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Conventions

We assume that the reader has already taken a first course in Analytic Number Theory and
thus she is familiar with basic techniques, such as partial summation and Perron’s inversion
formula, as well as with basic results, such as Chebyshev’s and Mertens’s estimates, as well
as the Prime Number Theorem for arithmetic progressions. However, we do give an almost
self-contained proof of the latter in Appendix B.

Throughout these notes there are various exercises which are imbedded in the text (rather
than at the end of each section or chapter). The most difficult ones have a “star”.

We make use of some standard and of some less standard notation. We write 14 to
denote the characteristic function of the set A. The symbol P denotes the set of prime
numbers and the letter p, with or without subscripts, will always denote a member of P. We
write f = O(g) or, equivalently, f < g if there is a constant M such that |f| < Mg. The
constant M will be absolute unless otherwise specified, e.g. by a subscript. Also, we write
f=<gif f<gand g< f. For n € N we use P"(n) and P~(n) to denote the largest and
smallest prime factor of n, respectively, with the notational conventions that P*(1) = 1 and
P~(1) = +00. We write w(n) for the number of distinct prime factors of n and (n) for
the total number of prime factors of n, counted with multiplicity. As usually, ;1 denotes the
Mébius function, defined to be (—1)“™ if n is square-free and 0 otherwise, ¢ denotes Euler’s
totient function, which counts the size of the set {r (modn) : (r,n) =1}, A denotes the von
Mangoldt function, which is defined to be logp if n = p*, for some prime p and some k > 1,
and 0 otherwise, and 7; denotes the k-divisor function, defined by 7x(n) = >_, .. g—n 1. In
particular, 75(n) is the number of divisors of n, which we simply denote by 7(n). We write
7(x) for the number of primes up to z and 7(x; ¢, a) for the number of primes up to « that lie
in the arithmetic progression a (mod ¢). Finally, we give below references to the page where
some additional basic notation is introduced.

Symbol Page | Equation Page
Aqg 23 (A1) 23
S(A,z) 23 (A2) 24
P(2) 23 (A3) 25
g(d) 23 (Ada) 25
T4 23 (A4b) 26
V(z) 24 (R) 33
B 37 (R') 58
(1) 58
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Chapter 0O

Prelude: multiplicative functions

We start by covering some basic background material, which we will need in order to handle
some technical parts of the theory of sieve methods. In particular, we will see various
techniques for evaluating asymptotically the average value of a multiplicative function.

0.1 Arithmetic functions: basic definitions

An arithmetic function is a function f : N — C. Two important classes of arithmetic
functions are the so-called multiplicative functions, as well as the completely multiplicative
functions. An arithmetic function f: N — C is called multiplicative if f(1) =1 and

f(mn) = f(m)f(n) whenever (m,n)=1,

whereas f is called completely multiplicative if f(1) = 1 and the above relation holds for
all m and n, without the requirement that they are co-prime. Some important examples of
multiplicative functions are the functions n®, the divisor functions

m(n) == #{(dy,...,dy) EN¥:dy -+ dy =n}
and the Mo6bius function

(n) {(—1)* if n is square free and has r prime divisors,
pu(n) =

0 otherwise.

Given two arithmetic functions f, g : N — C, we define a new arithmetic function f x g :
N — C by the formula

(f*g)n) =) fla)g(b) =Y f(d)g(n/d).

ab=n dn

The function f % g is called the convolution of f and g. For example, we have that 7 = 1% 1
and, in general, 7, = 1% --- % 1.
—

k times
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Note that the operation % is commutative and associative. Moreover, if f and g are both
multiplicative functions, then their convolution f * g is also multiplicative. The unit of the
convolution operation is the completely multiplicative function

1 ifn=1
in)=4 T
0 ifn>1.

Any arithmetic function f with f(1) # 0 has an inverse with respect to *, that is to say,
there is ¢ : N — C with f % g = 1. In particular, any multiplicative function has an inverse
with respect to *. Combining all of the above, we conclude that the set of multiplicative
functions together with the operation * is an abelian group.

A particularly important example of a multiplicative function is the constant function 1.
Its convolution inverse is the Mobius function. Equivalently, we have the Médbius inversion
formula

1 ifn=1
d) = ’
o1 IS it

dn

which follows by the inclusion-exclusion principle. Alternatively, one may observe that 1% pu
is multiplicative and verify directly the above formula when n is a prime power. A direct
consequence of (0.1.1) is that if f is completely multiplicative, then its convolution inverse

is given by uf.

Exercise 0.1.1. Prove all of the above assertions.

0.2 Averages of multiplicative functions: basic tech-
niques

In this section we cover some basic techniques for studying the average behaviour of multi-
plicative functions. The most basic such technique is the ‘convolution method’. Basically,
this method allows us to compute average values of a multiplicative function f : N — C
by relating it to (approximating it by) a simpler multiplicative function g, whose average
value we already understand. It turns out that a good way of doing this is by finding a nice
function g such that f(p) ~ g(p) most of the time. Then we write f = g+ h and we compute
h by inverting g. For example, if f(n) = n/p(n), then f(p) =p/(p—1) =1+ O(1/p). So a
good choice would be to set ¢ = 1, in which case h = p* f, by the Md&bis inversion formula.
This method allows us to obtain the following result:

Theorem 0.2.1. For x > 2, we have that

n 1
ZW”Q(”W—D) +Oe)

n<x



0.2. AVERAGES OF MULTIPLICATIVE FUNCTIONS: BASIC TECHNIQUES 9

Proof. Let f(n) =n/p(n). We write f = 1% h, so that h = u* f. Then

= > uld) £ /) = <>—f<p”>:{f?l .

i 0 if v > 2.

In particular, |h(p”)| < 1/,/p for all p > 3, which also holds when p = 2 and v > 2. So
|h(n)] < \/2/n for all n € N and, consequently,

Do Fm) =D Y hd) =D h(d) Y 1=Y k) (5+0)

n<lx n<z dn d<z n<z,dn d<z
= Mo (T g X ) = M v owm
N d3/ 2 \/_ N d ’
d=1 d>z d<z d=1
which completes the proof of the theorem. O

Exercise 0.2.2. Let o(n) = >_,, d. Use the convolution method to show that
1
Z— ~clogr (x — 00),
= on)

for some appropriate constant c.

We now turn to another important example, the divisor function 7. As we said above,
7 =1x%1. So we have that

z x 1
ZT(TL) = ZZI = Z LEJ = Z <E+O(1)> =z (10g:13+7+0 (—)) + O(x)
n<x n<z dn d<z d<z L
= xlogx + O(x).
Dirichlet discovered that it possible to take advantage of the fact that both factors of 7 = 1x1

are ‘nice’ functions and improve significantly upon this result.
First, note that for every A and B with AB = x we have the general formula

(02.1) Y (fxg)n)=>_fla) Y g)+> gb) Y fb) - <Z f(a)) <Z g(b)> :

n<x a<A b<z/a b<B alz/b a<A b<B

If we know something about the average behaviour of both f and g, then may pick both A
and B to be increasing functions of x. This allows us to reduce the length of sums we are
considering and thus improve the error term in our formula for the summatory function of
f * ¢g. In particular, when f = g = 1, then choosing A = B = /z yields the formula

Sorm =23 [Z] - [val' =2 Y (S+00) - (Va+ o))

n<z a<\/x a<\x

=2z (log\/f—l—v—i-O(%)) — 2+ O0(Vx)

=zlogz + (2y — 1)z + O(v/2).

This argument can be generalized to deduce the following theorem.
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Theorem 0.2.3. Fixz k > 2. There is a polynomial Py, of degree k — 1 such that

ZTk(n) =z Py(logz) + Op(z* %) (x> 1).

n<x

Proof. Exercise. O]

Exercise 0.2.4. (a) Find an asymptotic formula for the summatory function of 2°(™ i.e.
for >, <. 2¢(n),

(b)* Try doing the same thing for the summatory function of 2°*(®). What happens? Can
you explain why?

Exercise 0.2.5.

(a) Show that, for every = > 1,

#{n < z :n is square-free} = x - H (1 — 2%) + O(Vx).

p
(b)* Show that the error term is in fact o(y/x) as x — oo.
Next, we show the following very useful result.

Theorem 0.2.6. Let f: N — [0,4+00) be a multiplicative function such that

)1
d fp)logp<Ar (z>1), and f(p") log(p”) Og < B
p<w pp?;zgne

Then, for x > 2, we have that

Zf A—i—B-I—llOg Z (n) and ngz < BH<1+—)

n<x n<x n<lx p<lzx

Remark 0.2.7. Taking f(n) = 7x(n), we see that the above theorem is best possible in this
generality, up to multiplicative constants (cf. Theorem 0.2.3).

Proof. Note that

(logl’)Zf(n) = Zf(n)logn—i—Zf(n) log%

<37 ) Y log(p) + 3 F ()
n<z pV[In n<z

— Z Z f(mp”)log(p”) + = Z J(n
v>1 mp“<z n<x

<ZZf Y)log(p +x2f

v>1 mp¥<z n<x
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When v = 1, we have that
x f(m
S f)f)logp =3 fm) 3 F)logp < 3 flm) - AZ = 4 3 L
mp<x m<x p<zx/m m<x m m<x m
Finally, we bound the rest of the summands by noting that

Z Z F(m "V log(p <$Z Z f(m 10%( ’)

v>2 mp¥<z v>1 mp¥<z

“)1o
<$zzf g( ’)

v>1 m<zx

(- fm) Fo)og®) ) _ 5~ )
FAT

m<x v>2, pprime

So we conclude that

> fn)<(A+B+1)

n<x

(n)
logx g n

To see the second part of the theorem, note that

11

R SR (Lo C |

n<x p<zx p<x

by the inequality 1 +u +v < (1 4+ u)e’, u > 1,0 > 0. Since

Z(@+@+..)< 1 Z f(p”) log(p ) B < B,

p? p3 log 4 pY - 10g4 -

p v>2, pprime

the desired result follows.

Exercise 0.2.8. Fix r > 0 and k£ € N. Show that
n T
(n) | —= | <, avlogwk’1 r>1
St () <o allogal (o= 1)

and

St (2) e aloga)t o2 1)

n<x

Exercise 0.2.9. Show that

Use this fact to show that

Z $<<Ey (z° <y < ).
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Exercise 0.2.10. Show that the error term in Theorem 0.2.1 can be strengthened to
O(log x).

Exercise 0.2.11. This exercise generalizes and strengthens Theorem 0.2.1. Let s # 0 and
x > 1. Show that

2 90?@) - xl,,g (1 +p<p1— 1)) Il (1 N 219) o (90|(S=l) 'log(%)) '

a<x pls

(a,s)=1

Conclude that

1 1 1 log p log p
S s~ (v e I (1-5) s+ S5 - S5

- —1
= ¢la) plp—=1)/ ”

T o e

0.3 Rankin’s method

In this section we discuss briefly the so-called Rankin’s method, which will play a prominent
role at several places throughout these notes. The main idea of this method is that if f is a
multiplicative function which takes non-negative values, then

Zf(n)SZf(n)(%)Ungi%:x“H(l+%+ﬁT@+m>‘

n<z n<zx p

Using this simple trick, we obtain the following general result.

Theorem 0.3.1. Let f: N — C be a multiplicative function, which we write as f =1 % g.
Consider o € [0,1) for which -, g(n)/n° converges absolutely. Then we have that

Zf(n) =crr+ 0O (:L“UZ “q?i?:)‘) ,

n<x
= g(n) ( 1) < fo) [ )
cr = — 7 = 1— - 14+—4+—+---].
=2 n 1;[ p p p?
Exercise 0.3.2. Use Theorem 0.3.1 to show that

p(n)n
2 (n)

n<x ¥

where

=2+ O0Wzlogz) (z>2).

The following result is another application of Rankin’s trick. In fact, it is precisely this
form of the trick that we will see appearing again and again while discussing sieve methods.
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Theorem 0.3.3. Let x > y > 3 and define u > 1 by the relation x = y*. If y > (logz)?,
then we have that

1 eO)
2 o, < losy) s
PT(n)<y &
n>x

Remark 0.3.4. Integers n all of whose prime divisors are < y are called y-smooth. We will
study their distribution more carefully in Chapter 6.

Proof. Clearly, we may assume that u is large enough. For every e € (0,1/3], we have that

11 1 1 1 \*
< = S 1—
n = xe€ Z nl—e xe€ ( pl—e)

Pt(n)<y P+(n)<y p<y
n>x
logy 1 1 \"!
| | _ = 1—
< Te€ p) ( pl—e)

since

log [ (1—2%>_1 = log (1—Y%>_1 :Zimlm :Z]%ju()(n

p<y p<y p<y m=1 p<y

for all o > 2/3. Moreover, note that if p < /¢, then p® = 1 + O(elogp) and consequently

S Se Y S

p<el/e p<el/e

So, if we impose the condition € > 1/logy, then we arrive to the estimate

1 logy pt—1 log y 1
- K e <
Z n xe€ xp Z - x€ exp Z plfe
Pt (n)<z el/e<p<y el/e<p<y
n>x
By the Prime Number Theorem, we have that

1 Y dt ye
— — 10 1].
Z pt—e /61/6 tt=<logt + ((log y)? * )

el/e<p<y

Moreover, the above integral equals

logy _eu elogy _u € elogy _u € €
/ 6—du:/ Cdu="Y —e—i—/ e—zdu: Y +O(y—2),
e U . u elogy u elogy (elogy)
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by two changes of variable and integration by parts. So we deduce that

1 lo € €
Z - K giyexp{ ly +O(—( ly )2)}
P n x elogy elogy
n>x

Writing « = y* and setting w = elogy € [1, (logy)/3], we conclude that

1 1 eV eV
Pt(n)<y
n>r

In order to optimize the above inequality, we choose w > 1 with e*~!/w = u (for every
u > 1, there is such a w). We need that w < y'/3. This does hold if and only if

w—1
e < 3y
w ~ logy

1/3 s

U= & logax < 3y

This last inequality is guaranteed by our assumption that y > (logx)3. Finally, note that

w—logw—1 = logu. In particular, w < logu and thus w = logu+logw = log u+log log u+
O(1). Therefore

C ww+0 (6—2) = u — u(logu + loglogu) + O(u),
w w

which together with (0.3.1) completes the proof of the theorem. O

Exercise 0.3.5. Let x > y > 2 with u > 1. Show that, for every fixed ¢ > 1, we have that

1 logy
E — <. .
n eCU
Pt(n)<y
n>x

0.4 Averages of multiplicative functions: integral-delay
equations

In this section we use a different method to show asymptotic formulas for the partial sums
of multiplicative functions under some mild hypotheses.

Theorem 0.4.1. Let g : N — [0, +00) be a multiplicative function such that g(p) < Cs/p
for all primes p, and

(A3') ~L+klogz <Y g(p)logp < Cg+ rlogz (2> e"),
p<z

for some k > 0 and some constants L,C5,Cs > 1. Then

S san) = oy Oow o) {14 O ()} 22

n<z
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where

o) = [Ta+ao) (1-1) -

p<z

Moreover, if z > e and we set & = &(0), then

(0.4.1) > 1P(n)g(n) = % - (log 2)" - {1 + Oy.05,06 (1022) } :

n<z

Proof. A natural way to try and prove this theorem would be to approximate u*(n)g(n)
by the function x“(™ /n or, even, 7.(n)/n, where 7, is defined via the identity ((s)® =
Y n>1 Tw(n)/n°, the point being that both of these functions are equal to x on prime numbers.

This would theoretically reduce our task to estimating Y. _ #“™ /nor > _ 7.(n)/n, which
should be easier to analyze due to the regularity of the summands. However, this cannot be
made to work because our assumptions on g are too weak to allow the convolution method
to work. Instead we use a different approach, working directly with the partial sums of u2g.

Set S(2) = 3, #*(n)g(n). The idea behind this theorem is the following: we have that
= S(t

Z,u n)logn = (log2)S(z) — / ?dt,

n<z 1

by partial summation. On the other hand, we have that

ZM lognz,u Zlogprvzg (logp)S(z/p)

n<z n<z pln p<z

znzloipé‘(z/p) %m/ (z/t)dt /:S(t)%

p<z

So if z = e* and o(u) = S(e*)/u”, then the above formulas imply that
(0.4.2) o (u) & (k4 1) / wrer(w)dt.
0

Differentiating, we find that ¢'(u) ~ 0, so o(u) is essentially constant. The calculation of
this constant will be performed using different means in the end of the proof.

We shall now make the above argument rigorous. All implied constants might depend
on k, (s and Cg. Note that

(0.4.3) > 1(n)gn) < T+ 9(p) =< &(2)(log2)* (= > 2).

n<z p<lz

In particular, the theorem holds trivially when z < e, so we only need to consider the case
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2z > el. Note that

log{[[z(l +9(p) (1 - %)H} =2 {g<p) N g o (z%»
o) (£ (om0
—0 G) +/:OO(L)% =0 (10;) ’

by partial summation and our assumptions on g, so that

(0.4.4) 6(z)=(‘5-(1+0( L )) (z >eb).

log 2z

So, it suffices to show (0.4.1) for z > ek.
For each w > 1, we have that

> i(n)g(n)logn = > p*(n)g(n) > logp= Y logp > p’(n)g(n)

n<e? n<ew pln p<le¥ pln<ew
=2_9logp > n
p<ew m<e® /p
ptm
Moreover,
> wim)glm) =g(p) D p(r)glr) < glp) > 12 (r)g(r) < g(p)S(e”)w",
m<e® /p r<e®/p? r<ew
plm pir

by relation (0.4.3). Consequently,

Z 1 (n)g(n)logn = Z p)logp Z 12 ( m) + O (6( D™ Z g(p)2logp>

n<e® p<ev m<e¥/p p<ew?
— 2 wY,, K
= > (m)glm) > g(p)logp+O(&(e")w"),
mew p<ew/m

where we used our assumption that g(p) < Cs/p. Inserting (A3') into the above formula, we
deduce that

3" w2 m)g(m)logm =Y pF(m)g(m) (klog(e” /m) + Oc, (L)) + O (&(e”) Lur)

m<ew¥ m<e¥

— k37 w2(m)g(m)log(e” /m) + O(&(e”) Lur)

= /4;/e %dt + 0(6(€w>Lwn)>
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on using the formula log(e¥/m) = f;w dy/y and inverting the order of summation and
integration. By partial summation, the left hand side of the above formula is wS(e*) —
[ S(y)dy/y. So we find that

1

w

wS(e") = (m+1)/16 %dthO(G(ew)Lw”)

=(k+1) /w S(eh)dt + O(&(e") Lw")
=(k+1) /w S(eh)dt +O0(&(e") Lw"),

where we used (0.4.3). Writing
S(eh) = to(t),

the above formula becomes
w o (w) — (k + 1)/ t"o(t)dt < &(e”)Lw" (w >1).
1

Set

wli—f—l

(0.4.5) E(w) = o(w) - "1 /1 o)t

so that F(w) < &(e¥)L/w for all w > 1. We multiply F(w) by a weight function k(w)
and integrate over w € [1,u]. In anticipation of the choice of k, and in order to simplify
some calculations, we let k(w) = f'(w)w*!/(k 4+ 1), where f’ is the derivative of a twice
differentiable increasing function f : [1,+00) — R to be chosen later. (Assuming that & is
of this form is clearly not a serious restriction.) We have that

/1” E(w)£’+1 n+1 / o( Iﬂ_l m+1_/1uf/(w)/1wtﬂg(t)dtdw
/1 M [svott) [ w)awa

l<d+1

:/lua(w) <%)/dw_ﬂu) /jt%(t)dt.

Using (0.4.5) to rewrite the integral [ ¢"o(t)dt and rearranging the terms, we find that

040) L 00 - By = [ “a<w> e R

k+1 k+1 k+1

We choose f(w) = —(k + 1)/w" so that k(w) = f'(w)w"/(k +1) = 1/w and (0.4.6)
becomes

(0.4.7) o(u) = E(u) + (k +1) /f E(w)

w .
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Since F(w) < &(eV)L/w for w > 1 and S(e¥) <« & for w > L, by relation (0.4.4), the
integral in (0.4.7) converges absolutely as u — co. Moreover,

o d < d GL
E(w)—w < 6L L (u> L),

u

and, consequently,

(0.4.8) o(u) = (k+1) /OOO Ew)™ 10 (%) —1+0 (%) (u>L).

w

Finally, we claim that

G]

(0.4.9) I= Trt 1)

an identity which completes the proof of (0.4.1) and, hence, of the theorem. In order to
show (0.4.9) note that, as s — 0%, we have that

o0

(0.4.10) ;—“Z(Tgf(n) =11 (H%) = s+ 1) ]] (H%) (1 —pslﬂ)ﬁ ~ S

p p

by (A3') and the fact that ((s) ~ 1/(s — 1) as s — 1. On the other hand, integration by
parts implies that

[e.o]

S 20) [ gy [0 [T S,

(0.4.11) n=1
_ /°° L-(u/s)" + Op(1+ (u/s)" 1) 1-T(a+1)+Oy(s)

eu SK)

Y

for every s > 0. Comparing (0.4.10) with (0.4.11) shows relation (0.4.9), thus completing
the proof of the theorem. n



Chapter 1

Introduction to sieve methods

1.1 The sieve of Eratosthenes-Legendre

Sieve methods begin with Eratosthenes of Cyrene, who observed that it is possible to deter-
mine all primes up to a certain point. His starting point was the following simple theorem:

Theorem 1.1.1. If n > 1 is composite, then there is a prime number p < \/n that divides
n.

Then, Eratosthenes’s algorithm for founding all primes up to x has the following steps:

(1) List all integers in [1, x].
(2) Delete 1 from the list.

(3) Find the smallest n € (1, +/x] which has not been deleted yet and put a circle around
it. If such an n does not exist, terminate the algorithm.

(4) Delete all multiples of n.
(5) Go to step (3).

The termination of this algorithm is guaranteed by Theorem 1.1.1. After its termination,
the integers which have not yet been deleted together with the ones that are circled will be
exactly the prime numbers in [1,z]|. Eratosthenes’ algorithm is called a sieve because the
integers that are not deleted by it (‘do not pass through it’) are exactly the primes up to a
given point.

Eratosthenes’ sieve provides a way to count primes in various settings. We give below its
simplest application to the basic question of how big is 7(z) = #{p < z}. We already know
from Prime Number Theorem that

X

(x — 00).

(1.1.1) m(z)

~ log x

For comparison, let us see what Eratosthenes’ sieve gives as an answer: consider all primes
p < v/z. If an integer n < z is not divisible by any of these primes, then either n = 1 or n

19
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is a prime number lying in (1/z, z]. So

m(z)=#{n<z:pn=p>Vr}—-1+7(L/2)
=#{n<z:pn=p>Va}+0Wx)
Now we will try to understand what is the cardinality of the set appearing on the right

hand side of (1.1.2). Let {p1,pa, ..., p,} be an indexing of the set PN [1,/x]. Then, by the
inclusion-exclusion principle, we have that

(1.1.2)

#{ng:p\n:»wﬁ}z#m{ngx:mn}) =#{n§m}—#<U{néx:pirn}>

=#{n <z} - Z#{n<x piln} + Z #{n <z :pp;|n}

1<i<j<r
- Z #{n <z :pipjprIn} £---
1<i<j<k<r
T T T "
(113 SEED M 3 FD Sl Pt D S Py s
o Pl G WPIPIL ST, LPiPiPk

Since |y| =y + O(1) =~ y, it is reasonable to expect that

#{n<w: pln:p>\/_}~x—z + Y Yy

Pi 1<i<j<r pzp] 1<i<j<k<r pzp]pk

:””E(“E)”H (1-3)

p<Vz

(:) =2

where v denotes the Euler-Mascheroni constant. Inserting (1.1.5) into (1.1.4) and combining
the resulting estimate with (1.1.2) leads to the prediction that

(1.1.4)

Now, Mertens proved that

(1.1.5) 11 (1 - %) = ég:, (1 +0

p<z

2e 7z

log

m(x) ~ (x — o00).

Comparing this estimate with (1.1.1), we see that it overestimates m(z), since 2e™7 =
1.1229189671 ... > 1, a typical feature of sieve methods, as we will see. In order to un-
derstand why this happens, it is convenient to recast formula (1.1.3) in a more compact way,
using the M&bius function p, so that (1.1.3) becomes

(1.1.6) #n<z:pn=p>Vr}= ) pud EJ :

pld=p</z
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The asymptotic formula |x/d| = x/d + O(1) then implies that

d
#n<z:ipn=p>Viy=z > ¥+0(2’W§>)
pld=p<yz
(1.1.7) _ 2 o))T o yurotva oy,
log x

So we see that our attempt to obtain an asymptotic formula for m(x) fails dramatically, as the
error term in (1.1.7) is much bigger than the main term. This happens for two interconnected
reasons:

e The numbers d in the sum appearing on the right hand side (1.1.6) are in one-to-one
correspondence with the divisors of Hp <z D and there are too many of these.

e The numbers d in (1.1.6) can get as big as

H p = exp Z logp p = evVete)
p<Vz p<VE

which is enormous compared to x. Therefore the approximation |z/d] = x/d + O(1)
is very bad for most d in (1.1.6).

Nevertheless, Legendre observed that it is possible to use the above idea to gain some
information on the size of 7(z). His starting point was that, for any z € [1,z], the set of
integers that have all their prime factors > z contain the primes in the interval (z,z]. So

() <mz)+#{n<z:pn=p>z}<z+#{n<z:pn=p>z}

Moreover, as before, the inclusion-exclusion principle and Mertens’ estimate imply that

x x
#n<aiph=p>zh= Y w@ |5 = Y u@ (5 +om)
pld=p<z pld=p<z
1 x

= 1—= 7)) « 4 2°

xH( p) O ( )<<10ngL

p<z
and, consequently,
T z

m(r) < log 2 + 27

This formula is valid for all z € [1,z]. Taking z = (logx)/2 then yields that

(1.1.8) m(z) -

L T

log log x
a non-trivial estimate for m(x). Of course, this estimate is much worse that Chebyshev’s
estimate m(z) < z/logxz. However, as the following exercise shows, it is possible to use
these ideas to obtain other interesting results.
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Exercise 1.1.2 (The square-free sieve). Use the ideas developed above to give a new proof
of the estimate

#{n < x :n is square-free} = x - H (1 - ]%) +0Wz) (v >2).

p

Compare the sieve-theoretic and multiplicative-theoretic proofs.

Exercise 1.1.3. Use Legendre’s refinement of the sieve of Eratosthenes to show that
m(z) = o(x) (r— 00),

without using (1.1.5).

Exercise 1.1.4. Find the average value of the greatest common divisor of a and b asymp-
totically, as a and b range over all integers up to x.

1.2 (eneral set-up

The application of sieve-theoretic ideas to the study of 7(x) is perhaps not the most engaging
example, since we already know quite a bit about 7(x) using the theory of the Riemann (
function. However, there are various other prime-counting problems in which the theory of
L-functions is not applicable. Some of the most famous ones are:

e The twin prime conjecture: Are there infinitely many pairs of integers (n, n + 2) which
are both prime? (Such pairs are called twin primes.)

e Goldbach’s conjecture: Can every even integer greater than 2 be written as the sum
of two primes?

e [s there a prime number between two consecutive squares?
e Are there infinitely many primes of the form n? + 1?7
To this day, all of the above problems remain wide open. However, it is possible to use sieve

methods to make some progress towards them. Examples of results that can be proven using
sieve methods include:

e There are infinitely many primes p such that p+2 has at most two prime factors (Chen,
1966).

3. p 2 twin primes 1/P < 00 (Brun, 1908).

For every large m, the interval (m?, (m+ 1)?) contains an integer with at most 2 prime

factors (Chen, 1975).

There are infinitely many integers n such that n? + 1 has at most 2 prime factors
(Iwaniec, 1980).

There are infinitely many primes of the form a? + b* (Friedlander - Iwaniec, 2004).
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In the context of sieve methods, all four problems listed in the beginning of this chapter
as well as many others can be viewed in a unified way. To see this, we need to introduce
some notation. Let A be a finite set of integers and z > 1 some real number. We set

P(z)=]]»

p<z

and
S(A,z) =#{a e A: (a,P(z)) =1}.

By Theorem 1.1.1, if we wish to extract primes (or product of primes) from the set A,
then we need to be able to obtain non-trivial lower bounds on S(A,z) with z as big as
max{p| [[,. 4 a}'/?. For example,

e To count the number of twin prime pairs (n,n + 2) with n < x, we take
A={nn+2):n<z} and z=+vz+2.
Alternatively, we can take

A={p+2:p<z} and z=+Vz+2.

e To count the number of representations of the even integer 2N as the sum of two
primes, we take

A={n@2N —n):n<2N} and z=+V2N.

e To count the number of primes in the interval (m?, (m + 1)?), we take
A={necm? (m+1?} and z=m+ 1.

e To count the number of primes of the form n? + 1 with n < z, we take

A={n*+1:n<2} and z=vVa2+1l~az.

The above examples indicate how flexible this terminology is. Analyzing S(A, z) will be
one of the main objective of this course. Recall the Mobius inversion formula:

1 ifn=1
d) = )
2 n(d) {0 ifn>1,

dln

So

(1.2.1) S(A2) =) > uld) =) u(d)Adl,
a€Ad|(a,P(z)) d|P(z)

where

Ag:={a€eA:a=0(modd)}.

In order to proceed we write
(A1) |Adl = g(d) - X + 74,

for every integer d, where



24 CHAPTER 1. INTRODUCTION TO SIEVE METHODS

e X is some positive number, which we think as an approximation to |A],

e ¢g:N —[0,1] is a multiplicative function such that
(A2) 0<g(p) <1 (p prime),

which represents the ‘probability’ that a member of A is divisible by d,
e 1, is some real number, which we think as an error term.
The motivation behind the assumption that g is multiplicative comes from the assump-

tion/belief that the events Ay, and Ay, are roughly independent if d; and ds are co-prime,
something which very often happens in practice. Lastly, we set

V(z) =] =g,

p<z

the ‘probability’” that an element of A has no prime factors < z.
Inserting (A1) into (1.2.1), we obtain the ezact formula

(1.2.2) S(A2) =X > pd)gld)+ > p(dyra= X -V(2)+ > p(d)ra
dP(2) 4 P(2) d|P(2)

Ignoring for a moment the second term, we find that
(1.2.3) S(A,2)~ X -V(2).

Of course, in general, this is just wishful thinking: the ‘error term’ ) d|p(z) Td contains too
many terms, so that even if we make the strong assumption that r4 = O(1), the error term
is < 27(*), However, in most application we have that g(p) <4 1/p and hence X - V(z) >
X/(log X)94M) (see the next section). Consequently, arguing along these lines, we need to
take z < log X for the approximation (1.2.3) to be accurate.

As a reality check, let us see how good the bound supplied by (1.2.3) is for the problem
of counting twin prime pairs: Let A = {n(n+2):n <z} and z < x, so that
(1.2.4) #{n < x:n, n+ 2 are both primes} < z+ S(A, z),

for every z € [1,x]. Note that

(1.2.5) | Ayl = v(d) (g + 0(1)) =z @ +O(v(d)),

where

v(d)=#{n € Z/dZ :n(n+2) =0 (modd)}.

The function v is multiplicative by the Chinese Remainder Theorem. Setting g(d) = v(d)/d,
we see that (A1) is satisfied with r; < v(d). Moreover, for every prime p, we have that

(1.2.6) v(p) = {1 ifp=2,

2 ifp>2.
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Therefore we find that V(z) < 1/(log 2)? and relation (1.2.2) yields the estimate

S(A.2) < g > pAdv(d) < EARNE S aEE

d|P(z)

Choosing z = (log x)/3 in the above estimate and combining the resulting estimate with (1.2.4),
we deduce that

#{n < x:n, n+ 2 are both prime} < m.

This bound is however worse than the semi-trivial bound
T

#{n <z :n, n+ 2 are both prime} < 7(z) < :
log x

In conclusion, we see that the sieve of Eratosthenes-Legendre suffers a lot from a quanti-
tative point of view. We will see how this deficiency was remedied, first by Viggo Brun and
then by others. In particular, we shall show that (1.2.3) holds if logz = o(log X) and A is
‘structured’.

1.3 Sifting dimension

We conclude this introductory chapter to sieve methods with a brief discussion of a concept
which plays an important role in them. This concept is called the sifting dimension, which
we will denote by k. Roughly speaking, x corresponds to the average value of g(p)p, as p
runs over all primes, provided of course that the latter exists. If A = {f(n):n € I}, where
f is a polynomial and [ is some interval of the real line, then there is a more conceptual
way to interpret the sifting dimension: it corresponds to the average number of congruence
classes that we need to ‘remove’ modulo each prime in order to extract primes (or products
of primes) from the indexing set I. Indeed, if A = {n < z}, then in order to detect primes
in A, we need to ‘remove’ from NN [1,z] the congruence class 0 (mod p) for each p < /z,
that is to say, kK = 1. On the other hand, if A = {n(n+2) : n < x}, then in order to detect
products of two primes in A (and hence twin primes), we need to ‘remove’ from N N [1, z]
the congruence classes 0 (mod p) and —2 (mod p) for each p < /z + 2. Hence', in this case,
k = 2. Generally speaking, the sieving problem becomes harder as x increases.

One way to detect the condition that g(p)p is k on average is by imposing the condition
(A3) Zg(p) logp = klogz 4+ 0O(1) (z >1).
p<z

Often, the above condition is unnecessarily strong and we can get away with the weaker
condition

i = I a-een < x (

w<p<w’

log w’

log w

) epsesw)

!Note that when p = 2, the classes 0 (mod2) and —2 (mod2) coincide. However, this does not affect
things on average.
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Note that (A4a) immediately implies that

(1.3.) o(p) <1— % (p prime).

In practice (cf. relation (1.1.5)), we can often establish the stronger inequality

(A4D) Vi) {1 s } (1ogw')*’° (3/2<w<w),

log w log w

for some C; > 0.

Exercise 1.3.1. Verify the ‘sieve axioms’ (Al), (A2), (A3) and (A4b) when A is the set
{n2N —n):n<2N} {z? <n<(x+1)*},or {n*+1:n < N}.

Exercise 1.3.2. Verify the ‘sieve axioms’ (A1), (A2), (A3) and (A4b) when A = {p+2:p <
x}. For this set, S(A, vz + 2) counts twin primes. This is also true if A = {n(n+2) : n < z}.
What difference do you notice among these two choices of A?



Chapter 2

Interlude: probabilistic number
theory

Before we embark on the study of the combinatorial sieve, and in order to motivate Brun’s
pure sieve, we give a very brief introduction to probabilistic number theory.

2.1 The number of prime factors of an integer

In probabilistic number theory instead of studying the properties of a fixed integer, we focus
on statistical properties of the integers. For example, we often talk of a typical integer, an
expression which refers to an integer that enjoys properties shared among almost all other
integers too'. More precisely, when we say that a typical integer n has some property Q(n),
we mean that the set of integers n which do not satisfy Q(n) has density 0, in the sense that

1
lim E#{n < z:Q(n) does not hold} = 0.

The prototypical such result was proven by Hardy and Ramanujan:

Theorem 2.1.1. Fix some € > 0. Then we have that

1
lim —#{n <z :(1—¢)loglogz <w(n) < (1+¢)loglogz} = 1.

T—00 I

The above theorem can be expressed loosely by saying that a typical integer n has about
loglogn prime factors. Hardy and Ramanujan deduced theorem 2.1.1 from the following
result.

Theorem 2.1.2. There exists constants A and B such that

' Az (loglogx + B)"1
m(z) =#{n <z:wn)=r} < log 2 o= 1) )

uniformly for x > 1 and r € N.

LThis expression is often used in a non-rigorous fashion.

27
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Proof. When r =1, we have that

m(@) =@+ 3 Z1g(@+ﬁ§§~ﬁg£§x (x> 3),

2<k< log” pk<z

for some constant ¢, by Chebyshev’s estimate 7(z) < z/logz. We will show the theorem
with A = ¢ and B large enough.

We argue by induction: assume that the result holds for some r € N. Let n < x be an
integer with  + 1 distinet prime factors, say n = p{' -+ pyi' with p; < ps < -++ < pry1.
Then p?jﬂ < p?jprﬂ < x for j < r, so that there are at least r ways to write n = p®m for

some p < 2/ g > 1 and m with w(m) = r. Consequently,

Az /p* (loglog(xz/p®) + B) !
ria(@) <y Y, mE/p) <)y, Y log(x//ia)( ; gir/f)l))jr )

a>1 pa<gl/(at1) a>1 p<gl/(a+1)

< Ax(loglogx + B)™ 1 Z Z

— 1)
(T 1)' a>1 p<$1/(a+1) p ]'Og '/I/'/p )

Therefore, we need to show that > -, >~ 1@+ m < (loglogz+0(1))/log x. Then
choosing B large enough will complete the inductive step and hence the proof. Indeed, note
that 1/(1 —y) <1+ (a+ 1)y for y € [0,a/(a + 1)]. So

1 1
2 2 plogff:/p):105-11517Z 2 (1_m>

a>1 p<gl/(a+1) a>1 p<gl/(a+1) P* Tog

log iy ‘P log x

1 1 logp a+1
<
~ logx Z p— ( logxZ 2“—1)

p<Vx

< loglogz +O(1)
- log x

)

which shows the desired result. O

Exercise 2.1.3. Given A > 0, we set

A
Q(A) :=AlogA— A +1 :/ log tdt.
1

(a) Show that for x > 2 and A > 1, we have that
x

(log 2)?™/Toglog z

#{n <z :w(n) > Aoglogz} <,

Similarly, show that for 0 < A < 1, we have that
x

(log x)QWy/loglogz

#{n <z :w(n) < Aloglogz} <y
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(b) Deduce Theorem 2.1.1.
Exercise 2.1.4.

(a) Show that the entries of the N x N multiplication table form a sparse set of the integers
in the sense that

lim —#{ab a<N,b<N}=0

N—ooo N

(b)* Show that
N?

(log N)3y/loglog N’
where 6 = Q(1/log2) =1 — (1 +loglog2)/log2 = 0.08607....

#{ab:a < N, b< N} <

2.2 The Kubilius model

Theorem 2.1.2 leads to prediction that w is distributed like a Poisson random variable on
the set {n < z} and has mean value loglog x. There is a nice heuristic argument in support
of this statement based on the Kubilius model of the integers. Note that

= n<x: n:Lx/szl
L:UJ#{ < :djn} o]

Motivated by this rough calculation, Kubilius assigned to the event {d|n} the probability
1/d. In addition, note that if d; and dy and co-prime, then

Prob({di|n} N{dz|n}) = Prob({dids|n}) = ﬁ = Prob({d;|n}) Prob({dx|n}).

So it is reasonable to assume that the events {d;|n} and {dy|n} are independent of each
other. This leads to the estimate

Prob({w(n) =r|n < zx})
= > Prob({pi---pln} n{ptnVpe L z]\{p....p}})

p1<-<pr<w
1 ( 1> ( 1) 1
- ¥ o (-1)-1m(-1) =
p1<<pr<w Pre=pr p<z p p<z p p1<<pr<w (pr=1)(pr —1)
pé¢{p1,-.pr}
IR p— (-2 ()
T‘ p<w ( ) P1ye-Pr <T (pl N 1) p N 1 7"' p<z p<z p
distinct
1 (loglogz +O(1))"
“logx r! ’

which confirms heuristically our prediction.



30 CHAPTER 2. INTERLUDE: PROBABILISTIC NUMBER THEORY

It is possible to go beyond Theorem 2.1.2 and show that w(n;t) = {pjn : p < t} is
also distributed like a Poisson random variable with mean value loglogt, for ¢ < n. So
if n = pi*p5?*---p? is the prime factorization of a typical integer n, then we expect that
J = w(n;p;) ~ loglogp;, that is to say, the sequence {loglogp},, is very close to being an
arithmetic progression. This implies that

i
(2.2.1) log(py -+ p;) = Y _ logp; = log p,
=1

since the sequence {log p;}7_, is close to being a geometric progression?.

We shall be using statements like the ones above - or at least the spirit of them - to
justify certain choices in the subsequent sections. As a matter of fact, we have already used
something similar in the previous chapter. Indeed, if we assume that the events A, and Ay,
are independent of each other whenever d; and dy are coprime, then Prob(.A4,) should be a
is a multiplicative function. This justifies the assumption that g(d) = |A4|/|A| = Prob(Ay)
is a multiplicative function.

For similar reasons, we expect that

Prob({(a,P(z)) =1 | a € A}) = Prob (ﬂ {a #0(modp) | a € A})

= HProb({a # 0 (modp) | a € A})

<z

~ [ -9(p) = V().

So we see that, even though the Kubilius model is very successful in predicting the
distribution of w, it fails in the case of S(A,z). The reason for this failure lies in the
assumption that the events Ay, and A,, are independent of each other whenever d; and d, are
coprime. Indeed, if for example A = {n < x} and 2z = y/z, then an integer a < z is divisible
by at most three distinct primes p € (2'/3, 2], which certainly violates the independence
assumption we made above®. In rough terms, this is why it is hard to obtain asymptotic
formulas on S(A, z) when z is large and, in fact, why the approximation S(A4, z) =~ X -V (z)
is generally false if z is large. However, we shall see in the next sections that the Kubilius
model is accurate when z = X°().

YIndeed, if A > 1, then AN <14+ A4+ A2 4+ AN < 2N,
3This phenomenon is not significant in the study of w, since n has at most 1000 prime factors in |
So we may ignore these large primes without sacrificing a whole lot in precision.

p1/1000 n.



Chapter 3

The combinatorial sieve

3.1 Brun’s pure sieve

As we saw in Chapter 1, one of the main deficiencies of (1.2.2) is that the ‘error term’
> d1P(2) p(d)rq contains too many terms. It was Viggo Brun who first realized that is possible
to remedy this deficiency using some simple combinatorial ideas: Formula (1.2.1), and hence
formula (1.2.2), is a consequence of the inclusion-exclusion principle and, when written out
fully, it reads

S(AZ) = A =D 1A+ > Ml = >0 Ayl =

p1<z p2<p1<z p3<p2<p1<z
= A+ ) =17 > Ayl
7>1 p;<--<p1<z

But it is a well-known fact that

2m—1 2m
B A+ Y (1 YT My SSA2) ALY (-1 YT Ay
j=1 p;<--<p1<z Jj=1 pj<-<p1<z

for every m € N. This implies that, for every r € N, we have that

S(A2) = 1A+ Y (=1 Y !Apl---pj|+0< > IApl---pT\)

1<j<r p;<---<p1<z Pr<-<p1<2

= > ud)Ad+0 | > A

d|P(z) d|P(z)
w(d)<r w(d)=r
(3.1.2) _qu (d)+O Z |rd\+XZg ,
d|P(z d|P(z d|P(z
w(d)<r w(d)<7“ w(d)

31
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by (Al). Even though the above relation holds for all r, Theorem 2.1.1 suggests that, in
order to have any hope of succeeding, we must take r as a function of x and z (usually,
r = cloglog x suffices).

Instead of estimating the main term in (3.1.2) directly, we observe that

V) =1+ (=17 > glm-py).

7>1 pj<--<p1<z
So
2m+1 2m
(3.13) 1+ > (=1 Y gip)SVE)<I+Y (=17 Y gi--p)
j=1 pj<<p1<z j=1 pj<r<p1<z
for every m € N and, consequently,
(3.1.4) > wld)gd)=V()+0 | > g(d)
d|P(z) d|P(z)
w(d)<r w(d)=r

Exercise 3.1.1. Show relation (3.1.3).

Inserting (3.1.4) into (3.1.2), we deduce that

SA)=X V() +0 | X Y gd)+ > |rd
d\g(j) d\g(z)
(3.1.5) A= D=

X T
=X V() +0| 5 Sglp)| + > Irdl
p<z d|P(z),d<z"
w(d)<r
Since

we obtain the formula

X - |logV(z)|"
S(A,2) =X -V(2)+ 0 ’Og, @ S il
r. d|P(z),d<z"
w(d)<r

By Stirling’s formula, the main term in the above formula is bigger than the first error term
if r > 3.6]log V' (2)|. Indeed, we have the following estimate:
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Theorem 3.1.2. Let A be a finite set of integers which satisfies (Al) and (A2). For z > 1
and r > 3.6|log V(z)|, we have that

S(A,z)—X-V(z){quO(%)}JrO S

d| P(z)
d<z",w(d)<r

Controlling the second error in Theorem 3.1 is often very hard and depends on having at
our disposal an estimate of the form

m >l < Gy

d<D

with D = 2" and A some large enough positive number. If such an estimate holds, then
we say that A has level of distribution D. Assuming(A4a) and (R), we may simplify the
statement of Theorem 3.1.2.

Theorem 3.1.3. Let A be a finite set of integers which satisfies (Al) and (Ada), as well
as (R) with A=k +1 and D = X% for some 6 € (0,1]. For 1< z < X0/UrloglogX) e hape

s =x v fivo( b )

the implied constant depends at most of k, K, 6 and Cj.

Proof. Without loss of generality, we may assume that X is large enough. Note that
relation (A2) holds by (1.3.1). The result then follows by Theorem 3.1.2 applied with
r = 4k loglog X > 3.6|log V' (2)], so that 2" < X?. O]

In the next section we will see that, by improving upon Brun’s idea, it is possible to extend
the above theorem to z < X. But before this, we give a nice application of Theorem 3.1.3,
due to Brun.

Theorem 3.1.4. We have that

Z 1<oo.

p, p+2 twin primes

Remark 3.1.5. The value of the sum > .o\ i brimes
know that ) 1/p = 400, the above theorem tells us that primes p for which (p, p + 2) are
twin primes are sparse among the sequence of primes.

113 is called Brun’s constant. Since we

Proof of Theorem 3.1.4. First, we apply Theorem 3.1.3 with A = {n(n+2) : n < z}. Note
that (A1) holds with X =z, g(d) = v(d)/d and ry < v(d), where

v(d) =#{n € Z/dZ : n(n+2) =0 (modd)},
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by (1.2.5). Moreover, (Ada) holds with x = 2, by (1.2.6). Finally, (R) holds for any A > 0

and any 6 < 1, since |v(d)| < m(d) for d square-free. So Theorem 3.1.3, applied with
1/(101loglog )

z=2x , yields the estimate
log1 2
#{n <x:n,n+2twin primes} < 2+ S(A4,2) < 2 + (logIZ)Q < x((fgojf)
The desired result then follows by partial summation. O

3.2 Buchstab iterations and general upper & lower bound
sieves

Buchstab observed that

(3.2.1) S(A,2) = |A| =) S(A,p)
p<z
This identity can be used to obtain an entire family of combinatorial sieves, as follows:

Consider sets

I C{(p1,...,pj) i 2>p1>py>--->p;primes} (j>1)

such that
I3 C I X{p<Z}2, H5CH3X{p<Z}2, ey H2j+1 CHQj_l X {p<Z}2,
and
H4CH2C{p<Z}2, H6CH4X{p<Z}2, ceey H2j+2CH2j X{p<Z}2,

Moreover, set

:{1}U{d:p1pr>1(p177pJ)EH]71§]§r7ded}
and
D™ ={1}u{d=pi---pr>1:(p1,...,p;) €;,1 <j <r, jeven}.
Then we have that

S(A’ Z) = |A| Z S p1ﬂp1 < |*’4’ Z S p17p1

p1<z p1€ll;
= [A| - Z | Ap,| + Z S(Apips s p2)
p1€lly p2<p1
p1€lly
399 = ’Al - Z ’Ap1’ + Z ‘Aplpzy - Z S(Ap1p2p3:p3)
( o ) p1€Ily p2<p1 p3<p2<p1
p1€lly p1€lly
< JA| = Z ’Am‘ + Z |-Ap1p2| - Z S<Ap1p2p37p3)
p1€lly 52;?[1 (p1,p2,p3)€ll3
1 1

| /\

g Z ()] Adl,

d|P(z
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where

u(d) itdeDr
(323 () = {1 .
0 otherwise.

Exercise 3.2.1. Show that

Z 1 (d)]Adl,

d|P(z)
where
_ w(d) ifdeD,
(3.2.4) w(ay = .
0 otherwise.

Exercise 3.2.2. Show that

(Lxp7)(n) < 1p-(uyse < (Lx p")(n).

This construction gives a great deal of flexibility. For example, the choice II; = {p < z}/
for j < r and II; = () for j > r corresponds to Brun’s pure sieve. The goal is to choose the
sets II; as large as possible, so that we are not throwing away too much information, while
at the same time if (pq,...,p;) € II;, then p; - - - p; is not too big, so that we can control well

the sum >, e, |Ap,-.p;| using (A1) and (R).

.......

It turns out that a good choice for the sets II; is given by
(3.2.5)

D ) o .
Hj:{(pl,pg,...,pj)Sz>p1>-~->pj,p1“'pi<_,3’ 1§Z§]725](m0d2)}7
b;

for some parameter 3, which depends on the dimension of the sieve problem. This leads to
the so-called f sieve, pioneered by Rosser and brought to maturity by Iwaniec [I]. In the
next section, we shall see how our choice allows us to improve upon Theorem 3.1.2. For now,
we give a heuristic argument [FI10, Section 6.4]) which motivates the above choice of II;.
Fix a dimension x and assume that § = (k) is the minimum number v > 1 such that

S(A,z) > X - V(z2),

for all sieve problems of dimension  such that 4 that satisfy (A1) and has level of distribution
D > z*. We consider such a triplet (A, P, z) and make the further assumption that the level
of distribution of Ay is D/d. Now, we have that

( |A| Z S P17p1 |A| Z |'AP1| + Z ( P1P2ap2)'

p1<z p1<z p2<p1
p1€lly

From the sum over p; and p, we drop the terms with D/(pip2) < pg , since some of these
are potentially much smaller than expected, and keep all of the terms with D/(p1p2) > pg ,
since for these we have that

S(Apmzap?) > |-’4p1p2| -V(p2) = g(pip2) X - V(p2)
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by our assumption and by (A1l). This suggests setting

Iy = {(p1,p2) : 2> p1 > p2, pip2 < D/Pg}

Next, we have that

S(A,z) > |A] - Z|Ap1|+ Z S(Apipz, D2)

p1<2 (p1,p2)€ll2
= [Al - Z |~Ap1| + Z |-’4p1p2| - Z S(Ap1p2psap3>
p1<z (p1,p2)€lls p3<p2<p1
(p1,p2)€llz
= |'A| o Z ‘Apl‘ + Z |Ap1p2’ - Z ‘Aplpzps‘ + Z S(Ap1~"P4vp4)
p1<z (pl,pQ)EHQ p3<p2<p1 pa<--<p1
(p1,p2)€llz (p1,p2)€lls

As before, we drop the terms with D/(pipapsps) < pf and keep the rest. This leads us to
the choice

My = {1 ;) 2 >y >+ > pas s < Do}
Continuing in the above fashion suggests selecting the sets 1I; as in (3.2.5).

In general, a sequence . = {u*(d) }4<p such that

(5%) =1 and Y pt )20 (n>1)

is called an upper bound sieve of level D. Similarly, a sequence .~ = {u~(d) }a<p such that

(S7) p (1)=1 and Zu ) <0 (n>1)

is called a lower bound sieve of level D. The reason for this terminology is that, under the
above assumptions, we have that

SA = > 1> Y Z“ d)| Ad|

acA a€Ad|(a,P(z d|P(z
(@.BE))=1 I( ) |

and

S(A )= > 1zd > pd)= Y u (@A,

acA acAd|(a,P(z d|P(z
(@BE)=1 [(a,P(2)) |P(2)

for any finite set of integers A and any real number z.
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3.3 The fundamental lemma of sieve methods

In this section we show that choosing the sets II; as in (3.2.5) for an appropriate /3, depending
on the dimension of the sieving problem, allows us to evaluate S(A, z) asymptotically when
2z = X°W thus extending Theorem 3.1.3. Indeed, if

1
(3.3.1) ﬁnzz<ei —1) F1 <144,

then we have the following result.

Theorem 3.3.1 (Fundamental Lemma of Sieve Methods, I). Let A be a finite set of integers
which satisfies (A1) and (Ada), for some k >0 and K > 1. For z > 1 and u > € > 0, we
have that

S(A,2) =X -V(2) {14+ 0 (e Ot 0| Y™ g
d|P(z),d<z%

If, in addition, (A4b) holds for some Cy > 0, then

aAazﬁ%?ﬁ+O >, ],

d|P(2),d<zPx
provided that z s large enough in terms of k, Cy and €.
As an immediate corollary, we have the following result.

Theorem 3.3.2 (Fundamental Lemma of Sieve Methods, II). Let A be a finite set of integers
which satisfies (Al) and (Ada), for some kK > 0 and K > 1, and (R) for A =x+ 1 and
D=X% 0¢c(0,1]. If 2= X* with s > 1, then we have that

1
_ . —0slogs+0, k.0(s)
S(A,z)=X V(z){l—{—O,{,K <e +logX)}'

If, in addition, (A4b) holds for some Cy > 0, then

X -V(z)

S(A, z) > n

(20 < 2 < XU/Pr),

where zg s a sufficiently large constant that depends at most on k and C.

Proof. The first part of the theorem follows by taking u = fs and € = 6 in the first part of
Theorem 3.3.1, since relation (A4a) implies that V(2) >, k (log X)~". For the second part,
note that 2%+ < X% So the desired lower bound on S(A, z) follows by the second part of
Theorem 3.3.1. [l

Theorem 3.3.1 is an easy consequence of the following technical result.
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Theorem 3.3.3 (Fundamental Lemma of Sieve Methods, III). Letx >0, 2> 1 and D = 2z
with uw > 2. There exist two arithmetic functions u* : N — [~1,1], depending at most on x,
z and D, such that:

(1) u and p~ are both supported in {d|P(z) :d < D};

(2) (u=*1)(n) =1=(u"*1)(n) if P~(n) = 2

(3) (u=*1)(n) <0< (uh*1)(n) if P(n) <2

(4) If g : N — [0, 1) is a multiplicative function satisfying (Ada) with parameter k as above
and for some K > 1, then

S A@)g(d) = V(z) {140 (s 0mmt) ) (h e {ut, ).

(5) If g : N — [0, 1) is a multiplicative function satisfying (A4b) with parameter k as above

and for some Cy > 0, then
_ Vi(z
S gty = V2.
d

provided that uw > B, and that z is large enough in terms of k and CY.

Deduction of Theorem 3.3.1 from Theorem 3.3.3. Note that we may assume throughout the
proof that u > 2, since if ¢ < u < 2, then we have that

0<S(A2) <SA 2 <o - X V(2% +0 > rdl

d|P(2¢/2),d<z¢

2 K
<cox XK (E) V(z)+0 > Il

d|P(z),d<z%

by the case u = 2 and relation (A4a), where ¢, x is some constant depending at most on &
and K. Therefore holds in this case too, possibly by enlarging the implied constants in the
statement of Theorem 3.3.1. Now, assume that u > 2 and let u* be the two sequences from
Theorem 3.3.3 applied with z and k as in the statement of Theorem 3.3.1, and with D = z*.
Then

SA )= > 1> Y pfd) =Y pt(d)|Ad

acA a€Ad|(a,P(z d|P(z)
(GP(EZ)) cAd|(a,P(2)) |P(2)
P ITES
d|P(= d|P(=

:X'V(Z>{1+O,€’K( —ulogutO k (u )}+O Z Iral |,

d|P(z),d<z%
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by part (4) of Theorem 3.3.2. Similarly, we find that

Z u(d) Ag = X Z s + > (d)rg

d|P(z d|P(z d|P(z)

=X -V(2) {1+ Opx (e Oy O [ 3T gl |,
d|P(z),d<z%

which completes the deduction of Theorem 3.3.1. O

Proof of Theorem 3.3.3. For the most part, we follow an argument in [F110]. We define p*
as in (3.2.3) and (3.2.4) with 8 = .. Then property (1) is satisfied by the definition of u*
and Exercise 3.2.2 implies that properties (2) and (3) holds as well. It remains to show that
properties (4) and (5) are also satisfied.

First, we show property (4). Consider g : N — [0, 1] that satisfies (A4a). With a slight
abuse of notation, given a sequence of primes py, py, ..., we write y; = (D/(py - p;))"?.
Also, we define

V;" = Z g(plpr)v(pr)

Z>p1>>pr>yYr
p;<y;, 1<j<r, j=r (mod 2)

Then we have that

(3.3.2) > “VE =)V

) b
and
e d|P(z) r>1

reven

We fix an integer r > 1 and proceed to the estimation of V.. This will be done by studying the
complicated range of summation in V,. and replacing it by a much simpler one. In particular,
we will show that the primes p; are bounded from below by certain appropriate powers of z.
Consider py, ..., p, lying in the range of V,. We claim that

NP
(3.3.4) prep; < DZ—(u—l)(%)LQJ 0<j<r j=r—1(mod2)).
We argue by induction: if j = 0 or 7 = 1, then relation (3.3.4) holds trivially, since p; < z <
D. Assume now that (3.3.4) holds for some j € {0,...,r — 3} that has opposite parity than
r. Then

2 D B
PLocPiv2 <P PP <proepi | ——
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which completes the inductive step and hence the proof of (3.3.4). Note that relation (3.3.4)
and our assumption that p, > vy, imply that

439 e (2 )
PP
where
(3.3.6) 5:u—1(ﬁ_1)LT21J> 1 (ﬁ—1)5
EIRASACES “B+1\B+1) "

Consequently, for every € > 0, we have that

Vi< > o) gV

Z>p1 > >ppr>207
1
prpro1pf T >D

Zér
< V(De ) Yo g)- gy peapl T

z2>p1 >"'>pr226"'

(3.3.7) Vi 1
< D 1)l o gwp Y g g ) (e pe)f
" 2>pp>2or 2>P1 e Pr—1>257
r—1
KV (z . .
< 5@6—()1' Yo gV YT g
T (T - ) Z5TSP<Z 26T§p<z

by relation (A4a) and Rankin’s trick (see Section 0.3). Moreover, if A is some number > 1
and € > 1/log z, then we have that

dooapp <A DY g+ Y, N Y g(p)

Z5T§p<z 20r Sp<)\1/6 1<t< el(l;zgg; At/€§p<)\(t+1)/€

logA \" t+1\"
<Aog [ K llog | K | —— .
<amo (1 () )+ 3 et (e ()

1<t<elog z

< Alog <K <5l> ) + OK%)\(Ze) < \- glog <%> + OK%)\(ZC),

by (A4a). The inequality = +y < xe¥/®, for x and y positive, and relation (3.3.6) then imply
that

r—1

1 % r—1 .
5—15 Z 9(p)p* <(B+1)" (%) (A.%log (%)) O rA ()

(3.3.8) 2o <p<
()\p’f‘)r_l 1o} (29)
< VK kA 7

e
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where
B4+1\2 ke p+1 /4
3.3.9 — (22} _ .
(3.3.9) p (5_1 7 og { 55 <0873,
by the choice of 5 = .. Similarly, we find that
e(B+1) R p+1 e(B+1) e(B+1)
(3.3.10) Z 9(p)p <A > log 51 + Ok (2 ) KeAEK T2 )

20r<p<z

Inserting (3.3.8) and (3.3.10) into (3.3.7) and choosing A > 1 so that Ap < 0.9, we deduce

that
OK,K(ZE) r—1 r+1
Vo< e (0.9) r

- D e r!
Since r!/r > r"~! /e", we conclude that

eoK,n(Ze)

V, <
="

72(0.9)".

Summing the above inequality over r > 1, we arrive to the estimate

eON,K(ZE)

ZV;S De

r>1

Selecting € = (logu)/(log z) completes the proof of property (4).

Finally, we show that property (5) holds. Assume that u > 5y = § and consider g : N —
[0,1] that satisfies (A4b). The argument is similar with the previous one, but this time we
avoid the use of Rankin’s trick: We have that

TS SR PR TS Pl R T R S

|
2>p1 > >pr>20r " Z>P1,enspr > 20T
(3.3.11) 5 .
V()
257 <p<z

Now, let n € (0, 1] be such that

K+n

B+1\ 2 (k+ne B+1
(5_1) 5 log<ﬁ_1>§0.873

B+1\ 2 2\ 2\% .
<5—1) _<1+6—1) §<1+ﬂ) =

and
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which is possible since 8 = 3, > 1+ 4k and p = /4 < 0.873, by relation (3.3.9). Note
that for 3/2 < w < z we have that

V(w) C log 2z \ " C log z \ """
< |1+ <1+
V(z) logw /) \ logw (logw)="(log z)7 ) \ logw
Kk+n
< 1.001 <logz> ,

log w

provided that z is large enough. So

20r .
> g(p) <log Vv((z)) < log (15;)271> |

20r<p<z

Inserting the above inequalities into (3.3.11), we find that

1.001V(2) ., , (1.001
s v ()

Furthermore, observe that, for » > 2 even, we have that

s _u—1(B—1 T u—1/8-1 P (B-1)E

T B+1\B+1 S B-1\p+1) T\B+1
by our assumption that u > 8 = f,. Moreover, we have that r! > r"/(2¢"72), which can be
proven inductively for » > 2. So we conclude that, for an even r > 2, we have that

r(k4n)

V‘é) < /1(82}_2) (g - 1) 2 (7“(“ sy (gfi) +log(1.001)>r

1001 [ (B+1\ T e(k+n) [B+1 B+1\ " elog(1.001) |
=20 {(5—1) 2 log<ﬂ—1>+<ﬂ—1> : }

1.001 . elog(1.001)\"  1.001(0.873)" e log(1.001) )
0.873 + et - - o 08T
2e ( e r ) 2e2 MEOYIET:

_ 1001(0.873)"
- 2¢e2

IN

exp{e®/*log(1.001)/0.873} < 0.272 (0.873)",

by the choice of 1. Consequently,

1 08732 7
— N v <0212y 0873 =0272 —° <~
V(2) ; = ; 1—0.873% 8

Inserting the above inequality into (3.3.3) completes the proof of property (5) and hence of
Theorem 3.3.3. ]



Chapter 4

Some applications of sieve methods

In this chapter, we give some applications of the results we proved in the previous sections,
particularly of the fundamental lemma of sieve methods. In order to show that (R) holds
for certain sequences A, we need to control the number of primes in arithmetic progressions

on average. If we let
Todt
li(z) ::/ —
5 logt

then we expect that 7(x; ¢, a), the number of primes up to z in the arithmetic progression
a (mod ¢), should be very well approximated by li(z)/¢(¢q). The prime number theorem for
arithmetic progressions implies that this is true if x is large enough in terms of ¢, specifically,
when z > €7/, Bombier and Vinogradov showed (independently) that this remains true for
much smaller z as well (for z as small as ¢°T¢), but on an average sense. Indeed, if we set

li(y)

(4.0.1) E(z;q) = max max |7(y;q,a) — Q)

y=z (a,9)=1

?

then their result is formulated as follows:

Theorem 4.0.4 (Bombieri-Vinogradov). Let A > 0. There is some constant B = B(A)

such that
Y. Elwg) <a

q<z'/?/(logz)"

X
(log x)4 -

We will prove this theorem in Chapter 10. Note that the ‘trivial’ bound on the sum in
question, which comes from the Brun-Titchmarsch inequality (see Theorem 4.1.4 below), is
li(y)

X
m(y; ¢, a) — ’<< Y <1 (2>2).
©(q) (<a/a T 5} ¢(q) logx

Z max max

T

So the Bombieri-Vinogradov theorem allows us to save an arbitrary power of log over this

trivial estimate. Moreover, Theorem 4.0.4 is essentially of the same strength with the Gen-
eralized Riemann Hypothesis (GRH) on average. Indeed, GRH implies the bound

I
Z max max W(y;q,a)—M‘<< Z \/ElongL (x >2).
a<at/2/(ogzyn U (D!

B-1
AT Ry e (log 2)

43
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So taking B = A + 1, we deduce the Bombieri-Vinogradov theorem.
Elliott and Halberstam have conjectured that it is possible to improve significantly upon
the Bombieri-Vinogradov theorem:

Conjecture 4.0.5 (Elliott-Halberstam). Fiz A > 0 and ¢ > 0. Then

> B(w;q) <ea (logq;x)A (x> 2).

q§x1*€
This conjecture is, in a certain sense, stronger than GRH.

Remark 4.0.6. As Friedlander and Granville [FG] have shown, if we replace z'~¢ with
x/(log x)? in the above conjecture, then the conclusion is not always correct.

Exercise 4.0.7. Show that the Bombieri-Vinogradov theorem is equivalent to the following
statement: “For every A > 0, there is some C' > 0, such that if 1 < Q < /z/(logz)¢, then

@logz | <1ogx>A} 4 Tog o)A

Exercise 4.0.8. Let £ € Nand A > 0. Using the Bombieri-Vinogradov theorem, prove that
there is B = B(A, k) such that

7

#{qSQ:E(I;q)Z
©

(x >2).

Z Th(Q) E (25 q) <pya (log ) >

q<z'/?/(logx)B

4.1 Prime values of polynomials
We start with an application of the sieve to the twin prime problem.

Theorem 4.1.1 (Twin primes). For x > 3, we have that

T

#{p§x2p+2prime}<<m

and
#{p<zx:Qp+2) <8>

(log x)? (r23).

Proof. Let A= {p+2:p <z} and note that
|Ag| = m(z;d, —2) =1

whenever 2|d, and

— ld :li(:p) e d — _li(x)
Aal = (o, =2) = S+ (w(aid,—2) - 20
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if (d,2) =1. So (A1) holds with X = li(x),

1
— if (d,2) =1,
g(d) = < »(d)
0 otherwise,
and .
m(x;d, —2) — i(z) f(d, 1,
rq = o(d)
1 if (d,2) > 1.

In addition, note that

() -0 (5h)

w<p<w’ max{3,w}<p<w’

- I (1_11?)_1 (1+p(p1—2))

max{3,w}<p<w’

(1o (o) e {0 (0))

(4.1.1) :{1+O( ! >}1°gw, (3/2 <w < w),

log w log w

by Mertens’ estimate (1.1.5), that is to say, relation (A4b) holds with x = 1. Lastly,
relation (R) holds with A = 2 and D = ¢, for any 6 € (0,1/2), by the Bombieri-Vinogradov
Theorem (see Theorem 4.0.4). So Theorem 3.3.1 and relation (4.1.1) imply that

X

#{p <@ p+2prime} < VI + S(A,VE) < VE+ i) [] (1 ) @) < Qlog )

p<T

which completes the proof of the first part of the theorem.

For the second part, note that we may assume that x is large enough, since 3 and 5
are twin primes. Now, applying the second part of Corollary 3.3.2 with § = 10/21 and
z = x!/86 < 210/C15) yields

. L1/86 li(z) _ L
#p<z:Qp+2) <8 =5(A27™) = - 11 (1 w(p))

T 1 T

p<al/8.6

> logz logz  (logz)?
This completes the proof of the theorem. O
Exercise 4.1.2.
(a) Show that

#{n<a:(n,P()) :1}«@ (3/2 <z <)
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and
x
<zx: P =1 3 <2z <x).
#{n < :(n, P(2)) }>>10gz (3<2z <)
(b)* Show the stronger estimates
n
— 3/2<z<uzx
; e(n)  logz (3/ )
P~(n)22
and )
— n log 2
P=(n)>z

Exercise 4.1.3 (Goldbach’s problem). Let N > 2 be an integer. Show that

N N
#1(p,q) : p, gprimes, p+q=2N} <K . .
w9 VO ey

Moreover, if N is large, then prove that

N N
#{p <2N : Q2N —p) <8} > . :
p(N)  (log N)?
The following result is an extremely useful inequality due to its uniformity and large
range of applicability. In particular, it can give non-trivial results for the number of primes
in short intervals that are, in certain cases, stronger than GRH (when y/q < /).

Theorem 4.1.4 (Brun-Titchmarsch inequality). For1 < g <y <z and (a,q) = 1, we have

that
Yy

log(2y/q)

Proof. 1f y/2 < q < y, then the theorem follows by the trivial inequality

m(z;q,0) —m(z — y;q,0) < =)

n(r;q.a) —m(z —yiga) S o —y<n<a} <1+
q
Assume now that ¢ < y/2 and let A = {x —y <n <z :n = a(modq)}. Fix for the
moment an integer d. Note that if (d,q) > 1, then there are no solutions to the congruence
dm = a(mod gq), since (a,q) = 1 by assumption. Therefore | A4 = 0 in this case. On the
other hand, if (d,q) = 1 and we let d € [1,¢] be the multiplicative inverse of d modulo ¢,
then

QU

|Ad|:#{x;y<m§§:dm§a(modq)}:#{$_y<m§§:m5c_la(modq)}
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In any case, we find that (A1) is satisfied with X = y/q,

o if (d,q) > 1,
9(d) = {1/d it (d,q) = 1.

which is easily seen to be multiplicative, and r4 < 1. Next, observe that

1 logw!
IT a-9n'< ] (1——) g

w<p<w’ w' <p<w’

that is to say, (Ada) holds with x = 1. Finally, relation (R) holds trivially with A = 2 and
D = (y/q)?, for any @ < 1. Therefore applying Corollary 3.3.3 with z = \/y/q and u = 1
implies that

W(x;q,a)—w(x—y;q,a)ﬁ\/7+5.4\/_<<\/>+— H 1—g
e IL()

p<\/
Y Y 1) Y
< + —— 1+- )< —F
\/7 qlog(y/q) 11 ( p ©(q)log(y/q)
p<+/Y/q
plg
which completes the proof of the theorem. O

Theorem 4.1.5. Let Fi(x), ..., F.(x) be distinct irreducible polynomials over Z|x] with posi-
tive leading coefficient. Suppose that the polynomial F' = F} - - - F,. has no fixed prime divisors,
i.e. there is no prime p such that p|F(n) for all integers n. Then we have that

#{n <zx:Fi(n),...,F.(n) are all primes} <p (logaj)r‘

Moreover, if x is large enough and d denotes the degree of F, then

#{n <z:QF(n)) <4rd} >r

x
(log )"
Proof. Exercise.

Hint: If G is an irreducible polynomial over Z[z]| and
vg(d) =#{m € Z/dZ : G(m) = 0(mod d)},

then there is a constant ¢ such that

ZVG(p)zloglogx+cG+OG< ! ) (x > 2).
p

log x

p<x
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4.2 The image of Euler’s totient function

If p is a prime number, then we expect that p — 1 behaves like a ‘typical’ integer, except for
obvious restrictions such as that 2|p — 1 for all but one primes. For example, we have the
following result:

Theorem 4.2.1. There are absolute constants A" > 0 and B’ > 0 such that, for every x > 3
and every integer r > 1, we have that

p—1 A'z (loglogz + B')™!
3<p<uzx: — ) = <
#lorsew(Br) < R

Proof. Exercise.
Hint: Show the stronger statement that
-1
Sp(x, k) = # {p <z:p=1(mod2k), w (292_> = r}
< Az (loglog(x/k) + B')"!
= (k) log*(x/d) (r—1)! ’
uniformly in 7 > 1 and 1 < k < x/2.

(4.2.1)

]

Now, note that ¢(n) = [ ., p*~'(p—1), so we expect ¢(n) to have many prime factors,
many more than a typical integer of the same size. Our goal in this section is how fast the
image of ¢ grows. So set V(z) = #{¢(n) < z}. Clearly, V(z) > w(z + 1) > x/logz for
x > 2. Erdés showed that this lower bound is not so far from the truth:

Theorem 4.2.2 (Erdés, 1935). Let € > 0. For x > 2, we have that

x
Vir) <c ———.

(z) (logx)t—e
Proof. The idea of the proof is the following: we have that ¢(n) = Hpa”n p*p —1).
Moreover, a ‘typical’ integer n < x has about loglog x prime factors p by Theorem 2.1.2 and,
for each such p, the number p—1 should have about log log x prime factors by Theorem 4.2.1.
So ¢(n) should have abnormally many prime factors.

Without loss of generality, we may assume that x is large enough. If m = p(n) < z, then
n < cxloglogz =: x1. Set R = (loglogx)/N for some integer N > 2, which is fixed for the
moment, and P = {p prime : w(p — 1) < 100N}. We expect that most m counted by V(z)
are images of integers n with w(n) < R. We bound the exceptional set by observing that

(422) Vie) < ViV + Vi + Vi,
where
Vi=4{n <z :wn) < R}
Vo =#{n <z :w(n) > R, there are > R/2 primes in P that divide n}
Vi =#{m <z :w(m) > 10loglog x},
Vi = #{m < x : there is d*|m with d > (log z)*°}.
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Indeed, if m = ¢(n) < z is counted by V(z) but not by V3, V4 or V3, then w(m) < 10loglog =
and there are > R/2 primes in P¢ that divide n. So, if we write m = [[/_, p{* = Hprnpb*l(p—
1), where py,...,p, are the distinct prime factors of m, then

R
Q(m) —w(m) > Zw(p —1) —10loglogz > 3 100N — 10loglog x = 401loglog x.

pln

Consequently,

Hptaz/QJ > Hp > 221 1 — ZM 22010g10gz > (10g$)10

that is to say, ¢(m) is divisible by a square d > logz and thus it is counted by Vj.

As we mentioned above, we expect that in the right hand side of (4.2.2) the main con-
tribution comes from Vj, whereas V5, V3 and Vj are error terms. We start by estimating V}
which is the easiest. We have that

9 x x
d>(log z)10 d>(log z)10
which is admissible. Next, Theorem 2.1.2 and Stirling’s formula imply that
Az (logl B)r1
v, < Z - Z z (loglogx + B)

— 1)
r>101loglog x r>101log log 2 10g X (fr’ 1)
x (10g log T+ B) [10log log z |

< log z ([101loglog x])!
T (10g 1Og)1010glogx
log z (10(log log x) /e)101eglog, /log log x

< * < <
= (log z)1010g10-9 = (]og 1;)14

which is also admissible. Similarly, we have that

Az (loglogz + B)™~ r (loglogx + B
Vi < (7)) < :
! ;ﬂ 1) Zloga: (r—1)! <logx (|R] —1)!
r1  (loglogx + B)loglogz

~

" logzy ((loglog z)/(eN))!WVR
< 1
" (loga) TR

which is admissible, provided that N is large enough. Finally, we estimate V5: note that if
n is counted by V3, then it is possible to write n = ab, where a has exactly S = | R/2]| prime
factors all of which are in P. Call A the set of such numbers a. Then

V2<Z#{n<x1 a]n}<z =z Z S£<Z§> :

acA aeA p1<- <PS peP
piEP
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Now, Theorem 4.2.1 implies that

log1 D)1
PALal< Y Sl <i+ Y Cz_(loglogz + D)

r<100N 1<r<100N—1 (log z)? (r—1)!
<1+ —18((3;\;?5 (loglog x + D)'N=2 « —<1ng)3/2
and, consequently, partial summation yields that
Zl <y L
pep P
So we deduce that
yy < LD we® = <N
ST {50V (o) 00 < (g
which is admissible. This completes the proof of the theorem. n

4.3 The Titchmarsch-Linnik divisor problem

Given s € Z and k € N, what is the asymptotic behavior of the sum > _ 7.(p + s), as
xr — 00?7 As we saw before shifted primes of the form p — 1 behave like typical integers. The
same is also true for the shifted primes p + s. So we should expect that

1
Z T(p + $) = Prob(n prime|n < x) Z Te(n) <

gz -z(logx)*! = z(log z)* 2
p<lzx n<x

Titchmarsch first studied this sum when k£ = 2 and evaluated it asymptotically under the
assumption of GRH. Subsequently, Linnik removed this assumption, so that the following
result now holds unconditionally:

Theorem 4.3.1. For 1 <|s| < x and x > 3, we have that

];r(pqts):xlp;[(urlﬁ)g(l—%)+O(%).

Proof. We shall present a proof due to Rodriguez [Ro| based on the Bombieri-Vinogradov
theorem (i.e. Theorem 4.0.4). We have that

T:ZT(p—i—s):Z Z 122 2 Z 14+ 1p1s=0

p<z p<z ab=p+s p<z a<\/p¥s
alp+s
=2> " ) 1+0(Va)
P<T a<\/pFs

2 Z (7(x,a,—s) — w(a® — s5,a,—s)) + O(/7).

a</T+s
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Note that if (a,s) > 1 and a|p + s, then p|s. So

Z (7(x,a, —s) — m(a® Z Z 1<ZZl

a<\/T+s a<\/z+s a?—s<p<z pls al|p+s
(a,8)>1 (a,s)>1  alp+s
< Y sV < 7 (s)|s| V< HY? < 22,
pls

So we deduce that

T=2 Z (m(z,a,—s) — m(a® — s,a,—3s)) + O(v/7).

For (a,s) = 1, the Brun-Titchmarsch inequality (Theorem 4.1.4) implies that

2

7ra2—s,a,—s :7Ta2—s,a,—s —7m(—s,a,—Ss <<a—.
( )= ) ) S L log2a)
So )
2 B a T
Z m(a® = s,0,—5) < Z o(a)log(2a) < logx’

a<+y/z+s a<2y/z
(a,s)=1

by Theorem 0.2.1. Hence

Z +O(10gx>.

Next, the Bombieri-Vinogradov Theorem with A = 1 implies that there is some absolute
constant B > 0 such that

li(x)
(a)

X

2

p<Q

where Q = 2/2/(log ). So we find that

(4.3.1) —QZh + Y ﬂ(w,a,—s)JrO(lozx).

Q<a</z+s
(‘13) 1 (a,s)=1

m(x,a,—s) —

log

Now, Exercise 0.2.11 yields that

2 (1a):H<l+p(p1—1)>H(1_%) @+ 0 1+21170§]1

pls

1 1 log x log p
:p}( <1+ )H(l——) 5 +0 loglog:}c—l—zp_l

pls
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Moreover, we have that

log p logp | logy logy log|s|
< : <1 o(1 : .
> p—1—§ o1, W) Slgy+ O+ =90

pls p<y

Selecting y = log|s| + 1, we deduce that

1
Z iﬁ < loglog(3|s]) < loglog(3x),
p p—

pls
and consequently

> I ) TL( ) {75 otemion

a<@ pfs pls
(a,s)=1

Inserting this estimate into (4.3.1), and noting that li(x) = x/log x+O(z/ log® z), we deduce
that

1 1 log1
rea[ (1 T (1-0) ¢ X etnas) s 0 (TRERET).
ots p\p ols p Q<(a§) rfs g

This estimate reduces the theorem to showing that

xloglog x
(4.3.2) Z m(z,a,—s) < logz
o

The reason that this sum is so small is that loga lies in a short interval: loga is of size
logz and it is restricted in an interval of length loglogz. To see (4.3.2), we apply the
Brun-Titchmarsch inequality and Exercise 0.2.9 to get that

Z m(z,a,—s) < Z z <<loz;x Z !

acacers acicers ¢(a)log(z/a) 0cchya p(a)
a,s)=1 a,s)=1 a,s)=1

x 1 a x 1
—_ < — . 2"
Q/2<2m<2\/x 2m<g<L2mtl Q/2<2m<2\/z

log1

A

X

I

B log x log x

which completes the proof of (4.3.2) and hence of the theorem. O]

Exercise 4.3.2.

(a) Show that, for 1 < |s| <z and z > 3, we have that
1

ZTg(ers) xxloga:H (1—5)2

p<x pls
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(b)* Let 1 < |s|] < 2 and = > 3. Show that under the Elliott- Halberstam conjecture we
have that

ZT3(p+ s) = C(s)zlogz + O(z),

p<z

for some appropriate constant C(s).
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Chapter 5

Selberg’s sieve

5.1 An optimization problem

The combinatorial sieve was based on an iterative procedure, which we tried to optimize
at every single step. In 1947 Selberg introduced a new approach to sieving which is based
on global optimization. The starting point is the following simple idea: If {A\s}4>1 is any
sequence of real numbers with A\; = 1, and we denote with x, the characteristic function of
integers n such that (n, P(z)) = 1, then

2

Xz (n) < Z Ad

d|(n,P(2))

Note that this immediately provides an upper bound sieve: expanding the square, we find

that
X:n) < > pt(d), where p(d)= Y Mg,
dl(n’P(Z) d1,d2€N
[d1,d2]=d

In particular, for any finite set of integers A satisfying (A1), we have that

S(A,z) < Z Ad; Ad ’A[dl,dﬂ’

d1ds| P(2)
=X Z Ady Ad»9([d1, da]) Z Ady Ady T (d1do)
di,d2|P(z) di,d2|P(2)
<X D> Aadag(dda)) + D |t (d)ri )
dy,d2|P(2) d|P(z)
=X -G+ R

This inequality turns upper bounds for S(A,z) to an optimization problem: we need to
choose the parameters A\; so that XG + R is minimized. It turns out that this problem is
too hard. Instead we optimize only the main term XG. In order to have some control on
the error term R, we impose the additional constraint that Ay = 0 for d > v/D, so that pu*
is supported on integers d < D.

%)
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Now we turn to the problem of optimizing the value of the bilinear form

G = Z )\dl)‘dzg<[d17d2])7

di|P(z),d;<v/D
ie{1,2}

under the restriction that A; = 1. For any prime p, if p"!||d; and p*2||ds, then p™@>{1:22}|[d, dy]
and p™in{miv2d||(dy, dy). This implies that

(5.1.1) 9((dr,d2))g([d, da]) = g(d1)g(da).

Let P = {p prime : g(p) # 0} and P, = PN (1, z). Note that in optimizing G we may assume
that the \;’s are supported in

Dzz{dﬁ\/ﬁ:aﬂnp}.
pGPz
Moreover, we assume that (A2) holds. From the above discussion, we have that

o g(d1)g(ds)
S SR (R AT)

Next, let h(n) =[], 9(p)/(1 —g(p)) > 0 so that 1/g(n) = (1% (1/h))(n), whenever n is
a square-free integer for which g(n) # 0. Then

1
G= > AaAag(d)g(ds) Y )
m|(d1,ds2)

d1,d2€D;,

=Y Y M dag(d)(dy)

(m)
meD, d; €D, m|d;
1€{1,2}

“Y | X )

meD, deD.
d=0 (mod m)

We make the change of variable

En= Y Agld) (meD,)

deD,
d=0 (mod m)

in order to diagonalize (G. Then we have that

Yo Ganlm/d)= Y plm/d) Y Ap(f)

meD, meD, feD,
m=0 (mod d) m=0 (mod d) f=0 (modm)
s = > Al Y um/d)
(5 ’ ) feD., m:d|m|f
f=0(modd)
= D Mgl Y uk) = dag(d).
f€D: klf/d

f=0(modd)
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This proves that there is a one-to-one correspondence between the variables A\; and the
variables &,,. In particular, the constraint \; = 1 becomes

(5.1.3) > Gmpilm) = 1.

mEDz

&
G= 2 im

mEDz

So our task now is to minimize

under condition (5.1.3). Using Lagrange multipliers, we find that this is achieved when
&m = c- u(m)h(m), m € D,, for some constant ¢. Then (5.1.3) implies that

th(m)zl = cz(Zh(m)) .

mEDz meDz

So, we conclude that, for any d € D,,

1 1 -
A = 7@ Y Gup(m/d) = ) (Z h(m)) > p(m/d)p(m)h(m)

meD, meD, meD,
m=0 (mod d) m=0 (mod d)
(5.1.4)
w(d
:%- > h(m) > h(m) | .
g( ) meD, meD,
m=0 (mod d)
Additionally,
-1
1
(5.1.5) G = Z W02u2(m)h2(m) =c Z h(m) = <Z h(m)) :
meD, meD, meD,

Finally, note that (5.1.4) implies that
(5.1.6) M| < 1.
Indeed, if d € D,, then d is square-free and 1/g(d) = (1 * (1/h))(d). Consequently,

1
M Z h(m)

_ 1 o |- h(d)
)| & (A 2 k)
m=0 (mod d) k<vD/d, (k,d)=1
= | >_n(f) Y. k)| = > h(kf) < Y h(m),
fld k€D, m=kfeD, meD,

k<vD/d, (kd)=1 k<vD/d, (kd)=1, fld
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which proves (5.1.6). Lastly, note that (5.1.6) implies that

@< Y 1<399 < r(d),
d1,d2|P(z)
[dl,dg}:d

Combining all of the above, we conclude that

Theorem 5.1.1. Let A be a finite set of integers satisfying (Al) and (A2) and let D and
z be positive real numbers. If h(n) =[], 9(p)/(1 — g(p)), then

S(A,2) < X o hm) | o+ D wld)rd.

m<vD,m|P(z) d<D,d|P(z)

Remark 5.1.2. Note that we no longer need to keep track of the fact that the first sum
above runs over integers m with g(m) # 0, as this is captured by the vanishing of h(m)
whenever g(m) = 0.

As we will see in the next section, this theorem is essentially as strong as the upper bound
implicit in Theorem 3.3.1. For now, let us point out that

> < [Jos o) =Tl i=m = 7

m<v/D,m|P(z) p<z p<z 9(p)

So the upper bound provided by Theorem 5.1.1 is always at least as big as X - V(2).

Remark 5.1.3. Asin the combinatorial sieve, we need control of the error terms on average.
We may then impose the condition that

/ Cs X
(R) Z 73(d)[ra| < W-

d<D,d|P(z)

This can be related to condition (R) under the assumption of a crude bound on r4. Indeed,
assume that

(r) [ral < Cya- Xg(d) (d <D, d[P(z))

If, in addition, (A4a) holds and z < X, then

Yoo m@rd <CX Y m(d)g(d) < CX [[(1+99(p))

d<D,d|P(z) d<D,d|P(=) p<z
CyX CyX 0w (log X\
< < < O,K°X .

V(R T VX)P T log 2
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So if (R) holds, then the Cauchy-Schwarz inequality implies that

1/2 1/2

Yo m@lrd < | Y] () > Irdl

d<D,d|P(z) d<D,d|P(z) d<D,d|P(z)
og X\ Gx )
S C4K9X 0g . 2
log 2 (log X)4

and hence (R’) holds with Cs = (C,C4)Y?(K/1og2)”/? and B = (A — 9x)/2.

5.2 The fundamental lemma: encore

In this section we give a proof of a version of the fundamental lemma using Selberg’s sieve.
The following theorem confirms that this new sieve is of similar same strength with the
[-sieve.

Theorem 5.2.1 (Fundamental Lemma of Sieve Methods, 1V). Let A be a finite set of
integers which satisfies (Al) and (A4b), for some k > 0 and C; > 0. For z > 1 and
u > € >0, we have that

S(A,2) =X V() {1+ Opx. (u™?)}+0 > wld)rd
d|P(z),d<z%

Proof. Without loss of generality, we may assume that u is large enough. First, we show the
upper bound. We claim that

(5.2.1) V(z) Z h(m) =1+ O (u= /%)

m<2%/2 m|P(2)

Together with Theorem 5.1.1, relation (5.2.1) certainly implies the desired upper bound.

Since
> nim) =TT+ k) =Tl 1= = 575

m|P(z) p<z p<z ‘g(p)

it suffices to show that

V(z) Y h(m) ey u D2

m|P(z), m>z4/2

(5.2.2)

Note that P(z) < e9®), so we may assume that v < z/log z. We shall show (5.2.1) using
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Rankin’s trick, arguing as in Theorem 0.3.3. For every € € [1/log z, 1], we have that

(5.2.3) ST h(m) <2723 h(m)me = 22T (1 + h(p)p?)
m|P(2), m>z4/2 m|P(z) p<z
_ 2Py (L by
(524) Ep! ( T+ h(p) )
Z—eu/2
(5.2.5) = ;EI (1+g(p) (p°— 1))

Note that p¢ < 1+ eelogp for p < e'/¢ < z and thus

log [T (1+9(p)(p°—1)) <ee Y gp)logp

p<el/e p<el/e
e D) e
—1<m<log(1/e) em<log p<emtl
(5.2.6) <. Z 2y V(exp{e™})
= m+1
—1<m<log(1/e) V(exp{e })
<e Y emH(ﬁ—i—/@)« 1
>~ om Ci,k 4
—1<m<log(1/e)
by (A4b). Moreover, note that for every integer r with 2 < r < elog z + 1, we have that
€ T r 14 e(’r’—l)/e
log [ (+gp@-1)<e Y glp)<e logﬁ
e(r=1)/e<p<er/e elr=1)/e<p<er/e
<o eC el r
e klo
- r—1 & r—1
e’l"
<<C1,I€ -
r
by (A4b), and consequently
Z€
1 (1 —1)<Oc¢,n| — |-
og [[ (I+9 —1)<0c, (elogz)

l/eSp<Z
Combining the above estimates, we deduce that

eulog z z€
V(z) Z h(m) < exp {— 2g + Oc, (elogz) } ,

m|P(z), m>z4/2

for every € € [1/logz,1]. We set w = elogz and choose w > 1 so that e*~! /w = u. Then
w = logu + loglogu + O(1) and thus

eulog z z¢ uw e’ ulogu + uloglogu
- O K = T 5 OH — | = — O K
2 + e, (elogz) 2 + Ok (w) 2 + Ocu(v)
~(u+1)logu
- 2

+ OCLH(l)v
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which completes the proof of (5.2.2) and hence of the desired upper bound.
Finally, for the lower bound, we start with Buchstab’s identity (3.2.1)

(5.2.7) S(A,z) = |A] - Z S(Ap, p),

p<z

which allows to turn the task of finding a lower bound for S(.A, z) to finding upper bounds for
S(A,,p), for p < z, which will be accomplished by an appeal to (5.2.2). We remark here that
in the proof of (5.2.2) we only needed to (A1) for d|P(z) and (A4b) with 3/2 <w < w' < z.
Note that for d|P(p), we have that

(5.2.8) [(Ap)al = | Ap.al = [Apal = Xg(pd) + 1pa = (9(p)X) - g(d) + 7ap,

which shows that (A1) holds with X ¢g(p) and 74, in place of X and r4, respectively. Moreover,
relation (A4b) is clearly satisfied for 3/2 < w < w' < p with the same parameters x and C.
Therefore, relation (5.2.2) with A, p and w, in place of A, z and u, respectively, implies
that

S(Ap.p) < {14 O, (w, “r™72)} - g(p)X [](1 = 9(¥)) + O > w(d)rel

P'<p d<p“?,d|P(p)
We pick w, so that p*» = z"/p, that is to say, w, = —1 + ulog z/logp, so that if we set
h = u(log z/logp — 1), then
(wp + 1) logw, = O(1) + (wy + 1) log(uw, + 1) = O(L) + (u+ h) log(u + )
log 2z
logp’

> O(1) +ulogu+h > O(1) +ulogu +

by the Mean Value Theorem, so that w\”? ™% > y#/2¢=1082/187 S0 we conclude that

S(App) < {14 Oy (e 5 g x [[ (=940 | 3 mld)lral

p'<p d<z%/p,d|P(p)

Inserting this inequality into (5.2.7) and using (A1) to write |.A| in terms of g, X and 7, we
find that

S(A 2) > X (1 —~ Zg(p)V(p)) +Oc, (ui(/Q 3 g(p);g/z(p)>

p<z p<z

(5.2.9)
+0 > mm)lral |

m<z% m|P(z)

since each m|P(z) with m < 2" can be written uniquely as m = dp with d|P(p), p < z and
d < z*/p. Finally, observe that

(5.2.10) 1= g)V(p) =V(2)
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and that
1% 1% 1 "
3 g(p)logz(p) <o VY g(p?ogz(p) (1og z)
° ° ogp
p<z e¢logp p<z ¢ logp
(5.2.11)
<o L) > 9(p)logp <oy V(2)
" log 2 ot o ’
by the argument leading to (5.2.6). Combining relations (5.2.9), (5.2.10) and (5.2.11) com-
pletes the proof of the desired lower bound as well. n

5.3 Applications

Our goal here is to obtain upper bounds on S(A, z) that are as tight as possible for z as
large as possible. Our starting point is Theorem 5.1.1 with D = 22, which implies that

(5.3.1) S(A,z) < X (Z /f(m)h(m)> + ) 7(d)ral.

m<z d<z2

This reduces upper bounds on S(A, z) to lower bounds on the partial sums of p?(m)h(m).
Theorem 0.4.1 then handles these averages.

Theorem 5.3.1. Let A be a finite set of integers which satisfies (A1) and (A3') for some
k>0, Cs >0 and L > 1. Furthermore, assume that g(p) < Cs/p for all primes p, and that
(R) holds with B =k + 1 and D = X?, for some 0 € (0,1). For z > €% we have that

S(A2) € 8(A) - oo {F((g/;y 4 Oncncs (@) } ,

where

s =ITn-o6n (1-3)

p

Proof. This is a direct corollary of Theorems 5.1.1 and 0.4.1 (note that since g satisfies its
hypotheses, so does h). ]

Corollary 5.3.2. Let Fi(z),...,F.(x) be distinct irreducible polynomials over Z|x] with
positive leading coefficient. Suppose that the polynomial F' = Fy--- F, has no fized prime
divisors, i.e. there is no prime p such that p|F(n) for all integers n. Then we have that

I log1
#{n <z :Fi(n),...,F.(n) are all primes} < (?o(gx);i {er! 4O < Oi;ix) } |

where




5.3. APPLICATIONS 63

Proof. Exercise. O]

With regard to the frequency that tuples of polynomials are simultaneously prime num-
bers, Bateman-Horn conjectured that

Conjecture 5.3.3 (Bateman-Horn). Let Fy(z), ..., F,.(x) be distinct irreducible polynomials
over Z[x] with positive leading coefficient. Suppose that the polynomial F' = F} - -- F, has no
fixed prime divisors, i.e. there is no prime p such that p|F(n) for all integers n. Then we
have that

" 1
#{n <x:Fi(n),...,EF.(n) are all primes} ~p G(F)xH Tog(x%)
i=1

(r — 00),
where d; denotes the degree of Fj.

Exercise 5.3.4. Using the ideas of Section 7.4, build a probabilistic model in favour of the
above conjecture.

In certain cases, it is possible to improve upon Corollary 5.3.2.

Theorem 5.3.5. Let s € N. For x > 2, we have that

, _ log log x cx p—1
< qx: 2 <440 . . £ -
#{p < x:p+2sisprime} < { + < log = ) } (log 2)? g 2

p>2

where

18 the twin prime constant.

Proof. It A= {p+ 2s:p <z}, then we have that
(5.3.2) #{p <x:p+2sisprime} < S(A, z)+ z.

Moreover, relation (A1) holds with X = li(z),

0 otherwise,

o) = {1/<p(d) if (d,2s) = 1,

and
E(x;d) if (d,2s) =1,
|ra < (i) A ( )
w(2s)  otherwise,

where F(x;d) is defined by (4.0.1). Therefore, if D < v/x/(logz)? for some large enough
B, then the Bombieri-Vinogradov theorem (Theorem 4.0.4) and Remark 5.1.3 imply that
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(R’) holds with A = 3. Consequently, Theorem 5.1.1 and relation (5.3.2) with D = 2? =
vz /(log z)P yield that

L li(x) x
.. <zx: <
(5.3.3) #{p <x:p+2sisprime} < 5 O ((log x)3) )
where .
_ 2 ; _
S= > pmh(n) with hn)= ][ —
(ng\)/_ﬁl pln, p>2

Note that

[[a+nrm) D wmhm) = | Y w2 @dad) ) Y wmh(n) = Y w(m)h(m).

Moreover, Theorem 0.4.1 (or the convolution method) implies that

S i mntm) = 252 T+ ) (1 1)+ 00) = “E% 4 Ofoglog)

m<vD p p
Hence
log log p—2
S > ( P O(loglog:z:)) H(l + h(p)) ™' = ( " —l—O(logloga:)) H PE
pls pls, p>2
Inserting the above estimate into (5.3.3), we conclude that
. . log log x p— T
<ux: 2 <q4 .
#{p<z:p+2sis prlme}_{ —|—O( log 2 )} logx H log2)?
pp>z

Since li(z) = x/logz + O(x/log? x) and (p — 1)/(p — 2) > 1, the theorem follows. O

The following result is an improved version of Theorem 4.1.4.

Theorem 5.3.6 (Brun-Titchmarsch inequality, II). For 1 < ¢ <y <z and (a,q) = 1, we

have that
aa) — 1 — v d.a 2y log log(3y/q)
mleig.a) = =yi0.0) < S Byl (”O( log(29/q) >)

Proof. Exercise. O

Finally, following an argument due to Selberg [Se91, p. 226-233], we show how keeping
track of the special structure of the parameters Ay can yield an improved version of Theorem
5.3.6.
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Theorem 5.3.7 (Brun-Titchmarsch inequality, III). For1 < ¢ <y <z and (a,q) = 1, we
have that

2y
©(q)(log(y/q) + 2.4)

m(z;q,a) —7(r —y;q,a) < +O(1).

Proof. Clearly, we may assume that y > cq, for some large enough constant c. First, we
show the theorem when ¢ = 1. The general case will follow from this special case. We shall
go through the proof of Theorem 5.1.1 again because we need to use the structure of the
Ag’s in the error term too.

We start with the inequality
(5.3.4) mx)—mx—y)<z—-1+#{r—y<n<z:(n P(z)) =1}

Then, for any real numbers \; with A\; = 1, we have that

#lr—y<n<z:(nPz)=1}< Z Z A

z—y<n<z \d|(n,P(z))

_ AlAQ(L J_{w—yJ)
ag;u>d “ L1, 2 [y, do]
= Z Ady Ady 77— A d + Z ’)\dl Ads |

dy,d2|P(z) d1,d2|P(z

(5.3.5)

2

Let D > 1. Arguing as in the proof of Theorem 5.1.1 (with g(d) = 1/d and h(d) = 1/¢(d)
for d square-free), we find that if we let

1 1
da=p@dd |5 m/ 2 G
m|P(

m|P(z), m<vD z)’ms\/ﬁ ¥
m=0 (mod d)
then
—1
Ad; A\d 1 1
5.3.6 A RN
030 2. Ty d) 2 Gm) s
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Moreover, the choice of the parameters \; implies that

_y 4 LN o(m)
Z)’)‘d| - Z g Z ) S Z (m)

d|P(z dIP(z)  m|P(z), m<vD SO( m|P(z), m<vD v
m=0 (mod d)
2
(5.3.7) < % $ a(m) % 3 p(m)o(m)
m|P(z), m<vD gp(m) m<vD go(m)
1

I 05

p(p = 1)
as D — oo, by the convolution method (see Section 0.2). Note that

H(1+pét11)) (1—%>:H<1+%):%zg<m'

p p

So if D is large enough, then inserting (5.3.6) and (5.3.7) into (5.3.5), we deduce that

231D
S2

#{x—y<n§x:(n,P(g)):1}§%+

Next, note that if D = 22, then

2

p*(d) log p (10g Z)

S:E :logz—i—fy—l—g ——+0 > logz+1.29
= w(d) ~plp—1) z

for z large enough. Consequently, writing z = /y/t for some t > 0, we find that

Y 2.3122

+
+1.29  log®z
B 2y N 4.62 - 2y
~ logy —logt+2.58  t(logy — log c)?

2 logt — 2.58 + 4.62/t 1
=Y (1428 Tt o, .
logy logy logy

We choose t = 4.62, in which case logt — 2.58 — 4.62/t < 2.409, to conclude that

#Hr—y<n<z:(nP(2)=1} < Tog 2

2y
3. —y<n<ux: P(v/y/462) =1} < ————— > ).
Inserting this estimate into (5.3.4) when z = /y/4.62 completes the proof of the theorem
in the case when ¢ = 1.
The case ¢ > 1 now follows from the case ¢ = 1: note that

(e qa) —m(e —yiga) < - +1+ > L
(539) q r—y<n<z

n=a (mod q)
(n,P(z))=1
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Write Py(z) = ][, 4, and note that if n = a(modg), then (n, P(z)) = 1 if and only if
(n,P,(z)) = 1. Let w € [1, P,(2)] be the multiplicative inverse of ¢ (mod P,(z)), that is to
say wq = 1 (mod P,(2)). Then if we write n = a + kq, we find that

1= (a+kq, Pyz)) = (wla+kq), Py(z)) = (aw + k, P,(2)).

Moreover, since © —y < n < z, we have that (r —a —y)/q < k < (z —a)/q. Thus if we set
m =k + aq, then 1 —y/q < m < zy, where 21 = (x — a)/q + aq, and consequently

doo1= > 1L

r—y<n<zx z1—y/q<m<z1
n=a (mod q) (n,Py(2))=1
(n,P(2))=1

Now note that if z = 1/(y/q)/4.62, then

ol D 1= ) 2. =2 > 1

[}

r1—y/q<m<zy z1—y/q<m<z; 1<j<q =1 @m—y/q<m<z
(m, Py (2))=1 (m,Py(2))=1 (m+3jPq(2),q)=1 (m+jPy(2),P(2))=1
2y/q
. >c
=9 Jog(y/q) + 2.400 (y = e1q)
by (5.3.8). So letting z = 1/(y/q)/4.62 in (5.3.9), we deduce that
y/q 2y

m(r;q,a) —m(x —y;q,a) < ——+ 1+ y > ciq

(w3,0) = ( )< () (oaly/q) +2.400) =19
and the theorem follows. O

Remark 5.3.8. Using different methods, Montgomery and Vaughan [MV] proved that

2
w(wi0,0) = nlw = yi0,0) S St (1Sg<y < (w9 = 1)
¥Y\q

log(y/q)

Remark 5.3.9. Improving the constant 2 in the statement of Theorem 5.3.7 would have
very important consequences. In particular, if there are positive constants € and L such that

X

T@ia,a) < (2= o)

(¢>2, (a,q) =1,z >q"),

then it is possible to show that there are no Landau-Siegel zeroes, that is to say, there is
some constant ¢, depending at most on L and e, such that the L-function L(s,x) has no
zeroes in (1 — ¢/loggq, 1), for every Dirichlet character y (mod q). However, Selberg’s sieve
alone cannot lead to such an improvement: as we will see in the next section, the constant
2 is, in general, best possible.
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5.4 The parity problem in sieve methods

Selberg noticed that Theorem 5.1.1 is best possible. More precisely, by constructing sets A
for which the true size of S(.A, z) matches the upper bound provided by Theorem 5.1.1.

More precisely, let A be a finite set of integers that satisfies (A1), (A3) with x = 1, and
(R’) with B =2 and D = X for some § = 1 — o(1) as X — oo. Assume in addition
that for the multiplicative function ¢ in relation (A1) we have that g(p) < 1/p, so that
h(p) = g(p)/(1 — g(p)) = g(p) + O(1/p?). Then h satisfies the hypotheses of Theorem 0.4.1
and consequently

1—1/p

> i (m)h(m) ~ (logz) | ] +— )

m<x p

(x — o00).

Then the upper bound supplied by Theorem 5.1.1 with D = X% and 2z € (\/Y, X] is
asymptotically

(5.4.1) S(A,2) < (1+ o) [T 242 (x5 o).

Moreover, note that we trivially have that S(A,z) > 0.
In the converse direction, Selberg constructed sets A for which (5.4.1) is satisfied, as well
as sets A for which S(A, z) = o(X/log X), as X — oco. These extremal examples are

AV = {n <z:Q(n)isodd} and AQ = {n <z:Q(n)is even}.

Then we have that

) 1+ (_1)j+ﬂ(n) T O (_1)j+ﬂ(d) (m)
_ —— 1 ~ 7 —1
4P| = > A0+ o 3 (-1)
n<z m<z/d
dln
_ x —c\/log(z/d>>
2q TO (de !

by the Prime Number Theorem. So (Al) is satisfied with X = x/2 and g(d) = 1/d, and
(A3) holds with x = 1. Morever, relation (R’) holds with B = 2 and D = z/eM(oslog®)’ for
some sufficiently large M. So the discussion of the previous paragraph implies that

0< S(AY, Vx) < (1+0(1)) = (1+0(1))

logz

However, note that

SAV Ve + 1) =14+ #{Vr +1<p<z:Q(p)is odd} = 1+ 7(z) — 7(\/7)

T

~ log x’

whereas

SAQ Vet 1) =14+ #{Vr +1<p<z:Q(p)is even} = 1.

So we have found two examples of sets A which satisfy exactly the same set of sieve-
theoretic axioms but for which the size of S(A, z) is vastly different for a certain choice of
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z. This was accomplished by taking the integers n € [1,z] and splitting them two subsets
of roughly the same size, according to the parity of €(n). This inability of sieve methods
to distinguish between the elements of the same set that have an even or an odd number
of prime factors is referred to as the parity problem in sieve methods and it is a stumbling
block in many important number-theoretic questions, such as the twin prime conjecture. As
Friedlander and Iwaniec showed [F198], it is possible to overcome this obstacle by adding an
extra axiom to (A1), (A3) and (R’), which eliminates examples such as the sets A and
A defined above. This extra axiom guarantees that the characteristic function of A does
not correlate with the Mobius function, that is to say, we impose conditions of the form

> ula)=o(A) (A = o0)

acA

or, at least, of the same spirit.
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Chapter 6

Smooth numbers

So far we have dealt with sieving problems where we try to estimate the size of a set A
after having removed all multiplies of small primes from it, say of primes < z, in the hope
of detecting prime numbers in 4. However, another natural problem, which also occurs
frequently is to study the size of a set A after having removed all multiplies of large primes
from it, say of primes > y. Such numbers are called y-smooth numbers!, and their study has
various important applications. We shall study the problem of counting y-smooth numbers
in the simple case when A = {n < z}. To this end, given real numbers x and y, we define

V(z,y) = #{n<z:P"(n) <y}

Following a heuristic argument based on probabilistic grounds (see Section 2.2), one might

guess that ¥(z,y) < x - }zggyg However, as we will see, in reality the size of ¥(z,y) is much

smaller.

6.1 Iterative arguments and integral-delay equations

As one might expect, estimating W(z,y) becomes harder as y becomes smaller in terms of
x. But for large values of x, it is not terribly hard to estimate W¥(x,y). Indeed, observe that
when y > x, we trivially have that

(6.1.1) U(x,y) = |z] =2+ O(1),

!The term ‘friable numbers’, that is to say, numbers that can be easily broken into many little pieces, is
used often too.

71
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so there is not much to say in this case. Assume now that y € [\/z, z]. Note that an integer
n < z can have at most one prime divisor in (y/x,z]. Therefore

U(z,y) = |z| — #{n <z :3p € (y, x] such that p|n}

— 2] = Y #n<aiphy=lz)- Y H

y<p<z y<p<z p

—z+o() - Y (%+0<1))

y<p<z
x
logz )’

1
=z —xlog (gi;) + 0

by Mertens’ estimate. So, we have found an asymptotic formula for ¥(z,y) for all y > /.

Let us now try to estimate W(z,y) when y € [#'/3 2'/2). In order to do this, we use
U(z,+/x) as an approximation for ¥(z,y), and try to understand how big is their difference:
we have that

(6.1.2)

U(z,y) =V(z,vVr)—#{n<x:y<Pr(n) <}
VT - Y #n<a: P —p)

y<p<\z
(6.1.3) = U(z,z) — Z #{m <x/p: PT(m) < p}
y<p<Vzm
= U(z,Vr)— Y U(z/pp).
y<p<yz

Now, note that \/x/p < p < x/p for all p € (y, /7] C (z'/3,2/2]. So, we may use (6.1.2) to
estimate all terms appearing in (6.1.2). Hence we arrive to the estimate

(6.1.4)
W(z,y) = (1 - log2) + O (102x> - {1 ~ log (_10?0(;:]/;9)) O (log(is/p))}
y<p<vz
=z(l—log2)— Y %{1—log (%)} +0 (@)

y<p<

ve log(x/t) dt x
:x(l—logZ)—/ {1—log( )} —i—O(—),
y logt tlogt log x

by Mertens’ estimate and partial summation, which is an asymptotic formula for ¥(z,y) for
y € [zV/3,21/2).
Relations (6.1.2) and (6.1.4) suggest introducing the parameter

log x
u = .
logy
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Indeed, if we set

1 if0<u<l,
(6.1.5) plu) = |
1—logu ifl1<u<2,
then (6.1.1) and (6.1.2) can be rewritten as
U(z,zY%) = zp(u) + O - (0<u<2).
’ log x - -

Moreover, with this notation, relation (6.1.4) can be rewritten as

Ve Cog(x/t)\  dt x
U(z, 24 = zp(2) — / p < ) +0 < )
Y logt tlogt log x

(6.1.6) =WM%—$LZM“J%%+O(x )

log x

ol [t o)

So we see an iterative procedure building up. Indeed, we may define a function p :
[0,4+00) — R by letting p(u) = 1 for u < 1 and then defining p inductively for u > 1 via the
relation

(6.1.7) p(u) = 1 —/1up(t— 1)

Note that when u € [1, 2], we find that p(u) = 1—log u, which matches (6.1.5). The function p
is called Dickman’s function. Its defining equation (6.1.7) is called an integral-delay equation.
It can be viewed as a continuous analogue of the Buchstab-like identity

(6.1.8) U(z,y) =V(z,2)— > V(/pp) (y<z<a),

y<p<z

dt
.

which can be derived using the argument leading to (6.1.3). So it should come to no surprise
that p(u) = lim,_,0e ¥(z, 2'/*)/z. Indeed, this is a consequence of the next theorem:

Theorem 6.1.1. Let x >y > 1 and set x = y*. Then

(6.1.9) U(z,y) = 2p(u) + O (10;)'

Before we prove this theorem, we discuss briefly some properties of Dickman’s function.
First of all, note that differentiating (6.1.7) yields the estimate

(6.1.10) up'(u) = —p(u—1) (u>1).

Integrating the above relation, we find that

[%mmwz—[%w—nwz—AWQ@w
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On the other hand, the left hand side of the above identity is equal to

[ i = uptw) = o) = [ ptwrti = uptu) ~ [ oo

Putting together the above formulas, we conclude that

(6.1.11) up(u) = /: p(t)dt (u>1).

This formula is particularly useful in the study of the Dickman-de Brujin function. For
example, using this formula, it is not very hard to show that

! (u>0).

(6.1.12) 0<plu) < m =

To see the lower bound, we argue by contradiction: let uy be the smallest v > 0 with
p(u) < 0. Then we necessarily have that uy > 1, since p(u) = 1 for u € [0,1]. So (6.1.11)
implies that

1 “o
0= pu) = [ plt)it >0,

Uo up—1

which is a contradiction. This proves the lower bound in (6.1.12) does hold. Now, the upper
bound follows by (6.1.11) and induction: indeed, the lower bound and (6.1.10) imply that p
is a decreasing function. Therefore (6.1.11) yields that up(u) < p(u — 1), and the inequality
p(u) < 1/T'(u + 1) follows by inducting on |u| and the fact that when u € [0, 1], we have
that p(u) =1 < 1/T'(u+1).

The following theorem gives a more accurate estimate on the rate of decay of w.

Theorem 6.1.2. For u > 10, we have that

p(U) — U log(ulog u)+O0(u) )

Proof. First, we show the lower bound, which is simpler. Define &(u) by e$® = ué(u) + 1.
Clearly, £ is an increasing function and £(1) = 0. Moreover, since

(6.1.13) ¢(u) = log(u&(u) + 1) =logu +logé&(u) + O(1) (u>2),
we find that £(u) < logu. Inserting this estimate into (6.1.13), we conclude that
(6.1.14) &(u) = log(ulogu) + O(1).

Next, we claim that

c
(6.1.15) p(u) = ) (u=>1),

where ¢ is some absolute constant. Note that if we can establish (6.1.15), then the lower
bound follows by (6.1.14). In order to show (6.1.15), we argue by contradiction: assume that
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(6.1.15) fails, and let ug be the smallest counterexample to it. By choosing ¢ small enough,
we may assume that ug > 2. Then

c S 1 [ dt S 1 [“  dt
euoé(uo) > pluo) = u_o wo—1 eté(t) — u_o eté(uo)

up—1

_ 1 1 1
—upé(ug) \ elwo—1E(wo) T ouo€(uo)
1

6“05(“0) !

by the definition of {(u), which is a contradiction. So relation (6.1.15) does hold, and the
lower bound in our theorem follows.

For the upper bound we follow a similar argument: define (u) by e¥"+2 = wi)(u). Then
relation (6.1.14) also holds with v in place of £&. Moreover, arguing as above, we can show

that o
p(u) < e} (u=>1),

where C' is some large absolute constant. This completes the proof of the upper bound as
well. O]

Exercise 6.1.3. Show that

o = (S2) oo

ulogu

Hint: For each fixed ¢ > 0, show that

(5) << (Fns) w22

ulogu ulogu

Exercise 6.1.4. Consider the Laplace transform of Dickman’s function

p(s) = /000 p(t)e 'dt (s e C).

Show that p satisfies the differential equation

L (sp(s) = 7o)

Derive a formula for p (this formula might not be closed).

Next, we show Theorem 6.1.1:

Proof of Theorem 6.1.1. We argue by induction. However, instead of using relation (6.1.8),
we establish another iterative formula for W(x,y): using the identity log = 1 % A, we have
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that

Z logn = Z ZA(H)Z Z A(d)Y(z/d,y)

n<x n<lx dn d<zx

Pt(n)<y Pt (n)<y PT(d)<y
1
= (logp)¥(z/p,y) + O < > - Oygp)
p<y v>2,p<ly p
= (logp)¥(z/p,y) + O(x).
p<y

On the other hand, we have that

Z logn = (logz)¥(x,y) + O (Z log(x/n)> = (logx)¥(z,y) + O(x).

n<zx
Pt(n)<y

n<zx

Putting together the above estimates, we conclude that

(6.1.16) (log2)¥(x,y) = > (logp)¥(zx/p,y)+Ox) (2<y<uw).

p<y

It is not hard to show that a similar formula also holds for Dickman’s function: indeed, by
Mertens’ theorem and partial summation, we find that
, (log(z/t) dt
p
log y tlogy

3 (1) L) 2ol
= (log%) /_1 plw)dw + O ( / : !p’(w)|dw> .

Py
The first integral is equal to up(u), by (6.1.11), and the second one is equal to p(u—1)—p(u) <
1, since p'(w) for all w > 1, by (6.1.10) and (6.1.12). So we conclude that

(6.1.17) (o) = 3 52y (FELI)) 4 o)

Py p logy

Combining (6.1.16) and (6.1.17), we conclude that

6.115)  (oga) (w B p(u)) -y log p {\If(x/p, y) p (M) } +O(1),

= p /p logy

forall x >y > 2.
We are now ready to show the theorem. Fix y > 2. We need to prove that there is some
absolute constant C' such that

(6.1.19) E(z,y) = \P(x’y)—p e | C,
x logy log y
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for all x > y. We may assume that y > e“/?; else, relation (6.1.19) holds trivially for all
x > 2. Moreover, (6.1.19) holds when = € [y,y?], by the discussion in the beginning of this
chapter. In order to establish for larger =, we argue inductively: assume that (6.1.19) holds
for all z € [y,2™y?], for some m > 0, and consider x € (2™y?, 2™ 1y?]. Write x = y* and
note that y < x/p < 2™y, for every prime p € [2,y|, so the induction hypothesis and (6.1.18)
imply that

(log ) Ee,y) < 3

p<y

O(1) = C(loglig*yO(l)) +O(1) =C+0(1),

logp C
p logy

c/2

by Mertens’ theorem and our assumption that y > e“/2. Since x > y?, we deduce that

C 1 C 1 C
E(z,y) < +0 < +0 < “
log x log 2logy log y logy

provided that C' is large enough, which we may assume. This completes the inductive step
and hence the proof of the theorem. O

6.2 Rankin’s method: encore

Finally, in this section we show a result which is cruder than Theorem 6.1.1 when u is small
but provides stronger results when u is large. We follow the argument given in [Fo, Part
4]. The main idea is to use Rankin’s trick, as in Theorem 0.3.3. However, we first need
to rewrite W(z,y) appropriately and to do this we use ideas coming from the integral-delay
equations satisfied by multiplicative functions (see Section 0.4). A cruder argument is also
possible, but with an extra factor of logy on our estimate for ¥ (x,y).

Theorem 6.2.1. Let x >y > 3 and set v = y*. Ify > (logz)?, then we have that

. O )
<z —.

(r.9) <@ (ulogu)®

Proof. Without loss of generality, we may assume that v and z are large enough. As in the

proof of Theorem 6.1.1, we start with the formula

Z logn = Z Z A(d).

(6.2.1) n<w m<z  d<z/m

Pt (n)<y PT(m)<y P*+(d)<y

Now, fix some € € [1/logy, 1/3], and note that for 1 <n < x we have that

1—e 3I1_E

nl—e S logn—i— nl—e ’

1
logz = logn + log(x/n) <logn + T
—€

by the inequality logt < ¢, for t > 0. Together with (6.2.1), this implies that

(62.2) (logz)¥(z,y) < Z zi_i—k Z Z A(d).

n<zx m<z  d<z/m
Pt (n)<y Pt (m)<y p*(d)<y
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Next, note that
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Z A(d) = Z (logp) Z 1< Z log(z/m).
d<z/m p<min{y,z/m} v>1 p<min{y,z/m}
PH(d)<y p¥<z/m
So, if z/y < m < x, then we find that

<& yexl €
— 1—¢’
d<z/m m
Pt(d)<y
whereas, if 1 <m < z/y, then
log & ylogmi € nl—¢ 1 1—e €,1—€
Z A(d)<<y gm:y—f— y yifl y ) 1$ : <<y:L;
oyl logy log y mi=¢ logy 1—¢€¢ yl=m!l~—¢ mi=e
PH(d)<y
In any case, we have that

€.1—€
yx
Z A(d> < ml—¢’
d<z/m
P (d)<y
Inserting this estimate into (6.2.2), we arrive to the estimate

€n1—€ €,1—€

yex 1 yex
U(r,y) < <
ey < 3

1—
< nl~c " logx H(
P*(n)<y

p<y

1 -1 yexl_e
ple) < " exp

>
We bound this last sum as in the proof of Theorem 0.3.3 and choose € = w/logy, where
e?"!/w = u, to complete the proof of the theorem.

]



Chapter 7

Gaps between primes

Let p1,p2,ps3,... be the sequence of prime numbers in increasing order. Our goal in this
chapter is to study the spacing of this sequence and, in particular, how small and how large
the gaps between two consecutive primes can get. The Prime Number Theorem implies
that p, ~ nlogn as n — oo or, equivalently, that Y, _ (px+1 — Pr) = Pnt1 — p1 ~ nlogn.
Consequently, -

Dk+1 — Dk "1 Z
_—— _— d —
log k 1 logt ( (P pk))

1<k<n 1<k<t
Pn — D2 /n ( Z ( ) dt
= - Pr+1 — pk:) -5
logn 1 54 tlog“t
n — n — p9)dt
_ p b2 . / (th—i-lJ 2p2> ~ T (TL N OO),
logn 1 tlog”t

that is to say, the mean value of (pxr1 — pr)/logk is 1. However, it could be possible that
this ratio deviates significantly from its mean. Indeed, if the twin prime conjecture is true,
then it immediately follows that pxi1 — pr = 2 for infinitely many values of k. One of the
main results of this chapter, which will be proven in Section 7.0.2, is a major step towards
this conjecture.

Theorem 7.0.2. For each m € N, we have that

lminf(pyim — pn) < emmb.
n—oo
This result is due to Maynard [May15a] and Tao [Tab], who built upon previous work
of Goldston, Pintz and Yildirim [GPY]. In the special case m = 1, the first person to show
that liminf,, . (pni1 —pn) < 0o was Zhang [Z]. We will discuss more the history of Theorem
7.0.2 in Section 7.1, where its proof will be presented.

Exercise 7.0.3. Show that
lim infw < Z
n—oo  logn 8

79



80 CHAPTER 7. GAPS BETWEEN PRIMES

Hint: Fix § > 0. Starting from the formula

(1+0(1))NlogN:i2k Y 1 (N—o0),

k=1 N<n<2N
pn+17pn:2k
show that
> ((A+d)logN—2k) > 1> (5+0(1))NlogN,
< (118) log N N<n<2N
- 2 Pn+1—DPn=2k

as N — oo. Next, use the sieve to bound #{N <n < 2N : p,1 — p, = 2k} from above and
deduce the desired result.

On the other hand, one could imagine that it would be feasible to construct long strings
of consecutive numbers that are all compositive. For example, all numbers in the sequence
n!'+2,n!+3,...,n! +n are composite. Consequently, if p, < n!+ 2 < p,,; are consecutive
primes, then p,.; — p, > n. Moreover, Bertrand’s postulate implies that p, > n!/2 and
therefore logr ~ log p, ~ log(n!) ~ nlogn as n — oo, by Stirling’s formula, that is to say,
n ~ logr/loglogr. So this construction produces gaps d, 2 logr/loglogr, for infinitely
many integers r. This is not quite enough to yield gaps that are longer than the average ones.
However, Westzynthius used a different construction to construct large gaps between primes,
that is to say infinitely many integers n such that p,.1 — p,/logn can get arbitrarily large.
His ideas were strengthened by Erds and subsequently by Rankin. Following their arguments,
we will show the following slightly stronger result (Rankin’s result had the constant ¢7/2 in
place of e7):

Theorem 7.0.4. There are infinitely many integers n such that

(loglogn)(loglogloglogn)

Pn+1 — DPn >
(logloglogn)?

ogn = (& oneelL)

Erdés offered $10,000 for improving the constant ¢” to an arbitrarily large constant, the
largest Erdds prize ever. This problem was solved independently in two papers that appeared
simultaneously, one by Maynard [May| and another one by Ford, Green, Konyagin and Tao
[FGKT]:

Theorem 7.0.5. We have that

Pnt+1 — P/ (loglogn)(loglogloglogn)\ ~
logn (logloglogn)? N

lim sup
n—oo

The proof of Theorem 7.0.5 we will present is the one due to Maynard, as it is simpler
and its methods fit more naturally within the context of this chapter. The argument will be
given in Section 7.3.

7.1 Bounded gaps between primes

In this section we prove Theorem 7.0.2. In order to detect m + 1 primes close together, we
use the following construction: Let 0 < s; < s9 < --- < s be integers such that the k-tuple
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s = (s1,...,8k) is admissible, that is to say, its elements do not cover all congruences classes
modulo any prime. Then, for an integer N > s, and a sequence of non-negative weights
{w, }22 |, we consider the sum

S = Z (Z 1p(n +s;) —m) Wy,

N<n<2N \j=1

Clearly, if S > 0, then there are m + 1 primes distinct primes in (N + s;, 2N + s| within an
interval of length s — s;. So the sum S is our “short gap detector”. The key to making this
approach work is to judiciously choose the weights w,, in a way that we achieve two things:

e Most of the contribution to the sum S comes from integers n for which there is a high
probability that several of the numbers n + s1,...,n + s; are simultaneously primes.
Indeed, if, for example, w, = 1 for all n, then S ~ kN/log N —mN < 0 as N — oo,
so this is not a good choice for w,,.

e We can actually estimate S unconditionally (e.g. without appealing to the twin prime
conjecture, which would result to our argument entering a vicious cycle). Indeed, if w,
is the characteristic function of integers n such that n + sy,...,n + s; are all primes,
then S ~ (k—m)(log N) - #{N < n < 2N : w, = 1}, so in order to show that S > 0,
we need to show that w, = 1 often with k = m + 1, thus entering a circular argument.

These two restrictions suggest setting w,, = (1 % u™)(Q(n)), where

k

Q(n) = [J(n+s))

=1

and p™ is an upper bound sieve. Indeed, the original idea presented here is due to Goldston,
Pintz and Yildirim [GPY], who defined u* using the same idea as in Selberg’s sieve, by
letting

2

(7.1.1) w, = Z M|,

d|(P(2),Q(n))

with the parameters \; being at our disposal, with the condition that they are supported
on integers d < D (we don’t have to assume that A\; = 1 here). If we set D = N%2 then
opening the square and interchanging the order of summation, we find that we need a bound
of the form

li(x) x
m(z;q,a) — ——=1 <4 ,

() (log )4

(7.1.2) D max
7, (@a)=1

q<z
for all x > 2 and all A > 1. Note the Bombieri-Vinogradov theorem implies that (7.1.2)
holds with 2'/2/(log x)® and B sufficiently large in place of 2%. In particular, any 6 < 1/2
is permissible. However, this was not enough to deduce that liminf, . (pp11 — pn) < 00 in
the original approach by Goldston, Pintz and Yildirim. Indeed, their method required (a
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weaker version of) (7.1.2) with some fixed § > 1/2 that was not available at the time. This
missing ingredient was supplied by Zhang in May 2013 in his breakthrough paper [Z], where
he proved a variation of (7.1.2) with § = 1/2 + 1/584 that was sufficient for him to deduce
that liminf,, . (pra1 — pn) < 0.

Very shortly after Zhang’s paper was published, another method was proposed by James
Maynard [May15a]. Maynard, instead of trying to prove stronger level-of-distribution results
about the primes, took an alternative path and introduced a multidimensional variation of
the GPY weights. His idea, also discovered independently by Tao [Tab], was to consider

weights of the form
2

Wy = Z /\d

djln+s;

1<j<k
It turned out that this simple idea has very far reaching consequences. As we will see,
these modified weights need very weak level-of-distribution results as input. In fact, we only
need to know that (7.1.2) holds for some 6 > 0, a much weaker result that the available
Bombieri-Vinogradov result that allows us to take § = 1/2 — e. This new flexibility that
the Maynard-Tao variation of the Goldston-Pintz-Yildirim weights permits makes them very
applicable to a wide variety of set-ups. Indeed, after the publication of Maynard’s paper,
the subject has witnessed an explosion of activity.

We now proceed to the proof of Theorem 7.0.2. We will add a small technical twist to
the construction of Maynard’s weights, by performing a preliminary sieve up to z, where this
is a parameter at our disposal (we will eventually take z to be a large power of log N - a
similar idea is also used in [May1bal, but the pre-sieving parameter is smaller). Indeed, we

set
2

Wy, = 1p—(Q(n))>z - Z Ad |

dj\n+3j
1<j<k

where the sequence )4 is supported on those k-tuples d = (dy, ..., dy) with dy ---dp < D.
We will eventually take D = N'/*/(log N)'°8%. We need to estimate the sum

2

S(N,z) = Z <Z 1p(n +s;) — m) Z Ad

N<n<2N \j=1 djlnts;
P(Q(n))>= 1<j<k

In the estimation of S(NV, z) in the following two lemmas, we use the notations

v(d) :=#{m € Z/dZ : Q(m) = 0 (mod d)},

2N
dt N
M = A X = ).
max|Aq - and / log 1ogN+O((logN)2>

All implicit constants in this section might depend on & and the choice of the k-tuple s.
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Lemma 7.1.1. If D < NY27¢ and (log N)A+3F+1 < » < NV/loglogN tpep

2

S | =TI Y e S

N<n<2N djn+s; p<z p P~ (aj)>z d;=0 (mod a;) d
P~ (Q(n)>z \1<i<k 1<<k P=(dj)>z
1<j<k
NM?
+O04se | — | -
* (<1ogN>A>

Proof. Call T the sum in question. Applying the Fundamental Lemma of Sieve Methods (cf.
Lemma 3.3.1) with u defined via the relation z* = N¢, we find that

B _ N <n<2N  n=-s;(modld;,e]),
T= 3 Mk #{P<@<n>>>z 1<i<k
(dies,djej P(z))=1

1<i,j<k, i

N
- > Aade - | (1+O(u™?))

(diei,dje]-P(z))zl [

1<i,j<k, 1#j
I/(p) AdAe M?2N
=N H (1 o ) Z + Og,A A ]

1<i,j<k, i#j

We need to remove the conditions (d;e;, dje;) = 1 for i # j. We do this by noting that if a
pair of k-tuples d, e is such that (d; ---dy, P(2)) = (e1---ex, P(2)) = 1 but (d;e;, d;ej) > 1,
then there must be a prime p > z dividing both [d;, ;] and [d}, e;]. We therefore conclude

that
Ad e Ade M?2(log N )3k
B e D D R Cae i
(di€i7dj€jp(?))%1 1,€1 ks Ck (di@mR(Z)):l 1,¢€1 ks Ck
1<i j<k, i#] 1<i<k

3k+A+1

which is admissible by our assumption that z > (log N) . Finally, we note that

1 (d,e) 1
[d, €] T Tde  de Z wla).

Therefore

o > a
2. = pla) o) | Y
P~ (die;)>= [dl’ 61] o [dk7 ek] P—(a1-ag)>z d;=0 (mod a;) di - di

1<i<k P~ (d;)>=
1<j<k
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If P=(a) > z and a < e*, then it is easy to see that

1§¢?Q)ZH(1+Z%> < <1+Zil>w(a)SeXp{w(_a)}zl_i_O(loia)’

pla

I
—_

since w(a) < loga. So we may replace ¢(a;) by a; for all j € {1,...,k} by producing a total
error term of size (log N)3**1 /2 which is admissible by our assumption on z. O

Lemma 7.1.2. If (log N)A3F+1 < » < NVA0leglosN) "1 < N1/4/(log N)°¢* and j, €
{1,...,k}, then

S Lpnts) | Y M :X;;[Z(l—%)(l—%)_l dYooaa

N<n<2N djln+s; P~ (a;)>z
P7(Q(n))>= 1<j<k 1<j<k
ajozl
2
Ad NM?
X Ope | ——— 1.
2 bdy | T (aogN)A)

Pf(dj)>z,dj0:1
d;=0 (mod a;)
1<j<k
Proof. Call T}, the sum in question. For simplicity, we consider the case jo = k; the proof
of the other cases is identical. Observe that the fact that n + s; is a prime number greater
than N forces n + s; to be co-prime to integers d < D < N. Therefore, for such an n, the
SUI D041y (1<j<k) Ad Must have di = 1, and the condition P~(Q(n)) > z is reduced to
P=(Q*(n)) > z, where
k—1
Q' (n) = [0+ s,).
j=1
(This decreases the dimension of the sieve we are considering by 1.) So, opening the square,
changing the order of summation and setting p = n + s, we find that

_ N+s,<p<2N+s, p=s,—s;(mod[dj,e;]),
Tk - CIZ )\d,l)\e,l #{ Pi(Q*(p o Sk)) > 2 ] S ] <k )
(diei dye; P()=1
1<i,j<k, i#j

For each fixed d, e, we use the Fundamental Lemma of Sieve Methods with v = loglog IV to
control the cardinality of the above set of primes. If we set

vi(a):=#{x € (Z/aZ)" : Q" (x — sx) =0 (moda)},
so that v*(p) = v(p) — 1, then we find that the main term equals

XV
(ldy, e]) - - o[dr, ex])’
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2)-n(-2)(-)"

p<z

where

veTI(1-

p<z
and the error term is

X

w (a)
< 4 E(aldy,eq] - |dg, e,
(log N)AT3kp([dy, e1]) - - - o([dp, ex]) aq;gg]v (a[dy, e] -~ [di, ex])
“alP(2)
where
E(g) := max Z 1—% = max Z 1_T + O(1)
@O=L| L SpeaN s, vl (@O=1] S 2on v
p=a (mod q) p=a (mod q)
Therefore
)\d 1)\6 1
T, =XV ——
(dies d;(z))zl e(ldi, e]) -~ o([dr-1, ex-1])
1<i,j<k, i#j

M?2N
Ol —— + M? § E
q<N1/2/(log N)los =

The Bombieri-Vinogradov theorem (see, also, Exercice 4.0.8) implies that the sum over ¢ in
the error term is < N/(log N)*. So we conclude that

AdAe M?*N
T, =XV + 0 (—) i
vt Al aled) O \og

1<ij<k, i#j

As in the proof of Lemma 7.1.1, we may remove the conditions (d;e;, dje;) = 1 and we may re-
place ¢([d}, ¢;]) by [d;, €;] at the cost of introducing an error of total size O(M2N (log N )31 /2),
which is admissible since z > (log N )A+3k+1. Moreover, using the formula

[d,e " de Z

al(d,e)
we find that
2
)\d 1)\e 1 Z /\d 1
el S )l | Y
P~ (diei)>z €] (1, €] P~ (ai)>z P~ (di)>z d i1
1<i<k 1<i<k d;=0 (mod a;)

1<i<k

Finally, we replace ¢(a;) by a;, thus introducing a total error of size O(M2N (log N)3**1/2),
which is admissible since z > (log N)4+3+1 This completes the proof of the lemma. O
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Motivated by the two lemmas above, we make a change of variable which diagonalizes

the quadratic form appearing in Lemma 7.1.1: for a k-tuple a = (a4, ..., a;), we set
fa _ Z )\d
(7.1.3) ay - - - ay i dy---dj
d;=0 (modaj)
1<j<k

Clearly, &, is supported on k-tuples with a; ---a, < D and P~ (ay - --ax) > z.

We want to compute the expression appearing in Lemma 7.1.2 in terms of the new
parameters &,. As in Section 5.1 (see relation (5.1.2)), if P~(d;---dy) > z, we have the
inversion formula

k

)\d fa
(7.1.4) sl Dl | ECIEDE
a;=0 (mod d;) j=1
1<j<k

Consequently, if P~ (a; - - - ax) > z with a;, = 1, then we find that

k
Ad
Z dy---d Z Z
P*(d1-~~dk)>z Pf(d1~~~dk)>z bjEO (modd ) =1
d;=0 (mod a;) d;=0 (mod a;) 1<j<k
1<j<k, djy=1 1<j<k, djy=1
_ &b b /aJ
= Z by - by Z H“ d;/a;
P~ (byby)>z2 d;=0(mod a;) j=1
b;=0 (modaj) de/aj\bj/aj
1<j<k 1<) <k, djy=1
Iu’(bjo)gb M(b)§a1 ----- @j5—1,0,05041550K
715 _ 11(bjo )& _ |
( ) Z by - by Z a---apb
bj=a; (b)>=
1<5<k, j#jo
P~ (bj,)>=

This computation suggests setting

log a; log ay, 1\ *
a = 1p—(ajap)>z " A ’ ) ’ 1—- )
§ P~(a1--ag)> (ar---ar) - f (logD logD) H ( p)

p<z

where [] _.(1 —1/p)”" is a normalisation factor, A(n) = (=1 is Liouville’s function
(which is placed here to annihilate the sign change caused by p(b) in (7.1.5)) and f is a
smooth function supported on the simplex

Ty :={te[0,1]F ity +---+t, <1}

With this choice, we have that the following result.
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Lemma 7.1.3. If z = (log N)%*2 and D = N'/*/(log N)"°8%, then

6(s§]iflogD Z/(/f dtjo) Hdt—m/f dt+0(\/_>

1<5<k
J#jo

where

co-m(-2)(-2)°

p

the implied constant depends at most on €, f, k and s.

Except for Lemmas 7.1.1 and 7.1.2, the key input to the proof of the above lemma comes
from the following result:

Lemma 7.1.4. Let D and z be two parameters with \/logD < z < D. [fg R¥ - R is a
smooth function supported on {t € [1,+00)* : t;---t;, < D} and such that << 1/t;, then

g(n17"'7nk) 1 k/g(t177tk) IOgD .
AN SRR R, 7 1_ = EASETARES ALY, .
Z Ny Nk H( p) tltk dt_'_o logz !

P—(ni-ng)>z p<z

the tmplied constant depends at most on k and g.

Proof. All implied constants might depend on ¢ and on k. We may assume that z <
DV/(000k). otherwise, the result is trivially true. We note that

. e 1 D k—1
Z g(m, ,nk) _ Z g(nl, ,nk) L0 (( log ) > ‘
P=(n1-ng)>2 m Ttk P~ (nj)>z ik T 0g~

nj>z100
<<k

We split the range of summation {n : ny---ny < D, n; > 2" (1 < j < k)} into small cubes
of the form B = H;?:l(mj, x; + /Z;]. We note that

Niy.-es Y 1 1 1
g(ny ne) gl Ty) L0 _ L0
nl---nk xlc--xk Zlooul‘l---xk xl".xk ZlOO -xl---a_’/‘k

by our assumption on g, where
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Therefore

k
I :
2 g“ﬁ?. ..T’:k) B | RS (z10°(10g2>’“m)
P*(mégkbz = zj<Pnj(§%)‘+\/Tj
" “(nj)>z

—7I. <1 +0 (1@%{(%1/10%))) 11 (1 N %)k

p<z

1
+ 0 (2100(10g Z)k /T1 - Tx xk>
1\" (log 2)~* 1 ~1/log 2
_I'H<1_E> +O( TR T <2100+112?§Xk(xj )))

by the Fundamental Lemma of Sieve Methods (cf. Lemma 3.3.1). Hence, summing over all
cubes B C {n:ny---n, < D, n; > 2% (1 < j <k)} completes the proof of the lemma. [

Proof of Lemma 7.1.3. Note that our choice of &, and an upper bound sieve imply that
M = mgx|)\d| < (log N)*.

So, if we set

(a o) = | log ay log ay,
G- -5 k) = logD’ " "logD

-n-b)

and

then Lemmas 7.1.1 and 7.1.4, and our assumption that (log N)%+2 < » < evleN imply that
2

Y| o] mmI(-) ¥ o ()

N<n<2N | djln+s; p<z (a1--ar)>z
P=(Q(n))>z \ 1<j<k

_ %pgz (1 _ @) (/ %du + O((log N)k‘1/2)> |
Moreover,
) VI (1 . @) — &(s) (1 L0 (é))
and

/ Lu>2alu = (log D)* f(t)*dt,

Uy - Ug Ty,
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so that
2

(7.1.7) S | S | =es)Nog D) (/f(t)thJrO(\/%:N)).

N<n<2N djn+s;
P7(Q(n))>z 1<5<k

Next, if we set

2(b .o, ai_1,b,a;
Sjo(a’> _ Z 1% ( )g(aly aajobla y Qjo+1, ,Clk)7

P—(b)>z

where jo € {1,...,k}, then Lemma 7.1.2 and relations (7.1.5) and (7.1.6) imply that

2

_ X M Sj0<a’)2
Z 1p(n + sj,) Z Ad —V%HH(l_ D ) Z ay - ag

N<n<2N dj|n+s; p<z
P=(Q(n))>z 1<i<k aj,=1

0 (ew)

~ Vktllog N Z ay - ay log N
P*(a1~~-a1k)>z
aj,=

If 4%(b) = 0 and P~(b) > z, then b is divisible by the square of a prime > 2. Therefore,

e, Q1,0 a; log N
Sjo(a): Z g(ala y Ajo—1, 0, Ajo+1, 7ak) +O(ng )

b
P=(b)>=z

_v. (/g(al,...,ajo_l,u,aj0+1,...,ak)du+0(\/log—N>)

u

— V. (log D) - (Gjo(alw-wak) O (ﬁ»

by Lemma 7.1.3, where
Gjo(al, ,ak) = /g(al, sy QGo—1, Dtjo,(lj0+1, R ,ak)dtjo < 1.

Therefore

S(s)N(log D)? G, (a)? 1
Yo L) | Y | = o oo Gl oL
N<n<2N dylnts; VI log N | s @ Vieg N
P=(Q(n))>= I<j<k ajo=1
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Finally, applying again Lemma 7.1.4, we find that

S gaerever | [ e T du e oltog ¥

ay Uy« Uk
a;j)>z 1<j<k
1§(jjg)lj 355}1 Tikio
ajofl 70
=V* (o D / / t)dt; dt; + O
( g f Jo H \/m
1<5<k
J#jo
which completes the proof of Lemma 7.1.3. O

In view of Lemma 7.1.3, it is clear that our goal is to choose f supported on T} and
maximizing the ratio

k 2
FE)AE) dty - dty_ydt sy, - dt
Z S f}(t)thj —

If we can show that, for k large enough, p(f) > 4m/k, then we deduce that liminf,, o (Ppym—
D) < 00.

As a warm-up, using calculus of variations, we show that the maximiser of p(f) is an
eigenvector of the linear operator

(Lef)(2) : kZ/ftla'- tio1, U b, .. te)du

and the corresponding eigenvalue is the maximum possible ratio p = p(f). Indeed, for a
function f supported on T}, we have that

(Lef, [)

p(f) = TR

where

(9,h) :z/T g(t)h(t)dt.

If, now, f is a maximiser of the function p(-), then the function ¢ — p(f+€g) has a maximum
at € = 0 for any smooth ¢ : R¥ — R supported on T},. So its derivative at e = 0 must vanish,
which implies that

(Lrf,g9) +(Lrg, [) =2p(f)(]. 9)

It is easy to see that L is a self-adjoint operator, so this implies that

(Lef,g) = p(f){f, 9)-
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Taking g(uy, ..., ux) to be a smooth approximation to the function 1p, (uy,...,ux)/ Vol(By,)
for a shrinking family of k-dimensional cubes (B, ),>1 centered at a fixed point ¢, we deduce
that Lrf = p(f) - f, as claimed.

Now, note that the symmetric function

f(tla ce - >tk) = Z f(t0(1)7 s 7ta(k))

€Sk

is also an eigenvalue of the operator Ly of eigenvalue p(f). Therefore, p(f) = p(f), which
means that f is also a maximiser for the function p(-).

In view of the above discussion, we may restrict our attention to symmetric functions f,
in which case

_ J (f f(t)dtk)Q dty -+ - dtg_
p(f) = TPt .

Moreover, we may also drop the assumption that f is smooth, since the integral of every
measurable function can be approximated well-enough by integrals of smooth functions. So
our goal becomes to estimate

My = sup{p(f) : f : R¥ = R, supp(f) C Ty, f symmetric and measurable}

An asymptotic estimation for M is given in Lemma 7.1.6 below. For explicit bounds on
My, the reader is invited to consult the paper by Maynard [May15a] as well [Pol].

Remark 7.1.5. The original weights of Goldston, Pintz and Yildirim essentially correspond
to taking the supremum over the restricted set of functions of the form f(¢t) = F(t1+- - -+tx),
where F' is supported on [0, 1]. Then we have that

Jo w2, F)*du

fol w1 (u)2du

o) = (k—1)-

It is possible to show that p(f) < 4/k in this special case [Sou|, which means that the weights
of Goldston, Pintz and Yildirim cannot yield bounded gaps between primes. On the other
hand, choosing F'(t) = (1 — t)¢, we find that

(k — 2)1(20 + 2)!
k=1 et —w*Pdu k-1 (k20 1)
p(f)_(é+1)2' SR (1= uytdu (1?2 (k= 1)I20)
(k + 20)!
2(20 +1)

4
T+ Dk+2a+1)  k

if ¢ = o(k) and ¢, k — oco. This means that if we could have inserted a slightly stronger input
to the computations in Lemma 7.1.2, which would have allowed to take D slightly larger,
we would have been able to prove Theorem 7.0.2 when m = 1 with these weights. This is
precisely what Zhang did. As we will see in the lemma below, using the higher dimensional
structure of f allow us to show that p(f) can get much bigger.
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Lemma 7.1.6. For large integers k, we have that

log k — 4loglog k + O(1) <M, < log k + loglog k + O(1)
k k
Proof. For the lower bound, we consider functions of the form
f(tla ce 7tk) = ]-Tk(tla s 7tk> Hg(ktj)a
j=1

where ¢ : [0,4+00) — [0, +00) is a function supported on the interval [0,7] and such that
J~ 9(t)?dt = 1. Then

koo ]
/f(t)th < ]1;[1/0 g(kt;)*dt; = o

so that
1 k—t1——tp_1 2
o)z 5 [otwr gt ([ g(tite) byt
0
00 2
g(t)dt
= (fo /EZ ) ) / g(t1)2 . g(tk,l)thl s dtk,l
t1+ettp 1 <k=T
(f;" g(t)dt)”
= =0 - -Prob(X;+--+ X 1 <k-T),
where X, ..., X;_; are independent random variables with density function ¢2. Let
p=E[X] = /tg(t)2dt
and Y; = X; — pu, 1 <@ <k, so that Yj,..., Y, are mean-zero independent random variables

that are identically distributed. If we assume that (kK — 1)u < k — T, then Chebyshev’s
inequality implies that

Prob(X; 4+ + Xy 1 >k—T)=Prob(Y1+---+ Y1 >k—-T—(k—1)u)

1
S s EA
G-V kXY

(k=T—(k=1Dp)?* = (k=T —(k—1)n)?
Since
E[X?] = /tgg(t)2dt < T/tg(t)%lt =Tu
by our assumption that g is supported in [0, 7], we deduce that

(fooog(t)dt)2 kT 1
o= B (1 e )
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for any measurable function g > 0 supported on [0, T with [ g(¢)*dt = 1 and p = [ tg(t)*dt <
1 —T/k. We choose
1jo.7)(t)
t) = c. 0
90 =c T x
(See Remark 7.1.7 for an explanation behind this choice of ¢g.) In order to have that
[ g(t)*dt = 1, we take

¢ = (/ﬁ): S AT

We then have that
T At 2 AT t c? 1
 log(AT) 1
== a1 TN ean ) )

This suggests choosing A ~ logT. We take T = k/(log k)3 and A = log k, so that

2
:log(k/(logk))(1+0( 1 )):1_210g10gk+0< 1 )Sl T loglogk

log k log k log k log k ko log k

for k large enough. In particular,

kKT B Tu < 1
(k=T —kp)? k(1-=T/k—pu)? ~ logk

and therefore

_ log®(k/(log k)’ 1+0
as claimed.

log k
=logk — 4loglogk + O(1),
Finally, we prove the upper bound on p(f). Let f be a symmetric measurable function
supported on Tj. Motivated by the choice for f above, we use the Cauchy-Schwarz inequality
in the following fashion:

(] st = ([ st i)
< (/(1—|—kAtk)f(t1,...,tk)thk) - (/01 %)

= M /(1 + kAtk)f(tl, ce ,tk)thk.

— 09
N

lo

o
o

kA
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Therefore

/(/f AT dtk) dty -~ dtgq < log(lk—:zkA)/(l—I—kAtk)f(lfb...,tk)th.

By symmetry,

/(/ftl,..., dtk) dtl---dtk_lgW/u+kAtj)f(t1,...,tk)2dt

for all j € {1,...,k}. So, summing over j and using the fact that t; +--- + ¢, < 1 in the
support of f, we find that

log(1 + kA) ka(k + kAt 4+ ) f(t, . ) 2dE
koolf) s ——— T
< (14 A)log(1+kA)
< Y .

for any A > 0. So, setting A = log k yields that

k-p(f) <logk+loglogk + O(1)
for all symmetric functions f supported on Tj. This completes the proof of the lemma. [J
Remark 7.1.7.

It is now easy to complete the proof of Theorem 7.0.2:

Proof of Theorem 7.0.2. Combining Lemmas 7.1.3 and 7.1.6, we find that there is a choice
of the parameters A4 such that

S(N, 2) >1ogk—4log10gk:+0(1)—4m+0 1
S(s)N(log D)k — 4 ViogN )

So, if k = |Cm?e*™| for a large enough constant C, then S(N,z) > 0 for large enough N,
which implies that liminf, o (Prim — Pn) < Sk — s1. We take s; to be the j-th prime that
is > k, which clearly form an admissible set. Then s, < klogk < e*™m?® by the Prime

~

Number Theorem, which completes the proof of Theorem 7.0.2. ]

7.2 Large gaps between primes

This section is devoted to the proof of Theorem 7.0.5. The construction of large gaps between
primes is based on the following lemma.

Lemma 7.2.1. Let N > 1, and assume that there is z > 3 and progressions a, (modp),
p < z, such that if n < N, then n = a,(modp), for some p < y. Then there exists
x € (P(z2),2P(2)] for which there are no primes in (z,x + NJ.
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Proof. Consider x € {P(z)+1, P(2)+2,...,2P(z)} such that + = —a, (modp), for all p < 2.
If n € [1, N]NZ, then n = a, (modp), for some p < z, that is to say, there exists a prime
p < z that divides x + n. In particular, x +n cannot be a prime number, for all 1 <n < N.
This completes the proof of the lemma. m

We are now in position to show Theorem 7.0.4.

Proof of Theorem 7.0.4. Let z > 1, and N € [z,2?%]. To each prime p < z, we will assign a
congruence a, (mod p) such that {n < N} C U, a, (modp), as in Lemma 7.2.1. Therefore,
in order to show Theorem 7.0.4, we need to be able to take

e~ 7N (loglog N)?

z ~

(log N)(logloglog N)’
so that
N e?z(log z)(log log log z) N e (log X)(log log X)(loglogloglog X)
(loglog 2)? (logloglog X)?
with X = P(z2).

We will choose a, (mod p) using different arguments, according to whether p < N 1u
NYv < p < NVZUM op NI-UM < < 2 where u and M are defined by

log log N
2.1 “—=JogN — ~— 2O
(72.1) “ ©8 “ log log log N
and
log N log N
2.2 NYM — o ~ 2t
(722) loglog N loglog N

Intermediate primes: When p € (NY% N'"YM] we choose a, = 0. Call S the
set of integers n < N which do not belong to any of the congruence classes a, (modp),
p € (NYu N'=UM]  Clearly,

S={n<N:P(n) <NY"}u{n < N:3pln with p > N'7VM},
and consequently

N N N
< W(N, N A A T N
SIS PN —<u10gu>u+M+O(<1ogN>z>

Nl—l/M<pSN

B L0 N Nloglog N
o M (log N)@\/W log N
by Theorem 6.2.1, the Prime Number Theorem and our choice of u and M.

Small primes: For each p < NV* we select the progressions a, (modp) “greedily”: we
let as (mod 2) be such that

#{neS:n=ay(mod2)} = max #{n € S:n = j(mod2)}.

Jje{1,2}
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Having chosen ag, we set So = {n € S : n # ay (modp)}, and we select az (mod 3) such that

#{n € Sy :n=az(mod3)} = max}#{n €Sy :n=j(mod3)},

je{1.2,;3

and we set S3 = {n € Sy : n # az(mod3)}. Continuing this way, we find that there are
progressions a, (mod p), p < NY/* such that the set

S":={neS:3p < NY* for which n # a, (modp)}

has cardinality

1 e YulN loglog N _ N (loglog N)?
(72.3)  SI<1s- I (1--) 5 ——~e 5 .
D (log N) (log N)2(logloglog N)

p<N1/u

Large primes: Finally, to each n € ', we assign a prime p € (N 2] and the
arithmetic progression a, (mod p) in which n lies modulo p. In order to be able to assign to
each n a different prime p € (N~ 2), we need to have that |S'| < 7(z) — a(N'"V/M) ~
z/log 2, since N'™V/M = o(2). In view of (7.2.3), this reduces to knowing that

2 2

IR N(loglog N) o 2> e N(loglog N) |

logz ™ (log N)?(logloglog N) ~ (log N)(logloglog N)

So, choosing
N(loglog N)?
z=(e"7+¢€)- (loglog )
(log N)(logloglog N)

for some positive € = ¢(N) tending to 0 sufficient slowly as N — oo completes the proof of
Theorem 7.0.4. ]

7.3 Even larger gaps between primes

The proof of Theorem 7.0.5 has the same general structure as the proof of Theorem 7.0.4,
but now we need to show that we can take
1 N(loglog N)?

~ C (log N)(logloglog N)

in Lemma 7.2.1, where C'is a fixed but arbitrarily large constant. Again, we choose a, = 0 for
the “intermediate” residue classes p € (N/* N'=Y/M] where u and M are defined by (7.2.1)
and (7.2.2), respectively. Moreover, for p < N'/* we choose a, = 1. This has essentially the
same effect as choosing the a,’s greedily because if n is an integer with no prime factors in
(NYe N1=UM] then n — 1 looks like a ‘random’ integer. After these first steps have been
performed, we are left with the set of integers N7 U N3, where

N :={n<N:PHn) < NY* P~ (n—1) >y}

and
Ny ={mg< N:m<NYM g> NYYM prime, P~(mg — 1) > NV}
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(Here and for the rest of this section, the letter ¢ will always denote a prime number, and
the same will be true later on for the letter £.) Recall that N'/™ = (log N)/loglog N. We
further write N3 as a disjoint union N U N/, where

Ny :={mq < N :NY™/loglogN <m < NYM 4> N'"UM p=(mg — 1) > NV},

As in the proof of Theorem 7.0.5, our choice of u implies that

N z
|N1’ <<elogm:0(@).

Moreover, for an even integer m < N'/M  set
Qn:={¢<N/m:P (ag—1) > N},

so that S, is the disjoint union of the sets {mq: ¢ € Q,,}, m < NYM  with N} consisting of
those with N'/™ /loglog N < m < N'M_ An upper bound sieve implies that

10, < ulN N loglog N
1S o) (log N2~ p(m)(log N)? logloglog N
so that
N loglog N 1
!
Vel < (log N)?logloglog N Z ©(m)

N1/M /loglog N<m<N1/M
N loglog N
-logloglog N = .
(log N)?logloglog N 08106708 ¢ <log z)

<

So we may pick residue classes a, (mod p) for the primes p € (N*=1/M /2] to cover Ny UNG.
We are then left with the challenge of covering S) using residue classes a, (mod p) for the
primes p € (z/2, z|.

Note that if m < N/ /loglog N, then

N ey _ N m/NVM) N

m m m

So the Fundamental Lemma of Sieve Methods (cf. Lemma 3.3.1) and the Bombieri-Vinogradov
theorem imply that

_ p—1 N/m
O, ~c-e . .
o =5 | G ogvymy
p>2
N Hp—l . N . log log N
p—2| m(logN)? logloglog N
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for even integers m < N/ /loglog N, where c is the twin prime constant, that is to say

In particular, writing m = 2n, we find that

ce™7 N loglog N 1 p—1
ol ~ 2 (log N)?logloglog N Z n H -2
n<NVM/(2loglog N)  pln

p>2
e’ N loglog N
T M (log N)(logloglog N)
e N (loglog N)?
AR (log N)?(logloglog N)
C z
" e log 2’

where the sum over n is estimate using the convolution method (see, for example, the proof
of Theorem 0.2.1 and Exercise 0.2.2). Therefore, we need to choose the residue classes
a, (modp) for p € (2/2, 2] in a way that, on average, each one will cover > C'/e? elements
of V. In order to do so, we will use the Maynard-Tao sieve weights from Section 7.1 to
construct a probability measure on [], Jo<p<s L /pZ that will be biased on choices of residue
classes a, (modp), z/2 < p < z, that each cover many elements of N3 simultaneously. Here
is the key result:

Proposition 7.3.1. Fiz n > 0 and let m < NYM /loglog N be even. If I,, C [2/2,2] is
an interval whose length is between 1| Q,,|log N and 2n|Q,,|log N, and Cy > k°, then there
there are choices of residue classes a, (modp), p € I, whose union covers Q,,.

Theorem 7.0.5 is now a direct corollary of Proposition 7.3.1 and of the above discus-

sion. As we mentioned before, our goal is to construct a probability measure on the space
[z, Z/PZ. Indeed, we set

Sj = Pr(Cr)+j H D,
p<Cl
where (Y, is a large auxiliary integer to be chosen later. For the convenience of notation, we
also set
S0 = Oa
and we assume that Cy > 2k, so that the polynomial
k
Qpm(@) = [ [1(x + psy)(m(x + ps;) = 1)]
=0
does not have a fixed prime divisor (recall that m is even here). We further decompose
1 2
Qp,m = Q1(7,T)n : Q](m)na where
k k

Qin(@) = [[(m(z +ps;) = 1) and QP (x) = [[(z +psy).

J=0 J=0
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We also set
w = e\/logN

and fix two upper bound sieves (1;(d))4>1 such that p; has dimension k41, po has dimension
1, and

supp(p1) C {d < N1 pld — w <p < NV},

supp(pz) C {d < NV :pld = NV* < p < NV},
Finally, we let Ay be some sieve parameters supported on k-tuples d = (di,...,d;) with

di---di < NV Eventually, we will take A\q exactly as in Section 7.0.2. Then we define
the probability density function

2

(@) = 3 L) @) ey | 2 A

p7m

neN/m dj|n+ps;
P(Qp,m(n))>w 1<5<k
n=a (mod p)

with A, ,, being the normalizing factor

Npmi= Y (Lxp) (@) - (Lxpm)(n) | D A

n<N/m dj|n+ps;
P (Qp,m(n))>w 1<j<k

Then the probability measure on [],.; Z/pZ is simply defined by

om((ap)per,) = H Op,m(@).

pElm

The choice of the parameters \g will be similar to the one leading to the proof of Theorem
7.0.2: we choose them so that many of the numbers n + ps; are biased towards being primes,
while the weight 1y, . (n)(1 * uz)(Qg%l(n))(l * 13)(n) guarantees that our sum is essentially
supported on integers n for which mn—1,m(n+ps;)—1,...,mn(n+ps;) — 1 have no prime
factors < N'/* and n has no primes < N/190 (5o, there is a positive probability it will be
prime). We then have the following crucial estimate.

Lemma 7.3.2. There are choices of \q such that the following holds: if m, n and I, are as
in the statement of Proposition 7.3.1, ¢ € Q,, N (skz,00) and N is large enough in terms of
k and n, then there are absolute constants c¢,c’ > 0 such that

k3log k
> Gpm(q) > enloghk — I 08R | Gma)

pElm Ci
where
2k
(73.1) Culi) = D 2o
e 1<5,4",5" <k Cr<t<(log N)?2

42373 distinet f)(qm(s;—s;1)—(s;—s,1))
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Before we turn to the proof of Lemma 7.3.2, let us see how it implies Proposition 7.3.1.
Deduction of Proposition 7.3.1 from Lemma 7.3.2. Let Q! be the set of ¢ € Q,, such that
Gm(q) <1 and g > sxz. Markov’s inequality and the sieve imply that

9\ Q< D Gul@) +#{g < sez: PT(mg—1) > NV}

g<N/m

P~ (mg—1)>N'/v
I N P~ (mg—1)> N/

P deg(logN)Qé m " qm(s; — sp) = (55— s;») (mod £)

4,47, distinct

USEZM
p(m)(log N)?
L1 MSk2
< Yy ) Z‘<z+1€'<sf'-5j'><8f—8ﬂ>>"Q’”H w19

1§j»j/7j"§k Ck<€§(lOgN)2
A

7,3",3" distinct

]{74 10g611C Sk
< ( Cy + logloglogN) 1l

for all m < NY/M /loglog N, where we used the fact that if a prime ¢ > C), divides (s; —
s57)(s; — s;j#), then it must be one of the O(log C}) divisors of the number (prc,)+; —

Pr(C)+i) (Pr(C) s — Pr(Ci)+7)-
Now, let .J,, be the left half of the interval I,,, and fix ¢ € Q! . The probability that ¢ is

not covered by a random selection of congruences (ap)pe,, € [1,cs,, Z/PZ is
n
I 1= 6pm(q) <exp {— > 5p,m(q)} <z

if N and k are large enough in terms of 7, by Lemma 7.3.2. Hence, the expected cardinality
of the random set

Ron((ap)pes,) = {q €, :a¢ U {a (modp)}},

which is the uncovered part of Q/ | is < 1|Q,,|/4. This implies that there is a choice of
(ap)pe,, such that

1| Q| < meas( [, ) - #peln\ In}

R ((ap)per,)| < 4~ 4logN 2

where we used the Prime Number Theorem. Finally, we may use one congruence class per
prime in I, \ J,, to cover the remaining set (Q,,\ Q.,) UR((ap)pe,, ), provided that k is large
enough in terms of  and that C} > k5. This completes the proof of Proposition 7.3.1. [

So, it remains to prove that we may choose the parameters \g in a way that will make
Lemma 7.3.2 true. For each p € I,,,, we only look at the terms of the sum defining 6, ,,(¢) with
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n = q—ps; for some j € {1,...,k}. Note that ¢—ps; < ¢ < N/m and ¢—ps; > q—zs; > 0,
so that the condition n € [1, N/m] is always satisfied for these integers, and the same is true
for the condition n = ¢ (mod p). Therefore

(7.3.2)

k (1)
Lk 11 )(@pm(q — psj)) - (1% p2)(q — ps;
o>y Y L@ oo [y,
pElm J=1 pElm pm dilg+p(si—s;)
P~ (Qp,m(g—ps;j))>w 1<i<k

So we see that we need an upper bound for A, ,, and a lower bound for the resulting sums
over p € I,. Anticipating the choice of the parameters Ay, and in order to simplify the
statements of the results, we make the change of variables

ga - Z )\d
(7'3'3) ap - ay b dy---dp

dj =0 (InOd aj)
1<j<k

We further set

Lp-(ar--ap)>w log a, log ay,
a — A . — ,
3 H€§w<1 —1/0)k (a1---ay) - f log(N1/100) log(N'1/100)

where A is Liouville’s functions and f is a smooth function supported on the simplex

T ={t €[0,400)" i t; 4+ -+t <1}
As in Section 7.1, we have the inversion formula (7.1.4), which also implies that

max [Ag] < (log N)* - sup | f(¢)| <.y (log N)".
t

With this notation, we have the following two lemmas.

Lemma 7.3.3. Let m < N and p € (2/2,z]. If Cy > ¥ and N is large enough in terms of

k and f, then
log C)?
AV, Hpm . | - ( /

where the implied constant is absolute and

DD DR
=

1<4,j<k Cp, <t<(log N)?

i#] Lpm(s;—s;)—1

Proof. All implicit constants might depend on k, f and A, unless otherwise specified. Write
P(s,t) for the set of integers all of whose prime factors are in the interval (s,t]. Opening
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the square and the two convolutions 1 * j15 and 1 * g3 in the definition of A, ,,, we find that

Apm = Z Z 1 (fr)pe(f2) AdAe

dj,ejn+ps; fleP(w,Nl/“)
(diei,djejP(w)):l fQEP(Nl/“‘,Nl/lOOO)
1<4,j<k, i#j
QZ(;},)H n) = 0(mod f),
« 4 n < N/m . n=0(mod f5),
P_(Qp,m(n>> >w ' on +ps; =0 (mod [dja ej])a
1<j<kh

If (fifs,dier---drer) = 1, then the Fundamental Lemma of Sieve Methods (cf. Lemma
3.3.1) applied with z = w and u = y/log N /10 implies that the cardinality of the above set
of integers n is

—/logN N yz()i?n i Vpm (¢
(1 +0 (6 ﬁ)) e flfg[dl,el](- - -)[dk,ek] 11 (1 - %) '

<w

On the other hand, if (f)fe,diey---drex) > 1, then we note that there must exist a prime
r > w dividing fifs and die; - --dper. In particular, r]Q,(Dl,)n(n) and 7|n + ps; for some
i € {1,...,k}, which implies that 7“|Q§,)n(—psi). Therefore, in this case the cardinality of
the above set of integers n is

< i Z N (k+ 1)“’(f1)
i=1 7|(f1 fo,drer-—dyer) m [fifz, [dy,ed] - [dy, exl]
T|Q;()1,zn(—p8¢), r>w

Combining these observations, we deduce that

_N Vpm (€) Vo (1) (f1) 2 (f2) AaAe
Ap,m—a~€1;[1}(l— 4 > . Z Z f1f2[d1;61]"'[dk>€k]

dj,ejln+ps; f1EP(w,N1/w)
(diehdj'EjP(’L'U))‘:l ng'P(Nl/“JVl/lOOO)
1<ig<k, 7] (f1fa,drer-dyer)=1

+0 (m + (log N)°W . E) ,
where
. N (k + 1))
E = zzl r>w djzej f1€73(§1\71/u) E ) [f1f2, [dl, 61] R [dk, Gk]]
rlQpim (—psi) (difg%zi(zv%ﬂ f26P(NY/u N)

f1,f2<N1/100
dy-dy,e1 e <N1/100 P|(f1f2.dier-dper)

N(log NY°D  N(log N)°M)
Z (log N) <<(0g)

rm wm ’
r>w

r|Q8h (—psi)
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since Qg}n(—psi) has < log N prime factors in total. Next, we remove again the condition
(fifa,dier - - - dreg) = 1 from our new formula for A, ,,. Since any common prime factor of
fife and dye; - - - dpep must be > w by the fact that (dye; - - - dpeg, P(w)) = 1, this produces
an error term of size < N(log N)°W /w, which is admissible. In conclusion,

N Vpm (£) Ade N
Ay, =—-51-55- 1 — My
" Ue o gj < 4 ) djzej [dy,eq] -+ [dy, ex] +0 (m(log N)lo) ’
B (dies dje; P(w))=1
1<i,5<k, i#j
where
Sy = Z —(fl)yp7 (£1) and Sy = Z —’u2(f2),
fLEP(w,N1/w) fl fLEP(N1/u, N1/1000) f2

As in the proof of Lemma 7.1.3, we have that

AdAe 2 log N)°M)
Z d _ Z Ya +O <(Og ) )
[dy,e1] -+ [dy, ex] ap---ay w

dj.e; P—(a1-ag)>w
(dies,d e]P(w)) 1
1<z,j<k 1#]

= (log(N'")F T T (1 - —) k/f

<w

_ (€ (log N)(logw)
“( 100 ) ] s

by Mertens’s formula. The implied constants in the second and third line are absolute,
provided that N is large enough in terms of k. Moreover, the Fundamental Lemma of Sieve
Methods (cf. Lemma 3.3.3) implies that!

g = H 1_1/1(;,1731(6) _ log w k2
e ¢ ] 7 \log(NVw)

w<l<N1/v

since 1/,(,,17%(6) = k + 2, unless ¢ is one of the O(log N) prime divisors of the discriminant of
the polynomial @, ,, and

1 1

Sy < | | 1—-) =< —

i < ﬂ) u
Nl/u<Z§N1/1000

Both constants are absolute here, as long as N is large enough in terms of k. Finally, note
that the definition of s; implies that v,,,(¢) = 1 4 14, for primes ¢ < Cj. Moreover,

1Strictly speaking, Lemma 3.3.3 cannot be used directly to estimate S; and Sy. It is easy to deduce the
claimed estimates from it though. For example, we may take j; := fi - 1p- ()54, Where fiy is an upper
bound sieve supported on the set {d < N/100 . @|P(N*/*)} and apply Lemma 3.3.3 with the multiplicative
function g(n) = 1p-(n)>w/n. The sum S is handle in an analogous way.
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if Cy < ¢ < w, then v,,,(¢) = 2k + 2, unless ¢ divides one of the numbers (s; — s;) or
mp(s; — s;) — 1, for some 0 <4, j < k with ¢ # j. Since

0<i,j<k C’k<€<w
i#£] Ls;—s;

¢ " (log N)?
0<i4,j<k (log N)2<t<w
i) Lmp(si—s;)—1

and

for large enough N, we deduce that

()12 I () I

I<w L<C}, Cr<tl<w Cr<tl<w
m 1 log G\ "
<< . . . e p,m’
o(m) (log Cy)? log w

where the constant is absolute by our assumption that Cj, > e*. Since
ulN
p(m)(log N)?’

the lemma follows. O

|Qm| <

Lemma 7.3.4. If m, n and I, are as in the statement of Proposition 7.3.1, ¢ € Qp N
(spz,00), jo € {1,...,k} and N is large enough in terms of k, A and n, then

2

>, (15 ) (Qp(a = psjo)) - (Lxpa)(a—psie) | Y Aa
pElm dilg+p(si—sjq)
P~ (Qp,m(q—psjy))>w 1<i<k

¢ (log Cp)2u \ ¥ 2
> |Qm| : (%) : / (/ f(t)dtjo> dty-- dtjo—ldtjoﬂ <o diy,

where the implied constant is absolute. Moreover, if £y < (log N)? is a prime and by €
{1,...,0y — 1}, then

2

Yoo em) @D (a—psie)) - (Uxpa)la—psi) | Y. X

pElm dilq+p(si—sj;)
p=bo (mod o) 1<i<k
P (Qp,m(q—psjy))>w

O, ¢ (log Cp)2u \ ¥ 2
< Gmla) . 77|€0 | . ( ( lgook) ) / /f(t)dtjo dty - dtjo_rdy, - - diy,

where the implied constant is again absolute and G,,(q) is defined by (7.3.1).




7.3. EVEN LARGER GAPS BETWEEN PRIMES 105

Proof. The proof is a combination of the proofs of Lemmas 7.1.2 and 7.3.3. We outline the
argument when jo = k, the other cases being similar. All implicit constants might depend
on k, f and A, unless otherwise specified. Also, recall the notation P(s,t) from the proof of
Lemma 7.3.3.

Note that since ¢ is a prime > z > N1 it cannot have any divisors < N1 In
particular, we must have that d,, = 1. Similarly, since ¢ € Q,, and ¢ > NY* we know
that P~(q(gm — 1)) > N'%. Therefore the condition P~(Q,,.(q — psx)) > w reduces to

P~ @yl — psi)) > w, where

k—1

Qpm(@) = [ [l + psi)(m(z + psi) = 1)].

=0

In the same fashion, we have that (1 x ul)(Qz(,%,)n(q —ps;)) = (1% ul)(éz(;}%l(q — ps;)) by our
assumption that uy is supported on the set P(w, N 1/ “), where

k—1

Qo (@) = [T (m(z +ps;) = 1).

=0

So, if we set

S= Y @em)@QWa—ps) Lepm)a—pse) | D Aaa|

pElm d;|g+p(si—sk)
p=bo (mod £o) 1<i<k

P (Qp,m(g—psi))>w

where we now allow £, to be either 1 or a prime number < (log N)? and b is coprime to £,
we find that

S = Z Z pa(fr)pa(f2)Aa1Aen

di,ei|n+ps; frEP(w, N/
(dies,dje; P(w))=1 f,ep(N1/v N1/1000)
1<4 j<k; i#£j
pel, 1(w)n(q psx) = 0 (mod fi),
X # < p = by (mod () . ¢ —psk = 0(mod f5),

_ B q+ p(s; — sx) = 0(mod [d;, €]),
P (Qp,m(q psk)) > w 1 S ] <k

Note that if vamm(q — bpsg) = 0(mod ¥p), then S = 0. So we may assume that @bo,m(q
bosi) Z 0(mod {y). As in the proof of Lemma 7.3.3, we note that if r is a common prime
factor of f1f, and of dye; - - - dieg, then it must also divide

k k
D =TT (5% — )ma — 1) — alsi — ).

7j=11=0
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So the contribution to S of integers fi, fo that are not coprime to dye; - - - dyey is

(k — 1)«(h) N (log N)°M)
I,) - .
< Z Z Z meas( ) [f1f2, dieq - - 'dkek] < mw

r|D d; ez|n+psj fieP(w, Nl/u)
r>w (dzez €54 (w)) 1 f2€p(N1/u NI/IOOO)
1<”<k I r|(ffa,dierdiey)

Next, if (fife,dier - -drex) = 1, then we estimate the cardinality of primes p € I, that
appears in the above expression for S using the Fundamental Lemma of Sieve Methods
(cf. 3.3.3) as in the proof of Lemma 7.1.2, controlling the total error using the Bombieri-
Vinogradov theorem. The resulting estimate is

g_ #{p € ]m} H ( > Z 5(?()]01)%(fl)ﬂ2(f2))\d,1)\e,1

di.ei, f1,f2 go(fl)go( 2 w([dl’ 61]) T w([dkfly €k,1])
it (dies,dje; f1f2P(w))=1

1<i,j<k, i#j
N
O -
" (m(logfv)A)’

where

7(d) := #{n (mod d) : Qp.m(q—nsi) = 0 (mod d)}

and
v(d) = #{n (mod d) : Q1) (¢ — nsy) = 0 (mod d)}.
Next, we remove again the condition that (f; fo,dje; - - - drer) = 1 as in Lemma 7.3.3 at the

cost of a total error that is < N (log N)°®) /(mw), which is of admissible size. This separates
the variables f1, fo, f3 from each other and from dy, ey, ..., dre,, and we deduce that

#{p € I} ( v(l) ) Ad1 e 1
g TWEms o o 1 28 ). 17,
o(lo) P gu -1 Ze o([d, e1]) - - - (-1, €x-1])
= (dies,dje; P(w))=1

1<i,j<k, i#j
N
O ———
i (m(logN)A)’

where
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The sum over d and over e is estimated as in Section 7.1: we have that

>\d,1)\e,1
2 o(ldi, ea]) - - o([dr-1, ex-1])

(diei,d]f;?(w))zl
1<i,j<k, i#£j
2

1 o log N)°M

D —— Zﬂfb +0(%)
P(aran)sw T\ p I w
1 —k—1 2
x(log(Nl/wO))’““H <1_Z) /(/f(t)dtk) dty - dtp_y
<w
loe N k+1 lo w k+1

- (o >100k< S /(/f dtk) dty - dty

by Mertens’s formula, provided that NV is large enough in terms of £. The implied constants in
the third and fourth line are absolute. Moreover, the Fundamental Lemma of Sieve Methods
(cf. Lemma 3.3.3) implies that

v () logw \"*!
= 1— = —
si= 1 ( -1 ) (1og<zv1/u>> |

Ww<ALSN1/v

where the constant is uniform in & if N is large enough, since 7(!)(¢) = k + 1 unless £ is one
of the O(log N) divisors of the discriminant of the polynomial n — Q,,,»(n — psi), and that

1 1

Sy =< 1—— ) =< —.

? H ( ¢ — 1) u
Nl/“<f§N1/1000

Moreover, note that v(¢) = 0 if £ < C} since q(gm — 1) have no divisors < N'/*. This implies
that

) (1_%3)1): y (1_5(——@1>x 11 (1_%)%' 1 1}15(_6)1//(5);”

Cr<t<w Cr<t<w Cr<t<w Cr<t<w
ZMO &60
g (long)Zk 1 1-u(0)/¢
log w ot 1—2k/0
v(€)<2k

since we have assumed that C) > e* > k2. Therefore

1—V - 1) 2k 2k
1K H 1/£2k < exp Z 7 < exp Z 7

Cr<t<w Cr<t<(log N)?
v(0)<2k v(0)<2k v(0)<2k
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Therefore, if 7(¢) < 2k and Cj, < ¢ < w, then ¢ must be a divisor of

IT  si = si)lamls; = i) = (55— su))]-

Finally, note that if ¢|s; — s;; with £ > C}, then we must have that ¢ is one of the O(log Cy)
divisors of the number pr(c,)+j — Pr(cy)+j- Since k3(log Cy)/Cr < 1 by our assumption that
Oy > €*, the lemma follows. O

Proof of Lemma 7.53.2. Since we are looking for a lower bound, we may restrict the summa-
tion in ) ., 0pm(q) to those primes p € I,, with H,,, < 1, where H,,, is defined in the
statement of Lemma 7.3.3. Then relation (7.3.2) and Lemma 7.3.3 imply that

> Gumlg >>Z S (1% 1) (Qbm(q — ps))) - (1*M2)(q_p3j) s

(log Ck) 2u> 2
pel p€el < dt di|qg+p(si—s;
" Hpm<1 Q| 100 J1® Sr sl
P=(Qp,m(q—ps;))>w
Ay — Ay

10 (2t Y f popar

where the implicit constant is absolute,

k
=> > xm)@Mlg—ps)) - (Lxp)a—ps;) | Y, A
j= el dilq+p(si—s;)
P~ (Qp,m(g—psj))>w 1<i<k

and

Z > (L)@ (a—psi) - (Lxpa)(g—psy) | D Aa

pElm, d;|lg+p(si—s;)
Hpm>1 1<i<k

P (Qp,m (q—ps]-))>w

The lower bound in Lemma 7.3.4 implies that

10 Ck)
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whereas Markov’s inequality and the upper bound in Lemma 7.3.4 imply that

k
<> > Hym - (15 p) Q0 (¢ = psy) - (Lxp2) g —psy) | D> A
j=1 pEIlm dilg+p(si—s;)
Hyom>1 1<i<k
P~ (Qp,m(g—ps;))>w

B k Z 2k + 2
- . .. €
J=1 0<i,i’ <k Cp<f<(log N)2
i# fm(si—sy)

x Yoo Wxm)@N(a—ps)) - (Lxpa)g—psy) | D A

PElm dilg+p(si—s;)
pm(s;—s;)=1 (mod ¢) 1<i<k

P~ (Qp,m(q—psj))>w

k3eCm(a) e¥(lo C 2u

Putting together the above estimates and choosing f such that the quantity

Z f dtl dj—ldtj—i—l s dtk
T F(6)2dt
is > log k, which is possible by Lemma 7.1.6, completes the proof of Lemma 7.3.2. [

7.4 Cramér’s model

We conclude this chapter with a heuristic discussion of the local distribution of primes and,
in particular, of the gaps between them. In order to do so, we introduce the so-called Cramér
model for the prime numbers and its refinement due to Granville. This model turns out to
be very effective in making accurate predictions about the distribution of primes (local and
global), unlike the Kubilius model which, as we saw in Section 2.2, is not very successful in
this task.

First of all, let us recall a quantitative form of the Prime Number Theorem:

(z) = li(z) + O, (m) - ; ljgtt o) ((10590)*4) (z>2).

This estimate can be also interpreted by saying that the density of primes around =z is
about 1/logz (this is was what Gauss had conjectured in fact). So an integer n should be
prime with probability about 1/logn. Of course, the primes are deterministic objects, so this
statement is obviously false. However, modelling them this way leads to surprisingly accurate
estimates. More precisely, we define a sequence of Bernoulli random variables Y5, Y3, ... such
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that

Prob(Y, =1) = L ,
(7.4.1) logn",
Prob(Y, =0)=1—

logn’

Furthermore, we assume that the variables Y,, are independent from each other, since a priori
there should not be any correlation between two integers being prime. This is the so-called
Cramér model of the prime numbers, which we can use to make predictions about various
questions regarding the primes.

For example, the random variable

2<n<z

is a model for 7(z). Now, note that
1 :
Ell(z)] = Y EY,]= ) —— =li(z) + O(1)
2<n<zx 2<n<zx &)

and

1 1 ) x

Var[ll(z)] = > Var[Y,] = > (bgn - @) =li(z) + O(1) ~ ors

2<n<zx 2<n<zx

So, the Law of the Iterated Logarithm predicts that

I(z) — li(z)] < (1 + €)/2 Var[[I(z)] log log(Var[TI(z)]) ~ (1 + 6)\/7_25“1(;‘3;;’“

almost surely, for every fixed € > 0. In particular, with probability 1, the Riemann Hypoth-
esis is true for our model II(z).

Next, we use Cramér’s model to study the distribution of the difference of two consecutive
primes. Let pi,ps,... denote the sequence of prime numbers in increasing order. Then,
according to Cramér’s model, a model for

#{pm < T Pm+1 :pm+k}

is given by

b1 k—1
1 1
E }E:}%)ﬁH%tllkl _EYh+j) ::jgjlogrﬂog(nﬁ+>k) (1._ Eii;;;jgj>
j=1 ‘

n<x
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uniformly in 1 < k <logx, as x — 00. So, for fixed a < 3, we expect that

Pm+1 — Pm

l < B} = #{pm <z :alogr < pmy1 — pm < flogz}
ogm

x _k
- (log x)? Z ¢

alogr<k<flogx

#{pm <z:a<

B

’ (e7® —eP) ~ W(I)/ e”'dt,

- log x o

as x — 0o. This leads to the prediction that the sequence (p,,+1 — pm)/ logm should follow
an exponential distribution.

Now, let us use this model to study another problem: counting twin primes. A model
for the number of twin primes (p, p +2) with p <z then is Ily() = >y, o, YnYn12. Since

Elly(z)] = > EV,Yarl = Y B, -E[Ynpe]= ) 1 :

~ 5
s ots Wots (logn)log(n+2) log”x

as ¢ — 00. So this leads to the prediction that the numbers of twin primes (p,p + 2) with
p < x is asymptotic to x/log® 2. However, it is widely believed that

-2
(7.4.2) #{n <z :(n,n+2) are twin primes} ~ 1 x2 : 2H (1 — 1) (1 — 2) .

p p

The reason why Cramér’s model failed to give the right asymptotic formula for the
number of twin primes is the assumption that the variables Y,, are independent from each
other. Indeed, two consecutive integers larger than 2 can never be prime simultaneously. So
there is a strong correlation between Y,, and Y, ;. Similarly, if n > 3, then n, n + 2 and
n + 4 cannot be simultaneously prime, since at least one of them is divisible by 3. So there
the variables Y,,, Y,,.o and Y,,.4 are correlated. Similar constraints arise for all small primes
and we need to adjust our model appropriately if we want to make accurate predictions.

The way we modify Cramér’s is by ensuring that n and n+2 are in the right classes modulo
all small primes. This is done by applying what is called a preliminary sieve and restricting
n and n + 2 to a priori have no fixed prime factors. This increases the probability that the
randomly chosen n and n+2 are both primes. More precise, weset N = {n € N: P~ (n) > z}
and we consider a new sequence of independent Bernoulli random variables {Z, },cx such
that

1 1N\
Prob(Z,=1) = ” 1—-- ,
rob ) logn - ( p)
(7.4.3) p=2

1 1\ !
Prob(Z, =0) =1 — 1— = ‘
rob(Z,=0) =1~ T (1)

p<z

(Strictly speaking, we have to assume that n is large enough in terms of z, otherwise the
above probabilities might not be numbers in [0, 1]. This is a minor technical assumption.)
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Then our model for the number of twin primes up to x is the function

ﬁg(l‘) = Z ZnZn+2-
n<x

n,n+2eN

We have that

]E[H2(x)] = Z E[ZnZn—i-Q] = Z E[Zn] ’ E[Zn+2]

n<x n<x
n,n+2eN n,n+2eN
()
S (-
= (logn)log(n + 2) o P
n,n+2eN
1 —2
(- (%),
log” x i D D

where

v(p) := #{m (modd) : m(m +2) = 0 (modp)}

1 ifp=2,

2 otherwise,
by the Fundamental Lemma of Sieve Methods (cf. Lemma 3.3.1). So we arrive to the refined
prediction that

1\ 2
#{n <z :(n,n+2) are twin primes} ~ i -2 H 1—-= 1—=-].
log” x Nete [ P

Letting z — oo, we recover the conjectured estimate (7.4.2).

Exercise 7.4.1. Let N > 1. Use the Cramér-Granville model to predict an asymptotic
formula for the number of pairs of primes (p, ¢) such that p+ g = 2N.

Finally, it is possible to use Cramér’s model (or its refinement) to make predictions about
how big the difference of two consecutive primes can be. To do this, we appeal to the Borel-
Cantelli lemma. Before we state this lemma, recall that, for a sequence of sets {4, }5°,, all
of which are subsets of some ambient space €2, we have that

limsup A,, = ﬂ U A, ={w e Q:we A, for infinitely many m}

n—oo
n=1m=n

and o
hgggf A, = L;Jl O Ap ={weQ:we A, for all but finitely many m}.

Then we have the following result:

Lemma 7.4.2 (Borel-Cantelli). Let (2, F,Prob) denote a probability space and consider
{A,}5°,, a sequence of events in the o-algebra F.
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(1) If 37, P(A,) < oo, then Prob(limsup,,_,., A,) = 0.

(2) If the events A, are independent and Y>>, P(A,) = oo, then Prob(limsup,,_,. A,) =
1.

Now, let © be the sample space where the random variables Y;,, defined by (7.4.1), live.
Given an increasing function h : N — [1, 00), we set

Ap(h) ={w € Q:Yo(w) =1, Yayy(w) =0 (1 <j < h(n))} (02 2),

If we can show that

(7.4.4) Prob (limsup An(h)) =0,

n—oo

then it readily follows that
Prob (lim inf An(h)c) =1,

n—00

that is to say, almost surely all but finitely many of the events A, (h)¢ occur simultaneously.
This leads to the prediction that, for all but finitely many n, we have that p,+1 —p, < h(n).

Assume that h(n) < n/logn for all n, since we already know by the Prime Number
Theorem that p,.1 < pn + O(pn/log? p,). Then

Lh(n)] h(n)
1 1 1 1
Prob(A,(h — 1 — < _e—h(n)/logn’
10gn  log(n + 7) logn logn logn

j=1
for all n > 2. If h(n) = (1 + €) log? n, then

1

Summing this inequality over all n > 2, we find that

i Prob(A
n=2

So applying Lemma 7.4.2, we deduce that (7.4.4) holds for this choice of h. Consequently,
the discussion of the previous paragraph leads to the prediction that, for every fixed € > 0,
we have that p,y; — pn < (14 €)log®n for n > ng(e).

Using a similar but slightly more involved argument, we arrive to the prediction that
Pnt1 — Pn > (1 — €)log®n for infinitely many n. Let

\‘1—6 Zlog k’J (1 —€)(nlog®n — nlogn +n) 4+ O(1),

by Stirling’s formula and partial summation, and consider the events

Bye) ={weQ:Y, (w)=1 Y, +jw=0(1<j<(1-¢€logn—-1)} (n>10).
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As before, we have that

Prob(B,(h)) = [ [(An. (k) <

>e

1 . 1 (1—€)log*n _ 6(1—6) log? n/log mn, 1
- logn ni-e/2’

log m,,

and consequently,

Since the events B,(h) are independent, by our assumption that the random variables Y,
are independent, Lemma 7.4.2 implies that

Prob <1im sup Bn(h)> =1,

n—oo

that is to say, infinitely many of the events B, (h) occur simultaneously almost surely. This
leads to the prediction that infinitely many of the intervals [m,,, m,1) contain precisely one
prime number, or equivalently, that p,.; — p, > (1 — €)log®n for infinitely many n, as we
mentioned above.

Putting together the above predictions, Cramér was led to conjecture that

. Pn+1 — Pn
limsup —-

=1.
n—ooo  (logn)?

Later, building on the work of Maier [Mai85], Granville [Gr95] gave evidence that this
conjecture might not be true. More precisely, using the refinement of Cramér’s model that
we gave above, he conjectured that

(7.4.5) limsup 2P0 > 9077 — 112291896713 - > 1.
nsoo  (logm)
In any case, we expect that p,,1 — p, < (logn)?, for all n > 2.

Exercise 7.4.3. Use the refinement of Cramér’s model given by (7.4.3) to give evidence in
support of (7.4.5).



Chapter 8

Irregularities in the distribution of
primes

So far we were concentrating our efforts into proving that the primes behave in the ‘expected
way’. As it is discussed in Section 7.4, we expect the maximal gap between two consecutive
primes p, and p,1 to be of the order of (logp,)?. So, if y > (logx)*", then it seems natural
to conjecture that the interval (z,x + y] contains the ‘right’ amount of prime numbers, that
is to say,

LY
logx’

(8.0.1) m(z +y) —m(z)

as r — oo. Indeed, Selberg showed a partial (conditional) result towards this direction:

Theorem 8.0.4 (Selberg). Assume that the Riemann Hypothesis is true. For every fized
€ >0 and 6 > 0, we have that

1
lim Ymeas ({X <r<2X:

T—00

Yy €y
o) - o)~ | < Ly = g} ) =1

However, in 1985 Maier arrived to the groundbreaking conclusion that (8.0.1) fails in-
finitely often when y is a power of log x:

Theorem 8.0.5 (Maier). For every fized o > 2, we have that

(8.0.2) limint 7T G080 —w(x) e+ (oga)?) — a(a)
T (log ) 200 (log x )1

Remark 8.0.6. Note that if relation (8.0.2) holds for some fixed «g, then it also holds for
all a € (0, o] by the pigeonhole principle.

We will show Theorem 8.0.5 in Section 8.2. Before this, in Section 8.1, we will introduce
and study the so-called Buchstab function, which is central in the proof of Theorem 8.0.5.

115



116 CHAPTER 8. IRREGULARITIES IN THE DISTRIBUTION OF PRIMES

8.1 Buchstab’s function
Buchstab’s function arises naturally in the following basic sieve problem: given x and z, let
O(x,2) =#{n <x: P (n) >z}

We know that

odt x
‘I)(%Z):“rﬂ(ﬂ?)—ﬂ(z):/ @JFO(W)

- o(pap ) WEsesa)

~ logx logz)?  logz

(8.1.1)

On the other hand, Theorem 3.3.2 and Mertens’ estimate imply that

(8.1.2) Bz, 2) = —° {1 +0 (

log z

1 + eslogerO(S))} (1 <z<z r= Zs)'
ogx

We want to understand the transition from (8.1.1) to (8.1.2) as z becomes smaller compared
to x. As in Chapter 6, in order to achieve this, we use a variation of Buchstab’s identity:

(8.1.3) b(r,2) = ®(z,2) = Y ®(z/pp) (1<2<7).

z<p<z!

When z'/3 < z < 2'/2 applying formula (8.1.3) with 2’ = |/ yields

Da,2) = (e, Vo) + Y D(a/p.p)

2<p</T

= fogz 0 (bgsc) 2 (%W(bgf(/f/p)ﬂo;))

z2<p<y/x

ta / LY
logx ulog l'/u log u (log )?
1 du x

o —2

“oer / bir  ulogu)? | <<1ogx>2>

logu

(8.1.4)

log @

o n /logz dt L0 x
“logz  logx ), t—1 (logz)? )
Motivated by relations (8.1.1), (8.1.2), (8.1.3) and (8.1.4), we define Buchstab’s function

w : [0, +00) — R by letting w(u) = 0 for u < 1, w(u) = 1/u for 1 < v < 2, and then defining
w inductively for u > 2 via the relation

(8.1.5) wi) =+ 4 1 / e

u u

This define a continuous and differentiable function for u > 2. The following theorem gives
the expected relation between ®(z,2z) and w(u).
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Theorem 8.1.1. For 1 < z < +/x with x = 2", we have that

@(x,z)_‘w(“)+o( ° )

log z (log 2)?

Before we prove Theorem 8.1.1, we discuss briefly the properties of Buchstab’s function.
By induction and relation (8.1.5), we immediately find that

(8.1.6)

SRS

<w(u) <1 (u>1).
Moreover, mutiplying (8.1.5) by u and differentiating the resulting identity, we find that
(8.1.7) w'(u)u=—w(u)+wu—1) = —/ w(t)dt (u>2).
u—1
Taking absolute values, we deduce that
/ 1 “ /
|w'(u)] < —/ |w'(t)|dt  (u > 2).
U Jy—1
So, arguing as in the proof of Theorem 6.1.2, we deduce that

(8.1.8) w'(u) < e ulslulosw)+OW) (3  9)

Proof of Theorem 8.1.1. First, we show that Buchstab’s function satisfies an identity similar
to (8.1.3). Indeed, the prime number theorem implies that

1 Toodt
§ : — ith —ca2+/log x
plogp ' " /2 t(logt)? tA) with Rlo)<e 7

p<z

for some appropriate constants ¢; € R and ¢ > 0. Together with relations (8.1.5), (8.1.6)
and (8.1.8), this implies that for 2/ = z%/* € [z, /2],

log = 1 4 log dt log x 7
—1 = -1 ——= t —1
E:w(bﬁ> )M%p L/wC%t )t®WV+ROw&%t >

2<p<z’ t=z

g log log x
R(t)w' -1 dt
_+]C ()U)(logt )tﬂogtV
1 u
/ w(s — 1)ds + 0(6_02vl°gz)

- log x

,LL/

w(u)u — w(u)u' L O(e- Vo) — w(u)  wu) + O(e—eVioER),

~ logz B log 2/

log x

Together with (8.1.3), the above relation implies that

(8.1.9) R(z,2) = R(x,2") + Z R(xz/p,p) + O (ﬁ) :

z<p<z’
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where

Yy logy
= - — .
R(y.?) (v.1) logtw (logt>

We will prove Theorem 8.1.1 using the above formula and an inductive argument, much like
the proof of Theorem 6.1.1. It suffices to prove that there is some absolute constant C' such
that

(8.1.10) |R(z,2)| <

Clearly, we may assume that z is large enough. Also, if v € [2,3), then note that (8.1.10)
follows by (8.1.4). Next, assume that relation (8.1.10) holds for all w € [2,U), for some
U > 3, and consider u € [U,U + 1). Note that (log(z/p))/(logp) <u—1< U, for all p > z,
so the induction hypothesis and (8.1.9) with 2’ = \/z imply that

Cx x
_ e
R(x,2)| < |R(z, VZ)| + <§<fp(log o7 O (=)
z<p</T

1 T T
< -
- CSEZ p(log p)? +0 <(logx)2 + ec2v10g2> ’

p>z

where we used (8.1.1). So the prime number theorem yields that

< dt x x
< —c3+/log z
|R(z,2)| < Cx (/ fogt? + O(e )) +0 ((log e 1ogz>
Cx —1—0(( z (C+ 1z )

2(log 2)? logz)? = emin{ezcs}hviogz

Choosing C' large enough implies that (8.1.10) when u € [U,U + 1) too, thus completing the
inductive step. This concludes the proof of (8.1.10), and hence of Theorem 8.1.1. n

Theorem 8.1.2. We have that
w(u) = e + 0 (e—ulog(ulogu)-l-O(u)) (u>2).
Moreover, the difference w(u) — €Y changes signs infinitely often as u — oo.
Proof. By relation (8.1.8), we find that the integral [;° w'(¢)dt converges absolutely. So
(8.1.11)

w(u) =w(2) + /; w'(t)dt = w(2) + /200 w'(t)dt + O (e’”bg(“log“)*O(“)) (u>2).

In particular, the limit lim, ., w(u) exists. On the other hand, Theorem 3.3.2 and Mertens’

estimate imply that
—y 1
O(x,z2) = €Tl +0 + ¢ ulogutO(u) )
log 2z log 2
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Comparing the above formula with Theorem 8.1.1, we deduce that lim, ,, w(u) = e™7.
Together with relation (8.1.11), this implies that

(8_1_12) w<u) —e7"+0 (efulog(ulogu)JrO(u)) (u > 2)7

and the first part of the theorem follows. To see the second part, write F(u) = w(u) — e~
and note that relation (8.1.7) can be rewritten as

(tE®) = B(t—1) (t>2).

Integrating over ¢ € [u, 00), we find that
uFE(u) = —/ E(t—1)dt = —/ Et)dt (u>2).
u u—1

Now, if uy = sup{u > 2: E(t) > 0 for all ¢ > u}, then we must have that u; = co; otherwise
we have that

Ut

a contradiction. Similarly, if u_ = sup{u > 2 : E(t) < 0 for all ¢ > u}, then we have
that u_ = oco. These two facts together imply that E changes sign infinitely often, thus
completing the proof of the theorem. n

8.2 Maier’s matrix method

In this section, we prove Theorem 8.0.5. The key idea is that primes cannot be simultaneously
very well distributed in arithmetic progressions and in short intervals. In order to capture
this, we consider the matrix

1+ (m+1)g 2+ (m+1)q h+ (m+1)q

L+ (m+2)g 2+ (m+2)qg -~ h+(m+2
8.2.1) M(m. ) — (: )q (: )q (: )q |

1+ 2mgqg 2 4 2mgq h + 2mgq

where m, h and q are fixed positive integers. Note that the ¢-th row of this matrix contains
all integers in the short interval (14 (m+1)q, h+ (m+1)q|, whereas its j-th column contains
all integers in the arithmetic progression {n = j (modq) : j +mqg < n < j + 2mgq}. Now,
if we know that primes are well distributed in the arithmetic progressions {n = j (modgq) :
j+mg<n<j+2mq}, 1<j<h, (j,q) =1, then we expect that

1 j+2mq dt
#{p prime : p appears in M(m,q, h)} ~ Z _/
J

152, 9(@) Jjumg  logt
(:a)=1
mq . .
~ e #{1 < j < h:(fq) = 1}

©(q) log(mq)
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On the other hand, if we know that each short interval (14 (m+1i)q, h+(m—+i)q|, 1 < i < m,
contains the expected proportion of primes, then

mh
log(mgq)

2 h
#{p prime : p appears in M(m,q,h)} ~ —
{ (0.0}~ 2. Tog o)

Therefore, if we can take ¢ and h such that

#F1<j<h:(jq =1}
hq/¢(q)

as q,h — oo, then we obtain a contradiction. Similarly, if we can take ¢ and h such that

#{1<j<h:(jq =1}
hq/v(q)

as ¢,h — oo, then we obtain a contradiction. Such a modulus ¢ will be provided by the
second part of Theorem 8.1.2. Indeed, if we take ¢ = Hp<zp for some appropriate z > 1,
then Theorems 8.1.1 and 8.1.2, together with Mertens’ estimate [[ .. (1 —1/p) ~e™7/log z,
imply that (8.2.2) and (8.2.3) both hold for infinitely many values of h. In order to be able
to deduce Theorem 8.0.5, we need to be able to show that the primes are well-distributed
in the arithmetic progressions {n = j (modq) : j + mqg < n < j+ 2mgq}, for 1 < j < h with
(7,q) = 1. The following result ensures that this is indeed the case for infinitely many This
is ensured by the

(8.2.2) >c>1

(8.2.3) <d<1

Lemma 8.2.1. There exists a constant ¢ > 0 such that there are infinitely many values of

z > 1 for which the modulus q = Hpﬁz satisfies the estimate

m(x;q,a) = i(éi {1 +0 <afc/1°gq + 676@)} (x >q, (a,q) =1).

Proof. Without loss of generality, we may assume that z > ¢" for a sufficiently large L;
otherwise, the result follows from the Brun-Titchmarsch inequality. For any T > 1, we have
that

ga) = _ .z 1 zlog®(¢z)
(8.2.4) Y@ 0:0) = 2 A(”)__) o(q) PO D (T)

n<e x (mod q) p: L(p,x)=0
n=a (mod q) Im(p)|<T

(This is a standard consequence of Perron’s formula and the residue theorem in complex
analysis; see, for example, [Da, Chapters 17, 19].) Since the zeroes of L(s,x) are sym-
metric about the line Re(s) = 1/2, a consequence of the functional equation for Dirichlet
L-functions, relation (8.2.4) can be rewritten as

(8.2.5)

w(x;q,a)zﬁ % > Z)O (%‘i‘fl__pp)—i-O(%%qI)).

X (mod q) p: L(p,x)=
Re(p)>1/2,[Im(p)|<T
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Now, Linnik (see, for example, [IK, Chapter 18]) showed that there exists an absolute positive
constant ¢; such that

> > 1< (D)= (0 >1/2, T>1).

X (mod q) p: L(p,x)=0
Re(p)>o, [Im(p)|<T

(8.2.6)

We will show that this estimate, together with an assumption about a certain zero-free region
for all L(s, x) implies the conclusion of the lemma. More precisely, we assume that there
exists some constant ¢y > 0 such that

C2

8.2.7 Lioc+it,x)#0 foralo>1— ——
(8:2.7) ( )7 log(q + [t])

and all y (mod q),

that is to say, that there is no Landau-Siegel zero for any Dirichlet character (mod ¢). Then
choosing T = ¢%eV!8® in relation (8.2.4), and then applying (8.2.6) and partial summation
implies that

z re—csViogr | gl-c3/logq
8.2.8 (x;q,0) = ——+ 0 e ),
e i) wla) ( (q) ( )

for some positive constant c3 that depends at most on ¢y, provided that L is large in terms
of the absolute constant ¢;. Partial summation the implies that the conclusion of the lemma
holds, provided that ¢ satisfies (8.2.7). So it remains to show that (8.2.7) holds for infinitely
many moduli g of the form ¢ =[] . p.

We know (see, for example, [Da, p. 93]) that for each modulus ¢ > 2 there is at most one
possible counterexample to (8.2.7), that is to say, there exists a constant ¢4 > 0 which has
the following property: there is at most one real non-principal Dirichlet character (mod gq)
which has at most one zero p = 44y with 5§ > 1 —c¢4/log(q+ |7y|). Moreover, if such a zero
p exists, then it is necessarily real and simple, that is to say p = 5 > 1 — ¢4/ logg.

Now, consider ¢ = Hpgz p for which an exceptional zero as above exists, say at 5. By
Betrand’s postulate, there exists some ¢ = Hpgz/ p > ¢ such that

Cy
2logq’”

Cy4

1 —
log ¢’

<p<i-

By the discussion in the previous paragraph, the modulus ¢’ satisfies relation (8.2.7) with ¢y =
c4/2. (The character x induces a character x’ (mod ¢’), which has a zero > 1 — ¢4/ log(¢’).
Therefore, this is the unique character failing (8.2.7) when ¢y = ¢4.) In any case, we see that
we can construct arbitrarily large moduli of the form ¢ = Hp<z p for which relation (8.2.7)
is true. As we saw above, such moduli satisfy the conclusion of the lemma, which completes
the proof. O]

Lemma 8.2.1 together with the argument we gave in the beginning of the section yield
Theorem 8.0.5. We give the complete argument below.

Proof of Theorem 8.0.5. By Remark 8.0.6, it suffices to show the theorem for an unbounded

sequence of arbitrarily large values of A. Fix for the moment some A > 3. Let ¢ = Hpgz p be
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a sufficiently large modulus which satisfies the conclusion of Lemma 8.2.1. Set m = ¢ > el
where L is a large integer, and let h = L(log q)AJ € [2%,q|. Consider the matrix M (m, h, q),
defined by (8.2.1), and let N be the number of its elements that are prime numbers. Then

N=> Yoo 1= {@ /jj“mq lo% O (e%(glzg(m@)}

1<j<h j+mq<p<j+2mq  1<j<h +ma
(J,9)=1  p=j(modq) (=1
1 1 1 1
— Zﬂ{er( + L)}:@(h,z)mq {1+O< - L)}
= ©v(q) Llogq e° ©(q) log(mgq) e
)=
(9)=1

Theorem 8.1.1 and the fact that w(t) < 1, for all £ > 2, imply that

@(h,z):%;):){l—l—O(@)}

~ A\, as z — 00. Since we also have that

0 ) o))

p<z

log h

where \ = 3
ogz

by Mertens’ estimate, we deduce that

mh 1 1
N = e - 1 .
wd)e log(mgq) { o (logz * eCL>}

On the other hand, we have that

2m

N= > (n(kq+h) —(kq))

k=m+1

So, there exists at least one k € {m +1,...,2m} such that

7kq + h) — m(kg) > w(N)eT - —0 ){1_0( 1 +61L)}

log(mg log z
h

_“”@d%wn%‘00£z+;>}

and at least one k' € {m + 1,...,2m} such that

(8.2.9)

(8.2.10) m(k'q+h) —7(kq) <w\)e- @ {1 +0 (@ + e%) } .

So if we choose A > 3 with w(A) > e™7, by Theorem 8.1.2, and L = L(A) and z = z(\) big
enough, then we find that there exists at least one k € {m + 1,...,2m} such that
14+ w(A)e” h h

mikath) =k 2 =5 g Teathe)
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Therefore

1 A) — 1 g
limn sup m(x + (logx)*) — 7(x) > +w(N)e
T—300 (log )1 2
which proves the first part of the theorem. The second part follows similarly, by using
relation (8.2.10) in place of (8.2.9). O

> 1,
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Chapter 9

The large sieve

In this chapter we will see a quite different approach to sieving, the so-called large sieve.
There are three versions of it, each suited for different applications. Originally, the large
sieve arose as an inequality involving trigonometric polynomials, which explored the idea of
quasi-orthogonality. However, for number-theoretic purposes, the power of the large sieve is
revealed when stated in its two other forms: the arithmetic version and the character sum
version. As we will see, the former allows us to obtain quite good estimates in sieve problems
of very large dimension, whereas using the later we can control the average distribution of
interesting sets of integers in arithmetic progressions.

We begin with the arithmetic formulation of the large sieve, Theorem 9.1.1, which will
allow for a direct comparison with the results of the previous chapters. Then we give the more
classical trigonometric version of the large sieve, Theorem 9.2.1, and show how to deduce
Theorem 9.1.1 from it. Finally, we conclude with the character sum version in Section 9.3.
Arguably the most important application of this last version is the Bombieri-Vinogradov
theorem, whose proof we give in the subsequent chapter.

9.1 Arithmetic version and applications

Theorem 9.1.1 (Large sieve - arithmetic version). Let N € {M +1,...,M + N}. Let
{R, : p < 2z} be a collection of sets such that R, C Z/pZ for each prime p < z. Then

#{n e N :n¢ R, (modp), forallp<z} <(nN+ 22)/<Z u%m)h(m)) ,

m<z
e R,y 5,
v = L 7 = 1y
Remark 9.1.2. Let F(x) € Zz] and N C {M +1,...,M + N}. If we set
A={F(n):neN}
and

R,={m e Z/pZ: F(m)=0(modp)},

125
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then
#{neN:n¢R,(modp), Vp<z} =#{neN :ptF(n), Vp <z} = S(A, 2).

So we see that Theorem 9.1.1 can be translated to a sieve estimate in important cases
such as the above one. Moreover, it provides an upper bound on S(A, z) that is - up to
the value of the constant C' - as strong as Theorem 5.1.1. Finally, Theorem 9.1.1 has the
significant advantage that it does not depend on the assumption of hypotheses such as (A1),
(A3) and (R'), and it is particularly strong when the sifting dimension x becomes unbounded.

The proof of Theorem 9.1.1 will be given in Section 9.2. We give below a couple of
applications of it.
Given a prime p, we define

n(p):mm{aeN: (%) #1}.

It is easy to see that n(p) is a prime number < p. The least quadratic non-residue problem
asks for estimates on n(p). It is believed that n(p) <. (logp)'™, whereas the Generalized
Riemann Hypothesis would imply that n(p) <. (logp)?*c. The pointwise bound known is
n(p) < p/We+te for every fixed € > 0. Using Theorem 9.1.1, we will show that for most
primes p it is possible to do much better than this bound:

Theorem 9.1.3. Fiz e > 0. Then we have that

#{p < N:n(p) > N} <, 1.
Proof. Let N = {m < N?: P*(m) < N¢}, and note that
(9.1.1) V| >, N?

by Theorem 6.1.1. For each prime p < N, let

_ {{k € ZL/pZ : (g) = —1} if n(p) > N°,

P .
0 otherwise,

so that
L=l if n(p) > N¢ and p > 3,
|Rp| =

0 otherwise,

Note that if p is such that n(p) > N¢, then (%) =1 for all primes ¢ < N¢, and consequently
(%) =1 for all m € N. This implies that

(9.1.2) N Cc{m<N?:m¢R,(modp), for all p< N}

The idea of the proof is that if R, # 0 for too many primes p < N, then A will be forced to
have abnormally small size, thus contradicting (9.1.1). Indeed, relations (9.1.1) and (9.1.2)
imply that

N? <. #{n < N?:n ¢ R, (modp), for all p< N}.
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So, if we let

S=>" u(m)

m<N plm

then Theorem 9.1.1 yields the inequality
(9.1.3) S <1

On the other hand, we have that

R
S>Z 2| Z p >>#{3<p<N n(p) > N°Y}.
ber LI
n(p)>N°
Combining the above relation with (9.1.3) completes the proof of the theorem. ]

Corollary 9.1.4. Fiz e > 0. Then we have that
#{p < N :n(p) > p} <, loglog N.
Proof. Exercise. O

Exercise 9.1.5. Fix € > 0. Show that, for every prime p, we have that

n(p) <. p!/BVIre

Hint: Use Theorem A.3.1 and the fact that () = 1 for all m with P*(m) < n(p).

Finally, we give a last application to demonstrate the power of the large sieve when the
sifting dimension grows. As a motivation, note that the set of squares occupies exactly
(p + 1)/2 congruence classes modulo each odd prime p, or equivalently, it avoids (p — 1)/2
congruence classes modulo each odd prime p. Moreover, there are about v/ N squares of size
< N. Theorem 9.1.1 implies that this is in fact best possible:

Proposition 9.1.6. Let R, C Z/pZ with |R,| = p/2+ O(1). Then

#{n < N:n¢ R,(modp), forallp<VN} < VN.

Proof. We may assume that R, <p—1 for all p < V/'N; else, R,, = Z/poZ for some prime
Po, and there are no integers n ¢ R,, (modpp). Now, in view of Theorem 9.1.1, it suffices to
show that

9.1.4) > wm ]I | ”}g > V.
m<vVN plm

Since |R,| = p/2 + O(1), we find that |R,|/(p — |R,|) = 1+ O(1/p), and (9.1.4) follows by
an application of the convolution method (see Section 0.2). O



128 CHAPTER 9. THE LARGE SIEVE

9.2 Quasi-orthogonality and the trigonometric version
of the large sieve

Fix N > 1, and consider the space of sequences of complex numbers a = {a, })_, equipped

with the inner product
N
(@.b) = ayb,.
n=1

Given x € R, set e(z) = €™ and let ||z|| denote the distance of x from its nearest integer,
that is to say, ||z|| = min{|x — n| : n € Z}. Note that

3 ela—f) —e(N+D@=p) _ 1
2 clem)e(fn) T—ca—p) Bl
So we see that if || — 3|| is large, then the sequences {e(na)})_, and {e(8n)
orthogonal.

Motivated by the above observation, we call a set of real numbers {«q, ..., ag} d-spaced
if o, —asl] > forall 1 < r < s < R. Given such a set, the sequences {e(na,)}_,,
1 <r < R, appropriately scaled, form a quasi-orthonormal set. Indeed, we have that

Z e(na,)e(na,) = {N if r =s,

n=1

N

., are nearly

O(1/6) ifr #s.

Then standard facts about Hilbert spaces lead us to the prediction that, given any sequence
of complex numbers {a, }_,, we should have that

N 2 N
Zane(nm«) < MZ |an|?,
n=1

n=1
for some relatively small M = M (§, N) that is close to N. The following theorem confirms
this guess.

n=1

R

2

r=1

Theorem 9.2.1 (Large sieve - trigonometric version). Let {a,}Y_, be a sequence of complex

numbers. Consider a set of §-spaced real numbers {ay, ..., ar}. Then
R | N 2 N

(9.2.1) Z Z ape(na,)| < (7N +1/9) Z |an|.
r=1 |n=1 n=1

Remark 9.2.2. Selberg [Se91] and, independently, Montgomery and Vaughan [MV] showed
that the above theorem holds with N +1/§ — 1 in place of 7N + 1/§, which is best possible
in this generality, as the two examples below indicate:

e If R is fixed and a, = e(—na;) for all n, then the left hand side of (9.2.1) is > N2,
whereas the right hand side of (9.2.1), which is asymptotically equal to (N + 1/6 —
1)>,_ lan)?. In fact, if R =1 and ¢ = 1, then we have that

R 2

>

r=1

N

Z ane(na;)

n=1

N
=N =(N+1/6-1)) |an]”
n=1
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e The constant 1/ is necessary: if N is fixed, o; = j/R for 1 < j < R, and 0 = 1/R,
then the left hand side of (9.2) multiplied by ¢ is a Riemann sum for the integral

/01 gane(na)

So we have that

D

r=1

2

do = Z anm/() e((n—m)a)da = Zl |an)?.

1<n,m<N

2 1| N 2 N
~ / Z ape(na)| do = Z |a,|?
0 |p=1 n=1

as 6 — 0%, In fact, if N =1 and a; = 1, then

Z ane(na;)

n=1

R 2

D

r=1

N

Z ane(na,.)

n=1

N
=R=(N+1/6—1)) |a.*
n=1

There are several approaches to proving Theorem 9.2.1, or other closely related results.
We follow an argument due to Gallagher, which is based on the following key lemma.

Lemma 9.2.3. Let f:[c—0/2,c+0/2] — C be continuously differentiable function. Then

1 [etd/? 1 [eto/? ,
fEI<y [ el [ irol
c—6/2 c—5/2

Proof. We may assume that ¢ = 0 and § = 2; if not, we replace f(t) by g(t) = f(c+t§/2).
The idea of the proof is that f(0) should be well approximated by the mean value £ f_ll f(t)dt,
and the quality of this approximation should be controlled by how large f’ changes. Indeed,
note that

/_lf(t)dt—Qf(O) =/_l(f(t)—f(O))dtZf(l)—f(0)+f(—1)—f(0) —/_ltf'(t)dt

_ /01 f(t)dt — /_01 £t - /_11 i
- /_11 sgn(t)(1 — |t]) f/(t)dt,

where sgn(t) denotes the sign of t. Consequently,

20(0) = [ s(ode— [ s~ 1) o)

Taking absolute values and using the triangle inequality then completes the proof of the
theorem. 0
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Proof of Theorem 9.2.1. For each r € {1,..., R}, we apply Lemma 9.2.3 with ¢ = o, and

= (Z ane((n — N/2)t)>

to get that
1 ar+6/2 1 ar+4/2

(9.2.2) |f(a,)| < —/ |f(t)\dt—|——/ |f/(t)|dt.
0 ar—6/2 2 ar—5/2

Since the points {ay, . .., a, } are d-spaced, the intervals (o, —§/2, a,.+0/2) are disjoint (mod 1).
But f is 1-periodic, so summing relation (9.2.2) yields that

;If(ar)l < %/O |f(t)|dt+%/0 |/ (t)|dt.

In order to complete the proof of the theorem, note that
2

/Olyf(t”dt:/()1 Y. ael(n=N2))| = Y anm/ole((n_m)t)dt

—N/2<n<N/2 1<n,m<N

= 2l

—N/2<n<N/2

(i ((n— N/2)t )(ZQW(n—g) ane((n — N/2)t ))

and, similarly,

/Ollf’(t)|dt=2/01

N 1/2 N o\ 1/2
< dn / > e / Z<n__) e(n)
n=1 n=1
N N N 2 1/2 N
=4 anl? n——/\ lay|? < 2N anl?.
ba '><;< Vi) Tag
Combining the above estimates completes the proof of the theorem. n

In order to put Theorem 9.2.1 into use for arithmetic applications, we shall pick as our
0-spaced points the Farey fractions

35@_{9:1§CLSQSQ, (GJQ)_1}7
q

for some parameter Q > 1. Note that if a/q and a’/q¢’ are distinct elements of .% written
in lowest terms, then

¢ q qq qq’ Q¥
for every integer n, that is to say, the set % is (1/Q?)-spaced. So we obtain the following
corollary:

/
— 1
a a —|—n‘ lag’ — aq +nqq| oL
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Corollary 9.2.4. Let Q > 1, and {a,}_, be a sequence of complex numbers. Then we have

that
2

N
< (TN +@Q*)))  an)*

n=1

> 2

q<@ 1<a<q
(a,q)=1

Zan (na/q)

n=1

We now show how Corollary 9.2.4 can be used to obtain control on the average of the

error
N
1
E Ap — — § Qs
1<n<N P4
n=a (mod p)
over prime moduli p.

Corollary 9.2.5. Let Q > 1, and {a,}_, be a sequence of complex numbers. Then we have
that

N N

DD —12% <(EN+Q) D Janf

p<Q b=1 1<n<N n=1
n=b (mod p)

Proof. For brevity, we write S(a) = 25:1 ane(na). Note that

p

(AR 1 &
2 a2 =) iD= D)
1<n<N p n=1 pn:l 7j=1 pn:l
n=b (mod p)
1 N p—1 1 p—1
== an ) _ej(n—b)/p) == e(—jb/p)S(j/p).
pn:l 7j=1 p]:l
Consequently,
2
p 1 N 1 p p—1 p—1
Y an_]_gzan = e((j2 = 71)b/p)S(51/p)S (j2/p)
b=1 | 1<n<N n=1 b=1 j1=1 jo=1
n=b (mod p)
(9.2.3) 1 bztpdd D . A
== ZS (J1/p)S ]2/]7)26((]2 — J1)b/p)
p J1=172=1 b=1
15
= 1S(5/p)|?

=1

.

Multiplying the above identity by p, summing the resulting formula over p < @), and applying
Corollary 9.2.4 completes the proof of the corollary. n
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Remark 9.2.6. Note that if we divide the inequality in the statement of Corollary 9.2.5 by
N2, we find that

2

1N 1 1 &
St I, movie < (5 R) D
n=b (mod p)

If |a,| < 1 for all n, then the right hand side of the above inequality is < 1+Q?/N. Therefore,
if Q@ = o(N), then we find that, for most p < @,

2
1N 1 1 &
_ZN_ > ”_NZ“"

L /P 1<n<N n=1
n=b (mod p)

that is to say, a, is well-distributed in most progressions b (mod p), for most primes p < Q.

We conclude this section with the proof of Theorem 9.1.1.

Proof of Theorem 9.1.1. Set
M={M<n<M+N:n¢R,(modp), forall p< z}.

We claim that for all sequences of complex numbers, and for all square-free integers ¢ < z,
we have that

> h(q)

2

>

nem

Z ane(an/q)

nem

(9.2.4) >

1<a<q
(a,9)=1

When ¢ = 1, this holds trivially. For ¢ > 1, we argue by induction on w(q). First, we
establish (9.2.4) when ¢ = p is prime. Our starting point is relation (9.2.3), which implies
that

SO ISR op

b=1 neM ne/\/l
n=b (mod p)
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Now, using the identity |z — w|* = |z|* + |w]* — 2Re(2w), we find that

Z ape(an/p)

nemM

p—1

a=1

Fﬁﬁ

Z an —i——Zan - = Z anZ@

nemM nem nem meM
n=b (mod p) n=>b (mod p)

S8
I
-

i

=p > an +Zan2—2Re(Zaan>

b=1 nem nem nem meM
n=b (mod p)

i

=p Yoan] =) an

b=1 nem nem
n=b (mod p)

On the other hand, the Cauchy-Schwarz inequality and the fact that if b € R, (mod p), then
there are no elements of M that lie in the arithmetic progression b (mod p), imply that

2 2
2 p p
nemM b=1 neM b=1 neM
n=b (mod p) n=b (mod p)

Combining the two last relations, we conclude that
2

o] g )

nem
that is to say, (9.2.4) does hold when p is a prime < z. Now assume that (9.2.4) holds for
all square-free integers ¢ < z with w(q) < j, where j is some positive integer. Let ¢ be a
square-free integer < z with w(q) = 7 + 1. Then we may write ¢ = ¢1¢2 with w(g;) < j for
i € {1,2}. Furthermore, note that the set {a1gs + asq1 : 1 < a; < qi, (a;,q;) (i € {1,2})} is
a set of representatives for the set of residues {1 < a <¢: (a,q) = 1}. Hence

S S et - Y [Tw ()

1<a<q |nem 1<a1<q1 1<a2<q2 |neM T
(a,9)=1 (a1,q1)=1 (az,g2)=1

= h(p)

1 2

>

a=1

2 an

nem

D an

nem

Y

2

For each fixed a; as above, we apply (9.2.4) with g2 in place of ¢ and ane(ain/q;) in place
of a,,, which holds by the induction hypothesis. So

S0 |3 e (U2

1<a2<q2 |neM T q
(a2,q2)=1

2 2

> h(qz)

Foe ()

nemM
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Summing the above inequality over a; and applying (9.2.4) with ¢; in place of ¢, which also
holds by the induction hypothesis, yields that

> DO ane(cm/q) > h(q)h(g2) | D an
1<a<q |neM nem
(Q7Q):1

Since h is a multiplicative function, we deduce that relation (9.2.4) is true. This completes
the inductive step, and hence the proof of (9.2.4). Finally, applying this relation with a,
being the characteristic function of the set A implies that

2
NVEY i @h(@) <D0 D> | e(na/g)] < (7N +2°)V],
q<z q<z 1<a<q |nem
(a,q)=1
by Corollary 9.2.4. This completes the proof of Theorem 9.1.1. O]

9.3 Character sum version

In this last section, we show another consequence of Corollary 9.2.4, which will play a central
role in the proof of the Bombieri-Vinogradov theorem.

Theorem 9.3.1 (Large sieve - character sum version). Let {a,}Y_, be a sequence of complex
numbers. For every Q) > 1, we have that

> o 2

q<Q X (mod q)

Z anx(n

n=1

N
<(N+Q) Y Janl
n=1

*
where the notation Z means that the sum runs over primitive characters only.

Proof. For brevity, we write S(a) = Y. ase(na). In order to translate the statement
of the theorem to an inequality involving the additive characters n — e(an/q) and apply
Corollary 9.2.4, we use Theorem A.2.2 (i.e. we use Fourier inversion with respect to the
additive characters; see Section A.1). This theorem implies that, for every primitive character

X (mod ¢q), we have

S anx(n) = 3 e S X(@)elan/q) = Z S(afa)
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Since for such a character we also have that |7()| = /g, we find that

2 2 2

N
Z ZG”X(H) Z ZX S(a/q) S Z ZX S(a/q)
x (mod q) |n=1 q x (mod q) ?  (modg) la

Z ZZ (a1)x(az2)5(a1/q)S(az/q)

X(modq) a1 az=1

Z—ZZSal/q Slaz/q) > X(a)x( Z [S(a/q)I?

al az= 1 X(mod q) 1<a<q

(a,9)=

by Theorem A.1.1. Multiplying the above relation by ¢/¢(¢q), summing the resulting in-
equality over ¢ < @, and applying Corollary 9.2.4 completes the proof of the theorem. [
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Chapter 10

The Bombieri-Vinogradov theorem

In this chapter we prove the Bombieri-Vinogradov theorem. We shall prove this theorem in
a slightly different but equivalent formulation: set

FE'(r;a) = max max Z A(n) — ——

e N v(g)|’

n=a (mod q)

where A is the von Mangoldt function. Then we have the following result.

Theorem 10.0.2 (Bombieri-Vinogradov theorem, II). Fiz A > 0. There is B= B(A) >0

such that .
E'(x:
Z (x? q) <<A (10g .fC)A 9

g<a1/2/(log x)P

Exercise 10.0.3. Deduce Theorem 4.0.4 from Theorem 10.0.2.

10.1 Reduction to Dirichlet characters

The first step in the proof of Theorem 10.0.2 is to reduce it to an estimate about Dirichlet
characters. Indeed, the main result of this chapter will be the following result:

Theorem 10.1.1 (Bombieri-Vinogradov theorem, III). Let 1 < Q < 22/3. Then

Z 4 Z maXZX

(q) < (log2)%(z 4 z'2Q? + 2*/°Q"3/0),
Q<q<2Q vl x (mod q) n<y

where the notation Z* means that the sum runs over primitive characters only.
Remark 10.1.2. If Q > 2%, then = + 2/2Q? + 2*°Q"¥/1° < £'/2Q?. SoTheorem 10.1.1

implies that
ZA << x1/2+6

n<x

137
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for most ¢ € (Q,2Q)] and for most primitive characters x (mod ¢), an estimate which is as
good as the Generalized Riemann Hypothesis.

As we prove below, Theorem 10.0.2 follows by Theorem 10.1.1 and the following funda-
mental result:

Theorem 10.1.3 (Siegel-Walfisz). Fiz A > 0. Let x be a primitive Dirichlet character (mod q).
For 1< q < (logz)?, we have that

ZA =d(x)r+ 04 (ec\/i@),

n<x

where ¢ is some absolute constant and

o(x) = {1 x = 1

0 otherwise.

Remark 10.1.4. As it is well-known, the implied constant in the above theorem cannot be
computed effectively due to the potential presence of Landau-Siegel zeroes. This deficiency
will be inherited to the Bombieri-Vinogradov theorem, as it will become clear below.

Deduction of Theorem 10.0.2 from Theorem 10.1.1. First, we rewrite E’(x;q) in terms of
primitive characters. Note that

Z A(n <Zlogpz 1 < w(q)logy < (logq)(logy).

n<y plg m>1
(n,g)>1 pm<y

(10.1.1)

In particular,

>~ Am) = Y A(m) + O((log y)(log ) = y + O (= + O((log y) (105 1))

n<y n<y e o8y
(n.g)=1

=y + O(Ry(y))-

So we have that

v o _ P (n) —
;y A(n)x(n) — @ ;y A(n)x(n) = Z; Rq(y))
n=a (mod q) n= ll(;lOd q) (n,q)=1
=Y S R~ s 3 Al + O ()
n<y X (mod q) n<y
1 —
o X%};q) X(a) nzgy A(n)x(n) + O(Rq(y))-

XFX0
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by Theorem A.1.1, where yo denotes the principal character. Given a non-principal character
X (mod ¢q), let x’ be the primitive character which induces it, say of conductor d > 1. Then

D Am)x(n) =Y AR ()| < > An)x(n) < (logg)(logy),

n<y n<y ny
(n,q)>1

by (10.1.1). Therefore, if we set

+ (log ¢)(log y),

then

Y. A)x(n) - Y X(@) Y Alm)x'(n) + O(Ry(y))

v o1
e(q)  ¢(q) :

n<y X (mod q) n<ly
n=a (mod q) XFX0
E E Y " A(n > X(a) + O(R,(y))-
dlg x' (modd) n<y x (mod q)
d>1 X is induced by x’

Since, each primitive character x’' (modd) induces at most one character x (mod gq), taking
absolute values we deduce that

Y, Elwg< ) (LZ Zm_aXZA

q<z1/2/(log x)B q<x1/2 /(log x) B dlg X’ (modd) n<y
d>1
/
Ry(z)
q<11/2/(logz

= Z m_ax ZA Z L

1<d§x1/2/(logg:) X' (mod d) n<y qul/Q/(logw)B Sp(q)
dlq
z(log x)
o stz
For the sum over ¢, note that ¢(ab) > ¢(a)p(b) for all a and b, and consequently
1 1 1 1 log =
N < < :
2 (4 2 p(dm) = o(d) p(m) — p(d)

g<z'/?/(log ) B v m<z1/2/(d(logz)B) m<z!/2/(d(log z)B)

dlq
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Consequently,

>, Elwo)

g<a1/2/(log x)P

1 *
< 2 :il:; , 2 o

< ec\/logm
1<d<z'/2/(logz)B X' (mod d) n<y
— max n n
= ok o(d) y<a X covlogz
1<2k<21/2 /(log ) B 2k <d<2k+1 x' (mod d) n<y
1 d * 1
< e 2 S 2 e A 0 (TED)
1@<l /ogmr QL2 ¢(d) P by e

If Q < (logx)*8, then we apply Theorem 10.1.3 to find that

S % S max| S0 At

Q<d<2Q x' (mod d) n<y

Q? T
Q <A Q .
ecvViogz <log x)A+2

<A

Otherwise, if (logz)4™® < @ < 2'/2/(logz)®, then Theorem 10.1.1 implies that

3 % S max S0 Al

QR<d<L2Q X’ (mod d) n<ly

zQ

122 | . 4/513/10
)| < (logz)%(x + 2'2Q% + 2*°Q )<<W.

provided that B > A + 8. So selecting B = A + 8 completes the deduction of Theorem
10.0.2. ]

10.2 Vaughan’s identity

Before we delve into the details of the proof of Theorem 10.1.1, we discuss briefly a possible
strategy for proving it. In view of Theorem 9.3.1, a plausible thing to do would be to apply
the Cauchy-Schwarz inequality. Ignoring the maximum over y < z for the moment, this
inequality and Theorem 9.3.1 yield that

2\ 2
Q<qZ§2Q #l4) (mzodq ;X | << Q«;w #l9) (mzodq ;X
< Q(Q+ Vr)Vxlogz.

This is barely not sufficient for deducing Theorem 10.0.2: indeed, the above inequality can
be rewritten as

QZ ()Z

Q<q<2Q x (mod q)

Zx )| < Qv/xlogx + x+v/log z.

n<x




10.2. VAUGHAN'S IDENTITY 141

However, the right hand side in the above estimate is never < x/(log z)4, a crucial ingredient
in the deduction of Theorem 10.0.2.

We will see that the above approach can only work if instead of A(n) we have weights
that have a certain bilinear structure, that is to say weights of the form »,,_ axb;, where
ay, is supported on integers k =< K and b, is supported on integers ¢ < L, where we also have
that KL = z. Indeed, the key idea in proving Theorem 10.1.1 is to decompose A as the
sum of convolutions f * g of some arithmetic functions f and g which have one of the two
following properties: either f is supported on small integers and ¢ is a nice smooth function,
such as g = 1 or g = log, or they are of the form f % g where both f and g are supported on
large integers. In the first case, we take advantage of the cancellation coming from the sums
Y ner X(n)g(n), which is a consequence of the smoothness of g and of the Pédlya-Vinogradov
inequality (see Theorem A.3.1). In the second case, we argue as in the previous paragraph,
applying the Cauchy-Schwarz inequality together with the character sum version of the Large
Sieve.

The aforementioned decomposition is given by the following lemma due to Vaughan.
Note that the first two sums appearing are of the first kind (which are often referred to in
the literature as Type I sums), whereas the third sum is of the second kind (which are often
referred to in the literature as Type II sums).

Lemma 10.2.1 (Vaughan’s identity). Let U > 1 and V > 1 be two parameters. For any
n > U, we have that

M) =Y w@logb— 3 | 30 woAD |~ X A | 3 u(d)

ab=n ab=n cd=a ab=n dlb
a<V a<UV \c<V,d<U a>U, b>V d<v

Proof. Note that

A(n) =Y p(k)logl =" pu(k)logl + Z k) log £.

ké=n ké=

kSV >V

Moreover,

> ulk)log =" p(k) Y A(m) ZA ) > k)
kel

]ff;\? (A m|{ k’lz/y
= S Am) Y pk) == 3 Am) S k)
K>V o
= Z Am) S uk) = S Am) S uk
m<U k’ﬂ"’/ moU,rs1 kk<|7;/
== 2w > Am) Y (k)
kén\fe;gU m%; v k];'?{/

which completes the proof of the Lemma. O
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Remark 10.2.2. Lemma 10.2.1 can be also proven starting from the straightforward iden-
tity
C/

:F—(FG—C’GJr(—Z—F) (1-¢Q),

_C’
¢

where ( is the Riemann ( function,

F(s) = Z Aln) and G(s) = M

ns ms
n<U m<V

10.3 The smooth part of von Mangoldt’s function

In this section we show how to handle the Type I sums that appear in the decomposition of
A given in Lemma 10.2.1. We start with the following general lemma.

Lemma 10.3.1 (Estimates for Type I sums). Let x be a non-principal character(modgq).
Also, let f : N — C be an arithmetic function that is supported on integers d < D and which
satisfies the inequality | f| < log", for some r > 0. Then, for any s > 0, we have that

> (f *1og*)(n)x(n) < D /g(log(Dga)) ™+ (x> 2).

n<x
Remark 10.3.2. The above lemma yields a non-trivial result as soon as z > (D,/q)'**.

Proof of Lemma 10.3.1. Note that

> (f xlog*)( =Y fla)x(a)(logb)*x(b) =Y fla)x(a) > x(b)(logh)*

n<z ab<z a<lz b<z/a

< ) (loga)"| > x(b)(logb)’

a<D b<z/a

Now, for every y > 1, the Pdlya-Vinogradov inequality (i.e. Theorem A.3.1) and partial
summation imply that

3" x(0)(logb)* /logt (Zx ) (logy)* Y x(b) /logt (Zx )dt

b<y b<t b<y b<t
) Y (logt)*! )
< V/q(logq) | (logy)® + s )< Va(logq)(logy)®.
1
So

Z(f x log®)( ) < Z log a)"\/q(log q) <log g) < D,/q(log q)(log Dx)"™*,

n<lz a<D

which completes the proof of the lemma. O
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Now, fix for the moment 1 < U,V < =z, to be chosen later. Let y < x and x be a
non-principal Dirichlet character modulo some integer ¢ < x. Then, we have that

> Alx(n) <,

n<min{y,U}
and
Z x(n) Z p(a)logb < V. /q(log z)?
U<n<ly ab<:‘7/1

by Lemma 10.3.1. Moreover, since

cd=a dla
<V.d<U

applying Lemma 10.3.1 again, we deduce that

Z x(n) Z Z p(e)A(d) | < UV /q(logz)?.
U<n<ly ab=n cd=a
a<UV \c<V,d<U

Combining the above estimates with Lemma 10.2.1, we conclude that

S A = Y x(@b)Ala) | 3 u(d) | +O0W0Vilogr))

n<y ab<y dlb
a>U,b>V d<v

(10.3.1)

= Z Zu +O(UV/q(log x)?),

mn<y din
m>U,n>V d<Vv

for all y < x. Consequently, if we set

Ay = A( and (3, = Z M

din
d<v

then, if we set

S(z;Q) = Z 4 Z max

X (mod q)

x| > x(n)

n<ly

we have that

(10.3.2)  S(z;Q) < Z 4 Z* max Z x(mn)amBa| + UV QY (log )2

y<z
Q<q<2Q x (mod q) mn<y

m>U,n>V

This reduces Theorem 10.1.1 to a bilinear sum estimate,w which will be accomplished in the
next section.
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10.4 The bilinear part of von Mangoldt’s function

We will treat the sum on the right hand side of (10.3.2) using Cauchy-Schwarz and Theorem
9.3.1. However, before we can apply Cauchy-Schwarz, we need to separate the variables m
and n. Before we do this, we perform an initial step, which allows us to partially keep track
of the fact that mn < x: we break the range of summation of m in relation 10.3.2 into
O(log z) dyadic intervals (M,2M], and the range of summation of n into O(logz) dyadic
intervals (N,2N], where U < M < z/N < z/V. Then taking the maximum over all these
O(log x)? possibilities, we find that

q *
S(:Q) < log)? max Y~ S max| 3T y(mm)ans,
(10.4.1) M2 oZa=0 (’D(q)x(modq) il
M<m<2M
N<n<2N

+ UV Q**(log x)?,

We are now ready to separate m and n. This is accomplished by applying Perron’s inversion
formula in the following form (see [Da, p. 105-6] for a proof of it).

Lemma 10.4.1. Let
0 if 0 <z <1,

I(z) =< 1/2 ifz=1,
1 ifz> 1
Then, for z >0, c¢>0 and T > 1, we have that

L/CHT Z—st—I(Z) - zmin{1,1/(T[log z|)} Z:fz# 1,
o7 ) s ¢/T if z = 1.

Now, let y < z, and note that

Z x(mn)am By, = Z X (mn)cm By

mn<y mn<|y|+1/2
M<m<2M M<m<2M
N<n<2N N<n<2N

So Lemma 10.4.1 implies that

ix? <
S mmanp, — = [y xmmanb (ly) ¥ 12
~ miM~n 27'('7, 1/27”:2 Mem<aM (mn)s s
%222522]]\‘,4 N<n<2N

1/2
y |t B >
+0 | ¥~
< w? mSZJ\;LSQN v/mn|log Lyﬁi/ﬂ
x(n)By

nl/2+it
N<n<2N

x(m)am,
/2 it
M<m<2M

at +1
L+t

$2
<<¢§/2



10.4. THE BILINEAR PART OF VON MANGOLDT’S FUNCTION 145

since MN < z, |log ¥ +1/2| > 1/y, |aum| < logm, and |3,| < 7(n) < n'/3, for all m and n.
Therefore

> o > max| > x(mn)ayb,

02220 P\ ot Y= |y
M<m<2M
N<n<2N
q * x(m x(n dt 2
< \/_/ o(q) Z Z 1/2+zt ' Z 1/2+zt 1+ 1] + Q"
a? Q<q<2Q X (mod q) |U<m<z/V V<n<z/U

Inserting the above estimate into (10.3.2), and majoring the integrand by its maximum over
all t € [—2?, 2%], we deduce that

. q * x(m)am x(1)Bn
S(z;Q) < vz(logz)? M>Iga]3(>v Z 2(0) Z ml/2+it | Z nl/2tit
MN<z, |t|<a® Q<4=2Q x (modq) |U<m<z/V V<n<z/U
+UVQ*(logz)?.

Finally, Theorem 9.3.1 implies that

2

* m am 2
> oLy o i@y Y 208 (1 @2 togar?
0500 PlO) m m
< X (mod q) |M<m<2M M<m<2M
since |a,,| < logm for all m, and similarly
()8 | B2
q * X\ )Pn 2 n 2 4
Z 2(q) Z et | S (N +@Q%) Z - < (N + @%)(logz)",
Q<q<2Q x (mod q) IN<n<2N N<n<2N

since |f,| < 7(n) for all n. So the Cauchy-Schwarz inequality yields that

(10.4.2)
S(z;Q) < Vz(log x)6 Jnax V(M +Q2)(N + Q2) + UVQRY*(log z)?
MN<CC
< Vz(logz)° e <\/ MN +Q*+Q(VM + \/N)) +UVQ*?(log x)?
MN<z

< Vz(log z)° (\/E+ Q* + Q\/§+ Q\/g ) +UVQ?(log ),

since M < x/V and N < z/U, for all M and N as above. For @ < z'/2, we choose
U=V =2*5/Q%", so that (10.4.2) becomes

S(x;Q) < (logz)(z + 2V/2Q? + x*/°Q*/10).

This completes the proof of Theorem 10.1.1, and hence of the Bombieri-Vinogradov theorem.
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Exercise 10.4.2. Show that
S(z;Q) < (logz)%(x + 2Q? + x5/6Q) (1<Q< x2/3),

which is an improvement over Theorem 10.1.1 when Q > z'/°.

Hint: Write

S| S wer@| = 3 wora@ |+ 3 | 3 weam |

ab=n cd=a ab=n cd=a ab=n
a<UV \c<V,d<U a<U \c<V,d<U U<a<UV \c<V,d<U



Appendix A

Dirichlet characters

In this chapter we gather some basic facts about an important class of multiplicative func-
tions, the Dirichlet characters. In general, a Dirichlet character modulo some integer ¢ is a
completely multiplicative function® x : N — C such that:

e Y is ¢g-periodic, that is to say, x(n + q) = x(n), for all n € N;

e Y is supported exactly on these integers that are co-prime to ¢, that is to say, x(n) # 0
if and only if (n,q) = 1.

The two above facts imply that x induces canonically a group homomorphism x : (Z/qZ)* —
C \ {0}, simply by letting x(n (modgq)) = x(n). In group theoretic terms, X is a character
of the abelian group (Z/qZ)*.

The above discussion gives a natural correspondence between Dirichlet characters mod ¢
and characters? of the group (Z/gZ)*. In the next section, we develop the basics of character
theory of finite abelian groups, and then discuss it further in the case of the groups (Z/qZ)*
and Z/qZ.

A.1 Fourier analysis on finite abelian groups

Let (G, -) be a finite abelian group. We denote with C'(G) its set of characters, that is to say,
the set of group homomorphisms x : G — C\ {0}. The set C'(G) forms naturally a group
with respect to the usual multiplication of complex valued functions. Its identity element
is called the principal character of GG. It is denoted by yq, and it is constantly equal to 1.
The cardinality of C(G) is precisely equal to the cardinality of G. This relation is obvious
if G is cyclic: if G = Z/qZ, then every character is uniquely determined by its value at 1.
Since x(1)9 = x(q- 1) = x(0) = 1, it follows that x(1) has to be a ¢-th root of unity, and
consequently, there are precisely ¢ characters. In the general case of a finite abelian group,

IThat is to say, x(mn) = x(m)x(n) for all integers m and n.

2In fact, this is historically the first occurrence of what in modern algebraic language is called group
character. Note that, strictly speaking, Y is a 1-dimensional representation of (Z/qZ)*. However, since
this group is abelian, there are no higher dimensional irreducible representations, so the set of irreducible
representations of (Z/qZ)* is isomorphic with the set of characters of (Z/qZ)*.

147
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the relation |C(G)| = |G| follows by writing G as the direct product of cyclic groups, say
(A.1.1) GeZ/GWZ & - S L/,
and noting that, as a consequence,

C(G)=CZ/nZ) & & C(Z/aZ).

The characters of an abelian group G satisfy the following important orthogonality rela-
tions.

Theorem A.1.1. Let (G,-) be a finite abelian group. For every x € C(G), we have that

1 1 i x = Xo,
(A.1.2) @;X(g) = {o .

otherwise.

Also, for every g € G, we have that

(A.1.3) |é| > X(g)z{é 79=1

otherwise.
XEC(G

Proof. First, we prove relation (A.1.2). If x = xo, then (A.1.2) is trivially true. Now assume
that x # xo. For every h € GG, we have that hG = G. So we have that

(A.1.4) X(h)> x(g) =Y x(hg) =D xl(g)

geG geqG geqG

Since x # Xo, there must be some g € G with x(g) # 1. Together with (A.1.4), this
completes the proof of (A.1.2).

The proof of relation (A.1.3) is very similar. This relation is trivial when g = 1. Now,
if g # 1, then there exists some character y; € C(G) such that xi(g) # 1. Indeed, if G is
cyclic, say G = Z/qZ, then this equivalent to saying that, for every n # (modq), there is
some a € Z such that an # 0 (mod ¢), which is true. In general, the existence of x; follows
by the cyclic case and relation (A.1.1). Now, we have that

(A.1.5) Z x(@9)= > xixlg Z x(g
XEC(G x€C(G) xeC(G

Since x1(g) # 1 by assumption, relation (A.1.5) completes the proof of (A.1.3), and hence
of the theorem. N

By (A.1.2), the characters of a group G form an orthonormal set in the space of functions
a : G — C with respect to the inner product
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In particular, for every a : G — C, we have the inversion formula

(A.1.6) a= Y (X)X

Xx€C(G)

This relation allows us to do Fourier analysis on the group G.

Now, we consider the case of the group Z/qZ. As we mentioned above, the characters of
this group are the functions n — e(an/q), where

e(z) == e*™*  for x € R.

These functions are also called additive characters(mod q), as opposed to the Dirichlet char-
acters (mod ¢), which are also called multiplicative characters(mod q). Of particular impor-
tance is the interaction between these two different kind of characters. To this end, given a
function f : Z/qZ — C, we define its Fourier transform by

= 3" f(a)e(~an/q).

In order to study the Fourier transform of a Dirichlet character y, we define its Gauss sum
7(x) by the formula
Z x(a)e(a/q).

Note that we have the relation
(A.1.7) ZX e(an/q) = 7(X)x(n), whenever (n,q) =1,

or equivalently,
X(n) =7(X)x(n), whenever (n,q)=1.

This gives the Fourier transform of y in terms of the additive characters mod ¢ for the
frequencies n that are co-prime to ¢. In the next section we shall see that this formula can
be expanded to all n for an important class of Dirichlet characters, the primitive characters,
thus showing that a primitive Dirichlet character x (mod ¢) is a conjugate eigenvector of the
Fourier transform (mod ¢) , with conjugate eigenvalue equal to 7().

A.2 Primitive characters

Two important notions concerning Dirichlet characters is the notion of a primitive character
and the notion of the conductor of a character. They express the fact that a Dirichlet
character (mod ¢) might be a Dirichlet character a smaller modulus ¢'|¢ in disguise. The
smallest such ¢ is called the conductor of ¢. If it happens that the conductor of y is equal

3That is to say, it is an eigenvector of the conjugate of the Fourier transform (mod q)
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to g, that is to say, x is a genuine character (mod ¢), then we say that y is primitive. We
give the formal definitions below.

Let ¢1|q2 and consider two Dirichlet characters y; and x2, modulo ¢; and go, respectively.
We say that x; induces xo if

0 otherwise.

() = {Xm it (n.42) = 1.

Note that a Dirichlet character always induces itself.

Let x be a Dirichlet character (mod ¢), and define ¢(x) to be the smallest positive integer
¢'|q for which there exists a Dirichlet character x’ (mod¢’) which induces x. Then ¢(y) is
called the conductor of y. Finally, x is called primitive if ¢(y) = gq.

Exercise A.2.1. Let x be a Dirichlet character (mod q).

(a) Show that y is primitive if and only if for every natural number ¢; < ¢ there are
integers m and n such that m = n (mod¢), (n,q) = (m,q) =1 and x(n) # x(m).

(b) Show that x is primitive if and only if for every natural number ¢; < ¢ there is an
integer n = 1 (mod ¢;) such that (n,q) =1 and x(n) # 1.

Theorem A.2.2. Let x be a primitive Dirichlet character mod q. Then, for every n € N,

we have that
}{:Xﬁ e(an/q).

Proof. When (n,q) = 1, this is a consequence of the general Fourier inversion formula for
characters, that is to say, relation (A.1.6). Assume now that (n,q) = d > 1, in which case
we need to show that

Z X(a)e(an/q) = 0.

Write n = dn; and ¢ = dg;, and note that

ZY(a)e(an/q ZZXb-I—jCh <(b+‘7q1 ) Zebm/%z (b+7q)

7j=1 b=1 b=1 =

So it suffices to show that

(A-2.1) > x(b+ja) =0,

Jj=1

forall b € {1,2,...,¢}. Since x is primitive, Exercise A.2.1 implies that there is some k € Z
for which(1 + kq1,q) = 1 and x(1 + kq;) # 1. Consequently,

d d
X(1+ kqr) ZX(b +iq) = ZX(b + [0k + (1 + kq1)j] - q1)-
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Since (1 + kq1,q) = 1, the numbers {bk + j(1 + kq;) : 1 < j < d} run over a complete set of
representatives mod d, and therefore

d
X+ i) =Y x(b+ja).

J=1

X(1+ kq1)

IIM&

Since x(1 4+ kqy) # 1, relation (A.2.1) follows. This completes the proof of the theorem. []

Using the above theorem, we can determine the size of the Gauss sum for primitive
Dirichlet characters.

Theorem A.2.3. Let x be a primitive Dirichlet character mod q. Then |T(x)| = /4

Proof. By Theorem A.2.2, we have that

OO Ix(n)[* =

<ZX e(an/q) ) ( Y(b)e(—bn/Q)>
=2 D> x(@x(®) Y _ella=bn/a) =) Ix(a)l’s = p(a)a-

a=1 b=1 n=1 a=1

for all n € {1,...,q}. So

P@)lTOOF = 1> x(a)e(an/q)| =

n=1 |a=1

This completes the proof of the theorem. O

Exercise A.2.4. Calculate the absolute value of the Gauss sum 7(x) for all Dirichlet
characters (mod q).

A.3 The Pdlya-Vinogradov inequality

Theorem A.3.1 (Pdlya-Vinogradov inequality). Let x be a non-principal character mod q.

Then
> x(n) < glogg.

M<n<M+N

Proof. First, we prove the theorem when Y is primitive. Theorem A.2.2 and the periodicity
of x imply that

L X = L X(a)e(an
; x(n) = ; ﬁZx(ak(cm/q)— > e > Xla)e(an/q)

M<n<M+N M<n<M+N 1<a<q M<n<M+N —q/2<a<q/2
(=1 (a,9)=1
1 Z X(a) Z e(an/q) < b Z 1
= = q — RN -
() —gq/2<a<q/2 M<n<M+N I7(X)| _o/3<a<a)2 I1—e(a/q)]

(a,q)=1 (a,g)=1
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So Theorem A.2.3, and the fact that |1 — e(z)| < |z, for all x € [-1/2,1/2], imply that

> x(n) < - > k%/qygﬂz é<<\/§10gq.

M<n<M+N \/a —q/2<a<q/2 1<a<gq/2
(a,q)=1

This completes the proof in the case that y is primitive. Finally, if y is induced by the
primitive character x; (mod ¢;), then

dooxm= ) xtm= >, x)= Y xn)

M<n<M+N M<n<M+N M<n<M+N M<n<M+N

— Z x1(n) Z p(d) = Z p(d)x1(d) Z x1(m)

M<n<M+N d|(n,q/q1) dlg/q1 M/d<m<(M+N)/d

q
< Y Vailoga < m(q/q)v/alog g < Vg Varlosa = Vilog,

dlg/q

which completes the proof in this case as well. O



Appendix B

Primes in arithmetic progressions

The purpose of this chapter is to establish the Siegel-Walfisz theorem:

Theorem B.0.2. Let A > 0. There is a (non-effective) constant c4 such that if 1 < q <
(logz)4 and (a,q) = 1, then

m(x;q,a) = ;g; +0 (e@4jm) )

The proof we will present is not the classical complex-analytic proof. Rather, we use the
approach of [Kou|, which is based on the theory of pretentious multiplicative functions.

As it is common, instead of working directly with the indicator function of the primes,
we use von Mangoldt’s function A(n), which reduces Theorem B.0.2 to proving that

> A= 2@ +0 <m) (¢ < (logz)*, (a,q) =1).

n<x
n=a (mod q)

For every z > 1 and (a, q) = 1, the orthogonality of characters implies that

Y oAm - = LS ) Y mAm) - 5(:0) + 0 (i) ,

o pla)  wle) o= 7 i (q)

n=a (mod q)

where

1 if x is principal,
6(x) = .
0 otherwise.

So, it suffices to prove that

(B.0.1) > An) < elL\/Tﬁff (z > exp{q})

n<x

for all characters x (mod q), where we have set
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We write F)(s) for the Dirichlet series corresponding to A, and we note that

_ _£’<s X) = 0(x)¢(s),

where, given an arithmetic function f : N — C, we employ the standard notation
oo
f(n)
N=2.%5
n=1

Our strategy towards proving (B.0.1) is to multiply A,(n) by an appropriately high power
of logn and control that sum instead. This manoeuvre will allow us to work with F)(s)
when Re(s) > 1, where no arguments about the analyticity and the location of the zeroes of
L(s, x) are needed. For technical reasons, we also introduce the smoothing log(z/n) to the
sum we consider. Fourier inversion implies that

-1 k—1 s
ZA )(logn)*~ 1log ( 2), / Fikfl)(s)x—QdS
™ Re(s)=1+41/logx S

(B.0.2) nsr
<<9c-/oo FED (14 ! + it di
| X log x 1+¢t2

for all £ € N. In view of the above formula, we need to understand the size of the derivatives
of F,. The following key lemma, which is based on an idea in [IK, p. 40], allows us to reduce
this problem to upper bounds for the derivatives of F)(s) and a lower bound on |F,(s)|.

Lemma B.0.3. Let M > 1, D be an open subset of C and s € D. Consider a function
F : D — C that is differentiable k times at s and its derivatives satisfy the bound |FU)(s)| <

JIMI for1 < j<k. If F(s) #0, then
A _ K 2M g
(%) @ <% Gagrors)

Proof. We have the identity

(B.0.3)
(F) wen 3 Crrmrer (GR0) (GR6)

a1+2as+--=k

which can be easily verified by induction. In order to complete the proof of the lemma, we
will show that

Z (a1+a2+-~-+ak)!_ Z ay +ag+ -+ ag _21c—1
(B.0.4) alag! - - ap ay, Gz, ..., 0 '
a1+2as+-4kap=k a1+2a2+-+kap=k

Indeed, for each fixed k-tuple (ay,...,a;) € (NU{0})* with a; + 2ay + -+ + kay = k,

the multinomial coefficient (“Z‘f;j:’“) represents the way of writing £ as the sum of a;
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ones, as twos, and so on, with the order of the different summands being important, e.g. if
k=5 a0 =1, ay =2 and az = a4 = a5 = 0, then there are three such ways to write 5:
5=24241=2414+2=1+2+2. So we conclude that

Z <a1 tax+---+ a’“) = #{ordered partitions of k},

ai,ao,...,04
a142a0+-+kap=k 1, 42, s Wk

where we define an ordered partition of k to be a way to write k£ as the sum of positive integers,
with the order of the different summands being important. To every ordered partition of
k = by+---+by,, we can associate a unique subset of {1, ..., k} in the following way: consider
the set B C {1,...,k} which contains {1,...,b;}, does not contain {b; + 1,...,b; + by},
contains {b1+by+1,...,b1+ba+0bs}, does not contain {by+bo+bs+1,...,b1+by+b3+bs}, and

so on. Then B necessarily contains 1 and, conversely, every subset of {1,...,k} containing
1 can arise this way. So we conclude that there are 2*~! ordered partitions, and (B.0.4)
follows, thus completing the proof of the lemma. m

Our next goal is to obtain upper bounds on the derivatives of L(s, x) and a lower bound
on |L(s,x)|. In fact, we shall perform a technical manoeuvre and switch to a sifted version
of L(s, x). We may do so since

(%) "y (5,x) = (%) o (5,y) + O( k! (log y)*),

Y

where
x(n)
ns

Ly(s7 X) =
P=(n)>y

The reason for doing so is that, in general, we can only control Y _\ x(n)n® for N large
enough in terms of ¢ and ¢, and it is possible that this sum is rather large for small values
of N. This would force LY (s,x) to be large. But then, the same thing would be true for
L(s,x). However, it is rather hard to capture this correlation in the sizes of L\ (s, ) and
L(s, x) in practice. By considering the sifted L-function L,(s, x), we ensure that the partial
sums we consider Y _y x(n)n all have N > y, so the small values of N can no longer cause
any problems. -

Lemma B.0.4. Let x be a Dirichlet character modulo q, k € NU {0}, and s = o + it with
o>1andteR. Fory>3/2 we have that

(B.0.5) L®¥(s,x) +

Y

(—1)* 1k 5(x)e(q) H (1 B 1) < El(clog(|t| + g + y))k—&-l'

(s—DF ¢ p logy

p<y

plq

In particular, if y > max {q + |t], 65(X)/|t‘}6 for some fized € > 0, then

(B.0.6) }L(yk)(s,x)‘ < K!(cclogy)*.
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Proof. Set z = max{y, ¢*, (|t| + 1)'°°} and note that

)(logn) (log z)k+1
(B.0.7) (=1L = 2 K +O(1i7)'

n>z
P~ (n)>y

Next, we need to control the sum - . p-(,)-, x(n)n~%. We use the Fundamental Lemma

of Sieve Methods (cf. Lemma 3.3.3) to construct upper and lower bound weights (u*(d))g>1
supported on the set {d < \/x : d|P(y)}. Then

> Xt => (e pt)(n)x(n)n " + O (Z(l st — 1 u)(n)>

n<x n<x n<zx

P (n)>y
1-1/logy
_ —it 2 : —it z

d<\/z m<zx/d

We break the inner sum into congruence classes mod ¢. For each b € (Z/qZ)*, partial
summation implies that

A wfd T
Z m~" = /1 u"d (q +0(1 )) % + O(1 + |t| log ).

m<z/d
m=b (mod q)

So, we conclude that

) l.lfz't +(d d 1 xlfl/logy
Z x(n)n™" = - Z i QX( ) C - Z x(0) + 0O (Q\/E(l + [t|log x) + oz
n<x ! d<\/z 1 be(Z/qZ)* o8y

P (n)>y
1—it 1-1/logy
25(X)-@- T H(1_1>+0($—)
qg 1—1it o P logy
pla

for all z > y. Let Ry(x) be the error term in the above approximation. Then

Z X logn /OO (IOSJU)kd d(x)¢(q) 1“1_2; H (1 _ %) + Ry (u)

n>z q
(Z)>y pp%qy
) 1 (1 k (1 k
a oL r) J u® 2 u?
pla
Since
(1 k 1 k S| k—1 1 —k
/ (Ogu) th(u):_(OgZ> Rt(Z> +/ (Ogu) (J ogu )Rt(u)du
; ue 20 . uo‘-l—l
< (log 2)* Lot k /°° (logu)k
log Y log Y uot1/logy
- (log 2)* Lo k /OO (log u)* P (k +1)!(log 2)**!
~ logy 2z0-tlogy J, wltl/logy logy
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by partial summation, and

/OO —(log u)kdu = / (log u) 2 du+ O((log 2)*1) = —k! + O((log z)kH)

us (3 _ 1)k+1

by observing that (logu)™u=* = (log u)mw for all m > 0 and integrating by parts
k times, relation (B.0.5) follows. Finally, relation (B.0.6) is a direct consequence of rela-
tion (B.0.5), since |s — 1| > |t| > €-0(x)/logy under the assumption that y > e“*)/Il This
completes the proof of the lemma. n

Next, we need a lower bound on L,(s,x) close to the line Re(s) = 1. We need to
introduce some notation a state a preliminary result. Given two multiplicative functions
f,9: N— {2z € C:|z|] <1} and real numbers z > y > 1, we set

— N\ 1/2
D, gy, ) = ( 5 1—Re(f(p)g(p))> |

y<p<z p

This quantity defines a certain measure of ‘distance’ between f and g, that is to say
D(f, g;y,x) is small if f pretends to be g for primes in (y,z]. It was introduced by Granville
and Soundararajan, partially in order to conceptualize and put under a unified framework
several results in the literature. It is central in the theory of pretentious multiplicative func-
tions and it satisfies the triangle inequality (see [GS, p. 207] for a slightly weaker form of
this inequality).

Lemma B.0.5. Let f,g,h: N — {z € C: |z| < 1} be multiplicative functions and x > y >
1. Then

D(f,g;y,2) +D(g, h;y,z) > D(f, h;y, x).

Proof. 1t suffices to show that

VRe (1—227) +y/Re (1 - 227) = \/Re (1 - 277).

for all complex numbers z, 2, 2” of modulus < 1. We set w = 22/, w' = 2’2" and r = |#/|, so
that the inequality we need to show becomes

(B.0.8) VRe(l —w) + Re(l — w) > /Re(l — ww'/r2),

for all r € (0,1] and all complex numbers w, w’ such that |w|, |w'| < r. We write w = x + iy
and w’ = a + ib and we consider r, x and a fixed for the moment. So our goal is to show
that

V1= (az —by)/r2 < V1 —z+V1—a,
for all b,y with [b] < v/r?2 —a? and |y| < V7?2 — % It is easy to see that /1 — (ax — by)

is maximized when 0> = r? — a? and y* = r? — 2%, so that (B.0.8) follows by the case
lw| = |w'| =r. We set w = re?® and w’ = re’?, and we define s € [0, 1] via the relation

2s
s24+1

=T
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Then (B.0.8) reduces to showing that

VRe(1 —re®) + y/Re(1 — reiv) > \/Re(l — eil0+¢))
or, equivalently, that
|s — e + |s — €| _ |e? — |
> )
s2+1 V2

which is a consequence of the triangle inequality in C and the fact that s < 1. [

We can now give our lower bound for |L,(s, x)|.

Lemma B.0.6. Fiz e € (0,1]. Let x be a Dirichlet character modulo q, s = o + it with
o>1andt € R, andy > q+|t|. If |t| > €/logy or if x is complex, then we have that
|Ly,(s,x)| <e 1. Finally, if x is a non-principal, real character, and |t| < 1/logy, then
[Ly(s, x)| > Ly(1, x)-

Proof. First, assume that either [t| > €/logy or x is complex. Equivalently, [t| > ¢d(x?)/logy.
Note that

log

: 1 Re(x(p)p~™)
Lo(1+it+— =\ 22AE ) 1
y( I +10g«’r’x)‘ g priose O

=S Re(x(p)p™") Lo

p

y<p<z

— D(x(n), u(mn’; g, ) — log Gi : ) o),

upon observing that p~'/1°8” = 1+ O(log p/ log ) for p < x and that Y- _ 1/p'*/187 <« 1.
Therefore we see that if |L,(1+ 1/logx, x) is small, then x(n) must pretend to be p(n)n®.
But then the triangle inequality implies that y*(n) must present to be n?* and this is
impossible by our upper bounds on |L,(1 + 1/logx + 2it, x*)| provided by Lemma B.0.4.
Indeed, for every x > y we have that

2-D(x(n), p(n)n';y,z) = D(x(n)n™", p(n);y, ) + D(u(n), x(n)n";y, x)
> D(x(n)n~", X(n)n"; y, x) = D(x*(n),n*"; y, z)

by Lemma B.0.5. Consequently,

: 1 log x Re(x*(p)p~*")
D? i, | 1) —
(x(m). o ) > 1o (1) 4 o(1) - Y R
y<p<z

1. /1 1

= Zlog [ 20) 1 O(1) —log|L, [ 1+ —— + 2it, 2
4 logy log x
1 log x

> ] 1

=1 <1Ogy) +OLD),
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by relation (B.0.6) with k& = 0, provided that y > max {q + [t], e 0 ”“}. Hence,

1 1 3/4
Ly|1+—+it,x || > 8y (a: >y > max{q + |¢], ee";(xg)/ltl}> ,
log log

We claim that this inequality is self-improving. Indeed, if z and y are as above, then

x(p) _ x(p) _ x(p) x(p)
plit o Z p1+it+1/log:v + O<1) o Z pl—l—it-i—l/logx - Z p1+it+1/logy + O(1>
y<p<z P>y P>y P>y

/ p)logp ' du +o(1)
y

1+zt+1/ logu u(log u>2

(B.0.9)

P>y

—/L 1+t + ! du +0O(1)
), Ly ' logu’X u(logu)?

r du
) 1 3/4(] e MM o
< /y (logy)>"*(logu) a(log )2 +1k1,

by (B.0.6) and (B.0.9). So we conclude that

X()
1+t
y<p<z

(B.0.10)

<1 <m>y>max{q+]t| x)/\ﬂ})

The above relation for z = max{e'/®=1 4} implies that |L,(s, x)| < 1, which completes the
proof of the first part of the lemma.

Finally, assume that x is a real, non-principal character, and that |[t| < 1/logy. Let
r = max{e/(“V y} and z = min{z, e/} > y > ¢+ |t|. Then we have that

x(p)
1+t

< 1,

z<p<lx

trivially if z = x, and by relation (B.0.10) with z in place of y otherwise, which holds, since
in this case z = el/‘” > 0N/ So we deduce that

Zl(ﬁ)t _ Xl(ﬁ)tJrO(l): 3 X(p)+0p(|t|10gp Z

y<p<z y<p<z y<p<z y<p<z

Finally, for every w > z > ¢ + |t| we have that

Z X = log |L

(1 %,x))w(l) <o),

e ogw
by relation (B.0.6) with £ = 0. So
Re(
Z—e ZX > 3 XL o0y (o)
y<p<z y<p<z y<psw p

Therefore, we conclude that |Ly(s, x)| > L,(1+ 1/logw, x) for all w > z. Letting w — oo
completes the proof of the last part of the lemma too. O
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Finally, we prove an estimate for the derivatives of (L'/L)(s, x), which will be key in the
proof of Theorem B.0.2.

Lemma B.0.7. Let x be a Dirichlet character modulo q and s = o + it with o > 1 and
t € R. For every k € N we have that

IV (D= 1)
‘(f> (520 + 25y

cklog(2q + |t]) ¥
< (5(X) +(1- 5(X))\Lq+t|(8>><)\) '

Proof. Set y = g + |t| and fix some constant € to be chosen later. We separate three cases.

Case 1: 0 > 1+¢€/logy. Note that §(x)+(1—0(x))|Lgtp (s, X)| < 1, trivially if 6(x) = 1,
and by relation (B.0.6) with £ = 0 if §(x) = 0. Since we also have that

N (k—=1) _1\k—=1(p _
‘(g) (5.3 ¢ SO0 = 1!

< i A(n)(logn)k—1 N (k —1)!

k
nlte/logy (6/ lOg y)k: < <Clk lOg y)

L (s— 1)

n=1
for some ¢; = ¢;(€), the lemma follows.
Case 2: |t| > ¢/logy. Note that

L/

7 ) o (s,X) = O ((cak logy)*) + (L—i) o (5, %)

(B.0.11) (

Furthermore, relation (B.0.6) implies that |L3(f)(s,x)| < jl(ezlogy)’ for all j € N, for some
c3 = c3(e). Additionally, we have that |L,(s, x)| <. 1 by Lemma B.0.6. So Lemma B.0.3
applied to F(s) = L,(s, x) yields that the right hand side of (B.0.11) is < (c4k logy)* for
some ¢4 = ¢4(€), and the lemma follows (note that in this case |s — 1] > [t| > €/ logy).

Case 3: |s — 1] < 2¢/logy. Let

and observe that

. 4 o 1\ .
FO() = (s = "L 0 +00052¢ s ) [T (1-3) < dteston
P<y
for all j € N, by relation (B.0.5). So Lemma B.0.3 implies that

() g G (EY ) (et Y

)

Together with (B.0.11), the above estimate reduces the desired result to showing that

(B.0.12) min{|F(s)[, 1} = 6(x) + (1 = 6(x))[Ly(s, x|
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If 6(x) = 0, then (B.0.12) holds, since |F(s)| = |Ly(s, x)| < 1, by relation (B.0.6) with
k = 0. Lastly, if 6(x) = 1, then |F(s)| =1+ O(]s — 1|logy) = 1 4+ O(¢) by relation (B.0.5)
with £ = 0 (note that J[,., (1 —1/p) = ¢(q)/q, since y > g by assumption). So choosing
e small enough (independently of k, ¢ and s), we find that |F(s)| < 1, that is, (B.0.12) is
satisfied in this case too. This completes the proof of (B.0.12) and hence of the lemma. [

The last ingredient missing in order to complete the proof of Theorem B.0.2 is Siegel’s
theorem:

Theorem B.0.8. Let ¢ € (0,1]. With at most one exception, for all real, non-principal,
primitive Dirichlet characters we have that L(1,x) > €3¢, where q denotes the conductor
of x; the implied constant is effectively computable.

Before proving Theorem B.0.8, we need a preliminary lemma. The idea behind its proof
can be traced back to [Pi].

Lemma B.0.9. Letc>1,r € N, and Q > 2. Consider a multiplicative function f : N — R
such that 0 < (1% f)(n) < 7.(n) for all integers n, and

> fn)

n<x

4/5

<czlogx (x> Q).

If L(1 —n, f) > 0 for some n € [0,1/20], then L(1, f) >., n/Q*". If, in addition, L(1 —
1, f) =0, then L(1, f) <cr n(log Q)"

Proof. By partial summation, we have that

and

So for > Q? we have that

(1 % a
S:_Z nlfn Zalnzbl +Zb1 Z%

n<z a<\T b<z/a b<\T vz<a<z/b
- Z x/“ L, 40 ()] 1O | 282 S L
CLl n Tn ¢ 11/10-n/2 bl-n
a<\z b<\z

x/a”—l log? z
Zaln "’%L<1_777f)+0c,r(m ;

a<y/T
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since |f| = |u* (1% f)| < 741. Finally, for A > /2 we have that

$/a’7—1 (x/u”—l log”® x
Z al n o Ve Z al 0| e 21/10—n’

Vr<a<A u<a<A

by integration by parts. Consequently,

2 1 log” x
S = ;L(l,f) + (’777 — 5) L(l - naf) + Oc,?” (1,1/1077) '

Note that 1 < S <, 2"log" x, by our assumption that 0 < 1x f < 7. Since v, < 1 < 1/n
for n € (0,1), the claimed result then follows by taking z = ¢;Q?* for some sufficiently large
constant ¢; that depends at most on ¢ and 7. O

Proof of Theorem B.0.8. Let ¢ € [0,1]. If L(s,x) does not vanish in [1 — ¢/30, 1], then
L(1—¢/30, x) > 0, by continuity, and thus Lemma B.0.9 with Q = ¢°/* implies that L(1, x) >
€q~</*2. So if there is no character y for which L(s, ) has a zero in [1 — ¢/30, 1], then the
theorem follows. Therefore we may assume that this is not the case. Let y; be a primitive
real character of minimum conductor ¢; such that L(s, y;) vanishes in [1 — €/30, 1], say at
1 — 7. Consider y # x1 of conductor q. As before, if ¢ < ¢y, then L(1,x) > eq /2,
since L(s,x) does not vanish in [1 — ¢/30,1]. Finally, we consider the case ¢ > ¢;. Set

f=x1#*x*x1x. Then

> fn) < q*a*Ploga < a*Plogz (x> ¢"),

n<x

by applying Dirichlet’s hyperbola method first to x; * x and then to f = (x1*x)*x1x. In a
similar fashion, we find that L(o, f) = L(o, x)L(0, x1)L(0, x1x) for o > 2/3. In particular,
L(1 —n, f) = 0 and therefore L(1, f) > ng~2"", by Lemma B.0.9. Since we also have that

L(la f) = L(LX)L(LXl)L(LXlX) < L(LX) ’ (77 1Og2 Q) ' (log Q)a

by Lemma B.0.9 applied to x; and the standard bound L(1, x1x) < log ¢, which follows by
partial summation, we deduce the theorem. O

Also, we state the following classical result, which is a consequence of Dirichlet’s class
number formula [Da, p. 49-50]. See also [IK, p. 37| for an elementary proof, in the spirit of
the proof of Lemma B.0.9.

Lemma B.0.10. If x is a non-principal real character mod q, then L(1,x) > 0.

We are now ready to complete the proof of the Siegel-Walfisz theorem:

Proof of Theorem B.0.2. Recall the notations A, (n) and F,(s), and that our goal is to prove
relation B.0.1. We claim that, for k € N, ¢ > 0 and s = 0 + it with ¢ > 1 and t € R, we
have that

- klog(2q +[t]))" if [t| > 1/log(3q)
B.0.13 FED(5) < 4@ !
( ) (5) (cokeq/®)F otherwise,
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where ¢o = cy(€) is an ineffective constant. Indeed, relation (B.0.5) with y = 3/2, ¢ = 1,
x(n) =1 for all n, and k — 1 in place of k, implies that

k1 (—DF(k —1)!
S

Together with Lemma B.0.7, this yields the estimate

‘ < K!(cslog([t] + 2)).

_ klog(2q + |t]) g
FH(s) < ( G .
v 0T 000 et
This reduces (B.0.13) to showing that

if |t| > 1/1og(3q),

otherwise.

(B.0.14) o(x) + (1 = 000)) Larie (8, X) | > {6116/3

If, now, [t| > 1/log(3q) > 1/(3log(q + [t|) or x is complex, then |Lgipy(s,x)| < 1 by
Lemma B.0.6, so (B.0.14) follows. Also, if |[t| < 1/log(3¢q) and x is principal, that is to
say, 0(x) = 1, then we have trivially that 6(x) 4+ (1 — 6(x))|Lq+¢(s,x)| = 1, so (B.0.14)
holds in this case too. Finally, if |t| < 1/log(3¢) < 1 and x is real and non-principal, then
[t| < 1/log(q + |t|), and thus Lemma B.0.6 implies that

3(x) + (1 = 600 Lyt (s, )] = [ L (s, )1 > Lgpy (1, x)

So, a continuity argument implies that

Lywp(Lx) = lim ¢ Liox) [] (1—X(p)) — 2.0 ] (1—@)

(B.0.15) p<a+lt b e b
L(1,x) 1

logq ~ " q/*
by Theorems B.0.8 and B.0.10, which shows (B.0.14) in this last case too. This completes
the proof of (B.0.13).

Next, for every integer k > 3 and for every real number y > 2, we apply relations (B.0.2)
and (B.0.13) to get that

>

(csklog(2q))? 4 (csklog([t| + 1))
t2+1

ZA )(logn)*~ 1log <Ly dt + y(cokq/®)*

1
n<y |t‘210g(3q)

< y(egk®)* + y(cekq?)".

e (24

log x

Now, set

and note that A(x) >/, since cgk? > k > 27 /*logz. We claim that

(B.0.16) Y A (n)(logn)* ! < Az)(log )" (x> 4).

n<x
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If A(z) > x/2, then (B.0.16) holds trivially. So assume that A(z) < z/2. Applying (B.0.2)
for y = z and y = x — A(x) and subtracting one inequality from the other completes the
proof of (B.0.16). Relation (B.0.16) and partial summation imply that

ZAX(n) = O0(Vx) + /f Tog 1)1 (ZA )(logn)*~ ) < 2"A(z) (x> 16).

n<x

Choosing

k:min{\/loga: log }—l—O(l) _ Vlogz o),

deg  4cgqe/? 4cg

where we used our assumption that x > exp{q‘}, yields the estimate

(B.0.17) D A (n) < wemTVIoET,

n<x

which proves (B.0.1) and, consequently, completes the proof of the theorem. O
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