manuscripta math. 56, 67 - 70 (1986) manuscripta

mathematica
© Springer-Verlag 1986

On Krasner's Criteria for
the First Case of Fermat's Last Theorem

Andrew Granville

The First Case of Fermat's Last Theorem is said to be true for

prime p if there do not exist integers a;, a,, a4 for which

P p P _
a; +a, +a; =0 and p ! a,a,a, (Lp

In 1857, Kummer (see [4], pgs 115-125) established that if

a;, 2y, a, satisfy (l)p, then
dn+1log(ai+evaj)
Bp-l—n . dvn+1 =0 = 0 (mod p) (2)

for n=1, 2, ..., p~2 , where Bn is the nth Bernoulli number
and i, j are two of the three indices 1, 2, 3 .
In 1934, Krasner [2] used the criteria in (2) to show that
if (1)p has solutions, where p > (45!)88 , then Bp—l-n = 0 (mod p)

/3

for n=1, 2, ..., 2[(log p)1 1 . Recently Keller and Loh [1]

have eliminated the condition p > (45!)88 and Sami [5] has improved
the upper bound to [(log p)2/5] . In this note, with a slight

adaptation of Krasner's method, we prove the following:

THEOREM: If the First Case of Fermat's Last Theorem is false for
prime p then p divides the numerator of Bp—l—n for
1/2
n= 1,‘2, ..., [(log p/loglog p) 1
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In fact this theorem gives extremely strong heuristic evidence

for supposing that the First Case of Fermat's Last Theorem is true.

For, if one admits that the probability of p dividing an is
1/p , then the probability that Bp—1—2n = 0 {(mod p), for each
2n £ [(log p/loglog p)l/z] is approximately

exp(—-(log p)3/2/2(10g10g p)l/z).

Lehmer [3} has shown that (1)p has no solutions for p < 6.109 .

so that the expected number of primes for which (1)p has solutions

is less than 10 31

Although such heuristic evidence is not valid proof, it is

interesting to note that Wagstaff's computations of B_ , for
g g p »

n £ 125,000 (see [6]), conform well with our assumption.

We now proceed to the proocf of the theorem.

k .
z (—l)J(ﬁ_i)jn XX for each n 21 and R

Let & (X) =
n 1 j=1

I ~mB

k
be the resultant of @ (X)/X(1-X) and xn®n(x—1)/(1—x).

Krasner showed, for each =n 2 1 , that

d™logla.+eva.)
@ () = - ~ 1 where t = a./(a.+a.) (3)
Furthermore that
2(n-2)

0 < JR | < (n-1)! (4)
n

68




GRANVILLE

So suppose that (1)p has integer solutions a;s ays a, for

some prime p > 6.109 , and that Bp-l—n Z 0 (mod p) for some

n £ (log p/loglog p)l/z

Let t be the minimum positive residue of az/(a1+a2) (mod p).
Then t # 0 or 1 (mod p), or else p divides ajaja; . Also,
- -1 _
‘al+32+a3 = 0 (mod p), t = a3/(al+a3) (mod p).
-1
Thus, by (2) and (3), @n+1(t)

as

(t ) = 0 (mod p); and so

1

®n+1

p divides Rn+l

Now, by Stirling's formula, n! < (n/e)n(21m)1/261/12rl for each
n21. Thus, as Rh+1 # 0,
log p = log th+1|
< 2(n~1)log n! by (4)
< (n-l)[(2n+1)iog n - 2n + log 2m + 1/6n]
< 2n2 log n for n 2 2
< i;é%%geg . %(loglog p - logloglog p)

< log p which establishes a contradiction.

Thus B —1-n = 0 (mod p) for each n g (log p/loglog p)l/2 .
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