ZETA FUNCTIONS FOR IDEAL CLASSES
IN REAL QUADRATIC FIELDS, AT s = 0.

ANDRAS BIRO AND ANDREW GRANVILLE

1. INTRODUCTION

Let K be a real quadratic field with discriminant d, and for a (fractional) ideal a of K,
let Na be the norm of a. For a given fractional ideal I of K, and Dirichlet character x of
conductor g, we define

x(Na)
(Na)*

Cr(s,x) = Ceun (8, x) =
where the sum is over all integral ideals of K which are equivalent to I. Our goal is to
give a short (finite) formula to evaluate (;(0, x).

Our starting point is the well known formula that, for the Dirichlet L-function L(s, ),
we have

(1) L) == Y  xla)

1<a<g—1

a
— whenever x(—1) = —1,

q

which we wish to generalize to our new situation. We think of (1) as the one-dimensional
case. To find the natural two-dimensional formula one must first realize that the set of
rational integers which arise from considering K is not the set of all integers, but rather

the set of norms of integral ideals of K. These can be expressed as the set of values taken
by certain binary quadratic forms f of discriminant d, and this leads us to define

(2) Girx)= Y x(fmn) =2,

1<mn<qg—1

as a generalization of (1).

In order to relate G(f, x) to (;(0, x), we need to review the classical theory of cycles of
reduced forms corresponding to a given ideal: For g € K, write > 0, and say that (3 is
totally positive, if 5 > 0 and 3 > 0, where 3 denotes the algebraic conjugate of 3. Any
ideal I of K has a Z-basis (v1,vs) of I for which v; > 0 and such that if & = v9/v; then
0 < a < 1 and the regular continued fraction expansion of « is purely periodic, that is

a=1[0,ar,...,ag

Typeset by ApS-TEX



2 ANDRAS BIRO AND ANDREW GRANVILLE

for some positive integers ¢ and a1, ... ,as, see Remark 1 below. Note that a;;, = a; for
all j > 1. For n > 1 we denote p, /¢, := [0,a1,a2,...,a,] and we write a,, := p, — ¢«
with a_; = 1 and a9 = —a. Finally define

fi(z,y) = (viaj_17 + viazy) (1@, x + 1a;y) /N T forj=1,2,...,

and .
fj(xv y) = (_1)]Qj(x7y)'

Note that every @); has integer coefficients, and the discriminant of @; is

_ 2 _\2 _ NN
V1707 L V1707 L 1171 (a — @)
(55 = (35 0 = (BT

It is easy to show that (;(0,x) = 0 if x(—1) = 1, so we again restrict ourselves to the
case x(—1) = —1.

Theorem 1. Suppose that x is a primitive character mod q > 1 where (q,2d) = 1 and
x(—1) = —1. With the notations as above, we have

L 1 d L
G1(000/2 = 36500+ (@ () 8, X (50,00,

where 3y 1= x(=D7(x)2L(2,%?) /=2

Here the Gauss sum 7(¢) 1= 3", (nod ) x(a)e?7e/a. The expression for 3, involves an

infinite product as well as a 72, so is neither obviously algebraic nor computationally useful.

However, using the functional equation for Dirichlet L-functions this can be rewritten as
a simple finite expression: For x primitive then there is a unique way to write y = x4+ x—
where x4, x— are primitive characters of coprime conductors g, g respectively such that
x— has order 2, and x? is also primitive. We then have 8, = %qu(l — p~2) if x has
order 2, and

2.2 q—1 2

p x5 (p) — 1 n

By = x+ (=D Iy pwla-) I (—; ) where 7, == Y x*(n)—,
o A px(p) — 1 = q

if x has order > 2, where the Jacobi sum Jy =3, (mod ¢): a+b=1 X(@)X (D).

This formula in Theorem 1 is typically shorter, and arguably easier to compute, than
those proposed by Shintani [5], Zagier [9], and Stark-Hayes [3]. This is not too surprising
since we borrow ideas from all of these papers.

Remark 1. For a given ideal I, we can always choose a basis (vi,vy) with the stated
properties. Indeed, starting from any basis, using the transformations

(v1,v2) — (v1, —v2), (v1,v2) — (vo,v1), (v1,v2) — (v1,v2 — nvy)

(where n is any rational integer) we can achieve that v; > 0 and o = vo/v; has a purely
periodic continued fraction. If 77 > 0, we are done. If 7 < 0, then v > 0, because @ < 0
(by the Galois-Legendre theorem), in which case the basis (v, v1 — a1v2) has the required
properties.
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1b. Other special values of (;(s,x). In order to generalize (1) and Theorem 1 to
Cr(1 — k,x) for £ > 1, it will pay to slightly reformulate the above results, simply by
replacing a/q in (1) by a/q —1/2, and similarly m/q and n/q in (2). This new polynomial
t —1/2 is the first Bernoulli polynomial. The Bernoulli polynomials can be defined by the
generating function

(3) =S Bu@)

note that B, (1 — ) = (—1)"B,(x) by definition. The Bernoulli numbers are given by
By, = By(0) and then B, () = Y ;<,, (7)Biz"~". Tt is well-known that for any primitive
X (mod ¢) with ¢ > 1, we have

k—1

(4) Li—kx)=-5— > x(@Ba/9).

1<a<qg—1

(Note that v, = —2L(—1,x?)/q if x has order > 2.) We prove an analogous result for
¢r(1 — k,x). First define the functions p,s(z,y) where r,s are positive integers with
r+s=2k,and z,y € K,

11 r—1\/s—1 b i1

Pra(®.y) = —= Y ( h )( . )xhx’" hytge
T hiez
hti=k—1

(where (7') = 2(~1)"if i > 0, and (') = —2(—1)" if i < 0); and, in analogy to (2),

Gt = X i) (%) 5. (%),

0<m,n<qg—1

It can be shown that if x(—1) = (=1)¥~! then (;(1 — k, x) = 0, so we restrict ourselves
to the case x(—1) = (—1)*.

Theorem 2. For any k > 1 and for any primitive x (mod q) with ¢ > 1 where (¢,d) =1
and x(—1) = (—=1)*, we have

<_1)j Z pr,s<05j—1>aj)Gr,s(Qj7X)'
1 r,s>0
r+s=2k

. o q2vlm h 2
G-k =2 (TA) (k)

£

J
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1lc. Speculative generalization. The results in Theorems 1 and 2 beg to be generalized,
to further extensions of Q: Now let K be a number field (perhaps one should assume that
K/Q is an abelian extension) of degree D, and let I be an integral ideal of K. We
define (;(s,x) as above. We may associate to I a finite set of norm forms fi, fa,..., fr €
Z[Xy,...,Xp] each of degree < D: typically these are the norms for K/Q of algebraic
integers of the form Xjw; + Xows + -+ + Xpwp, where {wy,ws,...,wp} forms a Z-basis
for I. Here ¢ = £(I) and the set of forms depend only on the ideal class of I. Now to each
f; we may associate a finite set of integers S; as well as particular integers a;, b;. We guess
that if xy(—1) = —1 then (;(0, x) equals

4 L
> > x(fj(mi,....,mp))gp (ﬂ,m?@) + B0y a; Y X(ny)
j=11

j <my,...mp<qg—1 q 9 Jj=1  n;€eSs;
for some homogenous form gp(Xi,...,Xp) of degree D which is independent of K, and
certain easily described algebraic integers 3, p, also independent of K.

Note that theorem 1 is a special case of this taking g»(X,Y) = 2XY, S; = {f;(1,0)}
and 8, 2 = 20,.

These speculations complement, in some sense, the much deeper conjectures made by
Stark [7]. In Stark’s conjecture the value of the L-function is given in term of a unit and
is thus “basis-independent”, something which our speculations are not. A more geometric
formulation is to think of G(f, x) as the discrete analogue of the integral of a continuous
function of f, on the unit square. In other words if H is a function of one variable then
one can consider the integrals

1

1 1
H(t)t dt and / Hf(tu))tu du dt
t=0 t=0 Ju=0

where f is homogenous. The g-analogue of these are where we take H(z) = x(¢%z),t =
m/q,u =n/q (with d = 1,2 respectively), and replace the integrals by the sum over those
points (¢,u) for which gt, qu € Z, obtaining the functions in (1) and (2)!

Can we check this conjecture in Q({5)?

1d. Small class numbers and fundamental unit. In [1,2] Biré determined the com-
plete list of d of the forms n? + 4 and 4n? + 1 such that Q(v/d) has class number one,
so resolving the Yokoi and Chowla conjectures, respectively. Notice that the fundamental
unit €5 = (ug + vqVd)/2 with ug,vg > 0 satisfies l€q — vd\/al < 3/vd\/a, so that €4 is very
close to an integer multiple of v/d. Therefore the smallest ¢; can be as a function of d, is
close to 1 x v/d, that is vy = 1, in which case d = u? + 4, and one can evidently only have
class number one if d is prime, whence d must be of the form n?+4. If vy = 2 and d is prime
then u = 4n for some integer n and thus d must be of the form 4n? + 1. Now, Dirichlet’s
class number formula tells us that h(d)logeq = mVdL(1,(./d)), so if h(d) = 1 and ¢4 is
no bigger than some fixed multiple of v/d then we deduce that L(1,(./d)) < logd/+/d.
This only happens for finitely many d, by the ineffective Siegel’s theorem. A variant of
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Siegel’s theorem, due to Tatuzawa, allows one to easily determine all d with h(d) =1 and
€4 < Vd, with at most one possible exception: one does not expect that there are any
exceptions but the proof does not permit one to check this. Even the much celebrated
lower bounds of Goldfeld, Gross and Zagier, do not help with this problem, so the results
of [1,2] overcame what had been longstanding open problems.

Our Theorem 1 extends the formulae of [1,2], allowing us to check those results and to
extend them somewhat.

2. NOTATION

Let Ir(K) be the set of nonzero fractional ideals of K, and let Pr(K) be the set of
nonzero principal fractional ideals of K.

If I),I, € Ip(K), we say that they are relatively prime and write (I;,13) = 1, if
expressing the fractional ideals as quotients of relatively prime integral ideals: I; = a bl_l,
Is = azb; 1 the integral ideals a1b; and asbs are relatively prime.

For 3 € K let Tr(3) = B+ (. If ¢ is a positive rational integer and 31, 32 € K, we write
B1 = B2 (mod q) if there exists a rational integer n with (n,q) = 1 such that n(5 — f2)/q
is an algebraic integer.

Let 0 < €4 < 1 be a fundamental totally positive unit, let m be the smallest positive
integer such that €' =1 (mod q).

Let I € Irp(K), and assume that (vy,v9) is a Z-basis of I for which v; > 0 and such
that o = vo/v; where 0 < a < 1 and the regular continued fraction expansion of « is
purely periodic. We have e, =ar, for r > —1, in particular e, =ay_1, €' =arm,m_1.
It is clear that (viaj_1,v10;) is a basis of I for any j > 0.

Let (N), denote the least nonnegative residue of N modulo ¢q. Let [t] denote the least
integer not smaller than .

Now, if v € I, then C}, D; are selected to be those unique rational integers that satisfy

Cjviaj—1 + Djvia; =v  for all j > 0;
and then we denote ¢; = (C}),/q and d; = (Dj),/q. It is clear that ¢jirm = ¢j, djyrm =

d;. If we want to denote the dependence on v, we write C;(v), D;(v),c;(v),d;(v). Note
that since e;a; = ajir we deduce from the definition that Cjyr(ve;) = C;(v) and

Djyp(vey) = Dj(v).

It is a simple matter to establish, using the recursion formula a;_o + ajo;_1 = o  for
each 7 > 1, to show that
(23) Dj_|_1 = Cj and Cj+1 = Dj — aj+1C’j for all j > 0.

Therefore a;11c; —dj + cj11 is an integer and 0 < ¢j41 < 1, so that

(2.4) [aji1ci —dj] = aj1¢ — dj + cjp1 = aj11¢) — ¢j_1 + ¢y
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3. EVALUATING A SECTORIAL ZETA FUNCTION

Let I € Ip(K), v € I, let g be a positive rational integer such that (v,q) = (I,q) =1
(where we write v and ¢ for the principal fractional ideals generated by these elements),
and define

Crw,q(s) = Z (Na)™?,

U«GPI,'U,q
where Pr, , ={a € Pp(K):a=(8) forsome feI, f=v (modq), 5> 0}.
Theorem 3.1. If (v,q) = (I,q) =1 then

Lm—1

Croa0) = Y (1Y (% Baldy) + 50,

J=0

Our proof of this theorem is based, first of all, on Shintani’s method, but to get this
simple form, we use ideas from [3] and [1]. The most important idea used here from
[3] (which, as Hayes writes, goes back to [9]) is (in the language of [3]) subdividing the

fundamental domain into sectors before applying Shintani’s method. (In our language this

means that we write the set ngé’;“e*) below as a disjoint union of smaller sets.) However,

we subdivide the set into fewer parts (using the regular continued fraction expansion
instead of the type II continued fractions) than it is done in [3]. Inside a given part, we
can give a simple formula (see Corollary 4.2 below) for the value at 0 by generalizing the
proof of Lemma 1 of [1]. In the case of the special fields and principal I considered in [1],
essentially one application of our present Corollary 4.2 led to the final result, here we have
to apply this corollary several times. It is likely that our formula could be also derived
from the C'F-formula of [3] by summing over collinear vertices of the convexity polygon;
this summation step would then correspond to our Corollary 4.2.

If ¢ is fixed and we vary the field K, our formula consists of fewer terms than the C'F'-
formula of [3]: the C' F-formula in this case has around aj + as + ... + ar, terms, while our
formula has O(L) terms. So, if ¢ and L are fixed, our formula has a bounded number of
terms, which fact was very important in the proofs in [1,2].

4. SHINTANI’'S THEOREM

. b . . .
For a matrix <CCL ) with positive entries and z > 0, y > 0, define

d

g<s,(‘c‘ Z),(a:,y)) = i (a(n1 + @) +b(na +y)) " (c(n1 + 2) +d(nz +y)) "

n1 ,nzZO

The Corollary to Proposition 1 of [5] implies the following:
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Proposition 4.1. (Shintani). For any a,b,c,d,z > 0 and y > 0 the function

(s (2 ) @),

is absolutely convergent for s > 1, extends meromorphically in s to the whole complex
plane, and

c(0.(2 5) @) =m@m + g (B (§+5) + B2t (241)).

The Bernoulli polynomials By(t) have the remarkable property that

k—1

(4.1) By <t + %) = k=Y B, (kt).

j=0
We deduce the following;:

Corollary 4.2. Let (e, f) be a basis of I, t a positive integer, e* = e +tf, and assume
that e, e* > 0. Furthermore, let w = Ce + D f with some rational integers 0 < C, D < q,
and write ¢ = %, d=2L2 §= %. Let

with H={f €1:0=w (mod q),8 = Xe+ Ye* with (X,Y) € Q% X >0,V > 0}.
Then

20)= A(1L— o)+ § (02 oo %) + 0 (g) Ba(8) + Tr (é) Ba(d),

where A = [tc — d].

Proof. Note that A = [th_D1 = tc_qD+q5 = tc —d + 0 and therefore 0 < A < t. Let
08 = Xe+ Ye* for some rationals X > 0, Y > 0. Write X = qzx +gn; and Y = qy + qno
for some nonnegative integers n; and no and rational numbers 0 < x <1, 0 < y < 1 which
can be done in a unique way. Then, on the one hand,

BB = ¢ (e(n1 + ) +e*(na+y)) (e(ny +2) + e (n2 + y)) ;

on the other hand we have that 8 € I and = w (mod ¢) hold if and only if ze + ye* —
(ce + df) € I. Therefore

Z(s):q% 3 c(s,<§ i—)(wy))
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where R(C, D) := {(z,y) € Q*: 0 <z <1, 0<y<1, ze+ye* — (ce+df) € I}. There-
fore by Proposition 4.1 we get

z0)= Y (&@wmmwﬁﬁgﬁmw+ﬂ(%)&@0.

(z,y)€R(C,D)
We observe that for any m,n we have

mf+ne (n— e+ Fe*

q q

b

and so it is easy to see that the possibilities for (m,n) having (z,y) € R(C, D) with

= (2= m).4m)

1_@C—DVﬂ
t t

are
mj:D—i—jq, n]:C%—q{l—i—

with any integer 0 < j <t — 1. This is so because the possible values of m are obviously
these t values, and once m is fixed, n is unique. Now
j_(#C—-D)/q

0<1+4=—
+t t

C if0<j<A

<2, s0 nj = )
! {C+qﬁA§j<t

and therefore

2(0) = g (BrenBals) + T (15) Batey) + T () Bato)

c—Yj if0<j<A4;
c+1-y; FA<j<t

g
where y; = —:j for 0 < j <t andxj:{

Now, by (4.1) we have

> Bal) = Y5 (57 ) = el
5=0

J=0

and
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Now since Bo(x) + Ba(y) + 2B1(2)B1(y) = (x +y — 1)?2 — % we easily deduce that
t—1 ;
ZX&@»+wawaBmmwm%»=A@—w?+u—M8—g.
j=0

The result then follows from the last four displayed equations, and the facts that

e 1 —f e* 1 f
T( )——:ﬁ d Tr (L),
"\ ter 2t (46*) o <4t6) 2t (46)
5. SPECIAL VALUE OF THE SECTORIAL ZETA FUNCTION

Proof of Theorem 3.1. If a € Py, 4 and a = (8) for some § € I, = v (mod ¢), >0
then, since (v,q) = (I,q) = 1, the generators of a with these properties are precisely the
numbers S(€")? for any integer j. Therefore,

Cra(s) = ¢ ) (6) where ¢[7%)(5) 1= ST (85)
B

the sum over 3 € Q(Iﬁ;’ém ={Bel:f=v (modgq), 30, B2/B<3/B<p1/B1}, for
any given (1,02 € K, (31,832 > 0.

Since @ < 0 and v; > 0 we deduce that via_1 > viag > viaz > ... > 0, and 0 <
U100, < U1y < U0y < ..., so that via_i/t1a_; > viaq /T1a; > viag/viag > ... > 0.

(vl,vlsr)
I,v,q

Recalling that €' = a1, we deduce that Q is the disjoint union of the sets

(oar—rmazit) for 0 < r < lm

so that
Im—1

Crag(s) = D a0 (s),
r=0

v v
Now Qg ; qz”“ LUL2rtl) o precisely the set
b

{Bel:p=v (modgq), B=Xviag_1 +Yviag41 with (X,Y) € Q? X >0, Y >0},
and since (I, q) = 1, we can replace here v by
w = (Cgp)qv102r—1 + (Day)qv102,.

We now apply Corollary 4.2 with e = viag,—1, f =viQ9,, € =viag,11, t = agrq1, C =
(C2r)q = qcor, D = (D2T)q = qc2r—1, 80 that 6 = ¢z, 41 and A = (a2r+162r —Car—1 +Czr+1)
by (2.3) and (2.4). Therefore (7 ,,4(0) equals

Im—1

Qo 1 dor — doy
Z ((a2r+102r — Cor_1+ C2r+1)(1 - C2r) + 22+1 <C§T — Cor — 6) + %)

_ + lnil (Tr (4 Q2 ) Bs(cor—1) + Tr (4_0527° ) B2(62r+1>) :

oy — (6]
r—0 2r—1 2r+1
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Now,
Qor  Q2r42  Q2(r41)

Cdageyr 4 4ap(ri1y—1

and so, since a1, = aj, Cj4rm = Cj, djt+rLm = d; we deduce that

C1,0,4(0) = Lgl(—l)j (%Bz(dj) + dej)

6. TWO-DIMENSIONAL “GAUSS SUMS”

Throughout this section, we assume (g, 2d) = 1.
Let x be a character (mod ¢), with ¢ > 1, and h(t) € Z][t]. Define

gl h) ==Y x(n)h(n/q).
0<n<g—1
It is well-known that L(0,x) = —g(x,t). Furthermore, if x(—1) = —1 then g(x, t?) =
g(x,t) since

get)= Y xm®/9®= Y x(g—n)(1-n/9)* = —g(x, 1)+29(x,t) —g(x, *).

1<n<g-1 1<n<g-1

For f(z,y) = ax? + bxy + cy? with (q,2d) = 1 where d = b? — 4ac, we define
g0 fh) = Y x(f(m,n)h(n/q).

0<m,n<qg—1

For ¢ odd we have x(f(m,n))Be¢(n/q) = —x(f(g—m,q—n))B¢((g—n)/q) by the property of
Bernoulli polynomials mentioned below formula (3), and so g(x, f, Be) = Be(0) > _g<,n<qy—1 X(f(m,0))
Box(a) Y ocmeq1 x%(m) which equals 0 unless £ = 1 and x has order dividing 2 in which
case we get —x(a)d(q)/2.

For h = 1 (¢ = 0 above) we note that there exists g (mod ¢) such that x(g) # 0,1,
and that one can show there exist integers r, s for which r? — ds? = g (mod ¢). But then
replacing the integers m,n by M, N in the sum where (aM + bN) +VdN = ((am + bn) +
Vdm)(r 4+ v/ds) we find that the sum equals itself times x(g) and thus g(x, f,1) = 0.

Factoring ¢ = [[, p;* we can write x = [[, x; where x; is a primitive character mod p}*
for each i. Then y_ is the product of the x; of order two (and thus x_(.) = (./¢-)), and
X+ is the product of the x; of order > 3.

By the Chinese Remainder Theorem, for any polynomial F'(z,y) € Z[z,y], we have

g—1 pi'—1
(6.1) Yo x(Emn) =11 D xilF(mi,n)).
m=0 i m;=0
If x (mod p) has order > 2 then |J,| = /p; if x has order 2 then J, = — (%)

Moreover one has that J, =[], Jy,.
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Proposition 6.1. Let x be a primitive character mod q > 1, and ¢ an even positive
integer. Let ¢; := By/C(0) = 2(=1)¥/?t111/(27)¢. Then

906 £, By) = erx(@)x(d) (g) (=1r(OPL(6R)

Note that this also holds if y = 1 in which case L(¢,%?) = ¢((¥), so that the above reads

By = c((£).
The expression on the right hand side here involves an infinite product. However we
can rewrite this as

906 £, Be) = X(@)x(d) (g) B

where

v 2 pxA(p) — 1
A= s (o0 B0t TT (P,

something that can evidently be determined in a finite number of steps. Note that if y has
order 2 then 3, , = ¢B,u?(q) Hp|q(1 —p~*). We also have 3 2 = 3.

Lemma 6.2. Let 7 be a character (mod Q) which induces x (mod q). Then

_ 9, Be) e
g(XaBE) - (q/Q)g_l p|g|/@(1 p ¢(p))

Proof. By writing N = n + j@Q we find, by (4.1), that

Q-1 Q-1 k—1
(6.3) > W(N)Bo(N/EQ) = > 1(n) ZBe(n/kQ +j/k) =k~ gy, By).

Let m = leqvp%? p. Then, writing n = Nd, we have that g(x, By) equals

g—1 q/d—1 9(¥, Be)

Z ¥(n)Be(n/q) = Zu Z (AN)Be(N/(q/d)) ZM d ;1’

2 Ko yes q/ Q)
(n,m)=1

by (6.3), and the result follows.
Lemma 6.3. Let x be a primitive character (mod q), where q is power of prime p. Then
(_4)Jx if f=0

p—1) if f>1and x(.)=(./p)
if f>1 otherwise.

= =<

qz_:lx(drz -p’) = (g) :

r=0

)
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Proof. If ¢ > p? and f > 1 then we see that if p Jro then {dr? —p/ : 0 <r <q—1, r=rg
(mod p)} = {(drZ —p/)(1+ps): 0<s<q/p—1} and so we see that the sum over these
ris 0.

If g =pand f > 1 then our sum is x(d) ZO<r<p—1 X2(r).

If f =0 write ¢ = p© where e = 2k > 2 or 2k — 1 > 3 for some k > 1. The terms for
which p*|r contribute x(—1)p®~* to the sum, in total. The other terms are partitioned
according to the power of p dividing r. So, writing » = p/ R with p /R, we obtain the sum

k—1p®J

(6.4) > x(dp¥R? - 1).

=0 R=1
pIR

Note that for j < k —1, {dp* R> —1: 1 < R<p°J R = Ry (mod p)} = {(dp¥ R3 —
(1 +ptls): 1 <s<p*71}if p fRo(dp® RZ — 1), and thus this subsum equals 0
unless j = k— 1 and e = 2k — 1. Thus if e = 2k is even, the sum in (6.4) is 0 and our total
is x(—1)p*. If e = 2k — 1 > 1 is odd our total is

k-1 a 2 k-1 -« dj ,
KD+ 30 a1 = -0 3 (14 (D) ) v dasn),
R=1 Jj=0
pIR
which equals pF~1x(—1) ( ) Z ( ) X(1 — jq/p). Notice that this is (d/p) times the

same sum with d = 1. However if d = 1 we see, by taking r = 1+ 2m, that our sum equals
x(—4)Jy, and thus the result.

If g = p and f = 0 note that if (v/p) = —1 then the union of the two sets {vr? —1:0 <
r<p—1}and {r?—-1:0<r <p— 1} gives us two copies of {r: 0 <7 <p— 1}, and so
our sum equals (d/p) times the sum with d = 1. But then writing » = 2m + 1 we obtain

x(=4)(d/p)Jx

Corollary 6.4. Let x be a primitive character (mod q). Then
g—1 d
> xm? o) = (=) () o (.00,
m=0

Proof. By (6.1) we have

q—1 p;i—1
Z x(m? —dn?) = H Z xi(m? — dn?).
m=0 1 mi:()

By Lemma 6.3 the ith term is zero if p;|(n, ¢+ ), and thus the whole product. Therefore
We NOW assume that (n,qy) = 1. If p;|g+ then, by replacing m; by dnr, our sum becomes

xi(dn?) Zp o xi(dr? —1); and so the total contribution of ¢, is, by Lemma 6.3,

X+ (—4dn?) <i> Ty

q+
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Let g = (n,q_). If p|(¢—/g) then, similarly we have

552 (8 (557 - () () e

m=0

since J( /p) = —(—1/p); and if p|g then our sum is simply p — 1. Therefore the total
contribution of ¢_ is u(q—/g9)¢(g).

Proof of Proposition 6.1. For now assume, that (a,q) > 1. If p|(a,q) then the result will
follow from (6.1), and from the result for ¢ = p°, which we now prove: Since p|a we know
that p /b (as p fd). We may assume p fn else the sum is 0. But then p f2am + bn, and
so, by Hensel’s lemma, for each my (mod p) with p ff(mg,n) we have {f(m,n) (mod q) :
m = mg (mod p),0 <m < g—1} = {f(mo,n)(1 +rp) (mod q) : 0 <7 < g/p—1}; and
thus the sum over such m is 0, unless ¢ = p. In that case we write x(f(m,n)) = x(r)x(n)
where r = bm + cn varies over the elements (mod p) as m does, and thus our sum is 0.
So now assume that (a,q) = 1, and therefore x(f(m,n)) = x(4a)x(r* — dn?) where
r = 2am + bn, and so r varies over the elements (mod ¢) as m does. We now substitute

in Corollary 6.4 to obtain that our sum equals X(a)x(d) (g) X+(—1)Jy, times

> XA (n)Bun/q)ulg-/(n,q-))é =Y. Y. XGm)Bin/9ula-/9)8(9)
0<n<qg—1 glg— 0<n<g—1
(n,g-)=g
=Y wla-/9o@)x3(9) Y. xG(N)Bu(N/(q/9)
gla- 0<N<q/g-1
(N,q—/g)=1

writing n = Ng. In this last sum we can replace x3 by x4+ (mod ¢g/g), the character
induced by x2, so that the sum equals g(x4+,B¢). By Lemma 6.2 this equals g(x3 , Be)
times

1
> wla-/9)¢ X3 (9)——= [ @-p""x1®)
glg— T a-/9)f pl(a—/9) "

= [T "' o—Dx3p) — 1 —p""X3 ().

and thus g(x, f, Be) = X(a)x(d) (g) By.¢ after another application of Lemma 6.2.

The functional equation yields, for a primitive character ¢ (mod ¢) where ¢ > 1 and
Y(—1) =1 (see, e.g. Chapter 4 of [8]), that L(1 —¢,¢) =0 if £ is odd, and

L(1—6) = 2(-1)1(0) (L)
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if £ is even. Now, in (4), we saw that L(1 — ¢,%) = —¢"~1g(v, By) /¢, and so, if £ is even
then

(6.5) 9(¥, Be) = coT () L(L, 7).

Now, in the proof above we have that x2 is primitive (mod ¢4) and that

B X+ X+ g 1 H p X+ (XiaB£)7
- ple-

which, when combined with (6.5) taking ¢ = x3, equals
cox+(=1) I, T(x1)a- x5 (a-) L6, X?)

since [, (X% (p) = DL(4x3) = ¢ x5 (- ) L4, ).

Suppose that v; is a character mod ¢; for j = 1,2 where (¢1,¢2) = 1. Writing
each ¢ (mod q1q2) as bgy + ag2 (mod g1g2) we obtain, from definition, that 7(i19) =
2 (mod qlqz)(¢1¢2)(c)ezmc/qlq2 =2 (mod q1) 2 (mod ¢2) ¢1(GQ2)¢2(b91)62ma/q162“”7/(12 —
¥1(q2)2(q1)7(101)7(h2). We also note that since y_ has order 2 thus 7(x_)? = x_(—1)q_;
and also, since x4 is primitive thus 7(x%)Jy, = 7(x+)? (we present a proof of this identity
below. Combining all of this information with ¥ = X3-7 Yo = x_ yields

X(=D7(0)? = X (—Dx= (1) (x4 (g=)x= (g)7(x4)7(x=))?
= X+ (=) x— (—D)x% (a-)T(XT) Iy X (—D)a— = x4+ (= 1) Iy 7(xF)a-x7 (- )-

We therefore deduce the result.

We end this section by proving the identity 7(x%)Jy, = 7(x+)? used above.

Note that if x; (mod ¢;) are primitive characters with (g1, g2) = 1 then Jy,y, = Jy, Jy,
is immediate from definition.

Now, by the definition of x, we can write x4+ = x1x2...Xr Where x; (mod g;) are
primitive of order > 2 and the ¢; are powers of distinct primes. We will prove our identity
for each prime power and then we can deduce the result since

T((x1x2)*) Txaxe = X1(22)x3(q1)TOG)T(063) T Jxe = (X1 (g2)x2(q1)7(x1)7(x2))? = T(xax2)*.

So suppose Y is a primitive character of order > 2, modulo ¢, a power of prime p > 2.
The sums below are over all of the residues mod ¢. Fix pm where 1 < m < ¢g/p. We
will show that if ¢ > p then 3 ., (10d ¢), a=ao (mod ¢/p) X(@)X (D) = 0 for any ao,
so that 37, = (mod q) X(@)x(b) = 0: If plag then each x(a) = 0 and we are done.
Otherwise, writing a = ag + k(q/p) = ao(1 + k(q/p)/ag) so that b = pm — ag — k(q/p) =
(pm—ap)(14+k(q/p)/ag) (mod q), our sum becomes x(ag)x(pm — ap) times Zlgkgp x(1+
k(q/p)/ag)? = D <<y X(1+ 2(q/p)/ao)* = 0, since x has order > 2 and p # 2. Now if
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g =p then >, 1o (moa p) X(@X(0) = x(=1) >, x*(a) = 0 since x has order > 2. Thus
we have proved >, .- (mod g X(a)x(b) = 0 whenever p|n.

For (n,p) = 1, by writing a = nA,

(b
b=nB (mod g), weobtain 3, ., (04 o X(a)x(b) =
( )ZA+BEI (mod q) X(A) (B) X (

)Jy. Thus we have

0= Y P en/a)=>_ > x@x(®e(n/q) =T(x)>

(n,p)=1 " a+b=n (mod q)

7. SIMPLIFYING THE FORMULAE

Let x be a character of conductor g. One knows that if xy(—1) =1 then (;(0,x) =0 so
we will assume henceforth that y(—1) = —1. We assume that (¢,d) = 1.
Let L = [2,/] denote the least even period of the expansion, and | = L/2.

Let (Vo)
a
000 = e+ = 2

where the sum is over all integral ideals of K which are equivalent to I in the sense that
= (B)I with 8> 0.
We first evaluate this function at 0 in the following theorem, and then we deduce
Theorem 1.

Theorem 1*. Suppose that x is a primitive character mod q > 1 where (q,2d) = 1 and
x(—1) = —=1. We have

4

¢
GH00/(/0) = Y6050+ 5x(@ () 8, 3 asx(s(1,0)

j=1

Note that Pry, ¢ = Prc,v,q, since we may replace 8 by (e in the definition of the set
P. As noted at the end of section 2 we have Cj 1 (ve;) = Cj(v) and Djyp(vey) = Dj(v).
Inserting these observations into Theorem 3.1 gives that (r.,,4(0) = > Z1 w,q Where
V:{fuei: 0<i<m-—1} and

weV

L

(r.) Zisna = Y1 () (0) + 5 a;Balds(w))).

J=1

Note that Cglm(s,x) = C(erl(l—l)(s’ X) by definition. Moreover
Cgl(l_l)(s,x) = (NI"Y) =%, cp, X(Nb/NI)(Nb)~* where P; = {b € Pp(K) : b =

(B) for some 3 € I, > 0} by definition, so that ¢;(0,x) = Y, cr X((v0)/NI){1,0,4(0).
Here R is a complete system of representatives of the equivalence classes of the set
{v el: (v,q = 1} by the following equivalence relation: v is equivalent to v* if and
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only if v* = ve+ (mod q) for some j € Z. Inserting (7.1) we obtain, for the set W := {w
(mod ¢q) : w € I and (w,q) = 1},

700 = X3 (37) a® = X x (1) Zrma

vER weWw

; '3 (57 (5@ + 5 aBadw).

weW

In fact W = {v (mod q) : (v,q) = 1}. To see this note that W contains an element from
every congruence class modulo ¢ which is coprime to ¢, since if v is any algebraic integer
of the field which is prime to ¢, then ¥vNI%@ is in I, and it is congruent to v modulo ¢
(remember that (¢, I) = 1). Therefore

L

C D a; D
o= ¥ @S2 n (D))
j=1 0<C,D<q—1 ¢ 4 q
L .
:Z < Q]7 ) 2] g(X?Q]7B2)> .
j=1
Note that if £ is odd then [ = ¢ and Q;1; = —Q; for all j > 0, as well as a;4; = aj, so

that G(Qj41,x) = —G(Qj,x). Note also that f; = (—1)’Q;; and that g(x, f;, B2(t)) =
X(f;(1,0))x(d) (g) By,2 by Proposition 6.1. Therefore the above can be rewritten as

L

GHON/L/0 = 306550 + @) (2] B Y a5 (1,0),

J=1

which is Theorem 1*.

Now, we can compute very easily (;(0,x), using Theorem 1*. Indeed, if ¢ is odd, then
there is a unit of norm —1 in K, so ¢7(s,x) = (; (s, %). Hence we may assume that ¢ is
even. Then

CI(87X) = C}F(&X) + g(_;)[(&X)a

since a > 0 and @ < 0. We prove that ;7 (0, x) :C(J;)[(O, X), and then we will know that

¢r(0,x)/2 = ¢ (0,x)/(L/t)

in every case.
So we prove that ¢; (0, x) :gja)l(o,x), if ¢ is even. A basis of () with the required
properties is
(v],v3) = (v2a, (V1 — aqv2)).
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Indeed, it is easy to see that (v, v; — a1v9) is a basis of I, voa = v1a? > 0, and

*
v 1 -
22 _ _.
=== 0,a2,a3 ..., az, Ge1] =:[0,a,... ,a;].
1

Define the numbers o, for n > —1 analogously with respect to a*, as «,, are defined with
respect to «, and let

fi(wy) = (1) (viaj_qz + vfa;y)(v{a*j_lx + v}‘a*jy)/N((a)I) for j=1,2,...

Then a*; =1land aj = —a™ = a; — é, so we can easily prove (using the recursion formulas
* __
and a} = a;j;1) that
x _ Q41
a; = ———
—a

for every j > —1. This implies also f7 = fj41, so, using Theorem 1%, we are done, i.e.
Theorem 1 is proved..
8. FURTHER SPECIAL VALUES: THEOREM 2

Shintani in [5], Theorem 1 showed that ((1 — k, A, (z.y)) equals (k — 1)!? times the
coefficient of U2(F=1 Zk=1 in (we write 2* =1 — z and y* =1 — Y)

( ) 1 { eU(Z(az™ +by™ )+ (ca™+dy™)) eU((ax™ +by™)+Z(ca™ +dy™)) }
8.1 ,

2 (eU(aZ+e) — 1) (eU(bZ+d) _ 1) + (eUlateZ) — 1) (eU(b+dZ) _ 1)

which is a polynomial in * and y*. It is convenient to make a change of variables, replacing
UZ by z, and U by u, so that the first of these two terms equals

(az+cu)z™ (bz+du)y™
(8.2) c ¢

eaz—i—cu —1 ) ebz+du —1

and the second is the same but with u and z interchanged. We may expand this using (3),
and it is then tempting to state that we seek the coefficient of (uz)*~!; however this is
only really valid for polynomial terms, for some care must be taken with the “expansion”
of 1/(az + cu), since we do not know, with this choice of variables, whether to expand
around z = 0 or w = 0. Tracing this back to the variables U and Z, we see that we
should in fact expand around z = 0. As we mentioned above, if we interchange u and z
then the two functions in (8.1) appear to be identical, but in fact we must expand around
u = 0 in the second term. Thus we can combine the two expressions so long as, for the
non-polynomial terms, we take the mean value of the two polynomials that appear from
the two possible expansions (and this is the meaning we use henceforth). Therefore, using
B,(1 —z) = (=1)"B,(x), we see that ((1 — k, A, (z,y)) equals (k — 1)!? times

sy X BRIy (T (T e
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We now develop the generalization of Corollary 4.2, taking our matrix to be as in
Corollary 4.2, and now writing e = «, e* = 3 = e+ tvy, f = 7. (that is, we take
a=a b=0 c=a, d= 3 above). We wish to sum over the values (x;,y;) where
yj=(d+j)/tfor0<j<t—1,whilex;=c—y; f0<j <A and z; =c+1—y,if
A < j <t Nowif z = C — y then the exponent in the numerator of (8.2) is CL + tNy
where, for convenience, we temporarily write

(8.4a) L =za+uw, M =z38+ufB, N=zy+u7,
with M = L + tN. Thus the sum of the numerators in our range is

A-1 =1 oCL+Nd
ecbtNd (1—6L)Z(3N‘7—|—eLZeN‘7 = ((1—eL)(l—eNA)—l—eL(l—eNt)),
§=0 3=0

1—eN
ecM+6N(€L _ 1) _ 60L+dN(eM o 1)

1—eN ’

where § = d+ A —tc. Therefore Z(1—k) is (k—1)1?¢**~1) times the coefficient of (uz)¥~*
in

ecL edN ecM 651\7

eL 1 eN_1 eM_1 eN_71°

(8.4b)

Next we make the substitutions of section 5 (writing 3; = v1«; for convenience). When
we take the sum over r (as there) we obtain that

Lm—1
(gl —k) = (k= 1)P*D N (—1)T;(v)
j=0

where, using the same expansion as in (8.3),

eCi(zBj—1tubB;_1)  pcj—1(2B;+uB;)
T;(v) : = coeff of (uz)*~! in

ezﬁj—1+u3j_1 -1 ' ezﬂj'f'ugj —1

= Z Br(Cj)Bs<dj>pr,s(ﬂj—1v ﬁj)

since ¢;_1 = d;. Noting that p, s(nz,ny) = (Nn)*1p, s(z,y) for any 0 < € K, by def-
inition, we see that each p, s(8;-1,03;) = (Nvl)k_lpr’s(ozj_l, «;). Moreover since oy, =
eraj, ciyr(vey) =c¢j(v) and dj4r(vey) = d;(v), we thus deduce that T4 (vey) = T;(v).
Hence we can obtain the analogy to (7.1), and from these we deduce Theorem 2, as in
section 7.
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Remark. When we specialize Theorem 2 to the case k = 1 (that is, Theorem 1), we obtain

V4
GO) =2 > x(fi(mmn))x

J=1 0<m,n<qg—1

tilas )G em (5)m ()i () » ()
4\ aj1 q q q) 4\ @ @ q

and there is no obvious cancellation here. However if we look at the T;(v), then the two
outer terms here correspond there to

1 Lm- o Q; o1 Oi_q
Z B J J B )
420 {(%1*% 1> > (- 1)+(a—j i aj) 2(6‘”}

which surprisingly equals 5 ZLm Y(=1)7 'a;Bs(cj_1), since aj/aj_1 = a; + aj_a/aj_1.
Carrying this simpliﬁcation back through the argument gives us that

G00-2% X aGhomn {m () m (2) + S (1))

j=1 0<m,n<q-1

as in Theorem 1. We do not know how to generalize this cancellation for larger k.

9. EXAMPLES

We start with a definition. If f (x,y) = ax?® + by — cy? is a quadratic form with integer
coefficients, let f(z,y) = cz? + bry — ay?. Note that if x(—1) = —1, then

G(f7 X) = G(?? X) - g(?a X?t)a

this can be seen from the change of variables m — n and n — ¢ —m. Then, if y has order
> 2, we have G(f,x) = G(f, x), since we saw near the start of section 6 that g(f,x,t) =0
in this case.

In each case here we explore the principal ideal class, and we assume that y has order
> 2.
Yokoi’s discriminants: Let d = p? 4+ 4 where p is an odd integer. Let a = (v/d —p)/2 =
[0,7] so that £ =1, with v; = 1,v3 = . Then fi(x,y) = 2% + pry — y? so that

¢r(0,x)/2 = Z x(m? + pmn — n?) E;—I—Z—j x(d) <g) By -

1<m,n<qg—1

Chowla’s discriminants: Let d = 4p? + 1 and o = (\/_ +1-— 2p)/2 =10,1,1,2p — 1]
SO that ¢ = 3, with vl = 1,v9 = a. Then filz,y) = px + xy — py? with fo(x,y) =
pr® + (2p — Dy — y? and f3(x, y) =224+ (2p — 1)ay — py? = fo so that

G1(000/2 = 611,20 + 26020 + (= 5 +¥0)) x(@ (£) 5.
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Mollin’s discriminants: Let d = p?+4p where p is an odd integer, and o = (\/E—p)/?i
[0,1, p] so that £ = 2, with v; = 1,v3 = . Then fi(x,y) = px®+pry—y? with fo(z,y) = f1
so that

G1(00/2 = 2610 + 30+ X)) x(@) (£) .

Note that if A(d) = 1 then p must be prime else if p = ab then the ideal (a, (vVd — p)/2)
gives rise to the different continued fraction (vd — p)/2a = [0, a, b].

10. CLASS NUMBER ONE

Let Cx(s,x) = >, X(Na)/(Na)® where the sum is over all integral ideals of K. Evi-
dently if h(d) = 1 then this is identical to (;(s, x), where I is a principal ideal. On the
other hand we know that

CK(‘g? X) = L(Sa X)L(87 XXd)
where x4 = (./d). Moreover for d =1 (mod 4) and x(—1) = —1 we can use (1), to deduce
that Cx (0, x) = g(x,t)g(xxd,t). Let m, = qg(x,t) and note that g(xxq,t) is an algebraic
integer in Z[x], see p. 88. of [B1]. Let A, (p) := ¢Cr(0,x)/2. Now if h(d) = 1 we have

q¢1(0, x) = myg(xxa, t); and so my|2A,(p). Let By = gfBy and Cy(p) := QZ§=1 G(fj:x)-
Suppose that P is a prime ideal which divides m, and thus 24, (p), and assume that

(P,2B,) = 1.
If p=p' (mod q) then

e For d = p? + 4, we have A, (p) = A, (p) + 2 (p — p')x(d) <d> By, and so

w1 p=r v (5) F = (5) 20 (mod P);

q By
e Similarly for d = 4p® + 1 we deduce that

=
—
&

p=—x@ (1) G 30+ 5 o)

e and for d = p? + 4p that
_ d\ 2C4(p") _
p=-5@ (%) 257 -x()  (moap)
X
Now if ¢ is the rational prime dividing the norm of P then this forces a congruence

for p (mod ¢'). In other words, we have a strange phenomena that the value of p (mod q)
forces the value of p (mod ¢’), and from this we strive for a contradiction.

We work with some of the same characters from section 4 of [B1]: Characters x; (mod 7-
52) and x2 (mod 61), are given on primitive roots as

X1,52(2) =8 (mod P1), x1,7(3) =47 (mod Py), for a certain prime ideal P;|61;
X1,52(2) =380 (mod Pz), x1,7(3) = 1406 (mod P3), for a certain prime ideal P,|1861;
X2(2) = —28 (mod P3), for a certain prime ideal P3|1861.



PARTIAL ZETA FUNCTIONS AT s=0 21

Now in each case here we have B, = —J, 29—t x?(n)n?/q. Using Maple we find that
B,, =51 (mod 61), B,, =121 (mod 1861), B,, = 945 (mod 1861).

We use these formulae as follows: Suppose that h(d) = 1 for a given p where (%) = (7) =
—1; and suppose that p = pg (mod 175). Using x; we deduce that p = p; (mod 61), and
from this, using y2 we deduce that p = ps (mod 1861). On the other hand, using y; we
deduce, from p = pg (mod 175), that p = ps (mod 1861). Typically ps # ps (mod 1861)
(using Maple).

For d = p?+4 the exceptions are when p = 43, £8, 413 or 17 (mod 175). We discover
that, in each of these cases, p = +3,£8, £13 or £17 (mod 175 x 61 x 1861). But the only
ones of these cases for which (&) = (3&;) = —1 are when p = £13 (mod 175). This is as
was found in [B2]; the final case was ruled out by using a character xs (mod 61) to show
that p belongs to a certain residue class (mod 41) implying that (411) =1.

For d = 4p? + 1 the exceptions are when p = 42 or +13 (mod 175). We discover that,
in each of these cases, p = +2 or £13 (mod 175 x 61 x 1861). But the only ones of these
cases for which (&) = (1&;) = —1 are when p = £13 (mod 175). This is as was found in
[B2]; the final case was ruled out by using a character x3 (mod 61) to show that p belongs
to a certain residue class (mod 41) implying that (%) = 1.

For d = p? + 4p the exceptions are when p = 2,9,19, —23, —13 or —6 (mod 175). We
discover that, in each of these cases, p = 2,9,19, —23, —13 or —6 (mod 175 x 61 x 1861).

But none of these cases satisfy (6%) = (#‘161) =—1.

A nice Corollary of the three theorems (Yokoi, Chowla and Mollin) is the following:

Theorem. Suppose that d > 25 with d =1 (mod 4). Then —n? +n+ (d —1)/4 is prime
for1<n < (Vd—1)/2 if and only if d = 29,37,53,77,101, 173,197, 293, 437 or 677.

Remark. These are exactly the set of class number one fields in this range, from our three
cases!

Proof. If d = 1 (mod 8) then 2 always divides —n? + n + (d — 1)/4 so we must have
(Vd—1)/2 < 2, that is d < 25, or 2 = —22 + 24 (d — 1)/4 that is d = 17. Otherwise
assume that d = 5 (mod 8). Note then that every —n? +n + (d — 1)/4 is odd. We will
also assume that d > 100.

We now show that we may assume that d is squarefree. Suppose p?|d, then p is odd.
Evidently p? divides our polynomial when n = (p+1)/2. This is in our range unless d = p;
but in this case d =1 (mod 8), contradiction.

Suppose that 2 < ¢ < v/d—1 is prime with <g> =landd#1 (mod ¢). Since (g) =1
there exists an odd integer N,1 < N < g — 1 such that N2 = d (mod ¢); and N # 1
(mod q) since d # 1 (mod q). Let n = (N 4+ 1)/2, so there exists n, 1 <n < (¢—1)/2 <
(v/d — 1)/2 such that (2n — 1)? = d (mod q), that is ¢ divides —n? +n + (d — 1)/4 =
(d — (2n — 1)?)/4. By hypothesis —n? + n + (d — 1)/4 is prime and so must equal gq.
Therefore ¢ = —n? +n+ (d —1)/4 > vd —1 as n < (v/d — 1)/2, a contradiction.

Suppose that 2 < ¢ < (v/d — 3)/2 is prime with d = 1 (mod q). Then ¢ divides
—n?4n+(d—1)/4 withn = ¢g+1 < (vd—1)/2; but then ¢ = —n?+n+(d—1)/4 > Vd—1,

a contradiction.
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Suppose that prime ¢|d with ¢ < v/d — 2. Then ¢ divides —n? 4+ n + (d — 1)/4 with
n=(q+1)/2 < (vd—1)/2; but then ¢ = —n? +n + (d — 1)/4 > v/d — 1, a contradiction.

For any quadratic field, every ideal class contains an ideal of norm a < \/E/ 2; and
each prime factor ¢ of a must satisfy (d/q) # —1. But then, by the previous paragraphs
(since each such ¢ is < \/a/ 2) the only possible prime factors of a are prime divisors
of (d — 1)/4 which are > (v/d — 3)/2. There can be at most two such prime divisors,
perhaps repeated; and so either d = 1 + 4p with p prime, or d = 1 + 4p? with p prime,
or d =1+ 4p(p + 2k) for k > 1, where p,p + 2k are both prime. In this last case k = 1
else d =1 +4p(p +2k) > 1 + (vVd — 3)(v/d +5) > d, a contradiction. Thus, besides the
principal form (1,1, —(d —1)/4), the only other possible reduced forms are (p, 1, —p) when
d = 1+ 4p? with p prime, or (p,1,—(p+2)) when d = 1 + 4p(p + 2) and p, p + 2 are both
prime. However, in the first case one easily sees that (p, 1, —p) is in the same cycle as the
principal form (see “Chowla’s discriminants” above), and in the second case, for the form
to be reduced we need v/d — 1 < 2p which is untrue. Therefore h(d) = 1.

Next write d = (2m + 1)? + 4¢ when 1 < £ < 2(m + 1). Taking n = m we find that
q = 2m + £ is prime. Let r := 2m + 2 — £ so that rq = d — (1 + £)?; thus if prime p|r then
(d/p)=0or 1:

o If p/dthen 2m +2 — £ =17 >p > +d—2 > 2m — 1 (by the above) so £ = 1 or 2.
If £ =1 then p|(r,d) = (2m + 1,(2m + 1)®> + 4) = 1 which is impossible; if £ = 2 then
p|(r,d) = (2m, (2m + 1)2 +4) = (m,5), so p = 5 > v/d — 2 which is impossible.

o If (d/p) =1 and d # 1 (mod p) then 2m +2 — ¢ =r > p > v/d — 1 > 2m by the
above, so f = 1. Thus p=7r =2m + 1 = q and so d = p? + 4, a “Yokoi discriminant”.

e Ifd=1 (mod p) then p > m —1, by the above. Also p|(r,d—1) = 2m+2—¢, (2m+
1)24+40—1) = (2m+2—£,£({+2)). Therefore either p|¢ and so p|m + 1; or p|¢ +2 and so
p|lm + 2. In the first case we have p = m + 1 whence £ = p so that d = 4p* + 1, a “Chowla
discriminant”. In the second case p = m + 2 whence £ = m so that d = 4(p — 1)? — 3, in
which case (3/d) = 1, a contradiction.

Finally we may have that r = 1 in which case £ = 2m + 1 and d = (% + 4¢, a “Mollin
discriminant”.

Thus we have d of the form p? + 4,4p® + 1 or p? + 4p with h(d) = 1 and our previous
results give the full list of such d.

11. THEOREM 2 FOR THE YOKOI DISCRIMINANTS

Let d = p? + 4 where p is an odd integer, and o = (v/d — p)/2 = [0,p]. Let I be the
principal ideal class. We have £ = 1,a9 = —a and a; = o?. Therefore, for r + s = 2k we
have

_(=n'1 T=I\ (5 =1\ hioi_r 1 nt2(s—1-9)
o) = CUT L s (1) (521

h,i€Z
h+i=k—1

—aa 2 ()0 ewree

h,i€Z
hti=k—1
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since @ = —1, noting that 2i+1—s = r—2h—1. The term with r—1—h in place of h, and
s—1—i in place of 4 has summand (—1)"~ 12— 1=0+1=s — (_) (1)~} (—1/a@)s 1% =
(=1)"(@)?**175 the conjugate of of term above, and therefore p, s(ag, 1) € Q. It is not
hard to evaluate p, s as a polynomial in p: We have for 1 <r,s <k —1 that

1 3r41—j P’

2 Sr+l—j

pTys(_a’a ) = ] E (_1) 2 . 15 PR

(k—1Dlrs o<iTh 1 G =E=
j=m—1 (mod 2)

notice that p, s(—a, a?) = (=1)""*p, (=, &?). This also holds for r = 2k and

,L'!p%—l

(20)!(k — 9)!

1 k
J— 2 —
pO,Qk( o, o ) 2(!@!) a

=1

We have f(x,y) = 2% + pry — 32, so that

Grs(f,x) = > x(m®+pmn—n®)B, <T> By (ﬁ> -

0<m,n<q-1

Writing M = ¢ —n, N =m we get that G, s(f, x) equals

. x(f(m,n»Br(%)Bs(g): T x(f(N,—M»Br(E)BS(l—%)

0<m<q—1 0<N<g—1 q q
0<n<g—1 1<M<q

M N
= Y (- f(M,N)(-1)°B, (—)Br(—)=X(—1)(—1)8Gs,r(f,x)
0<N<q—1 q q
0<M<q—1

since By, (1 —t) = (—=1)"B,,(t) and B,,(1) = B,,(0) for m > 1.
Therefore Theorem 2 yields, for or any k£ > 1,

gI(l - kf,X) = 2(k - 1)!2q2(k—1) Z pr,s(a07 al)Gr,s(fa X)'

r,SEZ
r+s=2k

Since x(—1) = (—=1)*, hence p, Gy s = ps.Gs ., and so
k—1

Cr(1=k, x) = 2(k — 1)1?¢** Y {2 > prok—r(00,a1)Grok—r(f,X) + prr(0, 01)Gri(f, X)} :
r=0

If k=1 then p; 1 = 1,po,2 = p/4 which yields Theorem 1.
If k = 2 then pas = —p, 1.3 = 2,p0.4 = (6p + p°)/48.



24

CU bk W N =

*

ANDRAS BIRO AND ANDREW GRANVILLE

REFERENCES

. A. Bird, Yokoi’s conjecture, Acta Arithmetica 106 (2003), 85-104.

. A. Bird, Chowla’s conjecture, Acta Arithmetica 107 (2003), 178-194.

. D. R. Hayes, Brumer elements over a real quadratic field, Exposit. Math. 8 (1990), 137-184.

R.A. Mollin, Quadratics, CRC Press, Boca Raton, FL, 1996.

T. Shintani, On evaluation of zeta functions of totally real algebraic number fields at non-positive
integers, J. Fac. Sci. Univ. Tokyo 23 (1976), 393-417.

T. Shintani, On special values of zeta functions of totally real algebraic number fields, Proc. ICM
(Helsinki) (1978), 591-597.

H.M. Stark, L-functions at s = 1. III. Totally real fields and Hilbert’s twelfth problem, Advances in
Math 22 (1976), 64-84.

L. C. Washington, Introduction to cyclotomic fields, Springer, 1982.

D. Zagier, Valeurs des fonctions zéta des corps quadratique réel aux entiers négatifs, Astérisque 41-42
(1977), 135-151.



