu

if the integral converges. In the case where it converges, we also have

Var[¥]] :/Sde,u.

If this condition holds, then
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Many probabilities or expectations that involve Poisson processes in this paper can be reformu-

lated as
ED  fIT\{X}, X).
Xell
In these cases, there is a generalization of the formula for E[X] in Campbell’s Theorem, called the
Mecke equation, allowing us to compute these objects:

Proposition B.6 (Mecke equation, [13] Theorem 4 5) Let 11 be a Poisson process on S with a

o-finite mean measure (i, and let f : Qg x S¥ — ) be measurable. Then we have

E Y S\ (K XeJi X X / / FITan, - a)] dpn) - du(rs).
X1, X,
all distinct

APPENDIX C. TOOLS FROM TOPOLOGY
Recall the following basic definitions.

Definition C.1. Let (X, O) be a topological space, where O is the set of open sets of X, and let
ACX.
(a) We define the interior of A to equal int(A) := {x € X : 3O € O suchthat x € O C A}.
(b) We define the closure of A toequal A := X \ int(X \ A).
(c) We define the boundary of Ato equal 9A = A\ int(X \ A) = AN X \ A.
(d) We say that A is disconnected if there exist two open sets Oy, Oy such that A = (ANO;) U
(AN O2). We say that A is connected if it is not disconnected.

Lemma C.2. Let X be a topological space, let A C X, and let B be a connected subset of R”
such that BN OA = (). Then either B C Aor BC X \ A.

Proof. Since A = A N A¢, we have that A, int(A) and int(X \ A) are disjoint sets partitioning
X. By our assumption that B N JA = (), we must thus have B C int(A) U int(X \ A). By
our assumption that B is connected, we must then have that either B C int(4A) C A or that
B Cint(X \ A) C X \ A. This completes the proof. O
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