Mip-TErRM Exam
Answer all of the questions 1 to 10 (4 points each).

1. Find the value of (n,n + 1) and [n,n + 1] for each integer n > 1.
For each integern > 1,n+ 1 —n =1, hence (n,n+ 1) = 1 and [n,n + 1] = n(n + 1).
2. Prove that if a | b then |a| < |b| or b = 0.
If a | b then b = ga for some integer g, so b = 0 if g = 0, otherwise |g| > 1 and |b| = || - |a|] > |a|0.
3. Find all the pairs of integers u, v such that 17u — 13v = 1.
17=13+4, 13=4-3+1, 1=13-4-3=13-(17-13)-3=17(-3)+ 13(4) = 17(13¢ - 3) + 13(4 - 171)
Therefore 17u — 13v = 1 if and only if (u,v) € {(13t — 3,4 - 17¢) : t € Z}.
4. Fill in the blank: “If d divides ab and (d,a) = 1, then ...”.
Then d divides b. For if dx + ay = 1 and dg = ab then d(bx + qy) = dbx + dqy = dbx + aby = (dx + ay)b = b.
5. Give the exact definition of r = s mod n.
r = s mod n if and only if n divides r — s, that is if and only if r = gn + s for some integer q.
6. Precisely state the fundamental theorem of arithmetic.

If n # 0,+1 is an integer then n = ipY1 ---py, where the p; are distinct primes and the v; > 1. Moreover, this
factorization is unique in the following sense. If n = iq?‘ ---q", where the g; are distinct primes and the 7; > 1, then
r = s and, after suitable relabelling, p; = g;, vi=n;,i=1,...,r = 5.

7. Find all the integers x such that 4x = —1 mod 5 and 3x = 5 mod 7.

By the Chinese remainder theorem, there is a solution for x modulo 35. Notice that x = 1 mod 5, x = 5 mod 7, and 11
satisfies both congruences. Therefore x = 11 + 35¢, ¢ € Z are all of the solutions.

8. Fill in the blank: “If da = db mod mthena = b mod ...”.

Then a = b mod m/(d, m). For if (d,m) = g, d = gd’',m = gm’, we have gm’ | gd’(a — b), hence m’ | d’(a — b). Now
(d,m')=1som’ | a— b (see question 4).

9. Precisely state Fermat’s little theorem.
If a is an integer, p is a prime and (a, p) = 1, then a?~!' =1 mod p.
10. What is the smallest residue of 2>°% mod 312

Note that 558 = 2 -32-31. Now 22% =433 = 643 = 2% mod 31. Now 31 is prime and (2,31) = 1, s0 23! =2 mod 31
by Fermat’s little theorem. Hence 223"3! = 233! = 23 = 8 mod 31.

Answer both questions 11 and 12 (15 points each).

11. Prove the fundamental theorem of arithmetic.



The integer 2 may be written as a product of primes. Let n be an integer greater than 2, and suppose that the integers
2,...,n — 1 may be written as products of primes. Now n is either prime or n = ab, where 1 < a,b < n, and
by assumption a and b may be written as products of primes. Hence n may be written as a product of primes. By
induction, any integer n > 1 may be written as a product of primes.

Now suppose p; - -+ p, = qi - - - g5, Where the p;, g; are primes, not necessarily distinct, but p; # g; for at least one pair
i, j. Then we may assume that p; # ¢; for every pair i, j, for we may divide both sides by any p; = ¢; if such i, j exist.
Now p; | g1+ gs, S0 p1 | g; for some i, say i = 1. These are primes, so p; = ¢, a contradiction.

12. Prove Fermat’s little theorem.

Let p be a prime and a an integer with (a, p) = 1. We claim that {1,2..., p — 1 mod p} = {a,2a,...,(p — 1)a mod p}.
For if ka = 0 mod p then k = kaa™' = 0 mod p, and if ka = k’a mod p then k = kaa™' = kK'aa™' = k¥’ mod p, hence
there are p — 1 distinct nonzero elements in the second set. By our claim, we have 1 -2---(p—-1)=a-2a---(p—1)a =
a’™'1-2---(p—1)mod p. Each of 1,2,..., p — 1 is coprime to p and hence invertible modulo p. Multiplying both
sides of the above congruence by 27! ---(p — 1)™!, we obtain 1 = a”~! mod p.

Answer three of the questions 13 to 22 (10 points each).

13. Show that if a > b > 1 then there exist integers q,r such that a = gb + r, where 0 < r < b — 1 and q and r are
unique.

Certainly there exists a unique integer g such that gb < a < (¢ + 1)b. (Consider {n € N : a — nb > 0}, which is not
empty as it contains 1, and let g be the largest element in this set.) Let r = a —gb. Then 0 < r < (¢ + 1)b — gb = b, that
isO<r<b-1l,anda=gb+r. Supposea=qgb+r=qg'b+r,withO<r,r’ <b-1. Thenr—r" = b(q—q’). Now if
r—r'>0theng—¢q' >0,and a = gb +r > ¢'b+r' = a, which is absurd. Similarly if »r — " < 0. Hence r — ¥ = 0 and
q — ¢’ =0, that is g, r are unique.

14. Prove that the set of integers {9a + 23b : a,b € Z} is the same as the set of integers {5¢ + 9d : ¢,d € Z} (without
computing gcds).

First fix integers a, b. We seek integers c, d such that 9a + 23b = 5¢ + 9d, that is 5¢ = 9a + 23b — 9d. Letd = a — 3b.
Then 9a + 23b — 9d = 50b, and ¢ = 10b is an integer. Now fix integers c,d, and let a = d — 2¢,b = c¢. Then
9a + 23b = 9d — 18c + 23¢ = 9d + 5c. We have given a bijection between the two sets.

15. Prove that there are infinitely many primes of the from 4m + 3, where m is an integer.

Suppose py, ..., p, are all of the primes of the form 4m + 3, and let N = 4p; --- p, — 1. Then N has only odd prime
factors, that is primes of the form 4m + 1 or 4m + 3. Now (4k + 1)(4m + 1) = 4(4km) + 4(k + m) + 1, so a product of
odd primes not equal to 4m + 3 is of the form 4m + 1. Hence N must have at least one prime factor of the form 4m + 3.
We are assuming py, ..., p, are all of them, so p; | N for some i. Then p; | 4p; --- p, — N = 1, which is absurd.

16. Prove that if f(x) is a polynomial with integer coefficients, and a,b are integers such that a = b mod m, then

f(a) = f(b) mod m.

Suppose f(x) = ¢, x* + -+ + co. Then f(a) — f(b) = c,(@a" —b") + --- + c1(a — b). Now c,(a" —b") = c,(a -
bY@ ' +a"'b+---+b"") = 0 mod m, and similarly all the terms of f(a) — f(b) are congruent to 0 mod m, hence
f(a) — f(b) = 0 mod m, that is f(a) = f(b) mod m.

17. Prove Wilson’s theorem.

Let p be prime. Each r # 0 mod p has a unique inverse r~! mod p, and r~! = r mod p if and only if 1 = r*> mod p if
and only if p | -1 =@+ 1)(r-1)if and onlyif p|r+1orp|r—1ifandonlyifr = +1 mod p. Therefore



1-2---(p=D=1-2-27"-.(p-2(p-2""(p-1)=p—-1=—-1mod p.

Now suppose a is not prime. Then (@ — 1)! = 0 mod p for any prime p dividing a. On the other hand, if (a — 1)! =
—1 mod a then (a — 1)! = —1 mod p, which is absurd.

Therefore (p — 1)! = —1 mod p if and only if p is prime.
18. Prove the Chinese remainder theorem.

Let ay,...,a, be pairwise coprime integers. Then (a; - --a,/a;,a;) = 1 for each i, so there exist integers v;, w; such
that v;a; ---a,/a; — wia; = 1. Note that va; ---a,/a; = 1 mod a;, via ---a,/a; = 0 mod a; for each j # i. Then
x =%, bviay - -ay/a; = b; mod g; for each i. Now suppose y = x = b; mod a; for each i. thatis y — x = 0 mod g;
for each i. Theny — x = O mod [ay,...,a,] = a; -+ -a,. Conversely if y = x mod a; - - - a,, then y = x = b; mod a; for
each i. We have proved that the system of congruences x = b; mod qa; for pairwise coprime integers aj, ..., a, has a
unique solution modulo a; .. . a,.

19. Prove that if (a,m) = 1 then there exists an integer b such that ab = 1 mod m.
If (a,m) = 1 then there exist integers b, n such that ab — mn = 1, thatis ab = 1 + mn = 1 mod m.
20. Prove that if x* = 1 mod pq has exactly 4 solutions mod pq for odd primes p # q.

Wewant x> — 1 = (x + D(x - 1) = Omodpg. Thenp | x+ lorx—1and g | x + 1 or x — 1, but neither p
nor ¢ divides both x + 1 and x — 1, for otherwise p or ¢ divides x + 1 — (x — 1) = 2, which is absurd as p, g are
odd. Therefore there are at most 2 - 2 = 4 solutions to our equation, according as x = +1 mod p, x = +1 mod gq.
Let a,b be integers such that ap — bg = 2 (which exist since (p,q) = 1), and let x = ap — 1 = bg + 1. Then
(xx)> = x> = (ap—1)(bg+1) = abpg+ap—bg—1 = abpg+2—-1=1mod pq. x = 1, pg— 1 are obviously two more
solutions. All four solutions we have found are distinct, for x = —x mod pq implies 2x = 0 mod pq, hence 2 | pg, but
p,qareodd; ifap—1 = bg+1 = 1thenb = 0, ap = 2, which is impossible as p > 2; finally ifap—1 = bg+1 = pg—1,
then g(p — b) = 2, which is impossible as g > 2.

21. If a and b are positive integers such that (a,b) = 1 and ab is a perfect square, prove that a and b are perfect
squares.

We have ab =[], p*, and since (a,b) = 1, if p | a then p { b and vice-versa. By uniqueness of factorization, we
must then have a =[], p?rand b =[] b p*'r are squares.

22. Write an essay on something within the scope of the course, including at least one proof not covered by this exam.



