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Abstract. We use the Schwarz–Christoffel formula to show that for
every n ≥ 3, the space of labelled immersed n-gons in the plane up to
similarity is homeomorphic to R2n−4. We then prove that all immersed
triangles, quadrilaterals, and pentagons are embedded, from which it
follows that the space of labelled simple n-gons up to similarity is homeo-
morphic to R2n−4 if n ∈ {3, 4, 5}. This was first shown by Gonzáles and
López-López for n = 4 and conjectured to be true for every n ≥ 5 by
González and Sedano-Mendoza.

1. Introduction

An immersed polygon in the plane is a closed polygonal curve ϕ : S1 → C
(considered up to orientation-preserving reparametrization) which extends
to an orientation-preserving local homeomorphism f : D → C. An immersed
polygon ϕ is labelled if we choose distinct points z1, . . . , zn ∈ S1 in counter-
clockwise order such that ϕ maps each component of S1 \{z1, . . . , zn} to the
interior of a straight line segment. The images wj = ϕ(zj) (some of which
may coincide) are the vertices of the immersed polygon. At each vertex
wj , the interior angle is the clockwise angle ∠wj−1wjwj+1 ∈ (0, 2π), where
indices are taken modulo n.
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Figure 1. An immersed hexagon.

Since the vertices of a labelled immersed polygon determine the map ϕ
up to reparametrization, the set LIP(n) of labelled immersed n-gons can be
identified with a subset of Cn, which induces a topology on LIP(n). With
this topology, the group

Aff(C) = {z 7→ az + b : a ∈ C \ {0}, b ∈ C}
1
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of complex affine transformations (or, equivalently, of orientation-preserving
similarities of C) acts on LIP(n) by homeomorphisms.

The goal of this note is to show that the quotient space LIP(n)/Aff(C)
is homeomorphic to R2n−4.

Theorem 1.1. For every n ≥ 3, the quotient of the space LIP(n) of la-
belled immersed n-gons in the plane by the action of the group Aff(C) is
homeomorphic to R2n−4.

The proof is based on the Schwarz–Christoffel formula in complex ana-
lysis. It shows that LIP(n)/Aff(C) is a trivial Rn−1-bundle (with fibers
parametrized by the interior angles) over the Teichmüller space of closed
disks with n marked points on the boundary, itself homeomorphic to Rn−3.

We then prove that for n ∈ {3, 4, 5}, all immersed n-gons are simple (i.e.,
embedded), which has the following consequence.

Corollary 1.2. For every n ∈ {3, 4, 5}, the quotient of the space LSP(n) of
simple n-gons in the plane (with vertices labelled in counter-clockwise order)
by the action of the group Aff(C) is homeomorphic to R2n−4.

For n = 3, this result is well-known (see e.g. [Bae24]) and elementary.
Here is a proof: the map that sends a triangle with counter-clockwise vertices
w1, w2, w3 to

w3 − w1

w2 − w1

induces a homeomorphism from LSP(3)/Aff(C) to the upper half-plane H,
which is homeomorphic to R2 via the map x+iy 7→ (x, log y). For n = 4, the
result was first proved in [GLL16] and then again in [GSM23] with different
methods. In [GSM23], González and Sedano-Mendoza conjectured that the
result holds for every n ≥ 5 as well. The above corollary settles the case
n = 5 and reproves the previous cases in a unified way. For general n ≥ 3,
it is known that LSP(n)/Aff(C) is simply-connected [Gon18, Theorem 3.2].

Relation to other work. Various other moduli spaces of planar poly-
gons have been studied in the literature before, such as those of polygons
with fixed side lengths (known as polygonal linkages) [Hau91, KM95, KT99,
CDR03, SW14] or with fixed interior angles [BG92, KY93]. The former
moduli spaces can be quite complicated topologically, while the latter can
be parametrized by interiors of convex hyperbolic polyhedra (hence are cells)
if all interior angles are in (0, π).

The works [CDR03] and [SW14] in particular study simple polygons with
fixed side lengths. Some of their results can be restated as follows. Given
positive real numbers ℓ1, . . . , ℓn such that ℓj <

∑
k ̸=j ℓk for every j, the

subset X(ℓ) of polygons in LSP(n)/Aff(C) whose vector of side lengths is
a constant multiple of ℓ = (ℓ1, . . . , ℓn) is contractible [CDR03, Corollary 3].
If furthermore the ℓj cannot partitioned into two sets with the same sum,
then X(ℓ) is homeomorphic to Rn−3 [SW14, Theorem 7]. If the additionnal
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hypothesis on subsets with equal sums could be removed in this result of
Shimamoto–Wooters, then the conjecture of González and Sedano-Mendoza
would follow, since the set of realizable vectors of side lengths up to scaling
is homeomorphic to Rn−1, and a fiber bundle over a contractible base is
always trivial.

This is all to say that the statement of Corollary 1.2 is likely to be true
for every n ≥ 3 even though that cannot be deduced from Theorem 1.1.

2. Schwarz–Christoffel tranformations

We will work with the closed upper half-plane

H = H ∪ R ∪ {∞}
instead of the closed unit disk.

Let n ≥ 3. Given prevertices z1 < z2 < · · · < zn−1 in R and zn = ∞,
parameters α1, . . . , αn ∈ (0, 2) such that

(2.1)
n∑

j=1

αj = n− 2,

and constants A ∈ C \ {0}, B ∈ C, the corresponding Schwarz–Christoffel
transformation F : H → C is defined by the formula

(2.2) F (z) := A

∫
[i,z]

n−1∏
j=1

(ζ − zj)
αj−1 dζ +B,

where [i, z] denotes the straight line segment from the imaginary unit i to z,
and the powers (ζ − zj)

αj−1 := exp((αj − 1)L(ζ − zj)) are defined using the

branch L of the logarithm in H\{0} that coincides with the usual logarithm
on (0,∞). The main result concerning these maps can be summarized as
follows [Chr67, Sch69].

Theorem 2.1 (Schwarz, Christoffel). For any choice of parameters as above,
the Schwarz–Christoffel transformation F is a local homeomorphism, holo-
morphic in H, whose restriction to R∪{∞} is an immersed n-gon in C with
interior angle αjπ at vertex F (zj) for every j ∈ {1, . . . , n}. The resulting
polygon is simple if and only if F is injective. Conversely, any immersed
n-gon in C arises as the restriction to R ∪ {∞} of a Schwarz–Christoffel
transformation, unique up to pre-composition by an affine map z 7→ az + b
with a > 0 and b ∈ R.

While the last part of the theorem is usually stated for simple polygons,
essentially the same proof works in the immersed case. The only minor
difference is that one needs to use the uniformization theorem instead of
the Riemann mapping theorem (the extension f of an immersed polygon ϕ
can be made holomorphic by pulling back the complex structure from the
complex plane). Christoffel [Chr70] even proved a version of the theorem
for branched covers, in which case there are more terms in the integrand
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to account for the branch points. See [DT02] and the references therein for
various generalizations of the Schwarz–Christoffel formula.

We will need another well-known fact, namely, that the map F and
the resulting immersed polygon depend continuously on the parameters
z1, . . . , zn−1, α1, . . . , αn, and A,B. This is because away from the prever-
tices, the integrand depends uniformly continuously on the parameters, and
the contribution near the prevertices can be controlled locally uniformly.

We will say that a Schwarz–Christoffel transformation F is normalized if
its prevertices satisfy z1 = −1 and z2 = 0 in addition to zn = ∞, which
determines F uniquely for a given immersed polygon. It is known that the
normalized Schwarz–Christoffel transformation F and its remaining para-
meters depend continuously on the immersed polygon, just like normalized
Riemann maps depend continuously on the domain. This can be shown u-
sing a normal families argument and the uniqueness of the normalized map.

Given an immersed polygon ϕ, finding the correct parameters for the
corresponding normalized Schwarz–Christoffel transformation is known as
the parameter problem, which has been studied extensively (see e.g. [DT02]).

3. The homeomorphism

We now use the above properties of Schwarz–Christoffel transformations
to prove Theorem 1.1. Let

Z :=
{
(z3, . . . , zn−1) ∈ Rn−3 : 0 < z3 < · · · < zn−1

}
and

A :=

(α1, . . . , αn) ∈ (0, 2)n :
n∑

j=1

αj = n− 2

 .

We define a map

Φ : Z ×A → LIP(n)

as follows. Given (z3, . . . , zn−1) ∈ Z and (α1, . . . , αn) ∈ A, we add the
prevertices z1 = −1, z2 = 0, zn = ∞, and let F be the corresponding
Schwarz–Christoffel transformation with remaining parameters A = 1 and
B = 0. We then set

Φ((z3, . . . , zn−1), (α1, . . . , αn)) := F |R∪{∞}.

By the continuous dependence of Schwarz–Christoffel transformations upon
parameters, the map Φ is continuous.

We can also define a map

Ψ : LIP(n) → Z ×A

in the other direction as follows. For an immersed n-gon ϕ ∈ LIP(n), let

z1 = −1 < z2 = 0 < z3 < · · · < zn−1 < zn = ∞,
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α1, . . . , αn ∈ (0, 2), and A ∈ C \ {0}, B ∈ C be the unique parameters such
that the boundary values of the corresponding Schwarz–Christoffel transfor-
mation coincide with ϕ up to reparametrization. We then set

Ψ(ϕ) = ((z3, . . . , zn−1), (α1, . . . , αn)),

which is continuous.
By definition, it is clear that Ψ ◦ Φ = id. However, Φ ◦Ψ might not give

back the original immersed polygon because of our specific choice of A and
B. On the other hand, this problem goes away if we quotient out by Aff(C).

Indeed, observe that if we post-compose an immersed polygon ϕ with an
orientation-preserving similarity h, then the normalized Schwarz-Christoffel
transformation for h◦ϕ is h◦F , which has the same parameters as F except
for the constants A and B. In other words, Ψ(h ◦ ϕ) = Ψ(ϕ), so Ψ descends

to a function (which we denote by Ψ̃) on the quotient space LIP(n)/Aff(C).
Let us also denote by Φ̃ the map Φ post-composed with the quotient map
LIP(n) → LIP(n)/Aff(C).

We evidently still have Ψ̃ ◦ Φ̃ = id and we now have Φ̃ ◦ Ψ̃ = id as well.
Indeed, if ϕ ∈ LIP(n) is the restriction of a normalized Schwarz–Christoffel
transformation F with constants A and B to R ∪ {∞}, then by definition

Φ(Ψ(ϕ)) = (A−1(F −B))|R∪{∞} = A−1(ϕ−B) ∈ Aff(C) ◦ ϕ

and hence Φ̃(Ψ̃([ϕ])) = Φ̃(Ψ(ϕ)) = [ϕ] in LIP(n)/Aff(C).
We have established that Ψ̃ : LIP(n)/Aff(C) → Z × A is a continuous

bijection with continuous inverse. It only remains to show that Z × A is
homeomorphic to R2n−4, which is elementary.

Firstly, the map

Z → Rn−3

(z3, z4, . . . , zn−1) 7→ (log(z3), log(z4 − z3), . . . , log(zn−1 − zn−2))

is clearly a homeomorphism.
Secondly, observe that A is a convex relatively open set in the hyperplane

H ⊂ Rn defined by the equation
∑n

j=1 αj = n− 2. We have that H ∼= Rn−1

and it is well-known that any convex open set U in Rm is homeomorphic to
Rm itself. Indeed, one may define a form of polar coordinates with respect
to any point in U . It follows that A is homeomorphic to Rn−1, and hence

Z ×A ∼= Rn−3 × Rn−1 = R2n−4.

This completes the proof of Theorem 1.1.

4. Embedded polygons

In this section, we show that when n is at most 5, an immersed n-gon is
automatically embedded.

Lemma 4.1. If 3 ≤ n ≤ 5, then any immersed n-gon in the plane is simple.
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Proof. Let ϕ be an immersed n-gon which is not simple. We can perturb ϕ
to a nearby non-simple immersed n-gon ψ where all self-intersections happen
away from the vertices and are transverse. Since ψ is not simple, there is
some point p in the complement of its image such that the winding number
of ψ around p is at least 2. Indeed, winding numbers are non-negative for
immersed polygons and around a transverse intersection point, the winding
number takes 3 distinct values. We can further assume that p does not lie
on any of the lines that contain the sides of ψ.

Observe that each side of ψ contributes strictly less than 1/2 to the win-
ding number around p because it spans an angle strictly less than π as seen
from p. It follows that n > 4.

Suppose that n = 5. Then each side of ψ must be oriented to the left
with respect to p, otherwise the winding number would be strictly less than
2 = 4 · 12 due to the negative contributions. Let us form triangles with p and
each side of ψ. Then the sum of the angles γk of these triangles at the point
p is equal to 2πk where k ≥ 2 is the winding number of ψ around p. On the
other hand, by adding all the interior angles of these triangles, we find that

n∑
k=1

γk =
n∑

j=1

π − θj

where the θj are the interior angles of the polygon ψ. This last sum is the
sum of the counter-clockwise turning angles of ψ at the vertices, which al-
ways equals 2π for an immersed polygon. Indeed, the sum of the interior
angles of an immersed polygon is (n − 2)π by Equation (2.1) and Theo-
rem 2.1. This is a contradiction, from which we conclude that n ≥ 6. □

Observe that the statement of the lemma is false for n = 6, as illustrated
in Figure 1. Also note that the Schwarz–Christoffel formula makes sense if
some of the “interior angles” θj = αjπ are allowed to be larger than or equal
to 2π, but in that case the resulting map is no longer locally injective at the
corresponding prevertices. Figure 2 shows that the analogue of Lemma 4.1
for such maps fails for n = 5, so the restriction αj ∈ (0, 2) is crucial for our
purposes. The part of the proof that breaks down without this restriction
is that at a vertex wj with “interior angle” θj > 2π, the turning angle is
3π − θj rather than π − θj .

We conclude by observing that Corollary 1.2 follows immediately from
Theorem 1.1 and Lemma 4.1.
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