Homework 1
Math 20400-Section 51

Due: Monday January 13th

Exercise 1. Calculate the derivatives of these functions using the definition
1. f:z— 2" withn eN
2. f: x> sin(x).
3. f:a+— tan(z). We recall the following:

tan(z) + tan(y) tan(h)

t = d lim——~2=1
an(z +9) 1 — tan(z) tan(y) R v RS
Exercise 2. On which subsets of R these two functions are continous? differentiable?
) zsin (1) ifz #0, ) z?sin (1) if 2 #0,
froe { 0 otherwise. g r= 0 otherwise.
Exercise 3. Prove that we have for all z € R,
et — e~

x ™
) = h(—))+—, we recall th(z) = ———
arctan(e”) = arctan (t 5 1 e recall th(z) pr—

Exercise 4. Find all differentiable function f : R — R such that

V(z,y) €R:, fz+y) = f(z) + f(y)-
Exercise 5. Let f be a function defined on an interval I and let ¢ € Int(I). We define, if they exist, these
limits:

/ 1 / 1 f(a+h)_f(a) / T f(a+h)_f(a_h)
e = lig, TEST fite) =l TS and fia) = g S

1. Show that if f(a) and f;(a) exist then f(a) exists and compute it.
2. If fl(a) exists, does it mean that f/(a) and f/(a) exist?

Exercise 6. Let n € Nand f : I — R be a function in C™(I) such that f vanishes at n+ 1 distinct points in I.
1. Show that the n-th derivative of f vanishes at, at least, one point in I.

2. Let o € R. Show that the (n — 1)-th derivative of f’/ + af vanishes at, at least, one point in I.
Hint: One can introduce an auziliary function.
Exercise 7. Show that

1 1
Vo >0, 112 <log(1 + x) —log(z) < e

Find, for all k € N\ {0, 1},

kn 1
li -
Jm >
p=n+1
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