
Homework 1
Math 16310-Section 50

Due: Tuesday April 14th

Exercise 1. Let f : [a, b] → R be C2([a, b]). We define I :=
∫ b
a
f(t)dt and Imed := (b − a)f(a+b

2 ). Denote
M2 := max{|f ′′(x)| | x ∈ [a, b]}.

1. Let ∆(x) :=
∫ c+x
c−x f(t)dt− 2xf(c) where c = a+b

2 . Show that for all x ∈ [0, b−a2 ], |∆′′(x)| 6 2xM2.

2. Prove that |I − Imed| 6M2
(b−a)3

24 .

3. For all n > 1, denote Imed,n = b−a
n

∑n−1
k=0 f(xk+xk+1

2 ) with xk = a+ k b−an . Show that∣∣∣∣∣
∫ b

a

f(t)dt− Imed,n

∣∣∣∣∣ 6 (b− a)3

24n2 M2.

Note that the convergence is faster than in Exercise 7 of last homework since 1
n2 goes faster to zero than 1

n .
Exercise 2. Show that the following sequences converge or not. If so, give the limit.

1. un =
(

2 sin
(

1
n

)
+ 3

4 cos(n)
)n

. 2. vn = cos
((

n+ 1
n

)
π

)
.

3. wn = sin((3 +
√

5)nπ). Hint: one can first show that (3 +
√

5)n + (3−
√

5)n is an even integer.

Exercise 3. Let (un)n>1 be a sequence of real numbers. We denote Sn = u1+···+un
n .

1. Show that if (un) converges to 0 then (Sn) converges to 0.

2. Show that if (un) converges to ` ∈ R ∪ {+∞,−∞} then (Sn) converges to `.

3. Is the converse true?
Exercise 4. For n ∈ N ∪ {0} we define Wn =

∫ π
2

0 sinn(x)dx.

1. Show that for all n ∈ N ∪ {0}, Wn =
∫ π

2
0 cosn(x)dx.

2. Show that (Wn) is decreasing.

3. Show that for all n ∈ N ∪ {0} we have (n+ 2)Wn+2 = (n+ 1)Wn. and

4. Show that for all p ∈ N ∪ {0},

W2p = (2p)!π
22p+1(p!)2 and W2p+1 = 22p(p!)2

(2p+ 1)! .

5. Show that (n+ 1)Wn+1Wn = π
2 . and that Wn+1

Wn
−−−−→
n→∞

1.

6. Show that
√

2n
π Wn −−−−→

n→∞
1 we also write Wn ∼+∞

√
π

2n .

Exercise 5. Bonus exercise. Let (un)n>0 and (vn)n>0 be two sequences converging respectively to u and v.
Show that ( 1

n+1
∑n
k=0 ukvn−k) converges to uv.
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