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Chapter 39

The Circle Method

The circle method is a flexible technique that uses Fourier analysis to count the
solutions to certain families of equations, often involving primes. It is based on
the identities in exercises 16.1(a) and 16.5(b). For example, let P denote the set
of primes and 4 be a special set of positive integers (maybe the values of a
polynomial, or integers missing a given decimal digit).

39.1. Exponential sums

Let P be the set of primes. To identify whether prime p belongs to A we ask
whether it equals some a € A using the identities

provided p < N. Let m4(N) = #{p < N : p € A} so that

(39.0) =3 3 / e((p—a)0)dh = [ Sp(6)Su(—0)dB, and
p<N acA(N)”O 0
L (ip—a)) 1N~ (J —j
02 =Y ¥ =3 (N> -y sp<N)sA<N)
p<N acA(N) j=0 Jj=0

where, for a given set of integers T', we define the exponential sum (or the Fourier
transform of T(N) :={t <N :t € T}) by

St(0) == Z e(n@) for any real 6.

neT(N)

One can work with either the continuous version (39.1) or the discrete version
(39.2), depending on which seems more convenient in a particular argument.
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246 39. The Circle Method

Writing

ma(N) =Y 1p(n)la(n)

n<N

one can also obtain these identities directly from Parseval’s theorem in Fourier
analysis.
Let AIN):={a€A:a< N} Ifloga ~ log N for most a € A(N) then we might
guess that m4(NV) ~ ‘ég}fvﬂ, if the integers in A seem no more or less likely to be
prime than a randomly chosen integer. And in some cases we adjust this
prediction by multiplying through by an Euler product to account for divisibility
by small primes.

39.2. The circle method, |

To establish a good estimate for 7 4(N) using (39.2) one needs to identify those
j-values for which the summand on the right-hand side is large; for example,
St(0) = |T| and so the j = 0 term in (39.2) yields

1 AN

AN ~

m(N) -

the expected order of magnitude of our main term (though it may be out by a
multiplicative constant). Other terms where % is small, or is close to a rational
with small denominator, may also contribute to the main term, whereas we hope
that the combined contribution of all of the other terms is significantly smaller.
At first sight this seems unlikely since we only have the trivial bound

|ST(0)| < |T| to work with to bound the other terms, but the trick is to use the
Cauchy-Schwarz inequality followed by Parseval’s identity so that

1 Nl j 1 V=l j 2 1/2
— 2 = J — /2
v () =gl () -

§=0
This implies that |S7 ()| < |T[Y/2 for a “typical” j, and so a typical term in the
sum on the right-hand side of (39.2) has size /| A(N)| - y/7(N) which is still
bigger than the main term but not as egregiously as if we used the trivial bound.

We have just described the basic thinking behind the circle method used when
one sums or integrates over the values of an exponential sum as the variable
rotates around the unit circle (that is, e(%) for 0 <j < N-—1,ore(d) for

0 <60 < 1). When trying to estimate the integral on the right-hand side of (39.1)
we are most interested in those 6 for which Sp(0)S4(—6) is “large”, and for the
sum on the right-hand side of (39.2), such 6 of the form 6 = % for some integer j.
Since the exponential sums are continuous functions, the large values lie on arcs.
Experience shows that with arithmetic problems, these exponential sums can
typically only be large when the arc includes a rational with small denominators,
and so we cut the circle up into these major arcs, usually those 6 near to a
rational with small denominator, and minor arcs, the remaining 6. The goal is
then to bound the contribution from the minor arcs, and to be as precise as

possible with the major arcs to obtain the main terms.
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39.3. Major and minor arcs

Fix 1 < @ < N. Dirichlet’s Theorem states that, for every « € [0, 1] there exists a
reduced fraction a/q with ¢ < @ for which |a — ] < é (which is < 1/¢?)
Therefore we may cover [0, 1] (and so cover the circle, by mapping ¢t — e(t)) with
the intervals (arcs),

a 1 a 1
U U [i-% 00
¢<Qo<a<q L1 I 44
(a,q)=1
Usually, the arcs with ¢ small are the major arcs, those with ¢ large are the minor

arcs. A typical choice might be Q = 1Og]\]’\, =1, and the split for ¢ “small” might be

at g < (log N)4, for some large A. There is far more to say on the circle method
(and the choices that need to be made) than the brief discussion here. There are
two classic books on the subject [C-3,C-10] with much more detail, and for
applications to a wide variety of interesting questions.

39.4. Twin primes and Goldbach
Let mo(N) = #{p < N : p,{ = p — 2 are both prime}. Therefore

1
Z/ (p—l— 20d07/ (729)Sp(0)sp(79)d9:/0 e(—20)|Sp(0)|2d0.

pLeP

We begin by evaluating Sp(f) when § = %, some rational with a small

denominator:
a a 1 ab
sn(5) = X e(7) = () rovian)

p<N b=1

Now 7(N;q,b) ~ ﬁ for “small” ¢ with (b,q) = 1 by the Siegel-Walfisz theorem,

s (5)~ 50, 2 6(2”) SRl

b: (b,q)=1

in which case

as (a,q) = 1, using exercise 16.6(c). If [0 — 2| < 5 then Sp(n)(0) = Sp(w)(§)
plus a small (controllable) error if @ is large enough in which case one can show
? m(N)? p(g)? <2a)

that
/gﬂb e(—20)|Sp(0)[2d0 ~ le(m) Sp <“) ~ e
ol 1 N\ ¢ q N 9(@)? \ ¢
We deduce from exercise 16.6(c) and the Prime Number Theorem that
itae 2 N p@? ( a ¢(q)
S [T TS ori s o ¢<q>2“<<2,q>> (L)

qa 4qQ
a_ 1
a: (a,q)=1" 49 4Q

This has size < 1/¢?¢ and so the sum of this last quantity over all ¢ converges.
In particular we can obtain the asymptotic value by summing only over ¢ <y



248 39. The Circle Method

where y is going to infinity with N. That is, the main contributions to mo(N)
come from the major arcs |0 — %\ < é with ¢ <y and so

N pg? ¢\, _¢a)
TN = fog Ny ¢<q>2“(<2vq>> ey

N 1 N
~ ey 21l (1 T 1)2) = O log Ny

p=>3

where C5 is the twin prime constant (as given in exercise 5.1). In the last step we
have an absolutely convergent sum of a multiplicative function in ¢, and so the
sum can be written as an Euler product. We have recovered the same main term
for the number of twin primes as in (5.1) which was obtained through the
modified Gauss-Cramér model for the primes.

The reasoning used in this section, correctly identifying the major arcs and then
assuming the contribution of the minor arcs is small, was the basis of the original
prime k-tuplets conjecture due to Hardy and Littlewood. Amazingly this rather
obscure technique yields the same predictions (even with the same constants) as
the modified Gauss-Cramér model. We stress that no one has yet justified our
assumption that the contributions of the minor arcs to the integral for mo(N) are
negligible (as well as in a host of other questions).

Exercise 39.1. Use the above heuristic to:

(a) Justify that #{p < N : p and p + 2k are both prime } ~ CQkﬁ~

(b) Justify that #{p,q prime : p+q =2k} ~ Czkﬁ-

To obtain unconditional results, the circle method is most successful when one has
the product of at least three exponential sums to play with. For example the
ternary Goldbach problem (that every odd integer > 1 is the sum of at most three

primes) was resolved for all sufficiently large integers by Vinogradov 85 years
ago,! whereas the binary Goldbach problem remains open.

39.5. The ternary Goldbach problem

The number of representations of odd N as the sum of three primes is given by

r3(N) = /0 e(—NO)Sp(n)(0)*db,

2

and the arc of width < % around 0 yields a main term of size =< (logij\,)g,.

Vinogradov’s unconditional resolution of the ternary Goldbach problem uses his
upper bound for exponential sums over the primes (which is proved
in [A-6, Chapter 92]): If § = % + B with (a,q) =1 and |8 < q% then

N
(39.3) Spon(6) < (N 4 (@)% + 72 ) tog N’

1And claimed to be resolved for all odd integers > 3 by Helfgott in 2013.
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Let R = (log N)'?, @ = % and define the major and minor arcs to be

a 1 a 1 a 1
E)J?.—U U [q qQ q—&-Q}andm._ U U [q_qQ’q—'_z]Q

g<R 0<a<gq R<q<Q 0<a<q
(a,9)=1 (a,9)=1

respectively. Now, on the minor arcs, the trivial bound [Spn)(0)] < 7(N) is
improved to [Sp(n(0)] < (1§g]1\</))2 by (39.3). Therefore

’ / e(—NH)Sp(N)(Q)ng‘g / S (6) 26
fem fem

(V) / 2
L ——5 S 0)|“do
(log V)2 0€[O,l)| P(N)( )
7(N)? N?

" (logN)2 " (log N)*

which is significantly smaller than the contribution, = %, from the major arc
around 0.
If 6 € M (the major arcs), say [0 — 7| < @, then

1(q)

SP(N)(H) =~ M W(N)

as in the previous section. Substituting this in above, and assuming all the details
of our discussions work out, we obtain

=g 5 5 (5 (55 )

<R 0<a<gq
(a,q)=1
Z w(q) w Nq))
2
2N <R ¢ ) ¢ (N, Q))

SUMMING Y, (4.)=1 e(f%) using exercise 16.6(d). This is an absolutely
convergent sum of a multiplicative function and so

w(N) )2 -1
r3(N) ~ (2N > nla H 3H 1)

q>1 plq plg (p
PIN p|N
1 1 1 NZ
~ = 1—- — || 1+ .
2H< —12> ( —13> log N)3’
2N (p=12) -5 (p—1)%/ (logN)

which is the desired estimate for r5(N).

In [A-6, section 89.3] we will see that this method can be adapted to show that
the binary Goldbach conjecture (that ro(N) ~ C’N Tos N)Q) holds for almost all
even integers N. This is doable since, by counting over all integers n, one can
estimate the variance via an integral involving three exponential sums.
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Appendix F

Circle Method primer

In this appendix we develop simple counting arguments to highlight various
features of the the circle method (though see section 39.3 for a discussion of major
and minor arcs).

F.1. Counting solutions to a + b = N in positive integers a,b

Our goal is to count the N — 1 solutions using the formula

N 1 1 1

> / e((N—a—b)0)do = / e(NO) Y e(—af) > e(—bb)do = / e(NO)S(—0)%do
a,b=1"0 0 a<N b<N -
where S(0) := 3", .y e(at) = ;(7]\2?):0% The change of range from [0,1] to [—3, 3]
does not change the value of the integral since the integrand has period 1. Now
le(NO) — 1] < 2 and |1 — e(—0)| =< ||0|| where ||t|| means the distance from ¢ to the

nearest integer, so that S(6) < 1/||6|| which is small compared to the main term
unless [|0]] < 57, where we select M to be large but with M = o(N).

1
2

We therefore identify the minor arcs m as the 6 in the range ||| > 7; and then

1/2 dt
’/ e(NH)S(—H)QdH‘ g/ |S(—6)|%deo <</ — < M,
fem 12000> & t=1/m t

where we bounded the integral by taking the absolute value of the integrand and
using the triangle inequality.
For the major arc M := {6 : |0] < 77} we have 1 —e(f) = —27if(1 + O(6)) and so
—NO)—1\> [sin(xNO)\>
NOVS(—0)? — e(ng)( EENO —1\" _ (sin@NON" | 5o
c(o)s(-0) = ety (R0 NN 1+ o)
Therefore taking ¢ = N we have

% . 2
(Sm;:t)> dt = N + O(N/M + M)
M

/ e(NO)S(—)2d0 = (N + O(N/M)) /
oem

298
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since ffooo(w)zdt =1 and f‘t|>T(Sin(m))2dt <L f|t|>T 4t <« 2. Putting all

it t

this together we deduce that #{a,b < N :a+b= N} ~ N by selecting M so that
M,N/M — oo as N — oo.
F.2. Solutions to a + b = N with (ab,m) =1

We may assume that m is squarefree. We will focus on the major arcs. We can
use the integral formula in the last section but now with

S(0) = Z e(ad) = Z e(ab) Z p(d)

a<N a<N d|la,m
(a,m)=1
e([X]do) — 1
~Yould) Y etwin) = 3 i@y AL
1 —e(—db)
d|m b<N/d d|m

writing @ = bd in each sum. If this is “large” then one of the summands is large in
which case [|df]| is “very small”, which we take to mean ||df|| < - where M is far
larger than m. Moreover if d|D|m then || D8] = 2||df| < £.

Let b be the nearest integer to df, and so if [|df] < 4% then |§ — 2| < <> where
q
a

.= % is a reduced fraction, so that ¢ divides d. The major arcs are therefore

M = {9 : ’9 .
q
If 0 € I we can write § = £ + £ with €] < 3 and therefore if ¢ divides d (which

implies that ¢ divides m) then

e([F1d0) =1 e([F]d€) =1 (N —1+0(df) _ e(NE —1
1—e(—df)  1—e(—d¢)  2midé(1+0(d€))  2midé

since [§]d¢ = (N 4 O(d))¢ so that e([5]d¢) = e(NE) + O(d€). This implies that

1
< i where g|m, (a,q) = 1}.

+0(1)

21 21
aldim midt T4 e P
which is independent of a, and we deduce that
e(N¢§) -1
stafa+9 ~ B Lgiag)

2mi€
Therefore the integral on a given major arc is
Gt 1\ 2 N  sin(rNEN 2
[ eos-opan= (MO T] (1-2)) (). [T (IR g
G- q p q 1 wé
K plm,ptq y7i

We then sum this over each reduced residue a (mod ¢) using exercise 16.6(c), and
treat the integral as in the previous section, to obtain

("9 11 (1~ D) () as((i(vg,i)) (N +O(M).

plm,ptq
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Therefore our prediction is that #{a,b < N:a+b= N & (ab,m) = 1} is

~Z (50 1L (-3)) ()t oo

alm plm.pla
= 11 (1 - i) }l_[ (1 - 1) (N +O(M))
PN pIN

One can easily prove this via an elementary argument but our discussion
highlights several key issues that one finds in most applications of the circle
method:

e S(0) can only be large if it is very close to a rational a/q with ¢ “small”;
o We have S(a/q+ &) = C(§)S(a/q) where C(§) is independent of a/g;

ey 1
e The value of Za:(a Q=1 Jao

: oL
multiplicative function, and C' is a constant (depending on the problem);

-+ - df takes the form Cyg(q) where g(-) is a

e The eventual answer is therefore ~ C'3° -, g(¢); the sum is the singular
series. Since g(+) is multiplicative this equals C ]_[p ®(p), an Euler product,
where &(p) =1+ 2]21 g(p?). This yields a local-global principle: The C
denotes the number of solutions without “local” consideration, whereas each
&(p) denotes the density locally at p.

We highlight this last item in terms of the solution to the problem above: We saw
in section F.1 that there are ~ N solutions, without local considerations; and for
each prime p, one can verify that for every integer j > 1,

. 1 if ptm;
Ig#{%b(mOd p’) s a+b= N (mod p’), (ab,p,m) =1} = 1 -2 if pjm, pt N;
— < ifplm, N;

the local densities in the formula above.

F.3. A general formulation

Problems accessible by the circle method have certain features in common. We
highlight this as follows: For given weights {am, }m>1 let A(x) :==> __a, and let
F(z) be a differentiable function for which A(x) ~ F(z). Now

n<z

1 o~ ~
Z A G, :/0 e(NO)A(—0)2dh where A(f) := Z ane(nd)

m4n=N n<N

(we had each a,, =1 in section F.1 and a,, = 1(... n,)—1 in section F.2). The key
feature that we used is that for any arithmetic progression b (mod ¢) with ¢ not
too large, there exists a constant (g, b) such that

A(z;q,b) := Z A ~ a(z’ b)A(x)

n<z
n=b (mod q)
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and «(q, b) factors as

b) = [[ «*,b).

rllg
Let A(6,z) := > n<x @ne(nd) so that A(6,N) = A(). Now
-1

A(50) =2 (rean () -4

where

and so

A(50) = [ 00 (Gr) =n(3)- [ cworwms(§) 0

where we obtain the final approximation in this line by taking % = 0 in the first.

Therefore )
R B -
/ " (NG)A(9)2d9—6’~e<aN>n<a> N
a_ q q

q

ar
where, taking t = —NE,
b4 1 £\
270 _ Y nt
N/ JA(=¢) dff/iﬂe( t)(NZane(N>) dt.
M n<N
Exercise F.1X" Let ¢(q/p°, p°) be the inverse of ¢/p° (mod p®).
(a) Show that we can write % = el %j"ﬂ (mod 1).
(b) Prove that

«(4)-1 LIS (D Yoy ).

p llg b=1

(c) Deduce that g(q) := 3>, (4,91 6(7)5(%“)2 is multiplicative.
Therefore, assuming }° -, g(¢) is convergent, we can deduce that

S aman = C- H(l—i—Zg )

m4+n=N e>1

Exercise F.2. Prove that

1
p9(p°) = > a(p®, b)a(p®, b2) — = > a(p®, br)a(p®, b2)
1<by,b2<p° p 1<b1,b2<p®
b1+b2=N (mod p©) b1+by=N (mod p¢~1)

From the definition of the a(p®,b)’s this suggests that

I -

m,n<x m,n<z
m+n=N (mod p®) m4+n=N (mod p°~1)
where A(x)?/p° is the “expected value” of the first sum if the products are
equi-dstributed in the arithmetic progressions mod p®. Thus we see that g(p®) measures
how much the distribution of the aman, (mod p®) differs from what is expected.
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If we expand the definition of C' we obtain

c:%Zaman/We«mefn)s)df%% 2, e

1
m,n<N M m,n<N
N-M<m+n<N+M

which is more-or-less the mean value of Zm tn—h Gman for h in an interval around
N, a global type density. As we have seen, in a given problem there will typically
be an appropriate way to evaluate C.



