
Welcome to ellips    id day!
Now: Ana Rita Pires - Infinite staircases and reflexive polygons 
(mostly on joint work with Dan Cristofaro-Gardiner, Tara Holm, Alessia Mandini) 

In 1h45m: Roger Casals - Sharp ellipsoid embeddings and toric mutations 

(on joint work with Renato Vianna)


In 4h45m: Dan Cristofaro-Gardiner - Obstructing infinite staircases

(partly on joint work with Dan Cristofaro-Gardiner, Tara Holm, Alessia Mandini)
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c(a) := cB4(a) := inf
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A symplectic embedding is a map  : (M1,!1) ,! (M2,!2) such that  ⇤!2 = !1.
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B4(�) := E(�,�)
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Ellipsoid embedding function of the 4-ball Volume constraint



Q: Is this “infinite staircase” behaviour a characteristic of this function or a characteristic of the ball? 
cX(a) = inf {�|E(1, a) ,! �X}, where �(X,!) = (X,�!)
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•   


• What does c_X(a) look like for other targets X?


• Does it always an infinite staircase? If yes, WHY?  If not, when does it and when does it not, and WHY?


• Other work on infinite staircases since then:

In general, c_X(a) is piecewise linear when not equal to the volume constraint.  

We say that it has an infinite staircase if it has infinitely many non-smooth points.

Q: Why look at this function?
• Gromov non-squeezing: A ball embeds symplectically into a cylinder if and only if it embeds via inclusion.


• Gromov width of a symplectic manifold M: What is the size of the biggest ball which embeds symplectically into M?


• Packing stability (Biran, Buse-Hind): there is no obstruction beyond volume to embedding a collection of small enough balls into (some) M. 


• Hofer conjecture on ellipsoids (McDuff): E(a,b) embeds into E(c,d) if and only if …..(a certain combinatorial relation between a,b,c,d)…..

• X = polydisk D(1)xD(1)                                                                                     Frenkel-Muller 


• X = E(1,1), E(1,2), E(2,3)                                                         Cristofaro-Gardiner—Kleinman


• X = certain polydisks D(1)xD(b)                                                                                     Usher


• X = certain Hirzebruch surfaces          Bertozzi, Holm, Maw, McDuff, Mwakyoma, P., Weiler


• full embeddings for X = ball, polydisk, and more                                          Casals - Vianna



Theorem: (Cristofaro-Gardiner, Holm, Mandini, P.)
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Let X be a closed toric symplectic manifold (or more generally a convex toric domain with finite blowup
vector).
If the ellipsoid embedding function cX(a) has an infinite staircase then it accumulates at a0, a real solution
of the quadratic equation
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Furthermore, at a0 the ellipsoid embedding function touches the volume curve:

cX(a0) =
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1. What are convex toric domains and how do they generalize closed toric symplectic manifolds in this context?


2. Why does the staircase have to accumulate at a finite point (rather than going off to infinity)?


3. This equation usually has two solutions, what about the other one?


4. What are per and vol?


5. What is the “volume curve”?


How good is this as an obstruction to the existence of infinite staircases?

[Staircase obstruction theorem]



How good is this as an obstruction to 
the existence of infinite staircases?

Theorem: (Cristofaro-Gardiner, Holm, Mandini, P.)
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Let X be a closed toric symplectic manifold (or more generally a convex toric domain with finite blowup
vector).
If the ellipsoid embedding function cX(a) has an infinite staircase then it accumulates at a0, a real solution
of the quadratic equation
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[Staircase obstruction theorem]



How good is this as an obstruction to 
the existence of infinite staircases?

Theorem: (Cristofaro-Gardiner, Holm, Mandini, P.)
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Let X be a closed toric symplectic manifold (or more generally a convex toric domain with finite blowup
vector).
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[Staircase obstruction theorem]



Theorem: (Cristofaro-Gardiner, Holm, Mandini, P.)
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Let ⌦ ⇢ R2
�0 be a convex region that is also a Delzant polygon for a closed toric symplectic manifold M .

Then
E(a, b) ,! M () E(a, b) ,! X⌦.
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Let µ : C2 �! R2 be given by (z1, z2) 7! ⇡(|z1|2, |z2|2).
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Convex toric domain: for a convex region ⌦ ⇢ R2
�0, define X⌦ = µ�1(⌦).
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1. What are convex toric domains and how do they generalize closed toric symplectic manifolds?


• A convex toric domain can be described in terms of a blowup vector: (b; b1, b2, …..).


• Karshon, Kessler, Pinsonnault: Any closed toric symplectic 4-manifold is symplectomorphic to CP2 or CP1xCP1 blown-up a finite 
number of times.


• Symplectomorphic manifolds have the same ellipsoid embedding function.



closed toric symplectic manifolds in this context?


2. Why does the staircase have to accumulate at a finite 

point (rather than going off to infinity)?


3. A quadratic equation usually has two solutions, what 

about the other one?


4. What are per and vol?


5. What is the “volume curve”?

Theorem: (Cristofaro-Gardiner, Holm, Mandini, P.)
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Let X be a closed toric symplectic manifold (or more generally a convex toric domain with finite blowup
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If the ellipsoid embedding function cX(a) has an infinite staircase then it accumulates at a0, a real solution
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[Staircase obstruction theorem]

2. McDuff; Cristofaro-Gardiner: for X a convex toric domain, 

Bute, Hind, Opshtein: all closed symplectic 4-manifolds have the packing stability property, i.e., there are no obstructions beyond 
volume to embedding a collection of sufficiently small balls.

E(1, a) ,! X () tiB(ai) ,! X
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3. The solutions are a0 and 1/a0. There is an involution of c_X(a) about a=1 because E(1,1/a) is essentially a rescaling of E(1,a). 
We only consider c_X(a) with a>1.

4. If X⌦ has moment image ⌦ and blowup vector (b; b1, . . . , bn), then
per = a�ne perimeter of ⌦ = 3b�

P
bi

vol = 2 ⇥ area of ⌦ = b2 �
P

b2i
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5. E(1, a) ,! tX =) volume(E(1, a))  volume(tX) =) a  t2vol =) t �
p

a
vol
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CP 2/ball
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CP 1 ⇥ CP 1/polydisk
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Theorem: (Cristofaro-Gardiner, Holm, Mandini, P.)
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(3) (4;2,2)(3;1) (4;2,2) (3;1,1) (3;1,1)

(3;1,1,1) (3;1,1,1) (3;1,1,1) (3;1,1,1,1) (3;1,1,1,1)(3;1,1,1)

(3;1,1,1,1,1) (3;1,1,1,1,1) (3;1,1,1,1,1,1)(3;1,1,1,1,1)

There is an infinite staircase in the ellipsoid embedding function cX(a) for the following convex toric domains:
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A beautiful part of this story is when the blowup sizes are all rational.
More generally / using scaling, we look at X = (b; b1, . . . , bn) with b, b1, . . . , bn 2 N.
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<latexit sha1_base64="/0fBYgpLS2bjbLyN0Szo7ZAAwDo=">AAAB/XicbVDLSgMxFL1TX7W+xsfOzWAruKozRVB3xW5cVrAPaMeSpJk2NJMZkoxQh+KvuHGhiFv/w51/Y9rOQqsHAodz7uWeHBxzprTrflm5peWV1bX8emFjc2t7x97da6ookYQ2SMQj2cZIUc4EbWimOW3HkqIQc9rCo9rUb91TqVgkbvU4pn6IBoIFjCBtpJ59UOqGSA8xTmuT+l2ldIoR5z276JbdGZy/xMtIETLUe/Zntx+RJKRCE46U6nhurP0USc0Ip5NCN1E0RmSEBrRjqEAhVX46Sz9xjo3Sd4JImie0M1N/bqQoVGocYjM5jaoWvan4n9dJdHDhp0zEiaaCzA8FCXd05EyrcPpMUqL52BBEJDNZHTJEEhFtCiuYErzFL/8lzUrZOytf3lSK1ausjjwcwhGcgAfnUIVrqEMDCDzAE7zAq/VoPVtv1vt8NGdlO/vwC9bHNzwmlHQ=</latexit>

CP 1 ⇥ CP 1/polydisk

<latexit sha1_base64="n4ur3s93y10IYzxDCTqPz19tUhc=">AAACFHicbVDLSsNAFJ3UV62vqEs3g60gCDUpgrorduOygn1AE8tkMmmHTjJhZiKE0I9w46+4caGIWxfu/BsnbRe29cCFwzn3cu89XsyoVJb1YxRWVtfWN4qbpa3tnd09c/+gLXkiMGlhzrjoekgSRiPSUlQx0o0FQaHHSMcbNXK/80iEpDy6V2lM3BANIhpQjJSW+uZZxQmRGnpe1hg3H2xH0ZDIOalyHnOW+lSO+mbZqloTwGViz0gZzNDsm9+Oz3ESkkhhhqTs2Vas3AwJRTEj45KTSBIjPEID0tM0Qnq3m02eGsMTrfgw4EJXpOBE/TuRoVDKNPR0Z36uXPRy8T+vl6jgys1oFCeKRHi6KEgYVBzmCUGfCoIVSzVBWFB9K8RDJBBWOseSDsFefHmZtGtV+6J6fVcr129mcRTBETgGp8AGl6AObkETtAAGT+AFvIF349l4NT6Mz2lrwZjNHII5GF+/mEWejw==</latexit>

(3) (4;2,2)(3;1) (4;2,2) (3;1,1) (3;1,1)

(3;1,1,1) (3;1,1,1) (3;1,1,1) (3;1,1,1,1) (3;1,1,1,1)(3;1,1,1)

(3;1,1,1,1,1) (3;1,1,1,1,1) (3;1,1,1,1,1,1)(3;1,1,1,1,1)

Theorem: (Cristofaro-Gardiner, Holm, Mandini, P.)

<latexit sha1_base64="l8rV53EX4CugjRRR5YeSBXaGa3s=">AAACGnicbVDLSgMxFM34tr6qLt0Ei6BQy4wIPlaiC7sRKrRVqKXcSe/YYB5DkhFK8Tvc+CtuXCjiTtz4N6aPha8DgZNz7s3NPXEquHVh+BmMjU9MTk3PzObm5hcWl/LLK3WrM8OwxrTQ5jIGi4IrrDnuBF6mBkHGAi/im5O+f3GLxnKtqq6bYlPCteIJZ+C81MpH1Q5qg/KQbp4YP04nYPT2KZi2f9AUaVkLWaRnoPydF2mltNXKF8JSOAD9S6IRKZARKq38+1Vbs0yickyAtY0oTF2zB8ZxJvAud5VZTIHdwDU2PFUg0TZ7g9Xu6IZX2jTRxh/l6ED93tEDaW1Xxr5SguvY315f/M9rZC7Zb/a4SjOHig0HJZmgTtN+TrTNDTInup4AM9z/lbIOGGDOp5nzIUS/V/5L6julaLd0cL5TODoexTFD1sg62SQR2SNHpEwqpEYYuSeP5Jm8BA/BU/AavA1Lx4JRzyr5geDjC4SEn0U=</latexit>

(3) (4;2,2)(3;1) (4;2,2) (3;1,1) (3;1,1)

(3;1,1,1) (3;1,1,1) (3;1,1,1) (3;1,1,1,1) (3;1,1,1,1)(3;1,1,1)

(3;1,1,1,1,1) (3;1,1,1,1,1) (3;1,1,1,1,1,1)(3;1,1,1,1,1)

There is an infinite staircase in the ellipsoid embedding function cX(a) for the following convex toric domains:

<latexit sha1_base64="ehwrvWMebG5A74yseSLI3jYYYAk="></latexit>

A beautiful part of this story is when the blowup sizes are all rational.
More generally / using scaling, we look at X = (b; b1, . . . , bn) with b, b1, . . . , bn 2 N.

<latexit sha1_base64="6FSoewkbP/CGRzFwuheIA9JLWpk="></latexit>



CP 2/ball

<latexit sha1_base64="/0fBYgpLS2bjbLyN0Szo7ZAAwDo=">AAAB/XicbVDLSgMxFL1TX7W+xsfOzWAruKozRVB3xW5cVrAPaMeSpJk2NJMZkoxQh+KvuHGhiFv/w51/Y9rOQqsHAodz7uWeHBxzprTrflm5peWV1bX8emFjc2t7x97da6ookYQ2SMQj2cZIUc4EbWimOW3HkqIQc9rCo9rUb91TqVgkbvU4pn6IBoIFjCBtpJ59UOqGSA8xTmuT+l2ldIoR5z276JbdGZy/xMtIETLUe/Zntx+RJKRCE46U6nhurP0USc0Ip5NCN1E0RmSEBrRjqEAhVX46Sz9xjo3Sd4JImie0M1N/bqQoVGocYjM5jaoWvan4n9dJdHDhp0zEiaaCzA8FCXd05EyrcPpMUqL52BBEJDNZHTJEEhFtCiuYErzFL/8lzUrZOytf3lSK1ausjjwcwhGcgAfnUIVrqEMDCDzAE7zAq/VoPVtv1vt8NGdlO/vwC9bHNzwmlHQ=</latexit>

CP 1 ⇥ CP 1/polydisk

<latexit sha1_base64="n4ur3s93y10IYzxDCTqPz19tUhc=">AAACFHicbVDLSsNAFJ3UV62vqEs3g60gCDUpgrorduOygn1AE8tkMmmHTjJhZiKE0I9w46+4caGIWxfu/BsnbRe29cCFwzn3cu89XsyoVJb1YxRWVtfWN4qbpa3tnd09c/+gLXkiMGlhzrjoekgSRiPSUlQx0o0FQaHHSMcbNXK/80iEpDy6V2lM3BANIhpQjJSW+uZZxQmRGnpe1hg3H2xH0ZDIOalyHnOW+lSO+mbZqloTwGViz0gZzNDsm9+Oz3ESkkhhhqTs2Vas3AwJRTEj45KTSBIjPEID0tM0Qnq3m02eGsMTrfgw4EJXpOBE/TuRoVDKNPR0Z36uXPRy8T+vl6jgys1oFCeKRHi6KEgYVBzmCUGfCoIVSzVBWFB9K8RDJBBWOseSDsFefHmZtGtV+6J6fVcr129mcRTBETgGp8AGl6AObkETtAAGT+AFvIF349l4NT6Mz2lrwZjNHII5GF+/mEWejw==</latexit>

Theorem: (Cristofaro-Gardiner, Holm, Mandini, P.)

<latexit sha1_base64="l8rV53EX4CugjRRR5YeSBXaGa3s=">AAACGnicbVDLSgMxFM34tr6qLt0Ei6BQy4wIPlaiC7sRKrRVqKXcSe/YYB5DkhFK8Tvc+CtuXCjiTtz4N6aPha8DgZNz7s3NPXEquHVh+BmMjU9MTk3PzObm5hcWl/LLK3WrM8OwxrTQ5jIGi4IrrDnuBF6mBkHGAi/im5O+f3GLxnKtqq6bYlPCteIJZ+C81MpH1Q5qg/KQbp4YP04nYPT2KZi2f9AUaVkLWaRnoPydF2mltNXKF8JSOAD9S6IRKZARKq38+1Vbs0yickyAtY0oTF2zB8ZxJvAud5VZTIHdwDU2PFUg0TZ7g9Xu6IZX2jTRxh/l6ED93tEDaW1Xxr5SguvY315f/M9rZC7Zb/a4SjOHig0HJZmgTtN+TrTNDTInup4AM9z/lbIOGGDOp5nzIUS/V/5L6julaLd0cL5TODoexTFD1sg62SQR2SNHpEwqpEYYuSeP5Jm8BA/BU/AavA1Lx4JRzyr5geDjC4SEn0U=</latexit>

(3) (4;2,2)(3;1) (4;2,2) (3;1,1) (3;1,1)

(3;1,1,1) (3;1,1,1) (3;1,1,1) (3;1,1,1,1) (3;1,1,1,1)(3;1,1,1)

(3;1,1,1,1,1) (3;1,1,1,1,1) (3;1,1,1,1,1,1)(3;1,1,1,1,1)

There is an infinite staircase in the ellipsoid embedding function cX(a) for the following convex toric domains:

<latexit sha1_base64="ehwrvWMebG5A74yseSLI3jYYYAk="></latexit>

A beautiful part of this story is when the blowup sizes are all rational.
More generally / using scaling, we look at X = (b; b1, . . . , bn) with b, b1, . . . , bn 2 N.

<latexit sha1_base64="6FSoewkbP/CGRzFwuheIA9JLWpk="></latexit>

Conjecture:

<latexit sha1_base64="P9BAKg/LP/JyDE/kqMJns8H/L0s=">AAACE3icbVDLSsNAFJ3UV62vqks3wSK4KkkRfKyK3bisYB/QhjKZ3LRjJzNhZiKE0M/oVj/Enbj1A/wOf8Bpm4VtPTBwOOfeO/ceP2ZUacf5tgobm1vbO8Xd0t7+weFR+fikrUQiCbSIYEJ2fayAUQ4tTTWDbiwBRz6Djj9uzPzOC0hFBX/SaQxehIechpRgbaReQ/BnIDqRcDcoV5yqM4e9TtycVFCO5qD80w8ESSLgmjCsVM91Yu1lWGpKGExK/URBjMkYD6FnKMcRKC+brzyxL4wS2KGQ5nFtz9W/HRmOlEoj31RGWI/UqjcT//N6iQ5vvIzyONHAyeKjMGG2Fvbsfjug0hzMUkMwkdTsapMRlphok9LSJIZ5oAg2mWVDEBFomU5KJiV3NZN10q5V3avq7WOtUr/P8yqiM3SOLpGLrlEdPaAmaiGCBJqiV/RmTa1368P6XJQWrLznFC3B+voFavKfSg==</latexit>

If cX(a) has an infinite staircase, then the moment polygon of X is a reflexive polygon.

<latexit sha1_base64="4vZyeaOEL2ZfbfyEihrtfGYemjU="></latexit>

In particular, the 12 examples above are the only (rational) ones with infinite staircases (up to scaling).

<latexit sha1_base64="h9/VibTKVQvHlmvbD3zpKzqMOiE="></latexit>
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What do these staircases look like?
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1.5

2.0

2.5

3.0

outer corner:

find an obstruction,

e.g. using ECH capacities

inner corner: 

find an embedding,

e.g. using almost toric fibrations

For a convex toric domain with finite blowup vector, the ellipsoid embedding function is:


• continuous


• non-decreasing


• has the following scaling property: 


• equal to the volume curve for a>>1


• piecewise linear when not equal to the volume constraint


cX(t a)  t cX(a) for all t � 1

<latexit sha1_base64="j36ha8YotBvYfbcyQdDfJRapMrY=">AAACFHicbZA7SwNBEMf34ivGV9TSZjEREpRwFwS1C9pYRjAPyIUwt9lLFvce7s4JIeRD2PhVbCwUsbWw89u4eRSaONWP/3+Gmfl7sRQabfvbSi0tr6yupdczG5tb2zvZ3b26jhLFeI1FMlJNDzSXIuQ1FCh5M1YcAk/yhnd3NfYbD1xpEYW3OIh5O4BeKHzBAI3UyR7nWadZQPcEiq7k99TQWIBinvqRoiAlzaPbM46T72RzdsmeFF0EZwY5MqtqJ/vldiOWBDxEJkHrlmPH2B6CQsEkH2XcRPMY2B30eMtgCAHX7eHkqRE9Mkp3coQfhUgn6u+JIQRaDwLPdAaAfT3vjcX/vFaC/nl7KMI4QR6y6SI/kRQjOk6IdoXiDOXAADAlzK2U9UEBQ5NjxoTgzL+8CPVyyTktXdyUc5XLWRxpckAOSYE45IxUyDWpkhph5JE8k1fyZj1ZL9a79TFtTVmzmX3yp6zPH7pKm38=</latexit>

How does one prove that an infinite staircase exists?



2 4 6 8

1.5

2.0

2.5

3.0

outer corner:

find an obstruction,

e.g. using ECH capacities

inner corner: 

find an embedding,

e.g. using almost toric fibrations

E(1, a) ,! �X () Ck (E(1, a))  Ck (�X) for all k 2 N

() � � Ck (E(1, a))

Ck (X)
for all k 2 N

<latexit sha1_base64="MFmjz73gye4290heAD/pT9vccoU="></latexit>

[Cristofaro-Gardiner] In the problem of embedding a concave toric domain into a convex toric domain, ECH capacities are sharp.


Therefore:


Therefore: cX(a) = supk2N
Ck(E(1,a))

Ck(X)

<latexit sha1_base64="9H5CzJblJKx/EguVkGh7Ubo27Tg="></latexit>

easy

hard



2 4 6 8

1.5

2.0

2.5

3.0

outer corner:

find an obstruction,

e.g. using ECH capacities

inner corner: 

find an embedding,

e.g. using almost toric fibrations

E(1, a) ,! �X () Ck (E(1, a))  Ck (�X) for all k 2 N

() � � Ck (E(1, a))

Ck (X)
for all k 2 N

<latexit sha1_base64="MFmjz73gye4290heAD/pT9vccoU="></latexit>

[Cristofaro-Gardiner] In the problem of embedding a concave toric domain into a convex toric domain, ECH capacities are sharp.


Therefore:


Therefore: cX(a) = supk2N
Ck(E(1,a))

Ck(X)

<latexit sha1_base64="9H5CzJblJKx/EguVkGh7Ubo27Tg="></latexit>

easy

hard
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2 4 6 8

1.5

2.0

2.5

3.0

outer corner:

find an obstruction,

e.g. using ECH capacities

inner corner: 

find an embedding,

e.g. using almost toric fibrations

(Note that E(1, a) ,! �X () 1
�E(1, a) ,! X.)

<latexit sha1_base64="r8wbxHRBPNTInWbudIPkuaGiyHc="></latexit>

13/5
5/13

1

1 2

1/2

5/2
2/5

E(1,1)

<latexit sha1_base64="muGktPsx9Jokik878/IHrbXs4AM=">AAACDnicdVBdSwJBFJ21L7Mvq8dehiQwCNmRSH2TIujRIE1QkdnxqpOzs8vMbCCL/8HX+iG9Ra/9hX5Hf6BZNcioAxcO59w7c+/xQsG1cd0PJ7Wyura+kd7MbG3v7O5l9w8aOogUgzoLRKCaHtUguIS64UZAM1RAfU/AvTe6Svz7R1CaB/LOjEPo+HQgeZ8zaqzUuM6TM3Lazebcguu6hBCcEFK6cC2pVMpFUsYksSxyaIFaN/vZ7gUs8kEaJqjWLeKGphNTZTgTMMm0Iw0hZSM6gJalkvqgO/Fs2wk+sUoP9wNlSxo8U39OxNTXeux7ttOnZqh/e4n4l9eKTL/cibkMIwOSzT/qRwKbACen4x5XwIwYW0KZ4nZXzIZUUWZsQEsvCSp7mlEbVzyAwAejxpOMTek7Cvw/aRQL5LxQuS3mqpeLvNLoCB2jPCKohKroBtVQHTH0gKboCT07U+fFeXXe5q0pZzFziJbgvH8BwdKcJg==</latexit>

…

E( 5
13 ,

13
5 ) = 5

13 E(1,
169
25 )

<latexit sha1_base64="OZfxlPL0lILwu6Jml84HYwnF+Ho="></latexit>

E( 25 ,
5
2 ) =

2
5 E(1,

25
4 )

<latexit sha1_base64="hprU3IOHHvMyywmJYeQi0o/gAZg="></latexit>

E( 12 , 2) =
1
2 E(1, 4)

<latexit sha1_base64="qbcp/jIOI+lC3IsF0zNYhze6W7U="></latexit>

…2

3 5

3/2

6
E(2, 3) = 2E(1, 3

2 )

<latexit sha1_base64="3QZdU52sIUE7ISEn67cervAWH/U="></latexit>

E( 32 , 5) =
3
2 E(1,

10
3 )

<latexit sha1_base64="Y990QGsMOAcHlpJQPxeJa8JUv1Q="></latexit>

5/4

E( 54 , 6) =
5
4 E(1,

24
5 )

<latexit sha1_base64="4CQNHFiGLaf1g/rg4jqXlpIdIC4="></latexit>

2 3 4 5 6

0.4

0.5

0.6

0.7

0.8

Must start with closed 
toric symplectic manifolds!



… … … … …

(in the limit)

X
1

cX(a0)
E(1, a0)

<latexit sha1_base64="wZNi/qervFdYKiIWypbJ6+MM6m0="></latexit>

• the interior corners of the infinite staircase are given by ATF’s, 

• the accumulation point a0 is irrational, 

• E(1,a0) gives a full filling.

Short proof of location of a0, using the following assumptions:

This iterative process does not change the area and affine perimeter of the shapes, so:

vol =
⇣

1
cX(a0)

⌘2
(1⇥ a0)

<latexit sha1_base64="RSVgfow+yYaY0HVacPRFp6FU2Qc="></latexit>

per =
⇣

1
cX(a0)

⌘
(1 + a0)

<latexit sha1_base64="z/Fo8oIq01CJCpEqVnxrBjG85ok=">AAACKXicbVDLSsNAFJ34tr6qLt0MVqEilEQEdSEU3bisYGuhKWEyvWkHJw9mbsQS8jtu/BU3Coq69Uectln4OjBwOOdc7tzjJ1JotO13a2p6ZnZufmGxtLS8srpWXt9o6ThVHJo8lrFq+0yDFBE0UaCEdqKAhb6Ea//mfORf34LSIo6ucJhAN2T9SASCMzSSV67vuAh3mCWg8lNXQoBV6gaK8czJM+61q8yz93JXif4A9+gk4OwbsZB2vHLFrtlj0L/EKUiFFGh45We3F/M0hAi5ZFp3HDvBbsYUCi4hL7mphoTxG9aHjqERC0F3s/GlOd01So8GsTIvQjpWv09kLNR6GPomGTIc6N/eSPzP66QYHHczESUpQsQni4JUUozpqDbaEwo4yqEhjCth/kr5gJme0JRbMiU4v0/+S1oHNeewdnJ5UKmfFXUskC2yTarEIUekTi5IgzQJJ/fkkbyQV+vBerLerI9JdMoqZjbJD1ifX+GMpb4=</latexit>

{ cX(a0) =
p

a0
vol

<latexit sha1_base64="Kbw5/othie/rPgUF0IZ/Htkcu0k=">AAACEXicbVDLSsNAFJ34rPUVdekm2Ap1U5IiqAuh6MZlBfuAJoTJdNIOnTycuSmWkF9w46+4caGIW3fu/BunbRbaeuDC4Zx7ufceL+ZMgml+a0vLK6tr64WN4ubW9s6uvrffklEiCG2SiEei42FJOQtpExhw2okFxYHHadsbXk/89ogKyaLwDsYxdQLcD5nPCAYluXqlTNxOBbvmyaUt7wWkti8wSZWQpTbQB0hHEc+yrOzqJbNqTmEsEisnJZSj4epfdi8iSUBDIBxL2bXMGJwUC2CE06xoJ5LGmAxxn3YVDXFApZNOP8qMY6X0DD8SqkIwpurviRQHUo4DT3UGGAZy3puI/3ndBPxzJ2VhnAANyWyRn3ADImMSj9FjghLgY0UwEUzdapABVpGACrGoQrDmX14krVrVOq1e3NZK9as8jgI6REeogix0huroBjVQExH0iJ7RK3rTnrQX7V37mLUuafnMAfoD7fMHhjKdhQ==</latexit>

a20 �
⇣

per2

vol � 2
⌘
a0 + 1 = 0

<latexit sha1_base64="E8O7Bcf9bTZ44iC6LgBHLWBRQtM="></latexit>

()

<latexit sha1_base64="L5exdifgOn9cJpdUEr1yfr17whg=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CbaCp7JbBPVW9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcpv5nSeqNJPiwUxj6kd4JFjICDZWalf7LAyrg3LFrblzoFXi5aQCOZqD8ld/KEkSUWEIx1r3PDc2foqVYYTTWamfaBpjMsEj2rNU4IhqP51fO0NnVhmiUCpbwqC5+nsixZHW0yiwnRE2Y73sZeJ/Xi8x4ZWfMhEnhgqyWBQmHBmJstfRkClKDJ9agoli9lZExlhhYmxAJRuCt/zyKmnXa95F7fq+Xmnc5HEU4QRO4Rw8uIQG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w+9w46Z</latexit>

{



CP 2/ball

<latexit sha1_base64="/0fBYgpLS2bjbLyN0Szo7ZAAwDo=">AAAB/XicbVDLSgMxFL1TX7W+xsfOzWAruKozRVB3xW5cVrAPaMeSpJk2NJMZkoxQh+KvuHGhiFv/w51/Y9rOQqsHAodz7uWeHBxzprTrflm5peWV1bX8emFjc2t7x97da6ookYQ2SMQj2cZIUc4EbWimOW3HkqIQc9rCo9rUb91TqVgkbvU4pn6IBoIFjCBtpJ59UOqGSA8xTmuT+l2ldIoR5z276JbdGZy/xMtIETLUe/Zntx+RJKRCE46U6nhurP0USc0Ip5NCN1E0RmSEBrRjqEAhVX46Sz9xjo3Sd4JImie0M1N/bqQoVGocYjM5jaoWvan4n9dJdHDhp0zEiaaCzA8FCXd05EyrcPpMUqL52BBEJDNZHTJEEhFtCiuYErzFL/8lzUrZOytf3lSK1ausjjwcwhGcgAfnUIVrqEMDCDzAE7zAq/VoPVtv1vt8NGdlO/vwC9bHNzwmlHQ=</latexit>

CP 1 ⇥ CP 1/polydisk

<latexit sha1_base64="n4ur3s93y10IYzxDCTqPz19tUhc=">AAACFHicbVDLSsNAFJ3UV62vqEs3g60gCDUpgrorduOygn1AE8tkMmmHTjJhZiKE0I9w46+4caGIWxfu/BsnbRe29cCFwzn3cu89XsyoVJb1YxRWVtfWN4qbpa3tnd09c/+gLXkiMGlhzrjoekgSRiPSUlQx0o0FQaHHSMcbNXK/80iEpDy6V2lM3BANIhpQjJSW+uZZxQmRGnpe1hg3H2xH0ZDIOalyHnOW+lSO+mbZqloTwGViz0gZzNDsm9+Oz3ESkkhhhqTs2Vas3AwJRTEj45KTSBIjPEID0tM0Qnq3m02eGsMTrfgw4EJXpOBE/TuRoVDKNPR0Z36uXPRy8T+vl6jgys1oFCeKRHi6KEgYVBzmCUGfCoIVSzVBWFB9K8RDJBBWOseSDsFefHmZtGtV+6J6fVcr129mcRTBETgGp8AGl6AObkETtAAGT+AFvIF349l4NT6Mz2lrwZjNHII5GF+/mEWejw==</latexit>

Theorem: (Cristofaro-Gardiner, Holm, Mandini, P.)

<latexit sha1_base64="l8rV53EX4CugjRRR5YeSBXaGa3s=">AAACGnicbVDLSgMxFM34tr6qLt0Ei6BQy4wIPlaiC7sRKrRVqKXcSe/YYB5DkhFK8Tvc+CtuXCjiTtz4N6aPha8DgZNz7s3NPXEquHVh+BmMjU9MTk3PzObm5hcWl/LLK3WrM8OwxrTQ5jIGi4IrrDnuBF6mBkHGAi/im5O+f3GLxnKtqq6bYlPCteIJZ+C81MpH1Q5qg/KQbp4YP04nYPT2KZi2f9AUaVkLWaRnoPydF2mltNXKF8JSOAD9S6IRKZARKq38+1Vbs0yickyAtY0oTF2zB8ZxJvAud5VZTIHdwDU2PFUg0TZ7g9Xu6IZX2jTRxh/l6ED93tEDaW1Xxr5SguvY315f/M9rZC7Zb/a4SjOHig0HJZmgTtN+TrTNDTInup4AM9z/lbIOGGDOp5nzIUS/V/5L6julaLd0cL5TODoexTFD1sg62SQR2SNHpEwqpEYYuSeP5Jm8BA/BU/AavA1Lx4JRzyr5geDjC4SEn0U=</latexit>

(3) (4;2,2)(3;1) (4;2,2) (3;1,1) (3;1,1)

(3;1,1,1) (3;1,1,1) (3;1,1,1) (3;1,1,1,1) (3;1,1,1,1)(3;1,1,1)

(3;1,1,1,1,1) (3;1,1,1,1,1) (3;1,1,1,1,1,1)(3;1,1,1,1,1)

There is an infinite staircase in the ellipsoid embedding function cX(a) for the following convex toric domains:

<latexit sha1_base64="ehwrvWMebG5A74yseSLI3jYYYAk="></latexit>

A beautiful part of this story is when the blowup sizes are all rational.
More generally / using scaling, we look at X = (b; b1, . . . , bn) with b, b1, . . . , bn 2 N.

<latexit sha1_base64="6FSoewkbP/CGRzFwuheIA9JLWpk="></latexit>

Conjecture:

<latexit sha1_base64="P9BAKg/LP/JyDE/kqMJns8H/L0s=">AAACE3icbVDLSsNAFJ3UV62vqks3wSK4KkkRfKyK3bisYB/QhjKZ3LRjJzNhZiKE0M/oVj/Enbj1A/wOf8Bpm4VtPTBwOOfeO/ceP2ZUacf5tgobm1vbO8Xd0t7+weFR+fikrUQiCbSIYEJ2fayAUQ4tTTWDbiwBRz6Djj9uzPzOC0hFBX/SaQxehIechpRgbaReQ/BnIDqRcDcoV5yqM4e9TtycVFCO5qD80w8ESSLgmjCsVM91Yu1lWGpKGExK/URBjMkYD6FnKMcRKC+brzyxL4wS2KGQ5nFtz9W/HRmOlEoj31RGWI/UqjcT//N6iQ5vvIzyONHAyeKjMGG2Fvbsfjug0hzMUkMwkdTsapMRlphok9LSJIZ5oAg2mWVDEBFomU5KJiV3NZN10q5V3avq7WOtUr/P8yqiM3SOLpGLrlEdPaAmaiGCBJqiV/RmTa1368P6XJQWrLznFC3B+voFavKfSg==</latexit>

If cX(a) has an infinite staircase, then the moment polygon of X is a reflexive polygon.

<latexit sha1_base64="4vZyeaOEL2ZfbfyEihrtfGYemjU="></latexit>

In particular, the 12 examples above are the only (rational) ones with infinite staircases (up to scaling).

<latexit sha1_base64="h9/VibTKVQvHlmvbD3zpKzqMOiE="></latexit>



BUT!!!!!  

There are infinitely many infinite staircases for irrational convex toric domains!

Polydisks

1

�

<latexit sha1_base64="VRw+iMzM3LVeC/Z7ObI+Cm76GL8=">AAAB7nicbVBNS8NAEJ34WetX1aOXxVbwVJIiqLeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M72Z++4lrI2L1iJOE+xEdKhEKRtFK7Uov4Egr/VLZrbpzkFXi5aQMORr90ldvELM04gqZpMZ0PTdBP6MaBZN8WuylhieUjemQdy1VNOLGz+bnTsm5VQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2hC85ZdXSatW9S6rNw+1cv02j6MAp3AGF+DBFdThHhrQBAZjeIZXeHMS58V5dz4WrWtOPnMCf+B8/gCA748K</latexit>

WiSCon Project 9:

Morgan Weiler, Maria Bertozzi, Dusa McDuff, Ana Rita Pires, Tara Holm, Emily Maw, Grace Mwakyoma

Hirzebruch surfaces
1

b



BUT!!!!!  

There are infinitely many infinite staircases for irrational convex toric domains!

WiSCon Project 9:

Morgan Weiler, Maria Bertozzi, Dusa McDuff, Ana Rita Pires, Tara Holm, Emily Maw, Grace Mwakyoma

Hirzebruch surfaces
1

b

b=0 b=1

blocked intervals

descending infinite staircases

0.0 0.2 0.4 0.6 0.8 1.0

ascending infinite staircases



CP 2/ball

<latexit sha1_base64="/0fBYgpLS2bjbLyN0Szo7ZAAwDo=">AAAB/XicbVDLSgMxFL1TX7W+xsfOzWAruKozRVB3xW5cVrAPaMeSpJk2NJMZkoxQh+KvuHGhiFv/w51/Y9rOQqsHAodz7uWeHBxzprTrflm5peWV1bX8emFjc2t7x97da6ookYQ2SMQj2cZIUc4EbWimOW3HkqIQc9rCo9rUb91TqVgkbvU4pn6IBoIFjCBtpJ59UOqGSA8xTmuT+l2ldIoR5z276JbdGZy/xMtIETLUe/Zntx+RJKRCE46U6nhurP0USc0Ip5NCN1E0RmSEBrRjqEAhVX46Sz9xjo3Sd4JImie0M1N/bqQoVGocYjM5jaoWvan4n9dJdHDhp0zEiaaCzA8FCXd05EyrcPpMUqL52BBEJDNZHTJEEhFtCiuYErzFL/8lzUrZOytf3lSK1ausjjwcwhGcgAfnUIVrqEMDCDzAE7zAq/VoPVtv1vt8NGdlO/vwC9bHNzwmlHQ=</latexit>

CP 1 ⇥ CP 1/polydisk

<latexit sha1_base64="n4ur3s93y10IYzxDCTqPz19tUhc=">AAACFHicbVDLSsNAFJ3UV62vqEs3g60gCDUpgrorduOygn1AE8tkMmmHTjJhZiKE0I9w46+4caGIWxfu/BsnbRe29cCFwzn3cu89XsyoVJb1YxRWVtfWN4qbpa3tnd09c/+gLXkiMGlhzrjoekgSRiPSUlQx0o0FQaHHSMcbNXK/80iEpDy6V2lM3BANIhpQjJSW+uZZxQmRGnpe1hg3H2xH0ZDIOalyHnOW+lSO+mbZqloTwGViz0gZzNDsm9+Oz3ESkkhhhqTs2Vas3AwJRTEj45KTSBIjPEID0tM0Qnq3m02eGsMTrfgw4EJXpOBE/TuRoVDKNPR0Z36uXPRy8T+vl6jgys1oFCeKRHi6KEgYVBzmCUGfCoIVSzVBWFB9K8RDJBBWOseSDsFefHmZtGtV+6J6fVcr129mcRTBETgGp8AGl6AObkETtAAGT+AFvIF349l4NT6Mz2lrwZjNHII5GF+/mEWejw==</latexit>

Theorem: (Cristofaro-Gardiner, Holm, Mandini, P.)

<latexit sha1_base64="l8rV53EX4CugjRRR5YeSBXaGa3s=">AAACGnicbVDLSgMxFM34tr6qLt0Ei6BQy4wIPlaiC7sRKrRVqKXcSe/YYB5DkhFK8Tvc+CtuXCjiTtz4N6aPha8DgZNz7s3NPXEquHVh+BmMjU9MTk3PzObm5hcWl/LLK3WrM8OwxrTQ5jIGi4IrrDnuBF6mBkHGAi/im5O+f3GLxnKtqq6bYlPCteIJZ+C81MpH1Q5qg/KQbp4YP04nYPT2KZi2f9AUaVkLWaRnoPydF2mltNXKF8JSOAD9S6IRKZARKq38+1Vbs0yickyAtY0oTF2zB8ZxJvAud5VZTIHdwDU2PFUg0TZ7g9Xu6IZX2jTRxh/l6ED93tEDaW1Xxr5SguvY315f/M9rZC7Zb/a4SjOHig0HJZmgTtN+TrTNDTInup4AM9z/lbIOGGDOp5nzIUS/V/5L6julaLd0cL5TODoexTFD1sg62SQR2SNHpEwqpEYYuSeP5Jm8BA/BU/AavA1Lx4JRzyr5geDjC4SEn0U=</latexit>

(3) (4;2,2)(3;1) (4;2,2) (3;1,1) (3;1,1)

(3;1,1,1) (3;1,1,1) (3;1,1,1) (3;1,1,1,1) (3;1,1,1,1)(3;1,1,1)

(3;1,1,1,1,1) (3;1,1,1,1,1) (3;1,1,1,1,1,1)(3;1,1,1,1,1)

There is an infinite staircase in the ellipsoid embedding function cX(a) for the following convex toric domains:

<latexit sha1_base64="ehwrvWMebG5A74yseSLI3jYYYAk="></latexit>

A beautiful part of this story is when the blowup sizes are all rational.
More generally / using scaling, we look at X = (b; b1, . . . , bn) with b, b1, . . . , bn 2 N.

<latexit sha1_base64="6FSoewkbP/CGRzFwuheIA9JLWpk="></latexit>

Conjecture:

<latexit sha1_base64="P9BAKg/LP/JyDE/kqMJns8H/L0s=">AAACE3icbVDLSsNAFJ3UV62vqks3wSK4KkkRfKyK3bisYB/QhjKZ3LRjJzNhZiKE0M/oVj/Enbj1A/wOf8Bpm4VtPTBwOOfeO/ceP2ZUacf5tgobm1vbO8Xd0t7+weFR+fikrUQiCbSIYEJ2fayAUQ4tTTWDbiwBRz6Djj9uzPzOC0hFBX/SaQxehIechpRgbaReQ/BnIDqRcDcoV5yqM4e9TtycVFCO5qD80w8ESSLgmjCsVM91Yu1lWGpKGExK/URBjMkYD6FnKMcRKC+brzyxL4wS2KGQ5nFtz9W/HRmOlEoj31RGWI/UqjcT//N6iQ5vvIzyONHAyeKjMGG2Fvbsfjug0hzMUkMwkdTsapMRlphok9LSJIZ5oAg2mWVDEBFomU5KJiV3NZN10q5V3avq7WOtUr/P8yqiM3SOLpGLrlEdPaAmaiGCBJqiV/RmTa1368P6XJQWrLznFC3B+voFavKfSg==</latexit>

If cX(a) has an infinite staircase, then the moment polygon of X is a reflexive polygon.

<latexit sha1_base64="4vZyeaOEL2ZfbfyEihrtfGYemjU="></latexit>

In particular, the 12 examples above are the only (rational) ones with infinite staircases (up to scaling).

<latexit sha1_base64="h9/VibTKVQvHlmvbD3zpKzqMOiE="></latexit>



(Assume a0 /2 Q.)

<latexit sha1_base64="bd4ZgWF6POhZAnJaODSF891jgM0=">AAACCHicbVC7TsMwFHXKq5RXgJEBixapLFVSIQFbgYWxlehDaqLIcZ3WquNEtoNURR1Z+BUWBhBi5RPY+BucNgO0HMnS0Tn3Xt97/JhRqSzr2yisrK6tbxQ3S1vbO7t75v5BR0aJwKSNIxaJno8kYZSTtqKKkV4sCAp9Rrr++Dbzuw9ESBrxezWJiRuiIacBxUhpyTOPq9dSJiGBFeRZDo8U5U6I1Mj309a0UjvzzLJVs2aAy8TOSRnkaHrmlzOIsJ7IFWZIyr5txcpNkVAUMzItOYkkMcJjNCR9TTkKiXTT2SFTeKqVAQwioR9XcKb+7khRKOUk9HVltqRc9DLxP6+fqODSTSmPE0U4nn8UJAyqCGapwAEVBCs20QRhQfWuEI+QQFjp7Eo6BHvx5GXSqdfs89pVq15u3ORxFMEROAFVYIML0AB3oAnaAINH8AxewZvxZLwY78bHvLRg5D2H4A+Mzx8dRZjH</latexit>

X = X⌦ with integral blowup vector (b; b1, . . . , bn).

<latexit sha1_base64="QXrqyNEkN5ekij4Dih6kyIX2vAY="></latexit>

If X has an infinite staircase then E(1, a0) ,!
p

a0
volX

<latexit sha1_base64="ur0lQ93Va/yS0BNft3W9GKalnE8="></latexit>

() ehr�u0,v0
(T ) � capX(T ) for all T 2 N

<latexit sha1_base64="HJWO8BzKOuVaDBBPyBO70R6Nl40="></latexit>

() capE(u0,v0)(T ) � capX(T ) for all T 2 N

<latexit sha1_base64="KKuab+OFF8/QcA7kATA2AnFyrc0="></latexit>

(capM (T ) := # {k|Ck(M)  T})

<latexit sha1_base64="lnY6ZkdYU2OT6EGZnVJdpxUFYcg="></latexit>

(u0 =
q

vol
a0

and v0 =
p

a0
vol )

<latexit sha1_base64="NU5tz8XZyhnkZLNIEbIKfBn9DGQ="></latexit>

() Ck(E(u0, v0))  Ck(X) for all k 2 N

<latexit sha1_base64="qzQBZisncKtqRVOG+0M8RhmomgE="></latexit>

() 1
2volT

2 + per
2volT + d(T ) � 1

2volT
2 + per

2volT + �r(T ) for all T 2 N

<latexit sha1_base64="p3CUFHtM10rXBUqxaoK0So24ihM="></latexit>

(T ⌘ r(T ) (mod vol))

<latexit sha1_base64="khmWYCBKjsQOFBLffgWnb0uWp2Q=">AAACCnicbVA9SwNBEN3zM8avqKXNahSSJtwFQe2CNpYREhVyR9jbTOLi3u25OxcMR2ob/4qNhSK2/gI7/42bmEKNDwYe780wMy9MpDDoup/OzOzc/MJibim/vLK6tl7Y2LwwKtUcmlxJpa9CZkCKGJooUMJVooFFoYTL8OZ05F/2QRuh4gYOEggi1otFV3CGVmoXdkp7DR9uU9GnutQo79FSpDrUR7jDrK/ksFxuF4puxR2DThNvQopkgnq78OF3FE8jiJFLZkzLcxMMMqZRcAnDvJ8aSBi/YT1oWRqzCEyQjV8Z0n2rdGhXaVsx0rH6cyJjkTGDKLSdEcNr89cbif95rRS7R0Em4iRFiPn3om4qKSo6yoV2hAaOcmAJ41rYWym/ZppxtOnlbQje35enyUW14h1Ujs+rxdrJJI4c2Sa7pEQ8ckhq5IzUSZNwck8eyTN5cR6cJ+fVeftunXEmM1vkF5z3L3gMmOQ=</latexit>

() d(T ) � �r(T ) for all T 2 N

<latexit sha1_base64="mzXbxfrPKCheM8Due2CER44JyZI=">AAACH3icbVC7TgJBFJ3FN75QS5uJYIIN2SXGR0e00MpgAmLCEnJ3mIUJM7PrzKwJ2fAnNv6KjYXGGDv/xuFRKHiqk3PuzT33BDFn2rjut5NZWFxaXlldy65vbG5t53Z273SUKELrJOKRug9AU84krRtmOL2PFQURcNoI+pcjv/FIlWaRrJlBTFsCupKFjICxUjt3UvBZGOJOsXbkd+kD9q9ACGinygrDAg4jhYFzXKj5TPoCTC8I0pthoZ3LuyV3DDxPvCnJoymq7dyX34lIIqg0hIPWTc+NTSsFZRjhdJj1E01jIH3o0qalEgTVrXT83xAfWqUzzhJG0uCx+nsjBaH1QAR2chRRz3oj8T+vmZjwrJUyGSeGSjI5FCYcmwiPysIdpigxfGAJEMVsVkx6oIAYW2nWluDNvjxP7sol77h0flvOVy6mdayifXSAishDp6iCrlEV1RFBT+gFvaF359l5dT6cz8loxpnu7KE/cL5/ALSdoPg=</latexit>

Hardy and Littlewood (1920) showed that for certain a0’s, d(x) = da0(x) is “optimally ±O(log x)” for x 2 R.

<latexit sha1_base64="3/5MhBWgbbQuP2dLNn8fLU7i6BU="></latexit>

Experimentally we observe that da0(T ) is either periodic or “optimally ±O(log T )” for T 2 N.

<latexit sha1_base64="YtEMykhVXC9GpWHmuLSP+ctHlLc="></latexit>

otherwise

<latexit sha1_base64="vrNSLOwacwUxh6f6M4hj7jM31d4=">AAACEXicbVDJTgJBEO1xRdxQj14mEhNPZIaYqDeiF4+YyGKAkJ6mgA69TLprNGTCV3DVD/FmvPoFfoc/YLMcBHxJJS/vVXVXvSgW3GIQfHtr6xubW9uZnezu3v7BYe7ouGp1YhhUmBba1CNqQXAFFeQooB4boDISUIsGdxO/9gzGcq0ecRhDS9Ke4l3OKDrpSWMfzAu30M7lg0Iwhb9KwjnJkznK7dxPs6NZIkEhE9TaRhjE2EqpQc4EjLLNxEJM2YD2oOGoohJsK50uPPLPndLxu9q4UuhP1b8TKZXWDmXkOiXFvl32JuJ/XiPB7nUr5SpOEBSbfdRNhI/an1zvd7gBhmLoCGWGu1191qeGMnQZLbwkqOpYRl1iaQ+0BDTDUdalFC5nskqqxUJ4Wbh5KOZLt/O8MuSUnJELEpIrUiL3pEwqhBFJxuSVvHlj79378D5nrWvefOaELMD7+gVfHJ7E</latexit>

if ⌦ is a scaling of

<latexit sha1_base64="HIYAeIyh6t4OjpJ8hHyfHS7zbEQ=">AAACJnicbZDLSgMxFIYz3q23qktdBKvgqsyIoO5EN+5UsFZoSzmTnhmDuQxJRihDNz6NW30QdyLufAdfwLR2YVsPBH7+/5yT5Iszwa0Lw89ganpmdm5+YbG0tLyyulZe37i1OjcMa0wLbe5isCi4wprjTuBdZhBkLLAeP5z38/ojGsu1unHdDFsSUsUTzsB5q13e5gndbV5KTGGXckuBWgZ+WUp1QtvlSlgNB0UnRTQUFTKsq3b5u9nRLJeoHBNgbSMKM9cqwDjOBPZKzdxiBuwBUmx4qUCibRWDX/Tonnc6NNHGH+XowP07UYC0titj3ynB3dvxrG/+lzVylxy3Cq6y3KFivxcluaBO0z4S2uEGmRNdL4AZ7t9K2T0YYM6DG9kkQHU8H4+xSFFLdKbbK3lK0TiTSXF7UI0OqyfXB5XTsyGvBbJFdsg+icgROSUX5IrUCCNP5Jm8kNfgOXgL3oOP39apYDizSUYq+PoBmCGk6A==</latexit>

a reflexive polygon

<latexit sha1_base64="aeAUfu82dB9zVe5XSH/mDFFb5aQ=">AAACHXicbZDLSgMxFIYzXmu9Vbt0EyyCqzIjgroT3bisYC9Qi5xJz9RgJhmSTHEY+ixu9UHciVvxOXwB03YWtvWHwM9/Ljl8YSK4sb7/7S0tr6yurZc2yptb2zu7lb39llGpZthkSijdCcGg4BKblluBnUQjxKHAdvh0Pa63h6gNV/LOZgn2YhhIHnEG1kUPlSpQjZHAZz5EmiiRDcZpza/7E9FFExSmRgo1Hio/933F0hilZQKM6QZ+Yns5aMuZwFH5PjWYAHuCAXadlRCj6eWT40f0yCV9GintnrR0kv6dyCE2JotD1xmDfTTztXH4X62b2ui8l3OZpBYlm34UpYJaRcckaJ9rZFZkzgDT3N1K2SNoYNbxmtkkQPYNA0cvH6CK0epsVHaUgnkmi6Z1Ug9O6xe3J7XLq4JXiRyQQ3JMAnJGLskNaZAmYSQjL+SVvHkv3rv34X1OW5e8YqZKZuR9/QJqaqLy</latexit>

(ehr�u,v (T ) = #
�
Z2 \ T ·�u,v

 
)

<latexit sha1_base64="4cQ+dwaMOFajYXMyQkUNDvw68VE="></latexit>

O(log x) plus
9 constant K and increasing sequences xi, xj such that
da0(xi) > K log(xi) and da0(xj) < �K log(xj).

<latexit sha1_base64="P7JsTEhybVwnznH5668D2GhvjE0="></latexit>



Experimentally we observe that da0(T ) is either periodic or “optimally ±O(log T )” for T 2 N.

<latexit sha1_base64="YtEMykhVXC9GpWHmuLSP+ctHlLc="></latexit>

otherwise

<latexit sha1_base64="vrNSLOwacwUxh6f6M4hj7jM31d4=">AAACEXicbVDJTgJBEO1xRdxQj14mEhNPZIaYqDeiF4+YyGKAkJ6mgA69TLprNGTCV3DVD/FmvPoFfoc/YLMcBHxJJS/vVXVXvSgW3GIQfHtr6xubW9uZnezu3v7BYe7ouGp1YhhUmBba1CNqQXAFFeQooB4boDISUIsGdxO/9gzGcq0ecRhDS9Ke4l3OKDrpSWMfzAu30M7lg0Iwhb9KwjnJkznK7dxPs6NZIkEhE9TaRhjE2EqpQc4EjLLNxEJM2YD2oOGoohJsK50uPPLPndLxu9q4UuhP1b8TKZXWDmXkOiXFvl32JuJ/XiPB7nUr5SpOEBSbfdRNhI/an1zvd7gBhmLoCGWGu1191qeGMnQZLbwkqOpYRl1iaQ+0BDTDUdalFC5nskqqxUJ4Wbh5KOZLt/O8MuSUnJELEpIrUiL3pEwqhBFJxuSVvHlj79378D5nrWvefOaELMD7+gVfHJ7E</latexit>

if ⌦ is a scaling of

<latexit sha1_base64="HIYAeIyh6t4OjpJ8hHyfHS7zbEQ=">AAACJnicbZDLSgMxFIYz3q23qktdBKvgqsyIoO5EN+5UsFZoSzmTnhmDuQxJRihDNz6NW30QdyLufAdfwLR2YVsPBH7+/5yT5Iszwa0Lw89ganpmdm5+YbG0tLyyulZe37i1OjcMa0wLbe5isCi4wprjTuBdZhBkLLAeP5z38/ojGsu1unHdDFsSUsUTzsB5q13e5gndbV5KTGGXckuBWgZ+WUp1QtvlSlgNB0UnRTQUFTKsq3b5u9nRLJeoHBNgbSMKM9cqwDjOBPZKzdxiBuwBUmx4qUCibRWDX/Tonnc6NNHGH+XowP07UYC0titj3ynB3dvxrG/+lzVylxy3Cq6y3KFivxcluaBO0z4S2uEGmRNdL4AZ7t9K2T0YYM6DG9kkQHU8H4+xSFFLdKbbK3lK0TiTSXF7UI0OqyfXB5XTsyGvBbJFdsg+icgROSUX5IrUCCNP5Jm8kNfgOXgL3oOP39apYDizSUYq+PoBmCGk6A==</latexit>

a reflexive polygon

<latexit sha1_base64="aeAUfu82dB9zVe5XSH/mDFFb5aQ=">AAACHXicbZDLSgMxFIYzXmu9Vbt0EyyCqzIjgroT3bisYC9Qi5xJz9RgJhmSTHEY+ixu9UHciVvxOXwB03YWtvWHwM9/Ljl8YSK4sb7/7S0tr6yurZc2yptb2zu7lb39llGpZthkSijdCcGg4BKblluBnUQjxKHAdvh0Pa63h6gNV/LOZgn2YhhIHnEG1kUPlSpQjZHAZz5EmiiRDcZpza/7E9FFExSmRgo1Hio/933F0hilZQKM6QZ+Yns5aMuZwFH5PjWYAHuCAXadlRCj6eWT40f0yCV9GintnrR0kv6dyCE2JotD1xmDfTTztXH4X62b2ui8l3OZpBYlm34UpYJaRcckaJ9rZFZkzgDT3N1K2SNoYNbxmtkkQPYNA0cvH6CK0epsVHaUgnkmi6Z1Ug9O6xe3J7XLq4JXiRyQQ3JMAnJGLskNaZAmYSQjL+SVvHkv3rv34X1OW5e8YqZKZuR9/QJqaqLy</latexit>

Some evidence: when per|T , we have d(T ) = Sa0(
T
per ) + S 1

a0
( T
per ), where S✓(n) =

Pn
k=1

�
{k✓}� 1

2

�
.

<latexit sha1_base64="ZlvEgkXFkyqD/JCeFgj4fEqITqU="></latexit>

d(T ) = 0

<latexit sha1_base64="RRearmO2RjQEDARUGNGWYzGFoZ8=">AAACJ3icbVDLSsNAFJ3UV62vqksRglXQTUmKoC6EohuXFawV2lAmk9t26GQSZm7EErLya7rVD3EnuvQb/AGnsQutXhg4nHPvOcPxY8E1Os67VZibX1hcKi6XVlbX1jfKm1u3OkoUgyaLRKTufKpBcAlN5CjgLlZAQ19Ayx9eTvTWPSjNI3mDoxi8kPYl73FG0VDd8u5+B+EBc6PUaCCRZmlweHN07mT73XLFqTr52H+BOwUVMp1Gt/zZCSKWhMaGCap123Vi9FKqkDMBWamTaIgpG5qgtoGShqC9NE/P7APDBHYvUuZJtHP250VKQ61HoW82Q4oDPatNyP+0doK9Uy/lMk4QJPsO6iXCxsiedGIHXAFDMTKAMsXNX202oIoyNM39chJUBppR02PahygEVKOsZFpyZzv5C25rVfe4enZdq9Qvpn0VyQ7ZI4fEJSekTq5IgzQJI49kTJ7IszW2XqxX6+17tWBNb7bJr7E+vgC/vKau</latexit>

a0 +
1
a0

= per2

vol 2 N

<latexit sha1_base64="CVILVuEjKQ4V+YLaNjTrvb7YlDo="></latexit>

a0 +
1
a0

= per2

vol 2 Q \ N

<latexit sha1_base64="sqxjySL11lBA5x3tl5BTo97uXh0="></latexit>

a0 +
1
a0

= per2

vol /2 Q

<latexit sha1_base64="V/d6QdDin5DnC0vYopeJ/dwO8aY="></latexit>

lattice polygon that is a 
scaling of a reflexive polygon

lattice polygon that is not a 
scaling of a reflexive polygon

not a lattice polygon

(one of Usher’s infinite staircases)




(Assume a0 /2 Q.)

<latexit sha1_base64="bd4ZgWF6POhZAnJaODSF891jgM0=">AAACCHicbVC7TsMwFHXKq5RXgJEBixapLFVSIQFbgYWxlehDaqLIcZ3WquNEtoNURR1Z+BUWBhBi5RPY+BucNgO0HMnS0Tn3Xt97/JhRqSzr2yisrK6tbxQ3S1vbO7t75v5BR0aJwKSNIxaJno8kYZSTtqKKkV4sCAp9Rrr++Dbzuw9ESBrxezWJiRuiIacBxUhpyTOPq9dSJiGBFeRZDo8U5U6I1Mj309a0UjvzzLJVs2aAy8TOSRnkaHrmlzOIsJ7IFWZIyr5txcpNkVAUMzItOYkkMcJjNCR9TTkKiXTT2SFTeKqVAQwioR9XcKb+7khRKOUk9HVltqRc9DLxP6+fqODSTSmPE0U4nn8UJAyqCGapwAEVBCs20QRhQfWuEI+QQFjp7Eo6BHvx5GXSqdfs89pVq15u3ORxFMEROAFVYIML0AB3oAnaAINH8AxewZvxZLwY78bHvLRg5D2H4A+Mzx8dRZjH</latexit>

X = X⌦ with integral blowup vector (b; b1, . . . , bn).

<latexit sha1_base64="QXrqyNEkN5ekij4Dih6kyIX2vAY="></latexit>

() 1
2volT

2 + per
2volT + d(T ) � 1

2volT
2 + per

2volT + �r(T ) for all T 2 N

<latexit sha1_base64="p3CUFHtM10rXBUqxaoK0So24ihM="></latexit>

(ehr�u,v (T ) = #
�
Z2 \ T ·�u,v

 
)

<latexit sha1_base64="4cQ+dwaMOFajYXMyQkUNDvw68VE="></latexit>

If X has an infinite staircase then ehr�u0,v0
(T ) � capX(T ) for all T 2 N

<latexit sha1_base64="kjmmNT2KJHrkmkEKZNK4xpoJ2MY="></latexit>

Cristofaro-Gardiner, Li, Stanley on ehr�u,v (T ) for T 2 N and u
v /2 Q:

<latexit sha1_base64="Md4DBbBjE3cfF0adYaRgu6uUYmc="></latexit>

1
u + 1

v and (u+ v)
�
1
u + 1

v

�
2 N.

<latexit sha1_base64="GYDIwh4Ci6h1VRickVxiIRS/JTg="></latexit>

{ {

= per
vol

<latexit sha1_base64="+Z9br9RNSTZTMU9wN9ILFhvciNQ=">AAACKnicbZDNSgMxFIUz/tb6V3XpJtgKrsqMCOpCKLpxqWBVaEvJpHdqMJMMyZ1iGWbr03SrD+KuuPUNfAHTOgutXggczrn3JvnCRAqLvj/25uYXFpeWSyvl1bX1jc3K1vat1anh0ORaanMfMgtSKGiiQAn3iQEWhxLuwseLSX43AGOFVjc4TKATs74SkeAMndWt0NpZOzKMZ22EJ8wSMHle6IGWeV7rVqp+3Z8W/SuCQlRJUVfdyme7p3kag0IumbWtwE+wkzGDgkvIy+3UQsL4I+tDy0nFYrCdbPqTnO47p0cjbdxRSKfuz4mMxdYO49B1xgwf7Gw2Mf/LWilGJ51MqCRFUPz7oiiVFDWdYKE9YYCjHDrBuBHurZQ/MAcGHbxfmyRTPcuZQ5n1QceAZpiXHaVglslfcXtYD47qp9eH1cZ5watEdskeOSABOSYNckmuSJNw8kxG5IW8eiPvzRt779+tc14xs0N+lffxBVCnqTg=</latexit>

= per2

vol

<latexit sha1_base64="VuL99OaTei3EpJK94TzKoJHuxWI="></latexit>

Even though this is not the case in general, for exactly certain u, v’s the function ehr�u,v (T ) is a quasipolynomial!

<latexit sha1_base64="8YRsWPIwlSyKw2DaB4ZdJF5m7zQ="></latexit>

Now: ⌦ is lattice polygon =) scaling ⌦̃ = per
vol · ⌦ is also a lattice polygon. So can use Pick’s Theorem on ⌦̃:

<latexit sha1_base64="5IMxO/B5sQlY3ue4aS/nOp3BL88="></latexit>

area = # interior lattice points + # boundary lattice points
2 � 1

<latexit sha1_base64="3tthygU/SDoQ6SctUh6pQyRouJE="></latexit>

() fvol
2 = # interior lattice points + fper

2 � 1

<latexit sha1_base64="mTR0+0LcaKDVc6uZBRM+1rEcAB8="></latexit>

() # interior lattice points = 1

<latexit sha1_base64="QmzTEJuOlPYtcYwv5f35nVKxBmc="></latexit>

⇣
fper = fvol = per2

vol

⌘

<latexit sha1_base64="MMtC/iWFWXp1M/KW/XO1u54PixE="></latexit>



The end.

(3) (4;2,2)(3;1) (4;2,2) (3;1,1) (3;1,1)

(3;1,1,1) (3;1,1,1) (3;1,1,1) (3;1,1,1,1) (3;1,1,1,1)(3;1,1,1)

(3;1,1,1,1,1) (3;1,1,1,1,1) (3;1,1,1,1,1,1)(3;1,1,1,1,1)

(3) (4;2,2)(3;1) (4;2,2) (3;1,1) (3;1,1)

(3;1,1,1) (3;1,1,1) (3;1,1,1) (3;1,1,1,1) (3;1,1,1,1)(3;1,1,1)

(3;1,1,1,1,1) (3;1,1,1,1,1) (3;1,1,1,1,1,1)(3;1,1,1,1,1)

If you don’t have any other questions, 
ask me about this!




