3. (1 point.)
x/2 =[x/2]+{x/2}, 0<{x/2}<1
x=2(x/2) = 2[x/2] + 2{x/2}, 0<2{x/2} <2
2[x/2] < [x] < 2[x/2]+ 1
0<[x]-2[x/2]<1

4.(a) (I point.)
x = [x] + {x}
x+1/2=[x]+{x}+1/2
[x] if0 < {x} < 1/2
[x]+1 if1/2<{x}<1
2x = 2[x] + 2{x}
{Z[x] ifO<{x}<1/2
[2x] = .
2[x]+1 if1/2<{x} <1
=[x] +[x+1/2]

[x+1/2]:{

6. (2 points.) Let v,(a) denote the highest power of the prime p that divides a nonzero integer a. Clearly v,(ab) =
vp(a) + v, (b) for any nonzero integers a, b, thus v,(n!) = v,(n) + v,(n — 1) +---+v,(1). Let s(j) = #{k € {1,2,...,n} :
vp(k) = j}. Then
V() =v,(m) +v,(n—1)+---+v,(1)
=s(1)+2s2) +3s(3) + - -
=) +s@)+s@)+- )+ +s@)+s@+-- )+ (@) +s@)+sO)+- )+
=t +t2)+tB)+---,

where t(i) = s() + s(i+ 1) +--- =#{k € {1,2,...,n} : p' | k} = [n/p']. Thus

logn
[fogp ]

vyt = Y n/p'l = ) [n/p')
i=1

i>1

(a) v2(435!) = [435/2] + - - - + [435/28] = 429.

(b) v3(435!) = [435/3] + - - - + [435/3%] = 215.

(c) 435! =242 . 3215p = 6215 2429215 p \yhere (P, 6) = 1, therefore 6219||435!.

(d) 435! = 2. (2%)?14. 3214 . 3p = 12214 .2 . 3P, where (P, 6) = 1, therefore 122'4||435!.

(e) v7(435!) = [435/7] + [435/7%] + [435/7%] = 71, so 435! = 2429 . 3215 . 771 p = 4271 . p429-71 . 3215-71 p yhere
(P,42) = 1, therefore 4271||435!.

7. (4 points.) In 3 we showed that [2x] > 2[x] for every real number x. Now if p is any prime, then

vp(@m)!) = > [2n/p' = 3 2In/p'1 =2 Y [n/p'] = 20, (nt) = v ((n1)?).

i>1 i~1 i>1

That is, if p”||(n!)? then p¥ | (2n)!, hence (2n)!/(n!)? is an integer. Now if 2¢ < n < 29*!, then 2°*! < 2n < 2%+, hence

a+l

va((2n)!) = Z[zn/zi] =1+ Z[zn/zf] >1+2 Z[n/z"] =1+ 2! = 1+ n(n)?).
i=1 i=1 i=1



That is, if 2”||(n!)?, then 2"*! | (2n)!, hence (2n)!/(n!)? is even. Alternatively, we could observe that

(2n)!) _2n2n- 1! 2(2n - 1)
((n!)2 Cnmn-Da! T\ n )

2n—1

) is an integer!.
n

but we would still have to prove that (

10. (I point.) If f and g are multiplicative, then fg(1) = f(1)g(1) = 1 -1 = 1, and for any coprime m, n, we have

fg(mn) = f(mn)g(mn) = f(m)f(n)g(m)g(n) = f(m)g(m)f(n)g(n) = fg(m)fg(n). Hence fg is multiplicative. If k is an
integer and kf is multiplicative, then 1 = kf(1) = k, hence kf is multiplicative if and only if k = 1.

16. (2 points.) By multiplicativity,

1
2@ = [ e+ +wrpm) = [ [A+2+ 40+ )= [ | 505+ Dy +2).

din pln p'ln p'Pln

2
17. (] pomt) (Hdln d) = l—ldln d(n/d) = Hdln n= }’lT(n), hence Hdlnd = nT(")/z.

19. (3 points.) We have p®0r*D — 1 = (p® — 1)(p®» + p*»»~D + ... + 1), hence for any prime p and a > 0,
pa(v,,+1) -1

Ta(p') =104 P+ (PP e (P =
(=1

Also, oo(p?) = 7(p'?) = v, + 1. Now o, is multiplicative, so

[]ow+D ifa=0
7
oy(n) = ! peorth

ifa > 0.
(-1

pPlin

vitl
20. (2 points.) We have (2" p}' - p) = (2" = D []L, ’p—_l' and this is odd if and only if (p)*' — 1)/(p; = 1) =
1+pi+---+ pl.v" is odd for every i. Each of the v; + 1 terms in this sum is odd, so v; + 1 must be odd in order for the
sum to be odd. Hence o-(2"p!" - - - p)’) is odd if and only if each v; is even, in other words 2" p' - - - p;" is a square (vo
even) or twice a square (vy odd).

21. (1 point.) If n is perfect then 2 = o-(n)/n = (1/n) Xy, d = (1/n) X g n/d = Xy, 1/d.

26. (2 points.) By multiplicativity, and since u(p’) = 0if i > 2, 2 MADf(d) = [y f(1) + u(p) f(p) =
Hp|n(1 - f(P)) Hence

D@l =] Ja-upy=]]2=2“" (@)l = pdp)

din pln pln
D@y = [ Ja-py =] Ja-2 =1
dn pin pln
Yo =] Ja-aep=[Ja-@+m=cD""]]r
din pln pln pln
Du@ed = Ja-¢on=]a-@-=c]]e-2.
din pln pln pln

Total: 20 points.

2n

n) is an integer by saying that (Z) is the number of ways of choosing k objects from n, then prove this in detail.

'If you want to prove (2’:1) or (



