WHEN THE SIEVE WORKS
ANDREW GRANVILLE, DIMITRIS KOUKOULOPOULOS, AND KAISA MATOMAKI

ABSTRACT. We are interested in classifying those sets of primes P such that when we sieve
out the integers up to x by the primes in P¢ we are left with roughly the expected number
of unsieved integers. In particular, we obtain the first general results for sieving an interval
of length = with primes including some in (y/x, ], using methods motivated by additive
combinatorics.

1. INTRODUCTION AND MOTIVATION

Let &£ be a given subset of the primes < x. The simplest sieve problem asks for estimates
of S(T,T + x; ), the number of integers n in an interval (7,7 + =] which have no prime
factors in the set £ (we write (n,&) = 1 for convenience). By a simple inclusion-exclusion
argument one expects that the number of such integers is about

)

pe€

This is provably always an upper bound, up to a constant:

S(I.T+z8) <] (1—1>,

peE p

and one gets the analogous lower bound

S(T,T+x;€)>>xH (1—1>,

peE p

if £ is a subset of the primes up to 2'/27°() (see [4, Theorem 11.13] noticing that the sieving
limit 5 = 2 for kK = 1). There seems to be little hope, in this generality, of increasing the
exponent “1/2” without major new ideas. Moreover, one needs to have careful hypotheses: if,
for instance, &€ = {p < Vz}U{x/logz < p <z} then §(0,;E) = n(z/logx) —7(\/x)+1 ~
x/log? x, whereas our prediction was < z/log z.

In this article we will prove lower bounds on S§(0, ;&) in certain cases not covered by
classical sieve theory, and use this evidence to guess at lower bounds in more generality.
Let us first introduce some notation. Let P be a given subset of the primes < x, and
E={p<=x: p&gP} sothat EUP is a partition of the primes < z. Let U(z;P) denote
the number of integers up to x all of whose prime factors are in P, that is

V(;P)= Y 1= Y 1=80,:¢).

n<x n<x
pln = peP (n,&)=1
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The inclusion-exclusion argument predicts that

-1
U(x;P) ~ z/up, where up:= H (1 — 1) .

peE p

Hall [6] proved that ¥ (z;P) < (€7 /up) x, where v = 0.5772156649 . . . is the Euler-Mascheroni
constant and the notation A < B means A < (1 + o(1))B. Subsequently, the authors of [5]
improved this to U(z;P) < (e¥/up — 1 /u?fo(l)) x, and showed that this is “best possible”
other than being more precise than the “o(1)” (which tends to 0 when up — o0). However,
in this paper, we are interested in lower bounds on ¥(zx;P).

Hildebrand [8] showed that, ¥ (z;P) > ¥(z; P’') where P’ is the set of primes up to x'/u»
(note that here up ~ up). Specifically, he showed that

U (z; P)
x

here p(u) is the Dickman—de Bruijn function, defined by p(u) = 1 for 0 < u < 1, and
up'(u) = —p(u—1) for all u > 1. One can show that p(u) = 1/u*T°®) which is a lot smaller
than the expected 1/u. (See [5] for a different proof of Hildebrand’s result.)

This last example is very special in that P’ contains no large primes, and it is expected
that other than for certain other extraordinary sets P one has

\IJ(m;P)xxH(l—%).

peE

2 P(UP);

However this question has not really been studied in detail and there are other examples
that must be taken into account: Let

(1.1) P = U {p prime : ™/ N+ < p < gm/NY,
1<m<N-1

Any product < x of primes in these intervals lies in some interval of the same form. If
now n = pipy---pr < x, where 2™/ < po < 2™M/N | then my + -+ + my < N. The
number of such integers n with m; +---+my, < N —1is < 2'"/Y. On the other hand, if
mi+---+my = N, then k > 2 (since each m; < N—1) and therefore ¥ (z; P) <y z/(log x)?,
far smaller than the expected x/up < x/logz. A key thing to notice is that, in this example,

;%N(N—l)log(lJrl/N)—l—M<1,

by the prime number theorem, as N — oo. Hence we see that we can obtain a very small
U(z;P) when Zpep % < 1. One might guess that the issue in the last example is that there
are no small primes in P. However, if we let

(1.2) P ={pprime: p< 2NYu o ) {p prime: 2™V < p < gmNY
1<m<N-1

then we would also find that W(x;P) is far smaller than expected if N — oo slowly enough.
One might also guess that the main issue in the above examples is that there are no large
primes in P. However if we let

1-1/v

P = {pprime: z/" <p <Y} U{p prime: z <p<uz},
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then W (x;P) = U(z; Q) + m(z) — m(z' /%) where Q = {p: z'/¥ < p < x'/*}. Friedlander
[3] established that, for fixed v > u > 1, U(x;Q) ~ o(u,v)r/log(z'/?) where o(u,v) =
e 7p(u) + O(1/vlogv). Hence if v > w1+ then ¥(x;P) ~ e Tvp(u)x/logr as u — oo,
whereas the “expected” value is

1 e T2 T
1—=) ~ . .
xH( p) u(v—1) logz

Hence the ratio ¥(z;P)/“expected value” is asymptotic to up(u)(1 — 1/v), which goes to 0
rapidly as u — oo.

So we see that the size of the primes in P does not seem to determine whether ¥ (z;P)
is close to its “expected value”. Rather, we believe that the most important quantity in
determining whether the sieve will work somewhat as expected is the largest y for which

1
Zpep, P>y p = L.

Conjecture 1. Fix e > 0. There exists a positive constant ¢ such that if x is large and P 1is
a subset of the primes < x for which there is some v < cy/log x with

Z 121+€,

peEP p
ml/ev<p§x

A )),

peE

then

where A, is a constant with A, = vt 450 — 0.

Remark 1.1. Note that if P = {p < z'/*} and v < (logz)/(loglog z)?, then ¥(z;P)/x ~
p(u) by [7]. Also, taking v ~ w in the above conjecture yields ¥(x;P)/x 2 A,/u and so
A, Sup(u) = v700+°MW) . One can even make the bolder guess that A, ~ vp(v).

Remark 1.2. Proposition 2.6 below implies that if

1
(1.3) R ) »

peEP
a:l/“<p§ac
is very small for some large u, then W(t;P) is indeed substantially smaller than expected
for some t € [y/z,x]. If, in addition, P C [1,2'7¢], then we can take ¢ = z. Hence it is
certainly true that the size of x is important consideration. It would be interesting to obtain
the strongest possible uniform version of Proposition 2.6.

On the other hand, Corollary 2.3 below implies that as soon as k > ¢ for some positive
constant e, then there is a point ¢ € [#'/*, z] for which W(¢; P) is of the expected size. It turns
out to be a combinatorial problem to see if ¢ = x works and, in light of Bleichenbacher’s
theorem below, we believe that combinatorial obstructions, such as the ones occurring for
the sets P given by (1.1) and by (1.2), disappear as soon as k > 1 + €.

The main result in this paper is a weak form of Conjecture 1:
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Theorem 1. There exist positive constants A and ¢ such that if x is large andP is a subset
of the primes < x for which there is some v < cy/log x with

> LY

pEP p
xl/e'u<p§l,

U(z;P) 1 1
— > &5 11 (1 — z_?) .

peE

then

Remark 1.3. One can superficially make Theorem 1 appear stronger. For, if the “O(v)” in
our lower bound is short for “Cv”, then, for any € € (0, C'), we can replace A in the hypothesis

by A := X+ 1In(C/e) so that

1 1 1

> - — —>1+A—-In(C/e) =1+ A,
PO DR DR (©/e)

pEP peEP pEP
xC/eev<pSz zl/ev<pgl. pl/ev <prC/eev

and hence Theorem 1 implies, for V = ev/C, that

() 2 T

peEE pe€

Remark 1.4. Tt will be clear from the proof of Theorem 1 that, under the same assumptions,
one gets also the stronger conclusion

U(w;P) V(e —yP) ] H(l—l)

y vOw) p

peE

for every y > x'~1/6¢") Furthermore the conclusion of Theorem 1 continues to hold if, more

generally,
Z 1 > 14+ A
P U

peEP
xl/e'u<p§1,l/u

for some 1 < u < v < ¢y/logz, where A and ¢ are absolute constants.

The proof of our theorem involves a hodge-podge of techniques, from classical analytic
number theory and sieve theory (as one might expect) to additive combinatorics, which seems
to be new in this context (though [11] contains some related work as will be explained in
Remark 3.1). Our starting point is the following result of Bleichenbacher [1] (see [11, Section
9] for the proof) which may be viewed as a result in continuous additive combinatorics:

Bleichenbacher’s Theorem. If u > 1 and T is an open subset of (0, %) for which

/ dt 1
_— > -,
ter u
then there exist ty,to, ..., tx € T for which t; +to+ -+t = 1.
Note that this is “best possible” since for the set Ty = UjV:1(N+r17 %) theye iS‘DO solution
tot; +ty+ -+t =1 (as any sum of elements in intervals of the form (55, %) is also in

an interval of this form), yet fTNﬁ(O 1) % > [N/u)log(1+1/N) > 1/u — 2/N, which tends



WHEN THE SIEVE WORKS )

to 1/u from below as N — oco. One sees an analogy between this example and the first sieve
example that we gave above.

The key idea in this paper is to reduce estimates for W(x;P) to quantitative questions
of the type addressed in Bleichenbacher’s theorem. Although we will eventually mostly use
discrete variants, Bleichenbacher’s theorem is our guiding principle and we start by making
a conjecture which quantifies it:

Hypothesis T. There exists a constant A3 > 0 such that for any v > 1 there exists a
constant T, such that the following holds:
Ifu e [1,0v] and T is an open subset of (=, 1) for which

ev’

/ i1t
ter t U

then there exists an integer k € [u, ev] such that

/ / dt,dty - - - dty_y / dt\ "
e > Ty — ] .
t1+to++tg tltg s tk - teT t

=1
ti,to,... tL,€T

By analogy with Bleichenbacher’s Theorem, we conjecture that Hypothesis T holds for any
choice of A3 > 0. The importance of Hypothesis T can be seen in the following consequence,
which will be proven in Sections 3 and 4.

Proposition 1. If Hypothesis T is true for any fixed A3 > 0 and 7, = v=°W) | then Conjecture
1 holds for any fized € > 0 with A, = v=9®),

Actually we will formulate Hypotheses P and A which are analogous to Hypothesis T
but Hypothesis P concerns counting primes py,...,pr € P C PN [z 2'/%] for which
logp1 + ...+ logpr = = 4+ O(1) and Hypothesis A concerns counting integers as, ..., a; €
A C NN (N/ev, N/u] for which a; + ... 4+ ar = N 4+ O(k). We will show that all the three
hypotheses are equivalent and that Hypothesis P implies Conjecture 1.

We will use additive combinatorial tools to prove Hypothesis A for some sufficiently large
counterpart of A3 (see Theorem 6.1) which allows us to deduce Theorem 1 as desired. The
value of A3 can be determined explicitly from the proof, but it will certainly not yield
Hypothesis T for every A3 > 0. See also Remark 6.2 for more discussion about attainable
A-values.

Our results leave us wondering whether Conjecture 1 and Theorem 1 might be an indication
of the truth for the more general problem of sieving intervals. Could it be that when we
sieve an arbitrary interval of length x, with a not-too-large subset of the primes up to z, then
the number of integers left unsieved is predictable? There are only two types of examples
known where we can do accurate calculations to better understand sieving: random intervals
and intervals where most of the progressions sieved are 0 (mod p), and as far as we know
the latter are where most extreme examples come from. Since we have now obtained some
understanding of this usual source of extreme examples, we can speculate that this sort of
criteria is the main issue, in general.

We conclude by mentioning that, aside from the theoretical interest of understanding the
limitations of traditional heuristics in sieve methods, the generality of our results have appli-
cations beyond this subject. Indeed, in [10], the third author discovered a rather unexpected
application of these methods to counting real zeroes of holomorphic cusp forms.
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Overview of the paper. The paper is organized as follows: In Section 2 we explore what
happens when x defined by (1.3) is rather small. In particular, we show that as soon as
Kk > ¢, the quantity ¥(¢;P) has the expected size for some ¢ € [2'/* z]. Conversely, if
Kk = o(l) as u — oo, then the size of ¥(¢;P) is much smaller than expected for a certain
t € [\/z,z]. This makes it evident that in order for the sieve to work as expected, we
need £ to have some size. As Bleichenbacher’s Theorem and the examples given in (1.1)
and in (1.2) indicate, we should have that x > 1. However, traditional sieve methods are
incapable of handling this problem. Enter additive combinatorics. Indeed, as the results of
Section 3 show, after some technical manipulations we can reduce the problem of bounding
U (x;P) from below to counting k-tuples of primes (pi,...,px) € (P N[z, z])* such that
logp1+- -+ -+logpr = logz+O(1), for some appropriate k. This reformulation of the problem,
which we call Hypothesis P in analogy with Hypothesis T, makes clear the connection with
additive combinatorics. In order to crystallize this connection even further and open the
door to the use of additive combinatorial tools, in Section 4 we formulate the Hypothesis A,
which is a purely combinatorial analogue of Hypothesis P and can be viewed as the discrete
version of Hypothesis T. All these difference hypotheses are, in fact, equivalent as we show
in Section 4. It is Hypothesis A that we will eventually prove in Section 6, using some tools
of discrete additive combinatorics developed in Section 5. Finally, in Section 8, we explore
further the connections between our three difference hypotheses, A, P and T.

2. SIEVING WITH LOGARITHMIC WEIGHTS

If we introduce the weight 1/n at each integer n (the so-called “logarithmic weights”),
then we simplify the problem enormously:

Lemma 2.1. If P is a subset of the primes < x and & = {p < x} \ P, then
1 1 1 1
1——-| < — < e 1-— =
M) S X oooI(;)

pe€ n<lx pel
p|ln = peP

where 7y is the Fuler-Mascheroni constant.

Proof. Let us first prove the lower bound. We have

n(-;) = £ &

pe€ <z
pll = pe&
so that
1 1 1 1 1 1
— > 1— - - — > 1—-— —
SRS | ((EEVED DD SIS ) (RS D ors
m<x peE <z m<zx peE n<z
p|lm = peP pll = pe€  p|lm = peP

since every integer n < x may be written as fm.
On the other hand we have the upper bound

(R R
| n<x op n peP p p<z p peE p peE p
pln=>p

by Mertens’ theorem. O
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Remark 2.2. Note that

3 %:‘I’(CE;P)JF/“ V(EP) 4

(2.1) T t2

n<x
p|ln = peP

so that Lemma 2.1 can be re-phrased as a weighted mean of W(¢; P)-values:

()< [ 5575/ [ F=ol5)

peE
since W(z; P)/v < [ e <1 - %) by classical sieve theory (as discussed in the introduction).

We can use Lemma 2.1 to prove a first lower bound in the direction of Theorem 1, though
with a different emphasis: We show that as soon as ) /. <p<z pEP;lo is at least €, there is

some t € [#/* x] for which W(t;P) is of expected size.

Corollary 2.3. Fiz e € (0,1). Suppose that = is large and P is a subset of the primes < x,
and u € [1,log x| is such that
1
Z — > €.

peEP p
zl/u <p<z

Then there exists t € [x'/", x] such that

U(HP)  emin{l,cu} T (1 - 1) |

(2.2) t logu % p
p<t
Proof. By (2.1)

Ut P) 1 1 1 1
—dt > — ) >= —.
L5 e ¥ (G-1)zs g
zl/v<n<z z/v<n<a/2
pln = peP pln = peP

Writing here n = ab, where prime factors of a are < 2'/* and prime factors of b are > x'/*,
and discarding some n, we see that

x \I/(t' P) 1 1 1
—dt > = = -
/1/u 12 -2 Z a Z b
’ alz/2/2 1<b<gl—e/2

pla = pE’Pﬁ[l,xl/“] plb = pepﬂ(zl/“,ml_e/2]

Here

1 €
> ) S > etlog(l—e/2)+o(1) 2 ¢,

S =

5= %

1<b<gl—e/2 pEP
plb = pePN(z/% z1—</?) at/u<p<lgl=e/?

hence S > £(1 + 5) and so

T Ut P) €
/m t2 dt 2 Z

1/u

2. 1
b
a<lz/?/2 b<al-e/?
pla = pEPﬁ[l,xl/“] plb = pepm(xl/uyxl—e/z}

oo |
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Consequently, Lemma 2.1 implies that

[ T () T ()

xl/u

pSIG/Q pepm(ml/u’r1—5/2]
(2.3) pEPN[La!/"]
1 1
> emin{l, eu} H (1 + ) = emin{1, eu}(log x) H (1 - —) :
pEP pe€ p
If now for every ¢ € [z'/%, 2] we have that
v (t; P emin{l, eu emin{l, eu} logx 1
P _ {}H omn{ladlogapr (1),
t log u log u logt P
peEE
p<t
then
oWt P emin{1, eu 1 T dt
b/m (t2 ) <<77____i_£____k10g1i[1 (1._._) /[ Tou
21/u ogu e p) Jyu tlog
1
< n-emin{l, eu} logq:H (1 — —) :
peE p
Choosing 1 small enough, we arrive at a contradiction. So the claimed result follows. U

Remark 2.4. Let T be the set of t € [#'/*, x] for which (2.2) holds with an appropriately small
implicit constant 1. Then the argument leading to Corollary 2.3 also leads to the stronger
statement that [, _,.dt/(tlogt) > emin{l,eu}. Indeed, using the sieve upper bound, we find

that
v t73 emin{l, eu
L s [IL0-0) 5+ [ e L) §
zl/u PpEE [z.l/u7x]\T Og u P
p<t p<t
Since
1 log x 1
() <)),
peE p 08 €€ p
p<t

we conclude that

/;/u (i P)dt<< (log x) (/ +nemin{1,eu})H(1—%).

pe€

Comparing this estimate with (2.3) and taking n small enough implies that [,_,. dt/(tlogt) >
emin{1, eu}, as claimed.

The lower bound (2.2) obtained here is much better than the lower bound in Theorem
1, but it only works for some values of ¢. One cannot essentially improve Corollary 2.3 in
general, at least when 1/¢ < u < /logz: Take a prime ¢ < (logu)/e and let P be the set
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of primes which are = 1 (mod ¢). Then the classical sieve yields

U(t, P 1
%:z‘{n:qk‘—l—lﬁt:]ﬂn = p &€&\ {q}}|
1 1 € 1
S S
q H ( P 10guH p
pei\{q} pee
p<(t/a)\/? p=t

for every t € [z'/*, x].

Next, we prove a converse result to Corollary 2.3, but first we need an estimate which
belongs to the theory of smooth numbers. Its proof is an application of Rankin’s method,
together with an additional averaging which recovers a logarithmic loss that occurs in the
original version of Rankin’s method. It can be found, for example, in Kevin Ford’s notes [2,
Theorem W], though it is possible that it has appeared before in the literature. We give the
full proof for completeness.

Proposition 2.5. Let © > 3 and v > 1 such that u < (1/2 — €)logx/loglogx, for some
fized € € (0,1/3). If P is a subset of the primes < x'/*, then

U(x;P) O ( 1)
< [I(1-=).
peE

T (ulogu)® p

p<z

Proof. Without loss of generality, we may assume that u is large enough. Set y = z'/*
and note that u < y'/27¢/logy by our assumption that u < (1/2 — ¢)logz/loglogx. In
particular, we may assume that y is large too.

Our starting point is the identity

(2.4) Z logn = Z Z A(d).

n<x m<x d<z/m
p|ln = peP plm = pEP p|d = pecP
Fix some ¢ € [1/logy,1/2 — €] and note that, for 1 <n <z,
1-46 6([51_6
logz = logn + log(x/n) <logn + 15 i <logn + e
Together with (2.4), this implies that
10
25) (logn)¥(m;P) < Y S5+ D S A
n<z m<zx d<z/m
pln = peP plm = pEP  p|d = peP

Next, note that

YooAd < D> (ogp) Y1 > log(z/m),

d<z/m p<min{y,z/m} v>1 p<min{y,z/m}
pld = peP p’<z/m

by our assumption that P C {p < y}. So, if z/y < m < x, then we find that
5,15
Z Ad) < r YT

m — mi-d’
d<z/m
pld = peP

(2.6)
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whereas, if 1 <m < z/y, then

° 1=0 §5,.1-6
> y (e /m) iz
A(d 1 1 yhr s
d<z/m < logy ogle/m) < log(y°(x/m)'~?) og(xz/m) < mi—o
pld = peP

In any case, the estimate (2.6) does hold. Combining it with (2.5), we deduce that

5.,.1-5 5,16 —1
yow 1 yor 1

U(x; P < 1—

(7;P) < log 7 Z 7= = logx pl;( p1—5>

s )

peEP peE
p<z
by our assumption that 6 < 1/2 — e. Finally, note that
-1 -1 61 v
R SIS LT
p p p el/s
pEP p<y p<el/s
0 Y x§—1 1) dlogy et eélogy
<1+ +/ do =1+ -2 +/ Cat <
log y 1/ logx logy 1 t dlogy

by Chebyshev’s bound 7(z) < z/logx. So writing § = v/logy, we arrive to the estimate

U(x;P) O/ 1
1——.
x << GU/'U H

peE p
p<z

We choose v such that e”/v = u. This produces a value of ¢ in the interval [1/logy, 1/2 — €]
as long as u = €%1°8¥ /(§logy) is in the interval [e,y*/?¢/((1/2 — €)logy)], which does hold.

Since v = logu + loglog u + O(1), the proposition follows. O
Proposition 2.6. Suppose that P is a subset of the primes < x, and u € [1,log x| is such
that
1
Z - =r K1
peEP p
2/ v <p<z

There exists t € [xY/2, z] such that

U(t; P) _ u 1
T<<(I€+.T 12 4y /4) H(l——).

peE p

p<t

If, in addition, P C [1,2'7¢], then we can take t = x provided we replace k by k/e. In either
case, if kK = o0(1) as u — 0o and x — oo, then V(t;P)/t is much smaller than expected.

Proof. First, we show the second claim because its proof is simpler. Note that

U(r;P) < U(mPO[LE )+ ) > L
p|n:>p677$1/u<q§$
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The first term is < z(u™ + 271/3) [1,cenpqg(1 — 1/p), by Proposition 2.5 applied with
min{u, (logz)/(2.5loglog )} in place of u. Using the sieve upper bound and the assumption
P C [1,2'7¢], the second term equals

> Yo« X I (i)

qeP m<z/q qeP peEN[l,z/q] p
zl/v<g<z plm = peP /v <q<z
z 1 0!
<Y ST () 10 ()
qeP q peEN[l,x] p z¢<p<w p
xl/u<q§x
KX 1
<= 1] (1——)
peEN[l,z] p

Therefore
1 1
(z;P) < (w27 4k /e) H (1 — —) :
v peE p
p<z
as claimed.

Finally, we show the first part of the proposition. We may assume that u is large enough
and u = o(log x). Our starting point is the relation

/ac U(t;P)dt N U(z;P) Z 1 U(z;P)

(2.7) w t x

Vz<n<z
pln = peP

which follows by integration by parts. If we show that each term on the right hand side of
(2.7) is

1
< (logz)(k 4 272 4 o~/4) H (1 — —) :
p

p<z
peE

then the claimed result follows, by taking the minimum of W(¢; P)/t on the left side of (2.7).
First, we bound the sum over n. Let v = min{u, (logz)/(2.5loglogx)} and set y = 2'/* >
max{z'/*, (logz)*°}. Notice that

-1
Z %g H (1—1) < e « 1.

b>1 y<p<z
plb = pEPN(y,z]| peEP
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So, writing n = ab with a having prime factors < y and b having prime factors > y, and
adding some extra ab, we see that

DI DI DU ST S D D

Vz<n<z a<\/T b>1 Vz<a<lz b>1
pln = peP pla = pePn[ly]  Plb=pePN(y,] pla = pePn[l,y] Plb=>PEPN(y,z]
1 1
< 2 (eP0) el
s ¥ lewoys »o Lo
a>1 Vz<a<lz
pla = pePN[1,y] pla = pePN[1,y]
1\ O 1
T (12) e T (1)
o p (vlogv)/? 2 p
peEP peE
1
(2.8) < (logz)(k + 275+ (2u) ™) T [ (1 - -) ,
p p
pPsST
peEE

by Proposition 2.5 and partial summation. We deduce that

U(z;P) <z + Z % < z(log ) (k+ 27V + (2u)™/?) H (1 — 1) .

Vr<n<g p<x p
pln = peP peé

Since (\/51/(”/2), V| C (2% x], applying the above relation with x and u replaced by /z
and u/2, respectively, we see that

V(v P) < (logz) (k+ 2 /"2 4+ um/4) H (1 - 1) '

(29) \/E <o p
peE
Inserting relations (2.8) and (2.9) into (2.7) completes the proof of the proposition. O

This last estimate is much smaller than one might have guessed given Lemma 2.1.

We have now seen that if there are very few large primes in P then one can improve the
sieve upper bounds for some values of ¢. Finally, note that in order to get an improved upper
bound at t = x as in the second part, the assumption that there are few very large primes
is essential. Indeed, if for some small § > 0, P = {p < 2°} U {p: 2'° < p < 2}, then
U (z,P) contains all integers of the form mp where p is a prime in the range #'=% < p < x,
and m < x/p. Hence

U(z;P) > Z Tsor=u (1—1>,

z1-0<p<z p pel p
p<z

just as the sieve predicted.

3. TECHNICAL REDUCTIONS

The hypothesis in Theorem 1 relies on there being a reasonable density of “large” primes
in P. More generally, we may ask what happens when some interval (z'/¢’, 2'/%] contains
lots of primes of P. Reducing to the analogous problem where P is now restricted to be a
subset of the primes in this interval, we formulate
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Hypothesis P. There exist constants \y > 0 and Cy > 1 such that for any v > 1 with
v2 < )\ log x/CY, there exists a constant m, > 0 such that the following holds:
If u € [1,v] and P is a subset of the primes in (x'/**, 21" for which

1 1+ X\
>
(3.1) ) 52 T

peP

then for any & € [x71/B) 1/2] there exists an integer k € [u, ev] such that

k
1 0Ty 1
> . — .
(32) Z pl .. .pk - logx <Z p>

(1P ) EPF peEP
(1-0)x<p1-pr<z

Remark 3.1. In [11] Bleichenbacher’s theorem is used to prove a result like Hypothesis P
but with a logarithmic loss (logz)~°® in the obtained lower bound — see Theorem 4 and
Proposition 10.1 there.

Proof that Hypothesis P with m, = v=°®) implies Theorem 1 with A = \; + € and ¢ = A1/ (2Ch).
Set 7 = min{e, 1}/3. Let A =P N[l,2/] and B =P N (2%, z] so that

V(;P) > Y V(z/aB),
a<zx"
pla — pecA
since we can write any n composed only of prime factors from P as n = ab where a and b
are composed only of prime factors from A and B, respectively. For each a < 2", we have
that

1 1
Z - > Z —+10g(1—n)+0(1)21+)\1+6—%+0(1)>1+)\1,
/pEB p /pE'P p n
(z/a)t/ v <p<z/a /v <p<a

as x — 0o. Applying Hypothesis P with « = 1 and § = 1/2 to the set B yields

z/2a 1 x
) ;B) > > .
(z/a; B) > /2;/ - W00 glogx
p|n :>;7€B

and consequently

U(z;P) 11 1 n 1 n 1
T >>UO(U)10gx Z 5>>00(u)H(1_Z;>>>U0(U)IH 1_2_) J

a<z" p<x"
pla = pcA pEE

by Lemma 2.1, which completes the proof of Theorem 1. 0

So we have shown that in order to prove Theorem 1 it suffices to prove the more convenient
Hypothesis P with certain choices of the parameters therein.

k
Remark 3.2. When 7, = v~ the factor <Zp€77 %) in (3.2) could be absorbed to 7,.

However even though we will be satisfied with Hypothesis P with this value of 7,, we expect
that the hypothesis holds also for m, = v~ for some appropriate ¢ (compare with the
difference of Conjecture 1 and Theorem 1). A similar remark applies to Hypotheses T and

A.
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4. EQUIVALENT PROBLEMS IN COMBINATORICS

In our sieve question we are seeking to sieve the integers up to x by a given set of primes £
which is, as discussed in the introduction, the same thing as counting the number of integers
up to x that are composed of primes from a given set P. This makes this a rather special case
of sieving an interval, since the problem can now be approached as a question of counting
lattice points: If p; - - - pr < z, then

logpy +logps + - - - + logpr < logx

and there are various techniques for attacking this problem. However they are not really
effective, since here we have an enormous dimension compared to the volume of our region,
even when restricting the primes in P to an interval [z/¢”, z'/*). We can however cut the
dimension of the problem significantly by taking approximations that do not greatly effect
the answer. For example, if we replace each log p by [log p|] and take N to be an integer close
to log x, then we can count integer solutions to a; + as + --- 4+ a,,, < N, and weight each a;
by the number of primes p in P for which [log p| = a. However even this problem is of rather
high dimension to directly use lattice point counting results, so instead we attack this as a
question in combinatorics.

Hypothesis A. There exist constants Ay > 0 and Cy > 1 such that for any v > 1 with
v? < Mo N/Cy, there exists a constant o, > 0 such that the following holds:
If u € [1,v] and A is a subset of the integers in (2, Y] such that

ev’ u

Z 1 Z 1 + )\2’
a u
acA
then there exist integers k € [u,ev] and n € [N — k, N| such that

k
1 « 1
S alaen(sh)
ap - - ag N a
(a1,...,ax)EAF acA
a1+--tap=n

Proposition 4.1. (i) Hypotheses P and A are equivalent, with Ay < A1 and c,e®® > 7, >
o, min{1, Ay }o=OW),

We will prove this at the end of this section. We first note reasons for some of the conditions
in Hypothesis A:

o If A is the set of integers in (N/(k+1), N/k—1) then there are no sums of elements of
Ain the interval [N —k,N] and }°, _,1/n ~log(1+1/k) = 1/k+O(1/k?*). Hence we
must have Ay > 0. However, we do believe that Hypothesis A holds for any Ay > 0.

o If A is the set of integers = 0 (mod d) in (£, 5], then Y-, ,1/a ~1/d as N — oo,
and there are no solutions to a; + --- + a; = n for any n in an interval md < n <
(m + 1)d. Hence n must be chosen from an interval of length > d. This explains the

length of the interval for n in Hypothesis A.

We will eventually prove Hypothesis A with a,, = 1/v°® and big enough constant \y. By
Proposition 4.1(i), this yields Hypothesis P with 7, = 1/v°® and therefore Theorem 1 as
was shown in Section 3.

Since Hypothesis A involves so many integers, one might think to approximate the set of
integers A by a continuous variable; for instance, by considering very short intervals around
each a/N, so as to obtain Hypothesis T (which is stated in the introduction):
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Proposition 4.1. (ii) Hypotheses A and T are equivalent, with Ay < A3 and 7,20 > a >

7,/ef®

Combining this with Proposition 4.1(i) and the result from Section 3, we can deduce
Proposition 1.

Proof of Proposition 4.1. We conclude this section with the proof that our three hy-
potheses, A, P and T, are equivalent.

Proof that Hypothesis A implies Hypothesis T. Assume that T is an open subset of (1/ev, 1/u)
such that [.dt/t > (1+ A3)/u. An open subset of the reals is a union of disjoint open in-
tervals, and the number of intervals in the union is countable (as may be seen by labelling
each interval with some rational it contains). Hence we may write T' = J,~, (o, 5;). But
then there exists an integer m such that if S = J, (a;, 8;), then [,_gdt/t > (1+2X3/3)/u.
By replacing 7" in our assumption by S and A3 by 2A3/3, we may assume that 7" is a finite
union of open intervals. We select N to be much larger than max;{v/|a; — B;|}, mv®/\3 and
vt Let

A:U{aEZ: a;N + 2ev < a < ;N — 2ev}.
i=1

Since ftaH N.dt/t = 1/a + O(1/a?), we deduce that

Yo [ aro(%) - (o () 7=

Now, if A3 > 2)\y, then Hypothesis A implies that there exists an integer k € [u, ev] and an
integer n € [N — k, N] such that

k
—O(k) k

> () 2t (LT
ap---ar N a N ter t

(al,...,ak)eAk acA
a1+...+ak:n

ac

For each k-tuple (ay,...,ay) € AF with a;+- - -+ay, = n, consider ¢; € (a;/N, (a;+1)/N) C T
for 1 <i <k —1and define t, =1 — (t; + -+ 4+ tx_1). Then we have that

Qg
-5

and consequently ¢, € T'. Hence

dtidty - - - dty_ N dty---dt_

/ /t+t+ =1 1751&2 tkl>> 2w IN<ti<(ai+1)/N tl tkl

1t1,t227 7tk€k 12 k (a1,...,ar)EAF W S 1{@9&11 ! k=1
ai+--+ap=n

1 N Q dt\ "
> — > —
2O (k) Z ay---ap — €O (/tGT t)

(a1,...,ar)EAF
al+--+ap=n

as desired. Hence we can take A3 = 3\ and 7, > a,e 9. O
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Proof that Hypothesis T implies Hypothesis A. Let N > Cyv*/Xy and A C (N/ev, N/u| with
Yoweal/a> (1+ X)) /u. Set T'=J,c4(a/N,(a+1)/N), so that

f[i=Zaro(wm)=(ro(5) Zaz o

acA

provided that Cy is large enough. If ¢; +to + - -+t = 1 and a; = [Nt;], then N — k <
a1+ -+ ar < N. Now, we have that

>// dtidty -+ - dti_q
- ai/N<ti<(ast1)/Nvi Tita - te1 - (Ntg)

>/ / dtrdty - - - dty,_q s T / dt\"
- tltﬁfzt:;;:tek;l Ntity-- -ty N \Jier t)’

provided that Ay > 2A3. The result follows by averaging over the subsums with a;+- - -+a; =
n for each integer n in the interval N — k < n < N. Hence we can take Ay = 2)\3 and
vy > 7, /e, O

and so

2.

(al,...,ak)eAk
N—k<aj+--~4ar<N

Proof that Hypothesis P implies Hypothesis A. Given our set A, let P be the set of primes
in (J,ea(e® e*™), and let @ = e¥*!. Then

o Zarolam) - (o (§))Za= 7

pGP aEA acA

provided that Cs is large enough. So, if we choose Ay = 2\, then we can apply Hypothesis
P. Now for each k-tuple of primes (pi,...,pr) € PF such that /2 < py---pp < x, let
a; = [log p;] for all j, so that

k k
Z Zlogpj—l >log(z/2) —k=N+1—-log2—k
— =

and
k k
Zaj < Zlogpj <logx =N + 1.
7=1 7j=1

Since a; are integers, this implies that N — & < Z;?:l a; < N. Hence, noticing that 1/a ~
D eacpeeatr 1/p, we deduce that

Z la > e O Z L

a1 D1 Pk

((ll,...,(lk)eAk (p17~~~7pk)epk
N—k<ai+-+ap<N x/2<p1-prp <z
k k
—0O(k) 1 1 1
e Ty Ty 2 :
> — g — > — 0 — — .
log x ( p) eOk) N ( a
pEP a€A

Hence we can take Ay = 2)\; and «, > m,e 9@, O
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Proof that Hypothesis A implies Hypothesis P. Let p = 146/(2ev),n = min{1, Ao} and N =
log, z — ev. For each integer a € [N/ev + 1, N/u] define

1
Sa= > -
peEP p
p<p<p®t!
Huxley’s prime number theorem for short intervals (see Theorem 10.5 in [9] and the sub-
sequent discussion) yields [{y < p < y + h}| ~ h/logy for y7/12+¢ < h < y. This implies
that

1+n/10 v )
4.1 S, < —F— <K — =
(41) - a < N logx

when C4, and thus z'/¢, is large enough.

Let A be the set of integers a for which S, > ﬁg@ ZpE'P ]lj. Then

1 o n 1 n v 1
- < - —< |2 -
2 p_0(10g$)+ az 4a10g(6v)pezpp_ (4+O(logw>)pezpp

peEP
[log,, p]#A N+1<a<i

provided that C is large enough and \; < 100As. Using (4.1) we find that

1 i 1
1——) S_<1——) —2(1——) )
G ) 2 = Ua)
[log, pleA

So setting \; = 4\, allows us to apply Hypothesis A. Now for each solution to a;+---+ay, =
n € [N —k, N] with ay,...,a, € A, consider the primes p; € P with [log, p;] = a;. Note
that a; < log,p; < a; +1 and so log,x —ev —k <n < logp(plpg---pk) <n+k<log,x
which implies that z > p; - pr > 2p72* = 2(1 + §/(2ev)) 2" > (1 — §)z. Hence

(p1,--pk)EPF P b (a1,...,ax)EA¥
(1-9)z<pi-pr<z a1+--+ap=n
k
i 1 1
(o Xh) ¥
4log(ev) S et ap---ag
ai+--+tap=n
(1+M)\" N b )"
n 1 Ay /e
() (5 s ()
= O(v) ’
4ulog(ev) N a v log = P
which proves the desired result. 0

5. LEMMAS IN ADDITIVE COMBINATORICS

Let us first introduce some notation. Given two additive sets A and B, define the sum set
A+ B={a+b:a€ Abe B}, the k-fold sum set kA = {a; +---+ a; : a; € A}, and for
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any F C A x B define the restricted sum set

AYB={a+b: (a,b) € E}.
Write also
rea(n) = #{(a1,...,ax) € A¥ :ay + - 4 a, =n}
for the number of representations. Finally, a set of the form
P={zo+lz+ - +lgzg:0<1; <L forall j}

is called a generalized arithmetic progression of rank d.
We need three lemmas from additive combinatorics. The first one lets us pass from a
restricted sum set to a regular sum set.

Lemma 5.1. Let (G,+) be an abelian group. If E C A x A satisfies

E
|E| > (1—0%)|A]* and |A+A| < K|A|,
then there exists a set A C A such that
KQ
1—20
Proof. This is a variant of the Balog-Szemerédi-Gowers theorem (see [13, Theorem 2.29])
which can be proved by incorporating the hint for [13, Exercise 2.5.4] to the proof of the

Balog-Szemerédi-Gowers theorem in [13, Section 6.4]. We provide a proof for completeness.
Choose

A= (1= 0)|A] and |4~ A| < = |A]

A"'={a € A| (a,b) € E for at least (1 — )| A| of b € A}.
Now
(1= )IAP” < |E| < [AJA]+ (JA] = A1 = 9)|4] = A= (1-d)|A].

Fix a pair (ai,as) € A’ x A" and note that (a;,b) € E for at least (1 —J)|A| of b € A and
(ag,b) € E for at least (1 — J)|A| of b € A. Hence there are at least (1 — 2J)|A| elements
b € A for which both (ay,b) € E and (as,b) € E. Since a1 — as = (a1 +b) — (az +b), writing
r=a;+band y=as+ b, we have

{(2,9) € (AYAP | 2 —y = a1 — as}| = (1~ 20)|A].

B
Since the total number of triples (z,y) € (A+A)? is at most K?|A|?, the claim follows by
summing over elements of A" — A’. O

The second lemma shows that if 3A is small, then we can find a popular large generalized
arithmetic progression inside it.

Lemma 5.2. Let K > 1 and let A be a finite subset of the integers such that |3A| < K|A]|.
Then there is a generalized arithmetic progression P C 3A of rank Ok (1) such that |P| >k
|A| and r3a(n) >k |AJ]? for alln € P.

Proof. This is a variant of the Ruzsa-Chang theorem (see [13, Theorem 5.30]). Similarly to
that theorem, this can be reduced to the following similar result in Zy := Z/NZ through
theory of Freiman morphisms. 0]
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Lemma 5.2%. Let K, N > 1 with 3t N, § > 0 and let A be a finite subset of Zx such that
I3A| < K|A| and |A| > 0N. Then there is a generalized arithmetic progression P C 3A of
rank Ok 5(1) such that |P| >k s |A| and r34(n) >k s |A|* for alln € P.

Proof. This is a consequence of [13, Theorem 4.43], except we have added the requirement
r3a(n) >k |AJ? for all n € P which the proof easily gives. For completeness we sketch the
proof.

Let us consider r34(n) = 14 % 14 % 14(n). One has erzN r3a(x) = |A]® whereas 134 is
supported on the set 34 of cardinality at most K|A|. Hence there is xy such that r3a(xg) >
|A]?/K. By translating A by zy/3, we can assume xo = 0.

Now, writing g(k) = erzN g(z)e(—EL) for the Fourier transform,

ZlA ) (e(8) — 1)

[734(x) — r34(0

EELN
—~ x
< sup [14(9)](e(5) — Z Ta(€)? < 27A] sup IT4(6)| ‘ ~
E€Zn

§€ZN

by Parseval’s identity and where we write |ly|| for the distance from the nearest integer.
Hence 734(2) > |A]*/(2K) for every z in the set

1

Ex
< P
4 KK

—~ x A
{IEZNZ sup|1A(§)|H%H<4|7T—}|(}Q rE€ZLN : sup ' N

§€Ln £€ln
[1a(8)|=]Al/ (47 K)

By the Fourier concentration lemma [13, Lemma 4.36], there is d = Ok (1) and a set
S ={m,...,na} C Zy such that

{¢ €Zn: |Ta(§)] > |A|/(4nEK)} C {Zamj Dy € {—17071}},

Jj=1

and hence by the triangle inequality r34(z) > |A|?/(2K) for every z in the set

€ Zn : —| < :

frem 5] < e}

This is a so-called Bohr set which contains the claimed arithmetic progression by [13, Propo-
sition 4.23], the proof of which uses Minskowski’s second theorem. 0

The third lemma shows that sum sets of generalized arithmetic progressions have large
popular subsets.

Lemma 5.3. Let L; be positive integers for j =1,...,d and let
P=Axo+ Lo+ +lazq:|l;| < Lj for all j}
be a generalized arithmetic progression. Let k € N, § € (0,1/6%),p =1 —36Y% > 1/2 and
Qr = {kxo + liwy + - - + lgzg : |l;| < pkL; for all j}.
Then, for any n € Qy, one has ryp(n) > (8| P|)*1.
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Proof. We proceed by induction on k. The case k = 1 is trivial, so we assume that the
claim holds for some k € N. Let n € Qx.1, so that n = (k+ 1)xg + lizq + - - - + lgzg with
;| < p(k+ 1)L; for all j. Now

Tk1)p(N) = Z Tep(kwo + (I —i1)wy + - + (la — 14)7q)
[i;|<L;Vj

> (0|P)* - #{ (i1, ... 1da) ¢ |ij] < Lj and |l; —i;] < pkL; for all j}.
The right hand side is smallest when [; = [p(k + 1)L;] for all j € {1,...,d}, in which case

#{ij € [=Lj, Lyl - [l — 15| < pkL;}
= #{ij : [p(k + 1) L;] — pkL; < v; < min{Ly, [p(k + 1)L;] + pkL;} .

Since 2pk > 2p > 1, the minimum above is L; and hence the number of counted i; is at least
(1 —p)L;. Hence, since |P| < H?Zl(QLj +1) < H?Zl(BLj), we have that

d d
rusyp(n) = (81PN (L= p) [T Ly = 61P) 6 [[(3Ly) = (81P])*",

J=1 J=1

6. THE PROOF OF HYPOTHESIS A

Our additive combinatorial tools do not involve logarithmic weights, so instead of Hypoth-
esis A we apply them to prove the following variant.

Theorem 6.1. There exists a constant cog > 1 such that if 1 < u < v and B is a subset of
the integers in (£, 5] for which

ev

CQN
B> 9,

then there is an integer k € [u,ev] such that

1 |B[f
Proof that Theorem 6.1 implies Hypothesis A with Ay = 2co — 1 and a, = v™*. Let A C [N/(ev), N/u]
as in Hypothesis A. We claim that there must exist ¢ € [u, ev] such that

C()N
(6.1) >, 1z 2

acA
N/(ev)<a<N/t
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Indeed, if this is not the case, then

1 vt
> [ | ¥ oo

acA acA
N/(ev)<a<N/u N/(ev)<a<N/t
u v dt
S AP SRR B B DR b
acA acA
N/(ev)<a<N/u N/(ev)<a<N/t
u coN 1 co 1+X
Pl —dt <2 =
N u? + Co/u 12 u u

which is a contradiction. So there is some ¢ € [u, ev] for which (6.1) holds.

Now, set B = AN (N/(ev), N/t], so that the hypothesis of Theorem 6.1 is satisfied with ¢
in place of w. Let k be as in the conclusion of Theorem 6.1, which necessarily lies in [u, ev].
Let n be an integer in [V — k, N| whose number of representations as by +- - - + by, is maximal.
So n has at least > e"9® k| B|¥ /N such representations by Theorem 6.1. Since each b € B
satisfies 1/b > u/N > 1/N, and as |B| > ¢ogN/t* > ¢yN/(ev)?, we deduce that

k
1 1 (e 9W|B| g0 g 1
[ (e bt - > _
> v () ey (s

a€A

with a, > 0™, since Y, 4 L < log(ev). O

Proof of Theorem 6.1. Let ¢y be a large positive constant to be determined later. Notice
first that if |B| < ¢y, then we only need to find one sum in the interval [N — k, N]. In this
case the elements of B have size < N/u < u by the lower bound for |B|, so the claim follows
trivially.

From now on we can assume that |B| > ¢y. We claim that if |B| > ¢oN/u?, then there
exists k such that

52k|B|kz

Nkk
for some appropriate small positive constants ¢ and . If 1 < u < ¢y, our claim is trivial,
since there are no sets B C (N/ev, N/u| with |B| > coN/u?.

Now we prove that if the claim holds when 2/~tcy < u < 27¢y for some j > 0, then it holds
when 2¢q < u < 29+¢,. Take

{(by,....,bp)) €EB* N —k<b +---+b <N} >c

B2
F = {(bl,bg) € Bx B: TQB(b1+b2> 262%},

so that

|E] > |BI* — [2B] - 6" = = (1 — 6%)| B[".

E
Write C' = B+B C (2N/(ev),2N/u]. We split the rest of the argument into two cases
according to whether |C| > 4|B| or not.
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Consider first the case |C| > 4|B|. Then

coN
Cl > —5 w2
and by induction hypothesis there is an integer k/2 € [u/2, ev/2] such that
K2 or|CM
H{(c1s- - crp2) e Ot N —k/2<c 4+ <N} ZCW.

Hence by the definition of C' we have
{(by,...,by) € B¥ - N —k/2< b+ -+ b <N}

.. 5k|C|k’/2 52|B|2 k/2_052k|B|kz 2|C| k/2
- N(/{:/2)k/2 |2B| T NEk/2 |2B| '

The claim now follows if |C| > |2B|/2k; this easily follows, since |C] > 4|B| and |2B| <
2N/u < 2|Blu/cy < 2| Blk.

On the other hand, if |C| < 4|B|, then by Lemma 5.1 there is B’ C B such that |B’| >
|B|/2 and |B’ — B'| < 20|B’|. Then by [13, Proposition 2.26] we have [3B'| <« |B’| and
hence Lemma 5.2 implies that there is a generalized arithmetic progression P C 3B’ C 3B
of rank d < 1 such that |P| > |B| and r3g(n) > |BJ|? for all n € P. “Centralizing” P we
can assume that it is of form

PI{$0+11$1—|—"‘+ld$d . ’l]‘ SLJ for allj}

for some positive integers L; (doing this reduces the size of P at most by a factor of 1/3% > 1).
Set p=1—(36)"/¢ and

Q= {xo+ Lz + -+ lgzq:|l;| < pLjforall j} C P.

If § < 1/(6%), then Lemma 5.3 implies that rpp(n) > (5| P])k~! for all k > 1 and n € kQ.
Moreover, if § is small enough, then |Q| > |P|/3¢ > |B| > coN/u?, so that if ¢y is large
enough, then |Q| > 15N/u? and, because

QQ CPC3BC(3N/(ev),3N/ul,

we have

= 2
gk U 3N u

From here we argue much as in the proof of Proposition 4.1(ii). We begin by removing
[3N/u] from @ if it is an element so that @ C (3N/(ev), 3N/u—1]. Let T'={J (&,21) C

3 3 N
(=, =), so that
[722(-3):e
- > 1—-)= Z_ e
vt q€Q

ev’
qEQ

since ¢ > 3 for every g € @) C 3B. Hence, Bleichenbacher’s theorem implies that there exists
an integer k/3 € [u/3,ev/3] and t1,...,t53 € T for which ¢, +...+ty = 1. If t; € (&, LX)
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for each i then n:=q + ... + qry3 € QN[N — k/3, N]. Recalling that r3z(m) > |B|? for
every m € P and i p(() > (8| P|)k/3=1 for every ( € £Q, we get that

#{(by,...,by) €EB": N —k/3<b +---+b <N}

> #{(b1,...,bx) € BY i by + -+ b = n}
k/3
> % TLrentm) = rapln)- (OOIBRY > (5P O] B
mi+..+my3=n j=1

mi,...,my/3€P

> W (3|B) ! > uem M (8|B|)"/N,

as P C 3B. The result follows, since the right hand side is 3> e=9®)|B|k /N for every fixed
6> 0. O

Remark 6.2. One could compute the constant ¢y explicitly and thereby the constants A; in
Hypotheses P, A and T and, eventually, A in Theorem 1. However, ¢, will be relatively large,
since the implied constants in Lemma 5.2 are rather large. If one is interested in optimizing
A, one could, instead of Lemma 5.2, use a result of Lev [12] to show that if the number of
“popular” elements in |2A| is at most K|A| for some K < (3 4+ /5)/2, then 2A contains a
“popular” arithmetic progression (of rank 1). Modifying the above arguments, this would
lead to Theorem 1 with a smaller and more easily calculable A < 21. However, this argument
would not yield Hypotheses P, A and T when u is not close to 1 and, in particular, not the
latter conclusion in Remark 1.4. By applying Bleichenbacher’s theorem in a different way
one could probably improve A further, but not to an arbitrarily small constant, as desired.

7. SOME COMBINATORIAL LEMMAS

We devote this section to proving some combinatorial lemmas we will need in next section
where we investigate some further consequences of Hypotheses A, P and T.

Lemma 7.1. Let B be a finite subset of the numbers in (y, z] and associate to each b € B a
positive weight w(b). For any x > z there exists a positive integer k < x/y such that

> w(by)w(bs) - - - w(by) > xi/y (Zw(b)) :

bi,....bp€B beB
bi+-+brE(z—2,2]

In particular, letting w(b) =1 for allb € B yields: Let B be a finite subset of the numbers
in (y,z]. For any x > z there exists a positive integer k such that the number of k-tuples
bi,...,by € B for which by + -+ + b, € (x — z,2] is > |B|*/(z/y).



24 ANDREW GRANVILLE, DIMITRIS KOUKOULOPOULOS, AND KAISA MATOMAKI

Proof. Note that if by +- - -+by € (x—2z,z] for some by, ..., b, € B, then ky < by+---+b, <z
and so 1 < k < z/y. Therefore if we let K = [z/y], then

By = > w(bl)w(bz)-~-w(bk)/(Zw(b))

b1,...,bx,€B beB
bi+-+bpE(z—2,2]

- ¥ w(bl)w(bQ)---w(bK)/ (Zw(@)-

bl,...7bK€B beB
bi+-+bp€(z—2,x]

Consequently, we find that

25k - (Z )) o wbwby)-wlbx) Y, 1>1,

beB b1,....bKk €B 1<k<K
bi+-+bpe(z—2,2]

since the differences in each sequence by, b1 +bo,...,b1+---+bg are < z, whereas by < z < x
and by + -+ bx > yK > —y > x — 2. Taking the maximum of the 5 then yields the
desired result. O

Corollary 7.2. Let P be a subset of the primes in (xl/e”,ml/“] for some 1 < u < v <
(logx)/e. For any X > x'/* there exists a positive integer { < K := % such that

l
1 1 1
Y k(i)
q1,--,QEP qeP

Xz~ <qigo--qr<X

Proof. Apply Lemma 7.1 with B = {logq: g € P} C ((1/ev)logz, (1/u)logz| and w(b) =
e~® =1/q, and then take ¢ = k as obtained in that lemma. 0

8. FURTHER REMARKS ON HYPOTHESES P, A AND T

We conclude our paper with an investigation of some other consequences of Hypotheses

P,A and T.

Proposition 8.1. Suppose Hypothesis P holds with m, = 1/v°®). Ife > 0, v? < A\ logx/C,

v>1 and P is a subset of the primes in (x'/°", x'/*] for which o = Dopery > LEAEE then

there ezists an integer k € [v, ev] such that

x Ok—i-O(l/a)

logz k- k!

U(z;P) >

Proof. We can clearly assume that € is small. Also, since U(z;P) > 1, we may assume

that z is large. If v < 2 or LA > ¢ > HAte then ¢ < max{2, 1J“\IJ“} = MAite and

the proposition follows by Hypothesis P. So We may impose the additional assumptlons that
v>2and o > 1:_A11.
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Select w = (1 + A1)/o and note that w € [1,v — 1], since 0 < 37 1/¢c) cpeypirn 1/p S 1. We
begin by applying Corollary 7.2 with X = z'~v > 2!/?. So there is ¢ < v such that
1 ot
D
DB €P q192 - - qe v
1—wtl

w1 1—w
x v <quqeqes<zT v

For each ¢; - - - g¢ in the above sum we apply Hypothesis P with x replaced by x/(q¢1 - - q0),
and both u and v replaced by V = log(z/(q - -~ q))/log(z'/?), which is possible since V €
[w, w + 1]. Consequently,

l+m

> : > —2
(q15-5G0,P15--,p )677“‘*”qr“qﬁpl'“pm wPylogx’

z/2<q1qep1-pm <z

Finally, note that

U(z;P) _ Z 1

(€ +m)!
(‘II7--~,QZ:P17~~~7Pm)€,PZ+m
q1qep1Pm ST

x 1
2(0+m)! Z

q1-qep1- P
(@1,--,G:P15e-,Pm ) EPEF™ m
x/2<q1-qep1-Pm <
l+m

v

v

T o

> . .
logx  wO®oy(lf +m)!

Letting & = ¢ + m and observing that, necessarily, k € [v, ev] and wlogw < o~ *log(1/0)
completes the proof of the proposition. O O

Corollary 8.2. There exist constants ¢ > 1 and ¢ > 0 such that if 1 < v < d/logx and P
is a subset of the primes in (/¢ 2% for which

Zl S max{c, logv}

p v

)
peP

then there exists an integer k € [v, ev] such that

k
1 [ _ 1 x
U(z; P) > Uy(z;P) > ] (e o) Z—)

2 log

as © — 00, where Vi (x;P) denotes the number of integers n < x such that n is squarefree,
n has exactly k prime factors, and all of the prime factors of n come from P.

We conjecture that Corollary 8.2 holds under the weaker assumption that
for any ¢ > 1, with the implied constant depending at most on c.

Consider more generally Wy (z, P) for any P C {p < z}. If n € (/x, ] is counted by
Uy (z;P), then we can uniquely write n = mp with p prime and m composed of primes < p.
Note that p* > n > /2. So m has k — 1 prime factors and it is < 2'~1/%), Now for each m

1
pep 3 = €[V
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the number of such primes p is < (x/m)/log(z/m) as x — oo, and therefore

2kx 2k 1 o T
Up(2;P) < \/_"‘ log Z 7(n)<\/_+( —1)! <Z_> 'log:zz’

plm = peP peEP p
w(m)=k—1

as x — o0o. In particular one cannot significantly improve the lower bound in Corollary 8.2.
It is not difficult to prove corollaries of Hypotheses A and T that are analogous to Propo-
sition 8.1. Thus we have

Proposition 8.3. Suppose that Hypothesis A holds for some Ay > 0 and Cy > 1 with
v, = 1/v°W Ife >0, v2 < \N/Cs, v > 1 and A is a subset of the integers in (ﬂ %] such
that o := % ., 1/a > (1+ Xy +€) /v, then there exists an integer k € [v,ev], and an integer
n in the range N —k < n < N, such that

1 1 akJrO(l/a)

Z al---ak>>€N. k

Similarly, we have the following result.

Proposition 8.4. Suppose that Hypothesis T holds for some Xg > 0 with 7, = 1/v°W). If
€ >0,v>1andT is an open subset of (%,1] for which 7 := Jier dt/t > (1+ X3+ €)/v,
then there exists an integer k € [v, ev] such that

dtldtg tee dtk_l > TkJrO(l/T)
tittot++Hi=1  f{1lg- -1} ‘ k ‘

t1,to,...,tx €T

In the proofs of Propositions 8.3 and 8.4 we need appropriate analogues to Corollary
7.2. The needed result for the proof of Proposition 8.3 follows in a straightforward way from
Lemma 7.1. For the proof of Proposition 8.4 we make note, without proof, of the appropriate
result:

Lemma 8.5. Let T' be an open subset of (i %] For any w > 1/v there exists a positive
integer £ < evw such that

/ / dtrdty - dty 1 / dt\ "
w—1/v<titta+-+te<w  tytg---t, T evw ter U

t1,t2,...,te €T

ACKNOWLEDGMENTS

The authors would like to thank the anonymous referees for their helpful comments.

REFERENCES

[1] D. Bleichenbacher, The continuous postage stamp problem. Unpublished manuscript, 2003.

[2] K. Ford, Sieve methods class notes, part 4. Available at http://www.math.uiuc.edu/~ford/Sieve_
methods_notes_part4.pdf.

[3] J. B. Friedlander, Integers free from large and small primes. Proc. London Math. Soc., Vol. 33, pp
565-576, 1976.

[4] J. B. Friedlander and H. Iwaniec, Opera de Cribro. (American Mathematical Society Collogium Publi-
cations), Vol. 57, American Mathematical Society, Providence, RI, 2010.

[5] A. Granville and K. Soundararajan, The number of unsieved integers up to x. Acta Arith., Vol. 115,
2004, pp. 305-328.



WHEN THE SIEVE WORKS 27

[6] R.R. Hall, Halving an estimate obtained from Selberg’s upper bound method. Acta Arith., Vol. 25, 1974,
pp- 347-351.

[7] A. Hildebrand, On the number of positive integers < x and free of prime factors > y. J. Number Theory
22, 1986, pp. 289-307.

[8] A. Hildebrand, Quantitative mean value theorems for nonnegative multiplicative functions II. Acta
Arith., Vol. 48, 1987, pp. 209-260.

[9] H. Iwaniec and E. Kowalski, Analytic Number Theory. (American Mathematical Society Collogium
Publications), Vol. 53, American Mathematical Society, Providence, RI, 2004.

[10] K. Matoméki, Real zeros of holomorphic Hecke cusp forms and sieving short intervals. To appear in J.
Eur. Math. Soc. Preprint available at http://users.utu.fi/ksmato/papers/RealZerosCuspForms.
pdf.

[11] H. W. Lenstra jr. and C. Pomerance, Primality testing with Gaussian periods. To appear. Preprint
available at http://www.math.dartmouth.edu/~carlp/aks041411.pdf.

[12] V. F. Lev, Restricted set addition in groups. III. Integer sumsets with generic restrictions. Period. Math.
Hungar., Vol. 42, 2001, 89-98.

[13] T. Tao and V. H. Vu, Additive combinatorics, (Cambridge Studies in Advanced Mathematics), Vol.
105, Cambridge University Press, 2006.

DEPARTEMENT DE MATHEMATIQUES ET DE STATISTIQUE, UNIVERSITE DE MONTREAL, CP 6128 succ.
CENTRE-VILLE, MONTREAL, QC H3C 3J7, CANADA
FE-mail address: andrew@dms.umontreal.ca

DEPARTEMENT DE MATHEMATIQUES ET DE STATISTIQUE, UNIVERSITE DE MONTREAL, CP 6128 succ.
CENTRE-VILLE, MONTREAL, QC H3C 3J7, CANADA
FE-mail address: koukoulo@dms .umontreal.ca

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TURKU, 20014 TURKU, FINLAND
FE-mail address: ksmato@utu.fi



