Homework 7
Math 16110-Section 50

Due: Tuesday November 19th

Exercise 1. On Fréchet’s definition of continuity. Let C; and Cs be two continua and f : C; — Cy. We say
that f is continuous if, and only if,

For all open sets V C Co, f~1(V) C C; is open.
1. Prove that f is continuous if, and only if, for all closed sets F' C Co, f~1(F) C C; is closed.

2. Prove that f is continuous if, and only if, for all regions R C Cy, f~*(R) C C; is open.
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Prove that f is continuous if, and only if, for all a € Cy thesets {z € C1 | f(z) < a} and {z € C1 | f(z) > a}
are open.

Prove that f is continuous if, and only if, for all A C C;, f(A) C f(A).
Prove that f is continuous if, and only if, for all B C Co, f~1(B) C f~*(B).
Prove that f is continuous if, and only if, for all C' € Cq, Fr (f~1(C)) C f~1(Fr(C)).
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7. Find examples where the last three inclusions are strict.

Exercise 2. On Cauchy’s definition of continuity. We recall the definition of the absolute value of z € R,

= T if x >0,
TI=Y =z ifz<o.

1. Prove that for a region R = ab C R we have

T —

R:{x€R|a<x<b}:{x€R:

a+b < b—a
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2. Prove that f: R — R is continuous if, and only if, for all a € R,

for every € > 0, there exists 6 > 0 such that for all z € R, |z —a| < d = |f(z) — f(a)] < e.

Exercise 3. On coverings of segments. For a region R = ab C R, we denote u(R) = b — a its length. We
suppose that for every real number z we give a region R, such that u(R,) < ¢ for some fixed ¢ > 0 (independent
of z). We also denote [a,b] = abU {a} U {b}. We suppose that we can find a finite number m of real numbers
1y; such that

[a,b] C U R,, (this will probably be proved in a future homework).
i=1

Prove that we can find a finite number of real numbers x4, ..., x, such that

[a,b] C U R;, and ZM(RM) <2(b—a)+e
i=1 j
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