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1 | INTRODUCTION

Groman and Solomon’s reverse isoperimetric inequality for J-holomorphic curves is an impor-
tant tool in the study of Floer cohomology of Lagrangian submanifolds. Let (X,w,J) be a
2n-dimensional symplectic manifold with a choice of the compatible almost complex structure.
Given a Lagrangian submanifold L C X, [5, Theorem 1.1] states that there exists a constant K
such that, for all J-holomorphic curves u : (Z,0%) — (X, L) with boundary in L, we have a reverse
isoperimetric inequality:

Length(u(d%)) < K - Area(u(x)), (@))

where length and area are given by the metric w(-,J-). A different proof of this inequality was
subsequently given by [4], whose arguments were later adapted to the setting of J-holomorphic
polygons with boundary on a configuration of transversely intersecting Lagrangian submanifolds
by [1] .

An explicit computation of the constant appearing in Eq. 1 gives a quantitative bound between
the length and area of J-holomorphic curves in terms of the geometry of the Lagrangian L. How-
ever, the existence of some constant K bounding the length in terms of area is sufficient for many
applications. For example, consider a Liouville domain X and a Lagrangian L that has a cylindrical
end. If u is a J-holomorphic curve with boundary on L of bounded energy, then Eq. 1 implies that
the boundary of u can only travel a fixed distance along the cylindrical end. As a consequence,
there is a Gromov-compactness result for curves of this type. Such an idea has been used to ensure
the compactness of moduli spaces appearing in the definition of certain quilted Floer cohomol-
ogy groups [8]. Another application comes from family Floer theory [1], where the convergence
of the Floer differential for a non-unitary local system can be proven by showing that the norm
of the monodromy of the local system along the boundary of a curve is bounded from above by
the perimeter. Similarly, the reverse isoperimetric inequality is useful in adiabatic degeneration
situations for multi-graph Lagrangian submanifolds with caustics, where one needs to separate
the domain of holomorphic disks into regions that degenerate to Morse flow-trees and regions
near the caustics.

In some cases, we can derive tight bounds for the constant K in Eq. 1, which endows
Floer cohomology with additional structure. For instance, in [6], the second author noticed
a relationship between the areas of specific J-holomorphic strips with boundaries on
tropical Lagrangian submanifolds and the affine lengths in tropicalization. This observa-
tion can be restated in terms of a bound for the constant K in terms of the tropical
geometry.

When the boundary Lagrangian L is an embedded Lagrangian submanifold, the constant K
roughly measures the radius of a standard symplectic neighbourhood of L. In this note, we replace
L with a collection {L;}!" of Lagrangian submanifolds with pairwise disjoint locally standard
intersections (Definition 2.1).

A reverse isoperimetric inequality for J-holomorphic polygons with boundary on trans-
versely intersecting Lagrangian submanifolds had previously appeared in [1, Appendix A.1].
However, the construction of a weakly plurisubharmonic function in that paper contains an
error which we describe in Remark 2.6. Therefore, our result also corrects the result appearing
there.
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Results and strategy of proof

The results that we prove and the method of proof follow closely that of [4] [4]. Let (X, w,J, g)
be a 2n-dimensional almost Kidhler manifold. Let S be a Riemann surface with marked bound-
ary points whose boundary arcs {C;}" | are labelled by the collection of embedded Lagrangian
submanifolds {Li};’; I

We will need to restrict ourselves to Lagrangian submanifolds intersecting nicely. More pre-
cisely, we require that every pointin L; N L;, i # j, isin a chart ¢ : C" — M preserving both the

symplectic and almost complex structure and sending /—1R" to L; and R" ¥ x 1/—1R¥ to L i

Here, we identify C" with R"” X 1/ —1R". We call such intersections locally standard, we refer the
reader to Section 2.1 for details and examples where this happens.

Theorem A. Suppose that the intersections L; N L; are pairwise disjoint and locally standard, and
let B be any open neighbourhood of U;;L; N L;. There exists constants K, r;, > 0, depending only on
(X,w,J,L;) and B so that, for any J-holomorphic curve u : S — X sending the boundary arc C; of
0StoL,1<i<m,and0<s<ry:

s - Length ,(Im(du) N B) <K - Area (Im(u) N Uy).

Here, Uy = |J; Ny(L;), where N(L;) is a tubular neighbourhood of L; of radius s, and B¢ =
X — B. Furthermore, r; is a constant smaller than the minimal radial injectivity radius of the
Lagrangians, suitably modified to take the intersection locus into account.

By modifying the almost complex structure to make transverse intersections locally standard
(Proposition 2.2), we get the following result.

Corollary B. For any collection of Lagrangian submanifolds L, ..., L,, C X which have pairwise
disjoint transverse intersections, there exists a choice of almost complex structure so that a reverse
isoperimetric inequality a la (1) holds. More precisely, (1) holds with the caveat that the length is only
measured in the complement of some neighbourhood of U;;(L; N L;).

Note that only being able to estimate the length outside some fixed neighbourhood of the inter-
section locus U;;L; N L; is enough for most applications such as family Floer theory. For example,
it still implies that, given a uniform energy bound, J-holomorphic polygons with boundary along
L,,..,L,, with energy below that bound must stay a bounded distance away from the intersection
locus.

Remark1.1. Asone will see below, given Lagrangian submanifolds L, ..., L,,, with pairwise disjoint
transverse intersections and an w-compatible almost complex structure J’, the almost complex
structure J satisfying the conclusions of Corollary B can be taken to be C-close to J’ and equal to
J’' outside B.

Remark1.2. Our proof can also be modified to incorporate teardrops and holomorphic disks in the
Lagrangian projections of Legendrians that allow us to compute Legendrian contact homology.
Indeed, we can easily allow Lagrangians with transverse self-double intersections, as long as we
assume that the self-intersection locus is clean, does not intersect the intersection locus with other
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Lagrangians, and can be made locally standard. In that case, we can allow L; = L;,; = L with the
corresponding marked point of dS being sent to a self-intersection point.

The proof of Theorem A follows the lines of [4], who observes that the square of the dis-
tance function p : Np(L) - R can be perturbed to give a strictly plurisubharmonic function
h : Np(L) - R which vanishes on L with weakly plurisubharmonic square root. In that vein, we
produce a function & : U, — R which is a small perturbation of p; : U; — R away from a neigh-
bourhood of the intersection locus U; ;L; N L; and has weakly plurisubharmonic square root in a
neighbourhood of the intersection locus. The proof of Theorem A can be broken into three steps:

Section 2.1 Constructing local models for h near the intersection locus. When L; and L; have
intersections of the form given by Definition 2.1, we show that \/Tp] is weakly
plurisubharmonic in a neighbourhood of the intersection locus.

Section 2.3 Showing that we can interpolate between the local models near the intersec-
tion and the function p; away from the intersection whilst remaining weakly

plurisubharmonic.
Section 2.4 Modifying [4]’s proof to instead use the function h : U; - R.

We delay the proofs in Section 2.1 that the local models of & are plurisubharmonic until Section 3
to improve readability.

2 | THE REVERSE ISOPERIMETRIC INEQUALITY

2.1 | The local model near the intersection

We restrict ourselves to Lagrangian submanifolds whose intersections have particularly nice local
models.

Definition 2.1. We say that the intersection between Lagrangian submanifolds L, L’ is locally
standardifatevery pointx € L n L/, there existachart U C (C", wen,Jcn), ¢ : U — X; and choice
of 0 < k < mso that

$(0) = x $7'(L) = V-IR" $71(L) = R"F x VIR
¢*J = JC" ¢’FCU = Wcn.

Since intersection points of transversely intersecting Lagrangian submanifolds admit standard
neighbourhoods, we directly get the following result.

Proposition 2.2. For any pair of transversely intersecting Lagrangian submanifolds L and L’
in (X,w), there exists a choice of compatible almost complex structure so that the intersection is
locally standard.

Observe that there exist locally standard clean intersections.

Example 2.3. The following construction comes from [2, Remark, page 9]. Suppose K = L, N L,
admits a flat metric. Realize the neighbourhood of K as T*L, and L, as the conormal NK. Choose
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a metric g on L such that it is flat in the neighbourhood of K in L, makes K totally geodesic, and
restricts to a globally flat metric on K. Let J be the almost complex structure on T*L,, induced by
the connection on T*L, given by g. Taking geodesic normal coordinate sending K to R* c R", we
get open charts satisfying the conditions in Definition 2.1.

By Bieberbach’s theorem, any compact flat Riemannian manifold is a finite quotient of the
torus. Whilst this puts a restriction on the topology of the intersection, intersections of this form
naturally appear in computations motivated by the mirror symmetry.

Example 2.4. Following the notation from [6]: let V|, V, C Q be two tropical subvarieties in an
affine manifold Q.

Suppose that they intersect cleanly in a collection of points V; NV, = {q,, ..., q;}. Whenever
V1.V, admit tropical Lagrangian lifts Ly ,Ly, C T*Q/T;Q, then the intersection Ly NLy, is
locally standard and is the union of k disjoint tori of dimension dim(Q) — dim(V;) — dim(V,).

For ease of exposition, we will now assume that we are studying J-holomorphic curves with
boundary on two Lagrangians L, L, with locally standard intersections. The local model for this
situation is the intersection in C" of the Lagrangian planes LllOC ={x;=0|1<i<n}and leOc =
{xi=0,yj=0| 1<i<k,k+1<j<n}for some 0<k <n— the case k = 0 corresponds to a
transverse intersection.

In what follows, we fix n and k as above and consider the functions

n k n
p1(x,y) 1= lez and (X, y) 1= lez + 2 yl.2 2)
i=1 i=1

i=k+1
onC" = R} @ V/-1R!. Note that LY ={p; = 0}and L = {p, = 0}.

Proposition 2.5. The functions \/p,0, and p,p, are weakly plurisubharmonic on the standard
chart U, at x € Llloc N leoc. Furthermore, outside of some variety V such that V N (Lll"c U le"c) =
Lllo"’ N leo"’, P10, 18 strictly plurisubharmonic.

We delay the proof until Section 3. We note however that the set V' is the precise reason why
we need to suppose the existence of standard charts about intersections. Indeed, without it, we do
not have an obvious choice of plurisubharmonic function, since p; 0, might no longer be—even
weakly—plurisubharmonic near V.

Remark 2.6. A different approach to constructing the local model was proposed in [1,
Appendix A.1]; unfortunately, this approach contains a gap. The method uses a cutoff func-
tion, which is employed to excise a small neighbourhood of the intersections before applying the
argument from [4]. The proposed local model for plurisubharmonic function is p = y(x;) - |y|?,
where y is a cutoff function that is convex and non-negative. Unfortunately, this will usually
not be weakly plurisubharmonic. If we restrict to n = 2, the determinant of the Levi matrix of

pis

4x* =y X'y +2lylPxx”.
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Restricting to where y; = 0,y, = 1 we obtain the necessary inequality 2y + y " > 2(x’)?. Since
x' dominates y as x; — 0, we can simplify to the condition that

xx" =20,

which is not satisfied, for example, by the standard choice of the cutoff function exp(—x~1).
Experimentally, we could not find a choice of the cutoff function that satisfies this relation.

Forx € L, N L,,let U, denote the standard neighbourhood provided by Definition 2.1 that iden-
tifies L; with L%OC. In order to use the argument from [4] we must find a small neighbourhood of
the L; for which various functions are plurisubharmonic. The requirements that we place on this
neighbourhood size (which we denote by r; ) are

(r.i) r; isless than the injectivity radius of the Lagrangians L;.

(rii) g; is (strictly) plurisubharmonic on N, (L;)—for a proof of the plurisubharmonicity of g,
near L;, see, for example, Proposition 2.15 of [3], where plurisubharmonicity is referred to
as J-convexity;

(r.iii) itis smaller than the Lipschitz constant of each L;, that is, the largest ¢ > 0 such that for all
x € L;, B,(x) N L; is contractible and d; (p, q) < ¢~ 'dx(p,q) for all p,q € B.(x) N L;;

(riv) it is smaller than half the minimal distance between connected components of the
intersection locus L; N L,;

(r.v) the tube {max{p;, 5,} < ri} is contained in a finite covering of L; N L, by locally standard
charts {¢ j ij — M} such that ¢ j(ij N {max{g;, f,} < r%}) is convex for all j.

LetU, := U; N.(L)and B, = U ¢, X' € Uy | max{py, p,} < r?}forr < r;. Ouraim in this
section is to show the following modification of Duval’s statement. To ensure that the functions
we consider are plurisubharmonic over the local charts at the intersections, we will have to take
a neighbourhood of slightly smaller size Dr; where D € (0, 1).

Proposition 2.7. For r; satisfying (ri)-(r.v) and D € (0,1) satisfying (1.i)-Liii) below, there exist
constants Cy, C, C5 with the following property. There is a nonnegative function h : Upy, = Rsuch
that the following holds:

(1) hvanishes precisely on L; U L,;

2 \/Z—and thus h—is weakly plurisubharmonic on Uy, and h is strictly plurisubharmonic on
Upr, \ B,;

(3) the pseudometric k = dd°h(., \/—_1-) is dominated by C, g;

(4) onUp,, \ B, , the pseudometric k, is metric-equivalent to g with C; lg <k <Cyg;

(5) C3\/E > |Vh| outside B,,.

The properties that are hard to establish are Item (2)-Item (4). In [4], the function & is con-
structed by taking \/171 =Cp+ \/E for some large constant C > 0 that depends only on (X,J, L).
The key idea of this paper is to use the local model for L%OCS to find a locally defined function satis-
fying Proposition 2.7 near the clean intersections and interpolate this function to Duval’s function,
for some potentially larger C > 0. For the statement of Theorem A, we simply re-define r; to be
riD.
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Vb

X ©p2

Vpi=A

FIGURE 1 Local model for the intersection between two Lagrangian submanifolds. The red region

represents the region where we have our local model. The blue regions is V}‘;X, which is divided into three cases
by the dashed lines labelling when /p; = A/2.

2.2 | Local model

The aim of this section is to show the analogue of Proposition 2.7 in the special case where we
are in the local neighbourhood. Our function will be constructed so that near the boundary of the
local neighbourhood, our function agrees with that of Duval.

In order to do this, we need to make some preliminary choices. Fix some A > 0, and define
VL“)C :={p; < A?}U{p, < A%}; this A will dictate the size of local neighbourhood we want to place
intersection points of the L;." Fix y“ be a smooth nondecreasing function such that y4 = ¢ for
0<Vi< % and yA(t) = A% for \/t > %. Set B4 = x4(p,)x?(p,)- As in Figure 1, our function
B4 interpolates between the function p; p, and A%p, within the region % < \/E < %.

Proposition 2.8. There exist constants Cy, C,, C, and some small D € (0, %] such that

2
L. The function hy,, = (\/B* + Cof*) " has weakly plurisubharmonic square root on V1%
2. The pseudometric induced by hy, is C;-dominated from above by the Euclidean metric on V%

DA’
and it is C,-equivalent to it on {4/p; > %} N VIIJ"Z and {/p, > %} N Vg)f‘.

In order to show Proposition 2.8, we first need the following intermediary statement.

Proposition 2.9. Forevery A > 0, thereisa D € (0, %]—satisjj)ing (Li)—such that the restriction of
B4 to VIIJ"Z is weakly plurisubharmonic. Furthermore, 34 vanishes at least up to first order on Lll"c =
{0, =0} and L’z"c = {p, = 0}. The pseudo-metric obtained from 34 is dominated from above by the

. . s . . A 1 A 1
Euclidean metric everywhere, and it is equivalent to it on {4 /p; > 5} NVys and{y/p, > 7} nV3s.

T As the bound that we produce in this subsection does not depend on any of the constraints we have placed on r;, we
introduce the new constant A.
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. A . . oy . lOC
Proof. We first show that 8 satisfies Proposition 2.9 on a region V7%

subregions:

by decomposing into three

* Whenever {/p, < A/2 and +/p; < A/2, B4 = p,p;, which is plurisubharmonic by Proposi-
tion 2.5.

* Suppose \/p; = % and 4/p, < %. Then, 4 has the form p, y(p;). So we get

dd*BA(, V=12) =3 (0)dd  (0,) + 2+/P2 (A (01)) A d°\/p3 + dy/oy A d°(x(p1)))
+p, - dd°(x*(p1))

=2)"(p) 1d +0(y/py). 3)

To show that the function 8 is plurisubharmonic after shrinking 4/p,, we need to show that the
form (3) is non-negative. Observe that y4(p;) > ATZ for \/p; > %, so we may impose condition:
(L.i) Require that D sufficiently small so that (3) is positive definitive when 4/p, < DA.
. A A
* The argument is exactly the same for 1/, > = and 1/p, < 3.

The comparison with the Euclidean metric g, follows from (3). O

We will now strengthen Proposition 2.9 and show Proposition 2.8 by replacing f4 with hy . =
2
(v/BA + CBA) for some large constant C > 0, so that it has weakly plurisubharmonic square root
everywhere. This is in analogy with the modification in [4], where he replaces the squared distance
function p with (\/,5 + Cp)z. The two functions can then be arranged to agree on the overlaps.

Proof of Theorem 2.8. Observe that by Proposition 2.5, we have (weak) plurisubharmonicity of

v/pBA over {1/p; < DA} {y/p, < DA}. Furthermore, outside {1/p; < A} N { /p, < A}, B4 agrees
with A2p; and so it suffices to handle the remaining region, thatis, {DA < y/p; < A, y/p, < DA}U

{v/P1 <DA,DA < +/p, < A}
To handle this case, let 4/p; < DA <‘§ and DA < 1/p, < A. The function 4 has the

form
\/[; = \/P_l\/ x4(02)s

so that
dd®\/BA =V xA - dd®\/p, +dy\/py AdV A +dV xA Ad o) + \/p ddSV xA.

Note that the only term that might become unbounded as \/p_l -0 is \/)?ddc\/ﬁ
since its expression can contain negative powers of p,. However, we know that the form
dd¢ \/p_l(-, \/—_1-) <2471 \/)?ddc \/p_l(', \/—_1-) is positive semidefinite. So, the only term that
contains negative powers of \/,o_1 must already be positive semi-definite. Furthermore, the last
three terms may be negative, but they do not contain negative powers of \/,o_1 . Therefore, their
negative contribution may be cancelled out by adding some multiple of dd¢4.

In other words, for C; large enough, we choose
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(Lii) D > 0small enough so that both terms on the right-hand side of

dd°\/BA + Codd°B* =+/xA - dd°\/p;
+ (Codd®p™ +dy/or AdVZA + AT Aoy + /prdd VX R).

are positive semidefinite on VIDO/C_‘.

This shows that the function satisfies 1. It is also straightforward to see that this implies the first
point of 2, that is, the pseudometric is dominated by the Euclidean metric g,.

The equivalence with g, on V}‘;{f‘ \ {max{4/p1, v/P2} < %} for some C, > 0 is subtler. Observe

2
that, in our region, the function (1/B4 + C,84) is equal to

3
3
p1x " (p2) + Capix™(p2)* +2Co/po1 \/ x4 (p2) -
2
The Hessian of (/84 + Co*) " is thus of the form *(p,) Id +O(/p;). Now, since x*(¢) > ATZ for
\/f > %, it suffices to ask that

.iii) take D > 0 sufficiently small so that the term O is smaller t an—ZId
(Liii) tak ff ly 11 hat th (\/p_l) ller th ‘:‘1

to ensure that the Hessian is equivalent to g,. Treating the other case similarly finishes the

proof. O
2.3 | Interpolating from local model near intersections to the distance
function

Using Proposition 2.9—and the notation from Proposition 2.7—we now interpolate the distance
function and the local functions. We first define the global analogue of 8.

Take x € L, N L, and standard chart ¢, : U, — C". By taking a smaller chart if necessary, we
may suppose that ¢, (U,) = {1/ < A }n{y/pr < AN (—A,, A )™ for some A, > 0. By def-
inition of r;, the intersection L; N L, can be covered by finitely such charts {¢xj : ij - C"}
with ij <rg. We then set A = min; ij, and let §; := 6A0¢xj. Then 8, = p; near the part of
the boundary where \/E = A, i # j. Furthermore, since 8, only depends on the distance from
L, n L,, the neighbourhood of which is flat, we see that 8, does not depend on the precise choice
of the chart.

Define the function 8; : N, (L) = Ry, by the formula

5 . [B®)  ifpeUy
P\ 4%ip) ifpeN, @)\ U, Uy,

We then observe that 1/8; = 1/p14/0, on a neighbourhood of the clean intersection. Further-
more, on N, (L;) \ B, , we have §;, = A%p;.

Proof of Theorem 2.7. Just as in Proposition 2.9, we deduce that our function §; satisfies condition
(1). Furthermore, the pseudo-metric obtained from g; is dominated from above by g everywhere,

85UB017 SUOWILLOD) BAIER.D 3|qed!dde sy Aq pausenob ae sajoilke O ‘8sn JO SenJ Joj Areuq i auljuQ 8|1 UO (SUOIPUOD-pUe-SWBI0Y A8 1M AReIq I RUIUO//SdNY) SUONIPUCD PUe SWiS | 8U1 89S *[9202/20/TT] uo AriqiT8uluO A3]IM ‘0820, 'SWIA/ZTTT OT/I0P/WO00 A8 1M ARIq | U UO"D0SYRWPUO |//:Sdny Wolj pepeo|umod ‘2 ‘9202 ‘02TZ697T



10 of 18 CHASSE ET AL.

Ly

FIGURE 2 The neighbourhood U is highlighted in blue, whilst the region B (which is excluded in
computing the length) has red hash lines.

and it is equivalent to it on {5, > ATZ} N Np,, (L,) and {5, > ATZ} N Np,, (L) for small enough 0 <
D< 2.

Following Duval’s approach [4], we prove that for possibly small D, there is some constant
Co such that h, = (\/E + C06L>2 restricted to N, (L) respects conditions (1)-(5). Indeed, let
Cy, C; be larger than the constants obtained in Proposition 2.8, for each standard neighbourhood
of the intersection locus. In that case, near the intersection locus, we simply have h, = (WA +
CoB)og, instandard charts, for which the statement reduces to that of Proposition 2.8. Therefore,
it suffices to show these conditions hold on Ny, (L;) \ B, , where §; = A?p;. This is the case
of a single Lagrangian submanifold, which is handled by Duval [4]. This finishes the proof of
Proposition 2.7. [

2.4 | Proof of Theorem A

Let r; and D be as in Proposition 2.7. Let Ug = U;N(L;) and U? :={h < s?}for s < Dr; as drawn
in Figure 2.

Corollary 2.10. Let B be a neighbourhood of L, N L,. There exists some K, > 0 such that
Ky
— Area (C nUj) > Length (C N BY) @)
S .

Proof. The proof is same as in [4]. We pass to the h-metric using metric equivalence and domi-
nation, and then prove the inequality for the h-metric. First, observe that there exists some [; > 0
such that U contains Ulhs. By metric domination, we then see that

1

K, Area, (C N Uy) > Area,(Cn UZS). (5)
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By Proposition 2.7, \/E is also plurisubharmonic. So, the same argument as in [4] tells us that
the function a(t) = % Area,(Cn Uth) is monotone increasing with respect to t. In particular, we
see that a(t) > lim,_,, a(t).

By construction, we can choose some constant K, so that [Vh| < K, -t in Ulh. We claim that
lim,_, a(t) is bounded below by K;* Length,,(3C n B°). Indeed, for all t < I;3s,

1 / ddh = = tdd°h
t Jenuh t* Jenuh
K -1
> < tdd°h > % / |Vh|ddh
t cnUlnBe t cnuhnBe
Kbt
> t% Length,(C n{h = 1} n B)dr. (6)
0

We can pass from the first line to the second line because the plurisubharmonicity of A tells
us that the integrand is non-negative. We get the second inequality on the second line from the
final condition in Proposition 2.7. Finally, to pass from the second line to the third line, we use the
coarea formula. Since the limitof (6) ast — 0is K5 ! Length, (3C N B¢), we get the desired identity.

We now conclude the proof as follows. We can use the C,-metric equivalence of dd®h(-, \/—-)
and g to pass to the g-length. Then using Eq. 5, we get (4). O

Remark 2.11. As indicated in Remark 1.2, the proof can be adapted to immersed Lagrangians.
Assume that the immersions are locally standard, and separated away from the intersection locus.
We then only need to modify §; on N(L;) away from [J; ;LinL; to be g; away from the self-
intersection locus and of the form \/p_l \/p_2 inside its standard charts. The set B will then need
to be a neighbourhood of the entire intersection locus, not just | J; ;L;nL;. Then, the proof of
Theorem A carries over word-to-word the same.

3 | PROOF OF Theorem 2.5

We give here the full computations necessary to the proof of Proposition 2.5 in the general clean
case. To retrieve the transverse case, that is, the case k = 0, one can ignore the computations for
i < k and set §;, = 0 and §;,; = 1in the notation below.

To reduce the number of subscripts in this section, we adopt the notation thata := p, 8 := p,.
We will need the following two technical lemmata, which we will prove later on. To enunciate
them, we introduce the following notation:

1 ifi<k 1 ifi>k
Sicp = and &, = .
i<k {o ifi > k i {o ifi <k

Lemma 3.1. Set vy := Zi(ocyi5i>kaixi + (8- a5i<k)xiaiyi) and wy 1= —Jcny, Where Jen is the
(2n X 2n)-matrix representing multiplication by /—1 in C" = R*". The matrix M, representing the

cvaB(, /-1 i icf 9 6 o Oy
form dd®+/ap(-, 1-) in the standard basis {5x1 s B By ayn}ls equal to
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2%k xiz

a —_——

(a) \éa_ﬁ
atb 1

(b) \/@I d on the orthogonal complement spang{v,, Wy}

outside of L, U L,. Here, we take the convention that 3, xi2 = 0ifk = 0. In particular, \/afM, is

a multiple of the identity matrix precisely on L; U L, U Sy, where S, = {x; = y; = 0|i > k}.

Id on spang{v,, wy};

Lemma 3.2. Setv, := Zi(ocyi5i>k% -(B+ ac‘iigk)xiaiy_) and w; :=Jcnv,. The matrix M, rep-

resenting the form (d+/af8 A d°v/aB)(-, v/ —1-) in the standard basis {%, s Xi, T y—} is equal
1 n 1 n
to

(@) (2Xi X7+ a+B) Id on spang{v,, w,};
(b) 0 on the orthogonal complement spang{v;, w; }*.

In particular, M, is O precisely on L; U L,.

Proof of Proposition 2.5. Since weak plurisubharmonicity of a function f is equivalent to the pos-
itive semidefinitiveness of the form dd°f(., \/—_1 -), weak plurisubharmonicity of @ follows
directly from Lemma 3.1.

For the weak plurisubharmonicity of af3, note that

ddca[s:z\/ﬁ(ddf\/a_@ +2<d@A dc\/ﬁ) )

outside of L; U L,. One can also directly check that the formula holds also on L, U L, by tak-
ing limits. Since the sum of positive semidefinite matrices is still positive semidefinite, weak
plurisubharmonicity of a8 then follows from Lemmata 3.1 and 3.2.

It also follows from (7) that there exists a vector v € T(x,y)RZ" =R?*" such that

dd‘af(v,v/—1v) = 0 if and only if the kernels of \/afM, and M, intersect nontrivially. In
view of Lemmata 3.1 and 3.2, this means one of two things:

(a) either (x,y) € L, UL, US,, x; = 0 for all i < k, and spang{v,, wy} N spang{v,, w, }* # {0} or
() (x,y)eLiUuL,US,anda+ =0.

In option (b), note that (x,y) € L, UL, anda + 8 = Oisequivalentto(x,y) € L, N L,.But(x,y) €
Soanda + 8 = Oisalsoequivalent to (x,y) € {x; = y; = 0|1 <i <n,j >k} =L; N L,. Therefore,
option (b) reduces to (x,y) € L; N L,.

Suppose now that we are in option (a). Since spang{v;, w;} is a 1-dimensional complex subspace,
spang{v,, wy} N spang{v;, w; } # {0} is equivalent to v, L v;, v, L wy, and vy, v; # 0. However,
the fact that (x,y) € L, UL, US, ensures precisely that the last condition is automatically
satisfied. Therefore, option (a) reduces to the following equations:

xi:0 VlSk
Yisk Xy =0
a=p

since a, 8 # 0 here.
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Noting that points respecting option (b) also respect these equations, we thus get that the set
where dd“af is degenerate, that is, where af is not strictly plurisubharmonic, is the variety

V={xi=0,ijyj=0,oc=,8|i<k}.
j>k

g

Remark 3.3. When n — k < 1, we simply have that V' = L, N L,. However, whenn — k > 2, V will
be a bigger (k + 2)-codimensional variety of R?". For example, when n — k = 2, it is the union of
the two n-planes {x; = 0,x, = +y,_;, ¥, = Fx,_11i < k}.

Proof of Lemma 3.1. The bilinear form dd®+/af(-, v/—1-) can be computed in coordinates to be

([ \[ ) Y (dx, ® dx, +dy, ® dy,) ®)
i<k + 8
+i§1 ( . \/; i<k ]<k\/7> \/%yiyj5i>k5j>k]

X (dx; ® dx; +dy; ® dy;)

-
1 o 1 o
(N M T A
iJZ=1-< OCB ‘831 WY j> Otﬁ ‘831 JriYi>

X (dx; ®dy; +dy; ® dx;).

Putting the expression for v, in (8) gives, for j < k, that

R

i) (5 )
B{[VE e (G- )
(B (- 5):

and
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¢ “3’3 o ’053
\/j_ _3 c(x]._(\/j_ _3>ij
ZZisk;éizb

v

Likewise, for j > k, one gets from (8) that

a7 (i) = (|5 498 - 3 (VE-2 B o2 )
J i<k
—Zkl Xpx i + \/;y v+ gx?yj gxixjyi]
—2\/7sz£)¢ —\/70% \/gﬁyﬁ\/%yﬁ\/@yj

_ 2 Zigk xi2

a;
G

3 3
dd”@(vo,\/—_l;> = <M+ \/%)xj+l<zk \/g—\/%—\/g+\/§ xl.zxj

and

J

53

xX7x; + gxiyiy'_ gxiyiy"i' z)Cy2
>k a3t J ﬁ J ﬁ J ﬁ Jj7i
3 3
=28 3ot (VB Y- o - B

2% i<k x12
= —ﬁbj'
Va
2% X}
Vag

But note that M, commutes with J,, the 2n X 2n matrix representing multiplication by i, since
dy/ap ( \/—1-) is a C-sesquilinear form. Therefore, w, := —Jyv, = X;((8 — aéigk)xix—l -
ayiSisk ;) must also be an eigenvector with the same eigenvalue.

Therefore, when nonzero, v, is an eigenvector of M, with associated eigenvalue

Suppose now that v = ¥’ .(a i% +b; y_j) is orthogonal to both v, and w, that is,

Z(“Yifxi + Bx;b;) + (B —a) Z x;b; =0 (9)

i>k i<k
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and
(B—a) ) xa;+ Y (Bxia; — ayb) = 0. (10)
i<k i>k

Denote by m the matrix representing the form dd‘+/af8 < —1-) - (\/% + \/g)(-, -), where (-, -)

is the usual inner product. Using again (8), we get for j < k that

()2 fF Beon B o

B (F

2 a B
< <\/—a_‘8 - \/;— \/;)xixj'a ;(6 C()< ’_aﬁ3 ) X; ] a;

where we have used (10) to get the second equality. We analogously get (mv, ;) = 0 from (9). For
J

j > k, we instead have

1 B
<mv,x—j>=%‘z<\/—a_ﬁ— ;)xxa l>k<\/7xx +\/%iyj>ai
_ ;_\/E b (xiyj_xjyf>b.
(v—s >y 2\ v Ve )

1 B
2 l(\/_oc_ﬁ - \/%)(xix xyjb ) + xlxja + lyJ l]

07

where we get the second equality using both (9) and (10). We get that (mv, ) = 0 similarly.

In other words, when restricted to the orthogonal complement of spanR{vo,wO} the form

dd"’\/oc_ﬁ (-, \/—_> is just (\/% + \/;)(., -). This proves the first part of the lemma.

For the second part, note that there are two ways in which MMO becomes a multiple of the
identity: either both possible eigenvalues become the same, or v, = 0. The first situation happens
precisely on S, whilst the second one happens precisely on L; U L, U (S, N {o = 8}). The union
of these spaces is, of course, L; UL, U S,,. |:]

Proof of Lemma 3.2. The proof follows the same structure as that of Lemma 3.1; we give here the
details. The bilinear form d+/af3 A d°y/af(-, v/—1-) can be computed in coordinates to be
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c B a a
Z [(a + i<k + 0 + E5i<k5j<k>xixj + Eyiyj5i>k6j>k] (dx; ® dx; +dy; ®dy;) (11)
ij=1

n

a a

+ Z [(1 + E5i<k>xiyj5j>k - <1 + E5j<k>xjyi5i>k] (dx; ® dy; +dy; ® dx;).
ij=1

Putting the expression for v, in (11) gives, for j < k, that

avad naevap(w VT ) = X (S Jamm - 3 (144 )prn =0

J i>k i>k

and

dMAdCM<UO,ﬁ;> = —Kk (g +2+ g)(fx+,8)xi2xj — Z (g + 1>5xi2xj

j g >
- g;! <1 + %)axjyiz
= —2(a +6)§1§xi2xj - <ﬁ + %2>ocxj - (%2 +oc>,8xj
= (22xi2+a+/3>bj.
ik

Likewise, for j > k, one gets from (11) that

B a
d\ap Ad*Vap (vl, v —1x—> =2 [;axixjyi + VLY + Bxly; — BxiyY,

J i>k B

+ Z <1 + %)(a +ﬁ)xi2yj

i<k

=2a inzyj +aBy; +a’y;

i<k

= <22xi2+oc+ﬁ>aj

i<k

and

dv/aB A d%/ﬁ(vl,\/—_ly—) ==

J i<

</3 + 1>(oc + B)x;x;
%

a

B o
- Z [aﬁxizxj + E‘Bxiyiyj —ax;yy;+ “xjyiz

i>k
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—Z,BZx X; —‘B—ax —apx;

i<k

<2fo+oc+[3>b]
i<k

Therefore, when nonzero, v; is an eigenvector of M; with associated eigenvalue (2 ;. x7 + a +

B). But note that M; commutes with J, since dy/af3 A d°y/af < V —1-) is a C-sesquilinear form.
Therefore, w; :=Jyv; = >,((B + adig)x;— -+ ay;é i>ky ) must also be an eigenvector with the

same eigenvalue.
Suppose now thatv = ¥’ .(a i tbj ;) is orthogonal to both v; and w,, that s,
J J

i>k i<k
and
(a+p) Z x;a; + Z(,Bxl-ai + ay;b;) = 0. (13)
i<k i>k

Using again (11), we get for j < k that

d\/@/\dc\/ﬁ<v,\/—_1;>=z<§+2+ > X;a +Z< >xl-xjal-

J i<k i>k
+ Z (1 + %)xjyibi
i>k
= <E+2+E> Z(oc+6)< >xxa
i<k \& P i<k B !

where we have used (13) to get the second equality. We analogously get dv/a 8 A d°y/aS(v, ;) =0
J
from (12). For j > k, we instead have

ocﬁ/\dc\/@(v,\/—_l;>=i<k (B ) al+2[ XX + ylyj]

J i>k
a
_2<1+ >xiyjbi_2 [xiyj_ngyi]bi
i<k i>k

=0,

where we get the second equality using both (12) and (13). We get that d+/af A

d+/ap(v, V_ly_j) = 0 similarly.
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In other words, when restricted to the orthogonal complement of spang{v,, w,;}, the form
dv/af Ad- M(~, \/—_1-) is just 0. This proves the first part of the lemma.

For the second part, note that there are two ways in which M, becomes the 0 matrix: either both
possible eigenvalues become the same, or v; = 0. The first situation happens precisely on L; N L,,
whilst the second one happens precisely on L; U L,. The union of these spaces is, of course, L; U

Lz. D
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