Homework 3
Math 16210-Section 50

Due: Tuesday February 18th
Exercise 1. With the (¢,d) definition of the limit, prove that lim, ,; 23 = 1.

Exercise 2. Show that if a function f : R — R is continuous at xg € R then |f| is continuous at xg. Is the
converse true?

Exercise 3. On Thomae’s function. Let f : R — R be defined by
0 if z is irrational or z = 0,
fz) =

% ifx:%withp/\q:landq}l.

Note that p A ¢ = 1 means that p and ¢ are coprime numbers. Prove that f is only continuous on R\ Q and 0.
We should use the fact that both Q and R \ Q are dense in R.

Exercise 4. Find all continuous functions f : R — R such that

V(z,y) €R?, flz+y) = flz) + f(y).

Exercise 5. On the continuity points of a function. This exercise is a follow-up on Exercise 1. of the previous
sheet.
We consider the function g : R — {—1,1} defined by for z € R,

1 if x € Q,
—1 otherwise.

voli) = 2La(e) - 1= {
For a given function f : R — R we denote
I'(f) ={x € R| f is continuous at x} and Z(f)={x €R| f(z) =0}.

1. Let f : R — R be a continuous function. Prove that we have T'(¢f) = Z(f) (¢f is simply defined by
(W f)(@) = P(@)f(2)).

2. The goal of this question it to prove that for every closed set F, there exists a function ¢ such that
I(g)=F.

a. We recall the definition of the distance to a set
dlz,F) = inf |x —vy|.
(z, F) ylgp |z -yl

Using Homework 2., prove that z — d(z, F') is continuous. If x € F, give d(z, F)).
b. Using Question 1. Construct a function g : R — R such that we have I'(g) = F.

3. Let 2 C R be an open set. We define the characteristic function xq by, for z € R,

(2) = 0 ifxeq,
X)) =1\ 1 ifzeQe.

Prove that I'(¢xq) = Q.



4. The goal of this question is to prove that if S C R is a G5 (a countable intersection of open sets) then
there exists a function f such that T'(f) = .S. We suppose that S is a Gs,

a. Prove the existence of a sequence of open sets (,)nen such that

=R, VneN Qi CQ,, and S=[)Q.
neN

b. We define f : R — R in the following way: for all x € R, either x € S and we set f(z) = 0 or there
exists an n € N such that z € Q,, \ Q,,+1 and we set f(z) =27". Show that I'(vf) = S.

5. Finally, the goal of this question is to prove that if f : R — R is any function then I'(f) is a G5. Let f
be such a function.

a. For any k € N, we denote
Or={(a,8) CR|a,f€Qand f—a <27}

Note that here (o, 8) denotes the interval, thus Oy is a set of intervals of R. Prove that for every
fixed k, Oy is countable and that every open set of R is the union of some elements of Of. To do
so, see that we have, for every open set U C R,

v=J v

VeOyg
vVcu

b. Prove that

riH= U mt (@)

keNQeOy,

c. Using the previous question, prove that I'(f) is a Gs.

In this exercise you proved the interesting result that a set S is the set of continuity points of a function if, and
only if, S is a Gy. With this theorem, you can try to prove that there does not exist any function f such that
I'(f) = Q. If you are brave and want to prove it, you will need Baire’s theorem (look it up or ask me or don’t).
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