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ABSTRACT. Let A = aoT™ + Z'].”:_ll a;(T™ 7/ + T™*/) + T?™ + 1 € Z[T] be a monic reciprocal
polynomial of degree 2m sampled randomly by selecting its coefficients ag, ay, . . ., a,,—1 inde-
pendently according to a given probability measure u on Z. For a wide range of measures yu, we
prove that A is irreducible with probability > 1 — Cm ™ for some absolute constants ¢, C > 0.
In addition, we prove that with the same probability the Galois group of A is either the full
hyperoctahedral group C,S,, or one of two of its index-2 subgroups. The main condition that u
must satisfy is of Fourier-theoretic nature, and holds for example when y is the uniform measure
on a set of at least 35 consecutive integers, or on an arbitrary, sufficiently large subset of an
interval [—H, H], with H larger than some absolute constant. Our most general result allows for
each a; to be sampled by its own probability measure u;.

Our approach builds on earlier work of Bary-Soroker, Kozma and the second author, who
proved for essentially the same y; that the ‘standard’ monic polynomial ag+- - - +dp,— T~ +T™
is irreducible and has as Galois group either the symmetric group S,, or the alternating group
A, with high probability, conditioning on ag # 0. In our setting of reciprocal polynomials,
we can rule out (all subgroups of) the maximal alternating subgroup (C; ! S;;) N Aoy, of the
hyperoctahedral group as likely Galois group of A by analyzing its discriminant.
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1. INTRODUCTION

Factoring polynomials as well as understanding symmetries between their zeros is a classical
subject in number theory. Both of these aspects are captured by the Galois group of the
polynomial. Here, we focus on polynomials with integer coefficients, say A(T') € Z[T], and
we will denote by G4 the Galois group of (the splitting field of) A over Q. If A is of degree
n, we may view G4 as a subgroup of S, the symmetric group on n letters. Regarding the size
of the Galois group, the general philosophy is that G4 is “almost always as large as it can be
for a typical choice of A”. In other words, if we select A randomly among all polynomials
of degree n, then we expect that G4 = S, almost surely. Of course, we must specify what
random means. A classical case is the following: we fix a finite set N of integers and we
select all coefficients of A independently and uniformly at random from N. Following Van
der Waerden’s pioneering work [34, 35], a lot of literature (see, e.g., [1, 4, 10, 14, 15, 21])
focuses on the large box model, where the degree n is fixed and we take a growing set of
coefficients, usually N = [-H, H] N Z with H — co. The state-of-the-art in this direction is
Bhargava’s result [10] that P(G4 # S,) = P(A is reducible) + P(Ga = A,) + O(H™?) and
that P(G4 = A,) = O(H™"), where A, is the alternating group on 7 letters.

Instead, here we will focus on the restricted coefficient model where N is fixed and the
degree n tends to infinity. This was first considered by Odlyzko and Poonen [27]. Taking
N = {0, 1} in the uniform measure, they stated as a folklore conjecture that the probability
that A is irreducible tends to 1 as n — oo, conditioning on A(0) = 1. Konyagin [25] showed
that the probability is > 1/logn. Breuillard and Varja [11] proved the folklore conjecture
under the Riemann hypothesis for Dedekind zeta functions. In 2020, Bary-Soroker, Kozma and
the second author [7] improved Konyagin’s unconditional lower bound to > 1, a result that
continues to hold when we instead sample the coefficients of A independently according to any
fixed probability measure y on Z with finite support that is not a Dirac mass, conditioning on
A(0) # 0. Furthermore, again under a wide range of choices of y, they proved that G4 contains
A, with high probability. When u is the uniform measure on {+1}, Bary-Soroker, Kozma,
Poonen and the first author [6] showed that lim sup,,_, ., P(A is irreducible) = 1.

In the present paper, we study the irreducibility and Galois group of polynomials A in the
restricted coefficient model with an additional constraint: we shall assume that A is reciprocal.

Definition 1.1 (Reciprocal polynomial). Let A be a polynomial over a field K. We say that A
1s reciprocal if either A = 0 or if A has even degree and satisfies the relation

A(T) = T*4A(1/T). (1.1)
Equivalently, A is reciprocal if there are m € Z¢ and ag, ay, ..., a, € K such that
A(T) =apm + am T+ +a1T"V +aoT" + a ;T + -+ @ TP + a0, T, (1.2)

Remark 1.2. If A has odd degree and satisfies (1.1), then we may write A(T) = (T + 1)B(T)
with B a reciprocal polynomial.

The Galois group of A as in (1.2) is always smaller than S,,,, because of the relations between
the zeros of A implied by (1.1). In fact, G4 is contained in the hyperoctahedral group Cy ! S,
whose construction we recall in § 14. The following is one of our results about random reciprocal
polynomials.

Theorem A. Let N be a set of at least 35 consecutive integers and let m be a positive integer.
Let a,, = 1 and sample integers ag, ai, . . ., ay—1 independently and uniformly at random from
N and let these be the coefficients of the monic reciprocal polynomial A as in (1.2). Then

lim P(A is irreducible in Z[T]) = 1.

m—-0oo
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Moreover, if Ga denotes the Galois group of A over Q, then
lim P(Ga € {C208.C2 1A Go}) = 1,
where G, denotes the group defined in (14.3).

This introductory section is dedicated to presenting our main results (see Theorem B and the
general Theorem C below) and comparing our study to the literature. A detailed discussion of
our proof strategy and of the structure of the paper are given in §2. The proofs of the main
theorems can be found in §3; they are based on a set of propositions that are stated in §2 and
proved in §§4-16.

Reciprocal polynomials are ubiquitous in number theory and related areas: for example,
they are the ‘optimisers’ for Lehmer’s longstanding conjecture regarding the minimal Mahler
measure of a polynomial, and they appear as the characteristic polynomials of symplectic
matrices. In the large box model, Bhargava’s theorem [10] mentioned in the first paragraph has
already been adapted to the reciprocal setting by Anderson, Bertelli and O’Dorney [1] (see also
the earlier paper [15] in this direction). They obtained the following: if m > 2 is fixed and A
is sampled uniformly at random from the set of monic reciprocal polynomials in Z[T] all of
whose coefficients are at most H in absolute value, then
log H

R
Here, the implicit constants depend on m. Notably, the leading term of the asymptotic for
P(Ga # C21S,;) comes from the maximal alternating subgroup (C;S,;) N As, and contains
no contribution of reducible polynomials. In contrast, it is originally a conjecture by Van
der Waerden [35] that in Bhargava’s result about ‘standard’ polynomials (where there are no
further relations between the coeflicients), the alternating group should not appear and instead
P(G4 # S,) = P(A is reducible) +o(H™") as H goes to infinity. From the examples mentioned
so far, one already observes that the alternating group plays a special role in probabilistic Galois
theory. In the large box model, this is discussed in more detail in work by Bary-Soroker,
Ben-Porath and Matei [4]. Bary-Soroker and Goldgraber [5] proved that the alternating group
can be ruled out in a hybrid model where both the degree and the coefficient box grows; in the
setting of polynomials over F,[¢], Entin [19] similarly showed that the Galois group over F,(7)
is the alternating group with low probability only.

Other than reciprocal polynomials discussed in [1] and here, polynomials with dependent
coeflicients have been considered from the Galois-theoretic perspective in a few other studies.
In the model of fixed degree polynomials, Pham and Xu [29] generalised known results re-
garding irreducibility of polynomials over Q to a setting of significantly relaxed independence,
uniformity and support assumptions. Another perspective is that of random polynomials com-
ing from random matrices: Eberhard [18] considered the characteristic polynomial ¢ of an
n X n matrix with entries drawn independently according to a nontrivial measure u on Z with
finite support. He showed that ¢ is irreducible with high probability if y is uniform modulo
the product of four primes, generalising an earlier paper by Bary-Soroker and Kozma [8]. In
addition, assuming the Riemann hypothesis for Dedekind zeta functions, Eberhard proved that
Gy contains A, with high probability, generalising the result of Breuillard and Varja [11]. The
latter result has been extended to the setting of symmetric matrices as well [20]. In [24], the
authors give an application in quantum chaos — related to the support of semiclassical measures
for quantum cat maps — of the following result they prove: when ordered by any norm, 100%
of the symplectic 2m X 2m matrices M have the property that the (reciprocal) characteristic
polynomials of M* with k > 1 all have maximal Galois group.

Our approach builds on the aforementioned work of Bary-Soroker, Kozma and the second
author [7], who employed rather different methods than those utilized in the large box model

H — oo.

JP(gA £C sz) - JP(gA — (G2 S,) N ﬂZm) +O(H™) =
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or in a setting where the extended Riemann hypothesis is assumed, drawing instead ideas from
the anatomy of integers, permutations and polynomials, from p-adic Fourier analysis, and from
asymptotic group theory. They showed analogues of Theorem A and the other results presented
below for standard monic polynomials (again, where all coefficients are drawn independently).
Our proofs, outlined in §2, follow the same line of reasoning. We mention the main novelties
in our work. In the Fourier-analytic part of the paper (§§9—12), the dependencies between the
coefficients of A form a serious technical obstacle. We use character theory of finite abelian
groups to address this (see §9). To obtain the Galois group results, we combine [7] with an
analysis of (1) the asymptotic subgroup structure of C; ! S,, by means of group cohomology,
part of which was already described in [1] (see §14); (2) the discriminant of random reciprocal
polynomials to handle the group (C ! S;,) N Aap, building on the first author’s earlier paper
[23] (see §7); and (3) the Frobenius automorphism to handle the group C; X S,, (see §16).

Let us now discuss our other results. First, we state some conventions and introduce some
notation, mostly following [7]. In general, by saying that the polynomial A in (1.2) is a random
monic reciprocal polynomial we mean that a,, = 1 and that the coefficients ag, ay, ..., a,—1 are
independent random variables, with each a; selected according to a fixed probability measure
1 on the integers.

Definition 1.3. We denote by R(m) the set of monic reciprocal polynomials A € Z[T] of
degree 2m. In other words, R(m) is the set of polynomials as in (1.2) with integer coefficients
and a,, = 1. Similarly, if p is prime, then the set of such polynomials A in the ring F,[T] will
be denoted by R, (m).

Any sequence uo, U1, - - -, m—1 Of probability measures on the integers induces a probability
measure on R(m) via

Pr(m)(A) = l_[#j(aj), (1.3)
=0

where it is understood that the a; refer to the coeflicients of A in (1.2). We will prove results as
those in Theorem A for a wide range of varying measures u ;, subject to certain Fourier-analytic
conditions. Our most general result, Theorem C below, also specifies a lower bound for the rate
of convergence, that applies (for example) in the setting of Theorem A.

Since our general Theorem C discussed below is so similar to the case s = 1 in [7, Theorem
7], our other results are, minor details aside, the exact analogues of results in [7] — such as
Theorem B below. To state this result, we first introduce the following standard notation. Given
a probability measure u, we denote by supp(u) its support. Furthermore, when u is supported
on the integers, we set

c Ol if1 < 00,
il = {(Zazﬂ(a)) if1<q< 14

SUp,ez, 1(a) if g = co.

Given a prime p and a measure p, we will sometimes consider its projection x, to ¥, i.e., the
measure

By Ep = (01 W)= > ulb). (1.5)

beZ
b=a mod p

When the measure is u = u;, we write 1, , instead to avoid confusion. The norms ||, ||, for
q € [1, 0] are defined as in (1.4), with the domain of the sum and of the supremum equal to
F, instead of Z.

Theorem B. Let H > 3 and m > 3 be integers and suppose u; = u is a fixed probability
measure forall j =0,1,...,m — 1, with the following properties:
(1) (bounded support) supp(u) C [-H, H];
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(2) (support not too sparse) ||,u||% < min{H™*>,m'/1%/H}/(log H).
Then there are absolute constants c,C, Hy > 0 such that H > H( implies
Pg(m) (A is irreducible) > 1 — Cm™°.

Theorems A and B are both consequences of Theorem C, which is our most general result.
(We will refrain from rehashing other results of [ 7], such as their Theorems 3 and 4, in the setting
of reciprocal polynomials; the interested reader could derive them from the general Theorem C
below in the same way as Theorems 3 and 4 in [7] follow from their Theorem 7.) For this,
define the function e(x) := exp(2xix) and recall that the Fourier transform of a measure u on
the integers is defined as

4:R/Z—C, [0 = Z,u(a)e(a@).
acZl
Our most general result is then the following.
Theorem C. Let P be the product of four distinct primes. Consider an integer m > P* and
probability measures o, i, . .., Um—1 on the integers, all supported in [-H, H] with H > 2.
Let @ > 0 and B > 1 be two constants. Suppose that the following hold:

(1) (bounded support) H < Bm'/*=2;
(2) (controlled Fourier transform modulo four primes) We have

0-1
% ij(k/Q + 5/R)| < 1=m /10
k=0

forall j =0,...,m—1and all integers Q, R, { such that QR = P and Q > 1.
Then there are constants c, C > 0 depending at most on a and B such that

P ser(m) (A is irreducible) > 1 — Cm™. (1.6)
Moreover, there are constants ¢’, C' > 0 depending at most on @ and B such that
P ser(m) (QA e {C ?Sm,szﬂm,Gz}) >1-C'm™, (L.7)

where G, denotes the group defined in (14.3).

A more precise bound, given specific choices of the 1, on the probability that A is irreducible
and G4 < (G Sy) N Ay, can be derived using Proposition 2.8. The probability that A is
irreducible and G4 < C; X S, is bounded in Lemma 16.3.

Surprisingly, our irreducibility results are of virtually the same strength as those in [7],
despite concerning only a sparse subsequence of all polynomials of degree n. This is thanks
to the rigid divisor structure of reciprocal polynomials (see Lemma 2.1 below), which dictates
that a reducible reciprocal polynomial either has a nontrivial reciprocal divisor or factors in an
exceptional, structured way that occurs only rarely’ (see §7). On the other hand, all our results
are “all or (almost) nothing”: for a given sequence of measures ug, U, . . ., Un—1 We can either
show that A is irreducible with high probability, or we can only rule out divisors of degree
< m'/19 following Konyagin’s classical argument [25]. In contrast, [7, Theorem 7] shows that
in the standard polynomial case, divisors of degree < #m for some constant 8 > 0 (depending
on the measures) can also be precluded in many cases. The source of this difference lies in a
trick employed in the proof of the L' bounds in [7, Lemma 6.3], the analogue of which fails to
hold in our setting. This is explained in more detail in Remark 12.6.

Remark 1.4. Reciprocal polynomials, sometimes with slightly different definitions, are occa-
sionally called palindromic, self-reciprocal, (self-)inversive or symmetric polynomials.

IThis is markedly different from the direct analogue over the integers: the divisors of a palindromic integer are
typically not palindromic themselves.
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Notation. We utilize the standard Vinogradov and big-O asymptotic notation, with f < g, g >
f and f = O(g) on some domain X all meaning that there exists a constant C = C(f, g, X) >0
such that | f(x)| < Cg(x) for all x € X. If the constant depends on more than just the datum
f, g and X, this is indicated by a subscript such as f <;s g. The notation f =< g means both
f < gand g < f hold.

2. OVERVIEW AND PROOF STRATEGY

Overview and structure of the paper. Globally, we follow the same strategy as in the work of
Bary-Soroker, Kozma and the second author [7] . We will borrow their notation unless stated
explicitly. We shortly summarise their approach to prove irreducibility for ‘standard’ monic
random polynomials A(T) = ag + aiT + -+ + ap_ T" "+ T™:

(1) The first step is to show that A cannot have a divisor of small degree, say smaller than
n'/19 using a classical approach due to Konyagin [25]. This approach combines the
random walk-type properties of the polynomial A to exclude cyclotomic divisors, with
an analysis based on the Mahler measure for the noncyclotomic divisors. The result is
then obtained with a union bound.

(2) Next, for the divisors of degree k > n'/*", they start with the basic observation that if
A has a divisor of degree k, then so does A, := (A mod p) € F,[T]. They then show
that A, is approximately uniformly distributed among the polynomials of degree n in
F,[T], in the sense that, for D € F,[T], the approximation (D divides A,) = p~deeD
holds very well on average.

(3) The divisor structure of polynomials over F, is well-understood: the probability that
a ‘typical’ random polynomial of degree n in F,[T] has a divisor of degree k is
approximately k~1*1°22 ~ k=03, Since A p 1s approximately uniform, this also holds for
A,. However, the probability is too large to simply sum over all k£ > n'/19,

(4) To circumvent this problem, they use not just one, but multiple primes as in the prede-
cessor paper of Bary-Soroker and Kozma [8]. (Indeed, naively one would expect the
factorisations of A,, as p varies, to be independent; this indeed holds by the Chinese
remainder theorem for the primes p dividing H when the coeflicients of A are selected
uniformly at random from the set {1,2,...,H}.) Thus one needs to control the joint
distribution of (A,),ep for some set P of four primes, as k*(~1*1°22) ~ =12; summing
this over all & > n'/10 yields a quantity that goes to 0 as n goes to infinity.

1/10

To adjust this strategy in our context, let us first introduce two pivotal concepts. First, the
trace polynomial of A, denoted AR, is the unique polynomial of degree m with the property

A(T) =T"AR(T +T7Y).

The mapping A — Ag is linear and multiplicative, setting up a correspondence between the
divisors of AR and the reciprocal divisors of A; see §5 below. The reversal polynomial of a
polynomial F is

Fie(T) =T F(T7),
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so that F = Fyey when F is reciprocal. (The notation comes from [13].)

A fundamental fact, proved in §4, is the following: if A is reducible, then either A has a
reciprocal divisor of degree < m, or A = £/ - Iey for some monic irreducible nonreciprocal
polynomial I. We deal with small-degree reciprocal divisors (step 1) in §6, and with the
‘exceptional factorisation” A = £/ - Iy in §7. The Fourier analysis (steps 2 and 4) is carried out
in §§8—12, and §13 concerns the anatomy of reciprocal polynomials (step 3). These sections
cover the proof of irreducibility of A with high probability. Sections §§14—16 cover the Galois
group. Some preliminary Galois-theoretic work is done in §7, where we study the discriminant
of A.

We compare our proof of irreducibility with that in [7], other than the exceptional factorisation
that we already mentioned. Let D € R(k) be a reciprocal polynomial of degree 2k. We handle
the case k < m!/1° with a simple adaptation of the approach in [7]. Step 2, where k > m!/1°,
requires considerable effort: it turns out that the main contribution to IP(D divides A,) does
not come from just the zero residue as in [7], but rather from a linear subspace of F,[T] /(D) of
dimension k, which is of character-theoretic origin. This happens because of the dependencies
between the coefficients of reciprocal polynomials, and is a significant hurdle in establishing
the L' bounds (§12). The main results that help overcome this are covered in §§8-9. The
proof of the L™ bounds (§11) is also quite different, with out approach boiling down to linear
algebra and some classical results about Chebyshev polynomials. For the anatomy of reciprocal
polynomials (step 3), we can rely — after a trick — on the work carried out in [7, §§8-10].

For the Galois theory, we have a different approach than in the paper [7], although we do
require the result of their work. Starting in §14 we carry out an analysis of the subgroup
structure of the hyperoctahedral group C; ! S,,, which is the largest Galois group A can have.
We then show in § 15 that the Galois group of A is either one of five ‘large’ groups — those that
are compatible with the results of [7] and have bounded index in C; ! S,,;, as m goes to infinity
— or is contained in one ‘small’ group: C; X S§,,. We can exclude two of the five large groups
by using our results on the discriminant, which we already consider in §7. Lastly, in §16, we
use an idea about the modulo p factorisation of reciprocal polynomials that we believe is new
to preclude the small group C; X S, and its subgroups as possible Galois groups.

As mentioned in the introduction, the present section provides the precise statements proved
in §§4—16. From these statements, we deduce in the remaining section §3 the main Theorems A,
B and C that were presented in §1.

Preliminaries. A preliminary result that greatly facilitates the analysis carried out in this paper,
is the following basic proposition regarding the divisor structure of a reciprocal polynomial.

Lemma 2.1 (Divisors of reducible reciprocal polynomials). Suppose that A € Z[T] is a monic
reducible reciprocal polynomial of degree 2m. Then either A has a monic reciprocal divisor in
Z[T] of degree 2k < m, or there exists a monic irreducible polynomial I € Z|T] of degree m
and a sign u € {x1} such that A = ul - Iey.

Lemma 2.1 is a direct consequence of the following more general proposition.

Proposition 2.2 (Prime factorization of reciprocal polynomials). Let K be a field. Suppose that
A(T) € K|[T] is a nonzero reciprocal polynomial. Then there exist irreducible polynomials
Li,....,I,and Jy,...,Js over K, integers a,b > 0 and an element u € K* such that:

(a) each I; is reciprocal;
(b) each J; is coprime to Jj rey;
(¢) A(T) = u- (T =1)*(T + 1>’ TT7_; L(T) [T5; J;(T)Jj rev(T).

Proposition 2.2 and Lemma 2.1 are shown in §4.
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Small degree reciprocal factors and the exceptional factorisation. As explained in the first
subsection, we will proceed by showing that A is unlikely to have a divisor of degree k, for
any k € {1,2,...,m}. Since only p* of the p?* monic polynomials in F,[T] of degree 2k are
reciprocal, Proposition 2.2 allows us to consider a much smaller set of possible factors.

We start by proving that A is unlikely to have a reciprocal factor of small degree.

Proposition 2.3 (Small degree factors). Letm € Zx and uo, . . . , m—1 a sequence of probability
measures on the integers. Suppose

(1) (bounded support) supp(u;) C [— exp(m1/3),exp(m1/3)]f0r all j > 0,
(2) (anti-concentration) ||jlle < 1 — m_l/lofor all j > 0.
Then

P aer(m) (A has a reciprocal divisor D € R (k) with k < ml/lo) <m 1?9,

The proof of Proposition 2.3 is given in §6. The method goes back to Konyagin [25]. Here,
we closely follow the adaptation of Konyagin’s ideas laid out in [7, §7].

Next, we show that A is unlikely to have the exceptional factorisation A = +I - Iy, Where
I € Z[T] is a monic, irreducible, nonreciprocal polynomial.

Proposition 2.4 (Exceptional factorisation). Let m € Z,. Let uo, ..., un—1 be a sequence of
probability measures supported on [-H, H] for some H > 2. Let& > 0 such that ||l < 1-¢
forall j =0,1,...,m— 1. Then

3 monic, irreducible, nonreciprocal I € Z[T] < H(log m)3/?

P er(m) such that A = +1 - I ey e\m 2.1

Proposition 2.4 is shown in §7. In a nutshell, the proof proceeds by observing that the
expression A(1)A(—1) is a square up to sign if A factors as A = +[ - I;ey, and then showing
that this is unlikely to occur by writing A(1)A(—1) as the difference of two (squared) random
walks, with steps given by the coefficients of A.

Large degree reciprocal factors: approximate equidistribution and the anatomy of recip-
rocal polynomials.

Perfect equidistribution modulo four primes. Let us see how what we laid out so far helps to
prove irreducibility in a particularly ‘fair’ setting. Let P = {p,...,p,} be asetof r > 4
primes. Let H be a positive integer divisible by each of the p;, and suppose A has coeflicients
drawn independently and uniformly at random from {1, ..., H}. Fix p € # and write A, :=
(A mod p) € F,[T]. Then A, is perfectly equidistributed among the reciprocal polynomials
of degree 2m in F,[T]. By the details of the correspondence between reciprocal polynomials
and their trace polynomials (Lemma 5.3 below), the trace polynomial (A,)r = (AR), is then
perfectly equidistributed among the polynomials of degree m in F,[T]. But then one can
leverage the earlier work [8] to prove that the polynomial AR is irreducible with high probabilty.
As aresult, by Lemma 2.1 and the reciprocal polynomial-trace polynomial correspondence, we
conclude that, with high probability, the polynomial A is irreducible or factors as A = +1 - Irey.
But this last option is unlikely by Proposition 2.4, thus concluding the proof that A is irreducible
with probability. In this approach, note that it is essential that » > 4: this is an intrinsic limit to
the method of both [8] and [7], and will thus remain essential in this paper as well.

Approximate equidistribution and independence. Before proceeding, we will first introduce
some notation, borrowing from [7] whenever possible. We denote by boldface letters tuples
of polynomials in Fp [T] := [],cp F,[T]. For example, the tuple D = (D)),ep consists of



RANDOM RECIPROCAL POLYNOMIALS OF LARGE DEGREE 9

polynomials D, € F,[T], for each p € #. In the case of boldface A, this will typically denote
the specific tuple (A mod p),cp. We then set

IDpllp = p*EPr,  IDllp = [ | ID,ll,.
pEP

The phrase ‘D divides A’ will mean that D, divides A, in F,[T], for all p € . Suppose D is
a reciprocal tuple, that is, each D, is a reciprocal polynomial. Furthermore, assume that each
D, is of degree < 2m. In the setting of perfect equidistribution outlined above, observe that

P(D, divides A,) = P((Dp)g divides (Ap)R) = ! !

NCAN NN TE

for each p € P. In other words,
1

]P(D divides A) = —1/2
IDIp

The power 1/2 in the preceding line is somewhat surprising at first sight, but it stems from the
correspondence between the reciprocal polynomial A and its trace polynomial Ag, which is of
half the degree of A and has a divisor if and only if A has a reciprocal divisor.

Now, in order to establish irreducibility results in a setting away from perfect equidistribution,
we follow the ways of Fourier analysis — as in [7]. Let us first sketch an, at this point, tempting
route that however fails. In [7], Bary-Soroker, Kozma and the second author established for
standard polynomials B = b + - - - + by, T™ ' + T™ the following. If

1
IBllp

on average over all tuples G = (G ) pep Withdeg G, < m for all p, and the measures according
to which the b; are selected are not too concentrated modulo each p, then B is unlikely to have
a factor of large degree. (The precise conditions are not important at this point.) Thus, in our
setting, it seems reasonable to first pass to the trace polynomial by ‘setting’ B = AR, and then
import the results of [7]. However, there is one major problem: the coefficients of Ag are not
independent (see Lemma 5.7), that is, there exist a choice of measures o, . . . , 4,,—1 such that the
induced probability distribution on the trace polynomial Ar cannot be realised by selecting the
coeflicients of A independently according to some other sequence of measures p, ..., (), ;.
But the independence assumption on the coefficients of the polynomial B underlying B is
indispensable in [7]. More precisely, the approach taken in [7] fails without this assumption at
the very start of the Fourier-analytic approach, in their Lemma 4.1.

Thus, instead of first passing to the trace polynomial and then carrying out the Fourier
analysis, here we perform the Fourier analysis on the reciprocals immediately. Of course,
dependence between the coefficients cannot be avoided, since the coefficients of A are already
dependent by the reciprocity assumption. Overcoming this (comparatively mild) dependency is
the main technical novelty in this work, with the core of it described in §9. As a consequence,
we show that

P(G divides B) ~

1

1/2
[

holds on average over all vectors D = (D) ,ep withdeg D, < m for all p, under the assumption
that the Fourier transforms of the measures u; are sufficiently well-behaved. Since
1 1

P(D divides A) = P(DR divides Ag) and =
D> IDRlp

P(D divides A) =~
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this implies
1

DRIl
on average as well, allowing us to import the results from [7] — which at this point is possible

(see §13).

In fact, we show that A is approximately equidistributed among the ‘admissible’ residue
classes modulo D. The precise result is the following. Let Pg ) denote the probability
measure induced by Pg,,) after reduction modulo p, that is

P(Dg divides Ag) ~

m—1
Pr,m(A) = | | 7,,(a)),
j=0

where we recall that u ip is defined in (1.5). Similarly, set

Prpm(A) = "ﬁ ( > .Uj(a))
j=0 acZ

a=aj p mod p VpeP

where we write a; , for the coefficient of the monomial 7/ of A,,. We shall denote A = C mod D
to mean that D, divides A,—C), forall p € P. By R,,(D) C Fp[T]/(D) = [1,cp Fp[T]/(D))
we denote the set of all possible residues that could occur as the residue of a tuple of reciprocal
polynomials A € Rp(m) = [],ep Rp(m) modulo a reciprocal polynomial D € Rp (k) =
[Ipep Rp(kp), where k = (kp)pep; the more precise definition requires some work and is
given in (9.1). Lastly, set

ARmik) = max_ |Pacr,(m (A = C mod D) — 2)
P €Rp(m) 120
PR, CRn(D) [0
deg D<2k

2eP = T?+14D,
where
deg D := maxdeg(D,).
peP

We also adopt the convention AIF}(m; k) = A{Rp}(m; k). The quantity Ag measures the extent
to which the probability measure Pg(,, fails to be equidistributed modulo the primes in $
for reciprocal moduli up to a given degree. The requirement that 72 + 1 does not divide D,
whenever 2 € P is technical; see §11. It is equivalent to the condition that T does not divide the
trace polynomial of D,. This is reminiscent of the (stronger) condition that 7 does not divide
D, for any p € ¥, which is stipulated in [7, (2.6)].

We then show that Ag is very small when the measures ug, i1, . . . have good Fourier-theoretic
properties.

Proposition 2.5 (Controlled Fourier transform implies approximate equidistribution). Let P =
{p1,-...,pr} be a set of distinct primes, and set P = py - ... - p,. In addition, consider an
integer m > P* and a sequence g, . . ., ju—1 of probability measures on the integers for which
there is y > 1/2 such that

0-1
Z|ﬁj(k/Q +5/R)| < (1 — m—l/lO) ) Ql_y
k=0

forall j =0,...,m—1and all integers Q, R, € such that QR = P and Q > 1. Then

0.88) —ml/“’_

A¢R> (m;ym +m < e

Proposition 2.5 will be proved in §12; the proof combines results from §§8—12.
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Conclusion: precluding large degree reciprocal factors. As in [7], we define the constant
_ 1

= o2

The final step in the proof of irreducibility is to rule out reciprocal factors of large degree

under the assumption of approximate equidistribution. We prove the following analogue of [7,
Proposition 2.2].

=0.81....

Proposition 2.6 (Large degree factors). Letm € Z>1 and € € (0,1/100]. Let P be a set of four
primes. Suppose U, . . . , Um—1 a Sequence of probability measures on the integers satisfying the
following:

(1) (mod-P approximate equidistribution) A;‘D(m; m/2 + mY*e) < m=3,
(2) (mod-P anti-concentration) Supyg i 11 plleo < 1 — m=¢2%0 forall p € P.

Then there are constants c, C > 0 depending at most on & such that
P scr(m) (A has a reciprocal divisor D € R(k) with k € [m!/10, m/Z]) < Cm™°.

Proposition 2.6 is proved in §13. The idea behind the proof is anatomy of polynomials: an
analysis of the typical multiplicative structure of the polynomial A reduced modulo the primes
in . As alluded to above, at this stage we can use the work of [7], because the anatomical part
of their argument is insensitive to the dependencies between the coeflicients of Ag. In this way,
we bypass almost all of the hard work that had to be carried out in [7] at this point (their §§8-9)
and swifly prove irreducibility after translating their results to our setting.

It is not always clear in the anatomy part of [7] that the coefficients could be dependent
variables. For example, their Proposition 2.2 explicitly mentions the sequence of measures
o, M1, - . ., implying that the coefficients are chosen independently. In §13, we state a version
of that proposition for a general probability measure P ((,,) on the set M(m) of monic poly-
nomials of degree m. In similar vein, even though the probability measure P = Pg(,,) in our
Proposition 2.6 is induced by the sequence py, . . ., i1, this is not necessary. A more general
version of Proposition 2.6, where condition (2) is replaced by a suitable alternative, is given in
Proposition 13.3.

Galois theory. In §§14—16, we study the Galois group G4 of A over Q. In the last part of this
paper, we study the typical Galois group of A. Some preparatory work is already done in §7,
where bound the probability that the polynomial discriminant A(A) of A is a nonzero square.

The Galois group. The zeros of a reciprocal polynomial A come in pairs: if « is a zero of A,
then a~! is also a zero of A. Any element 7 of the Galois group G4 of A over Q, being a
field automorphism, must respect this property as 7(a~!) = 7(a)~!. Let ;, cxl_l, e Uy )
denote the zeros of A. The above shows that G4 permutes the blocks {«;, a]‘.l }. In general, the
group of symmetries of the set {-m,...,—-2,—1,1,2,...,m} that permutes the pairs {k, —k}
is the hyperoctahedral group C, ! S,,. Thus the Galois group of A is contained in C; ! S,,. This
group is realised as a permutational wreath product, and its construction is explained in §14.

Our main result states that under the condition of approximate equidistribution modulo one
prime, with high probability A is irreducible and the Galois group of A almost certainly contains
at least one of two index-2 subgroups of the hyperoctahedral group. More precisely, we have
the following.

Proposition 2.7. Consider probability measures o, i1, . . . , m—1 on the integers, all supported
on [-H,H] with H > 2. Fix a prime p and real numbers B > 1, a € (0,1/2) and ¢ €
(0, 1/100]. Suppose the following hold:

(1) (bounded support) H < Bm'/?=@,
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(2) (mod-p approximate equidistribution) AIF,‘(m, m/2 + mh*e)y < m~10,

(3) (mod-p anti-concentration) supgg ;< 11 pllc < 1 — (log m)~2,

Then there are constants c, C > 0 depending at most on B, « and € such that
P scr(m) (gA ¢ {Cyt Ay, Co 2 S, G2} and A is irreducible) < Cm™.

Here, the group G, is defined in (14.3).

Proposition 2.7 is proved in § 16. We use the results from [7] to prove in § 15 that Ag has, with
high probability, either the symmetric group S,, or the alternating group ‘A, as Galois group.
Then we need to understand what the possibilities for G4 are given that G4, € {Sy, An}. In
§14, we use group cohomology to show that G4 is either one of five ‘large’ groups (of index at
most 4 in C; 1 S,,) or is contained in the ‘small’ group C; X S,,,. Two of the five large groups can
be excluded by studying the discriminant of A (see below), and the small group can be excluded
by analyzing the factorisation pattern of A modulo a suitable prime.

The discriminant: ruling out alternating subgroups. In [7], the authors show that the typical
Galois group of a standard, monic polynomial B = bg + ... + b, T" ' + T™ is S,, or A,,
with high probability, when the b; are sampled independently according to measures satisfying
Fourier-theoretic conditions that are essentially the same as ours in Proposition 2.5. The group
S, 1s maximal possible; to rule out the alternating group and its subgroups as possible Galois
groups of some polynomial F € Z[T] of degree m, one can consider its discriminant A(F),
since

A(F) € Z is a nonzero square if and only if Gp < A,,.
For a standard random polynomial B, it is an open problem to quantify the probability that

A(B) is a square; it is believed to be a highly unlikely event. For reciprocal polynomials however,
the discriminant is a much more accessible invariant, and we prove the following:

Proposition 2.8. Let € > 0. Suppose the probability measures o, . .., Un—1 have support
contained in [—H, H] with H > 2 and satisfy |pj||cc < 1 =& forall j € [0,m — 1] NZ. Then

H(log m)3/?
evm

The proof of Proposition 2.8 is given in §7. Observe that the right-hand side of (2.3) is the
same as the right-hand side of (2.1). Both bounds follow from a bound on the probability that
+A(1)A(-1) is a square.

P acr(m) (A(A) is a nonzero square) < (2.3)

Remark 2.9. To establish this bound we follow [23], in which the first author considered
the case where u; = p for all j with the law u(1) = u(-1) = 1/2; these are known as
Littlewood polynomials or random Rademacher polynomials. When m = 0,3 mod 4, then [23,
Corollary 1.2] implies the asymptotic Pg(,)(A(A) is a nonzero square) ~ c log(m)/+/m for an
explicit constant ¢ > 0, whereas the probability is O when m = 1,2 mod 4 due to arithmetic
effects [23, Lemma 7.1]. In particular, the bound (2.3) cannot be sharpened in general by more
than a factor of y/log m, and a lower bound must take arithmetic effects into account.

3. FroMm ProposiTIiONS 2.2-2.8 TO THEOREMS A—C

In this section, we deduce Theorems A—C from Propositions 2.2-2.8. We commence by
proving Theorem C, which we then show implies the other main theorems. The proofs of
Propositions 2.2-2.8 will take up the remaining sections of this paper.
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Proof of Theorem C. Define the events
&1 = {A has a reciprocal divisor D € R(k) with k < m!/10y,
&, = {A has a reciprocal divisor D € R(k) with k € [m'/'°, m/2]},
&3 = {3 monic, irreducible, nonreciprocal I € Z[T] : A = 1 - Iy }.

To show (1.6), by Lemma 2.1 it suffices to show that &, & and &Es occur with very small

probability. Possibly after adjusting C, we may assume m is sufficiently large throughout. As

in the proof of [7, Theorem 7], we have the following: for any j, any divisor Q | P with QO > 1,
and any b € Z/QZ, Fourier inversion and condition (2) imply

1S 1=m"

ui(@) < = 3 |as(k/Q)] € ———— < —=.

azbgod 0] Q ;)l | \/Q 2

In particular, for any j and any prime divisor p | P we have

_ 1
1 lloo < NIE plleo < A (3.1)

All this implies the following. For &, condition (1) of Theorem C implies condition (1) of
Proposition 2.3 as m can be taken sufficiently large. Condition (2) of Proposition 2.3 holds
by (3.1). Thus there exists an absolute constant C; > 0 such that P(&;) < C;m~"?. For
&, we may first apply Proposition 2.5 with # the set of prime divisors of P and y = 1/2
to find that condition (1) of Proposition 2.6 holds for any &proposition 2.6 € (0,1/100]. Pick
EProposition 2.6 = 1/100. Condition (2) of Proposition 2.6 is also satisfied by (3.1). Thus there
are absolute constants ¢, C; > 0 for which P(&,) < Com™2. For &3, we again employ (3.1)
to apply Proposition 2.4 with &proposition 2.4 = 1 — 1/ V2. By condition (1) of Theorem C, this
implies there exists C3 = C3(a) > 0 such that P(E3) < C3m~*/%. We conclude that

IP ser(m)(A is reducible) = P(&;) + P(&2) + P(E3) < Cm™

for some constants ¢, C > 0 depending at most on .

To go from irreducibility to the Galois group, we require Proposition 2.7. Its condition
(1) holds by condition (1) of Theorem C, its condition (2) by condition (2) of Theorem C
combined with Proposition 2.5 and the choice &proposition 2.7 = 1/100, and its condition (3) by
(3.1). Thus, combining the conclusion of Proposition 2.7 with the already proved (1.6), the
result follows. O

Remark 3.1. (a) Our Theorem C is quite similar to Theorem 7 in [7]. However, observe that
our condition on the support of the measures u; is more strict, which is needed to preclude the
exceptional factorisation (in Proposition 2.4) and show that the discriminant is unlikely to be a
square (in Proposition 2.8). Furthermore, in the notation of [7, Theorem 7], we do not cover
the case s > 1, for technical reasons explained in Remark 12.6.

(b) The conclusion of Theorem 7 in [7] contains a typo: it should say that A is unlikely to
have divisors of small degree, not that it is unlikely not to have divisors of small degree.

Proof of Theorem A. We will deduce this from Theorem C. As H = maX,ep|a| is bounded,
condition (1) of Theorem C is satisfied for any a € (0, 1/2). To prove that the Fourier condition
(2) of Theorem C is satisfied when all measures u; equal the fixed, uniform measure u on a set
N of at least 35 consecutive integers, we refer to [7, §3.1]. O

Proof of Theorem B. Again, we deduce this from Theorem C. Possibly after adjusting C, we
may assume that m is sufliciently large. Since u; = u is fixed, this also implies that we may
assume that condition (1) of Theorem C is satisfied. To prove that condition (2) of Theorem C
holds as well, we refer to [7, §3.6]. O
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4. PRIME FACTORIZATION OF RECIPROCAL POLYNOMIALS
In this section, we prove Proposition 2.2. We begin with the following simple lemma.

Lemma 4.1. Let K be a field and let I be a monic irreducible polynomial over K.

(a) If I = Iy, then either I is reciprocal or I(T) =T + 1.
(b) If I # Iey, then either I and Ie, are coprime, or I(T) =T — 1 and char(K) # 2.

Proof. We start with (a). The only monic polynomial I of degree 1 satisfying the relation
I = gy is the polynomial I(T) = T + 1. Let us assume now that deg > 2. Since [ = Iy,
we will have that [ is reciprocal as long as we can show that deg / is even. Indeed, according
to Remark 1.2, if deg/ is odd, then the relation I = I, implies that / can be factored as
I(T) = (T + 1)J(T) for some reciprocal polynomial J. This is impossible because we have
assumed that [ is irreducible and has degree > 2. We have thus established our claim that deg /
is even. This completes the proof of part (a) of the lemma.

For (b), let us assume that / and I,y are not coprime; otherwise there is nothing to prove.
Since both of these polynomials are irreducible, we must have that Iy, = ul for some u € K*.
Since I is monic, we have I(T) = T™ + ¢, T" ! + - - - + ¢( for some c; € K. The relation
lrey = ul then implies that ¢y = u and that 1 = ucy. We thus find that u = ¢g = £1. Since
we have assumed that I # Iy, we must have u = —1 # 1. In particular, K has characteristic
different than 2, and thus the relation I = —I,,, implies that /(1) = 0. Since / is monic
irreducible, we must have /(7)) = T — 1. This completes the proof of the lemma. O

Proof of Proposition 2.2. Let J be an irreducible factor of A such thatJ # Jyey. The polynomial
Jrey 18 also irreducible. Since J divides A, the polynomial Je, divides Ay = A as well.
Moreover, since A is reciprocal, J and Jiey must divide A to the exact same power. If J and Jiey
are coprime, we thus find that there exists an integer v > 0 such that

A= (JJrev)VB~

The polynomial B must be reciprocal because A and (JJrey)” are reciprocal. These observations
together with Lemma 4.1 readily imply that we may write

AT) =u-(T-DXT+ 1) ﬂ I;(T)
i=1 Jj

Ji(T)Jjrev(T), “4.1)
=1

where each I; is reciprocal irreducible, each J; is irreducible and coprime to J; rev, and k, £ € Z
and u € K*. It remains to check that k and ¢ are even. For the former claim, we may assume
that char(K) # 2 (as otherwise T — 1 = T + 1 and we may take k = 0). If B(T) denotes the
polynomial on the right-hand side of (4.1), then Brey = (—1)*B. Since B = A is reciprocal, and
we also know here that char(K) # 2, we conclude that £k must be even. Finally, we must have
that ¢ is even because A and the [; are all reciprocal polynomials and thus have even degrees
(cf. Definition 1.1). O

Proof of Lemma 2.1. Since A is monic and has integer coefficients here, the polynomials /;
and J; in Proposition 2.2 can be assumed to be monic and to lie in Z[7]. Comparing leading
coeflicients, and using again our assumption that A is monic, we find that the u# of Proposition 2.2
satisfies u = +1.

Ifa+b+r+s > 2, the result follows by selecting a factor of minimal degree among

(T-1)2....(T-1D% T+D%...,T+1% I,....I, and JiJisevs .. JsJsrev.

a times b times

Let us now examine the case a + b +r + s = 1. The subcase whenr = landa=b=5=0
can be discarded, because A would then be irreducible. In each of the remaining subcases, we
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may easily check that we may write A = ul - I, for some monic irreducible polynomial 7: we
take ] =T —-1,1 =T+ 1orI = Jj, according to whethera = 1, b = 1 or s = 1. This completes
the proof. O

We will also make use of the following notion — a reciprocal version of the greatest common
divisor.

Definition 4.2. For two (not-necessarily reciprocal) polynomials A, B € K|[T], let (A, B),
denote the greatest common reciprocal divisor of A and B: that is, the monic reciprocal
polynomial of maximal degree dividing both A and B.

Remarks. (a) The polynomial (A, B), is unique by the requirement that it is monic, just as the
usual greatest common divisor (A, B) is unique if it is required to be monic.

(b) Using Proposition 2.2, we find that (A, B), = (A, B) if A and B are reciprocal. However,
this relation is not true in general.

5. THE TRACE POLYNOMIAL

Let K be a field. In this preliminary section, we define the trace polynomial Ar of a
reciprocal polynomial A € K[T]. When viewing A as an element of a particular vector space
defined below, the correspondence A +— AR defines a linear bijection that is also multiplicative.
Under this map, the divisors of AR correspond to the reciprocal divisors of A. We will use
this correspondence in several places, in particular when studying the anatomy of reciprocal
polynomials in §13.

We start by observing that the set of polynomials of degree < ¢ in K[T] is a vector space
over K, whereas the set of reciprocal polynomials of degree < 2¢ is not: it is not closed under
addition. For this reason, we introduce the following notion:

Definition 5.1 (Shifted reciprocal polynomials). Let K be a field.

(a) We write R?(h (¢) for the set of £-shifted reciprocal polynomials, which are defined to be
all polynomials of the form

C(T) =ce+ce T - -+ C1T€_l + C()Tf + C1T€+1 + -+ Cg_szg_] + Cgng S K[T]
(b) We write R}h = U0 R}h(f) for the set of shifted reciprocal polynomials.

Remarks. (a) If C(T) € R;h is nonzero, then there exists a unique integer ¢ > 0 such that
C(T) € RY(0).
(b) R;h(f) is a K-vector space of dimension £ + 1. A basis for it is given by
(Tt 7+ 7 T+ TP 1+ T (5.1)
(c) For any integers 0 < i < j < ¢ we have the inclusions
TRy (i) € TIRE(7) € RY(0),
where the last inclusion is one of vector spaces.

Let K[T], denote the set of monic polynomials in K[T] of degree ¢ and write K [T ] <, for the
set of (not-necessarily monic) polynomials in K[T'] of degree < ¢, the latter including the zero
polynomial. Also denote by R the set of all reciprocal polynomials over K. We construct a
correspondence between K [T]<, and R%h (0).

Definition 5.2 (Reciprocal maps). Let K be a field.
(a) For each integer ¢ > 0, we define the map (=)?¢: K[T]<, — R;h (¢) by

G(T) - G (T) =T'G(T +T™).
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(b) We define the reciprocal mapping (=)?: K[T] — Rg by

GR,degG(T) — TdegGG(T + T_l) if G #0,
0 otherwise.

G(T) » GNT) = {

Lemma 5.3. The map (=)™ is an isomorphism of K-vector spaces. Moreover, for any j < ¢,

it restricts to an isomorphism between the K-vector spaces K|[T]<; and T‘)_J'R;h (j), and to a
bijection between the sets K[T]; and TR ().

Proof. The map (=)™ is a linear isomorphism because it is an injective, linear homomorphism
between vector spaces of the same dimension. The claims made in the last sentence of the
lemma statement are immediate consequences of the statement made in the first sentence, so
we are done. O

Definition 5.4. The inverse of (=)™ is denoted by (—)g..
Next, we define the trace polynomial of a reciprocal polynomial.

Definition 5.5 (The trace polynomial). Let K be a field. Let (—)g denote the inverse function
of (=)R. Given A € Rg, we call AR the trace polynomial of A.

From Definitions 5.2 and 5.5, it follows immediately that the reciprocal mapping and its
inverse commute with multiplication, that is (FG)? = FRGR and (AB)r = ARBrR.
The trace polynomials of the polynomials of the form 7%/ + 1 are the Chebyshev polynomials.

Definition 5.6 (Chebyshev polynomials). Let K be a field and j > 0. We then define the j-th
Chebyshev polynomial C;(T) € K[T] through the recursion

C()(T) =2, (C (T) =T, and Cj+1(T) = TC]'(T) - Cj_1(T) fOI‘j > 1.
We extend this definition to negative indices by setting
C_j = Cj.

Remarks. (a) For reference, when the characteristic of K is not 2, our Chebyshev polynomials
are a common rescaling of the standard Chebyshev polynomials T;, defined as the unique
polynomial satisfying T;(cosx) = cos(jx); they are related through C;(2T) = 2T, (T).

(b) A simple inductive argument yields
C,(T+THY=T/+T7 forj=0,1,2,...
In other words, we indeed have CR T% + 1 for nonnegative j.

(¢) The set {1, Ci(T), Co(T),...,Cp(T)} is a basis of K[T]<, and maps to the basis (5.1) of
R?(h (¢) under (—)R?,

(d) We may easily check that
TC;(T)=Cj31(T)+Cj_((T) forall j € Z. (5.2)
One can spell out explicitly how the coefficients of Ag depend on those of A:

Lemma 5.7. Given A(T) =1+ apu T +---+a)T™ +---+ ATV + 727 ¢ R (m) with
trace polynomial AR(T) = by + -+ + by T™ ' + T™, the coefficients of A and AR satisfy the
relations

Lz A+2j(1+]
bi=a;+ Z( 0% H]( . )a,-+zj (53)
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and '
L =5

i+2j
a; = Z bi+2j(l.+jj).

0

~

The proof is elementary but lengthy; we omit it here.

A consequence of the relation between the coefficients of A and AR, described by Lemma 5.7,
is that the probability measure Pg(,,) on the set of monic reciprocal polynomials in Z[7T] of
degree 2m induces a probability measure I°r p((») on the set M(m) of monic polynomials in
Z[T] of degree m:

Definition 5.8. If B € Z[T] is a monic polynomial of degree m, then we define

PR m(m) (B) = Prim (BY).
If P is some property, then we will further use the notation

PR, BeM(m) (B has property P) = Pacr(m) (AR has property P).

By (5.3), the coefficients of B are not independent random variables, so we cannot apply the
results of [7] directly to show that the trace polynomial of A is irreducible with high probability.

Definition 5.9 (Semi-irreducibility). Let K be a field and let A € Rg. We say that A is
semi-irreducible if it has no nontrivial reciprocal factors (of even degree, cf. Definition 1.1).

Lemma 5.10. Let K be a field and let A € Rg. The following are equivalent:
(a) A is semi-irreducible;
(b) AR is irreducible;
(c) either A is irreducible, or A = ul - I,y for a nonreciprocal irreducible polynomial 1
and for some u € K*.

Proof. Tt is easy to see that (a) and (b) are equivalent: if we have a factorization of the trace
polynomial AR = BC, then we obtain a factorization A = BRCR into two reciprocal factors of
even degree. The converse is also true.

Let us now prove that (a) and (c) are equivalent. Clearly, (c) implies (a). Hence, it remains
to show that (a) implies (c). Recall Proposition 2.2 and the notation therein. Since A has no
nontrivial reciprocal factors, we must have thata+b+r+s =1. Ifa = 1, wecantake I =T - 1.
Ifb=1,wecantake I =T + 1. If r = 1, then A is irreducible. Lastly, if s = 1, we can take
I = J;. This completes the proof. O

Lemma 5.11. Let K be a field and let A, B € K[T] \ {0}. Then A and B are coprime if, and
only if. AR and BR are coprime.

Proof. Assume that A and B are coprime, and let D = gcd(AR, BR). Using Proposition 2.2, we
find that D is reciprocal. In particular DR is a common factor of A and B, and hence D = 1.
We thus also find that D = 1.

Conversely, if D is a nontrivial common factor of A and B, then DR is a nontrivial common
factor of AR and BR. This completes the proof. O

6. SMALL DEGREE FACTORS

In this section, we prove Proposition 2.3, which states that A is unlikely to have reciprocal
factors of degree < 2m'/10. The proof is a direct analogue of [7, Proposition 2.1]; we will thus
skip some details. Both proofs follow the work of Konyagin [25], who considered polynomials
with coefficients in {0, 1}. He presented two arguments, of which we follow the first and simpler
one. The argument proceeds in two steps, bounding cyclotomic and non-cyclotomic divisors
separately.
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As in the other results in [7] and in the present work, we must assume that the probability
measures are contained in some bounded interval [—-H, H], but here we may take the compara-
tively large H := |exp(m!/3)]. If A has a reciprocal factor of degree < 2k, then it must have
a semi-irreducible factor of degree < 2k¢ (see Definition 5.9). Hence it suffices to control the
probability that the latter event occurs with kg = m!/10,

Definition 6.1. We let D (k) denote the set of monic semi-irreducible reciprocal polynomials
1+ di T+ +diT*! + T?* of degree < 2k for which each d; is bounded by (H + 1)** in
absolute value.

An analogous argument to the one leading up to [7, Equation 7.2] implies that if A has a
factor of degree < 2k, then it must have a factor in D (k).

We start by bounding the probability that A has a cyclotomic divisor of small degree. Here
and elsewhere in the paper we will use the following inequality, due to Kolmogorov and Rogozin
[31, Theorem 2].

Lemma 6.2 (Kolmogorov—Rogozin inequality). Suppose X1, ..., X, are discrete, independent

random variables. Write X = X1+ Xo + -+ + X¢. Then
¢ ~1/2
supP(X = a) < (2(1 — supP(X; :b))) . 6.1)
a j:1 b
In particular, if there is an &€ > 0 such that sup, P(X; = b) < 1 —¢& for all j, then

1

supP(X =a) <« —. (6.2)

a Vet

Remark. When sup,, P(X; = b) = 1 for all j, the right-hand side of (6.1) is understood as 1.

Lemma 6.3. Fix & > 0. For each j € [0,m — 1] N'Z, let u; be a probability measure such that
il < 1 —&. Then for fixed z € C, we have

1
P m(A(z) =0) <« —.

In particular, given some positive integer ko, we find

ko
Z Pacr(m)(@a | A) < :
d: ¢(d)<2ko vem

Proof. We follow [7, Lemma 7.3]. Note that A(0) # 0 for a reciprocal polynomial, so we
may assume z # 0. For integers j in the interval [1,m — 1], define the random variable
X; = am_j(zm_j + 7). Set Xo = a,z™. Then Xo, X1, ..., X,,_1 is a sequence of discrete
random variables. Let J denote the set of values of j € [0,m — 1] N Z for which 7"/ + 7"/
is nonzero. Since z is nonzero, the cardinality of J is strictly smaller than m only if z is a root
of unity, say z = e(6) for some 6 € Q. In that case, the relation "~/ + z*/ = 0 is equivalent
to cos(27j0) = 0,1i.e. to jO € {1/4,3/4} mod 1. In particular, the denominator of & must be a
multiple of 4, and J must have cardinality at least m/2 (with equality if 6 € {1/4,3/4} and m
is even).
Now, let X = Zjerj. Then

P(A(z) =0) =P(X =-(1+2z*")) < sup P(X =u)
uesupp(X)

< (Z (1- sup P(X;= b)))_l/z,

jel besupp X;
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by Lemma 6.2. Hence
1

1
< .
Ve - #J vem
Since @y is irreducible for all d, we have @, | A if and only if A(e(1/d)) = 0. There are < kg
values of d with ¢(d) < 2k¢ by [9], which concludes the proof. O

P(A(z) = 0) <

For the noncyclotomic divisors, we proceed by means of the Mahler measure: if F € Z[T]isa
polynomial of degree d with leading coeflicient fy and zeros z1, . . ., z4 (listed with multiplicity),
then the (exponential) Mahler measure of F is the quantity

d
M(F) = |fo l—[ max {1, |zj|}.
j=1
Choose C > 0 such that log(x)/loglogx is strictly increasing and larger than 1 on x > C. Let
¢ > 1200 be minimal such that M (F) > 1+ 1/c for all irreducible, noncyclotomic polynomials
of degree < C with leading coefficient +1; it is a classical result that such ¢ exists, see e.g. [12,
Lemma 1.3]. Now define

c ifx <C,
L(x) = 3
c(log(x)/loglogx)’ ifx>C,

and observe that L is a nondecreasing function on x > 0. In particular, the work of Dobrowolski
[16] implies that
M(D) > 1+ 1/L(2k) (6.3)

for all semi-irreducible reciprocal polynomials D of degree 2k that are noncyclotomic. Indeed,
if D is irreducible, this follows directly by [16]. On the other hand, if D = +1 - I¢y, then we
have M(D) = M(I)M (I,ey) > (1 + 1/L(k))?> > 1 + 1/L(2k) since L is nondecreasing.

Fix a noncyclotomic polynomial D € D(kg) of degree 2k other than (T + 1)? or (T — 1)
By semi-irreducibility, the polynomial D has distinct zeros zy, .. ., zox. Following [7], pick a
prime number

p=pp € ((1+L(2k))log(4Hm),2(1 + L(2k)) log(4Hm)]

for which z’l’ has algebraic degee 2k. That such p exists follows from [16, Lemma 3]. The
conjugates of zf are zé’ e zg o which must thus be distinct.

Lemma 6.4. Letm, k € Zs,. Let D € D (ko) be distinct from (T +1)* and (T — 1), and let p =
pp be as above. Consider integers c; for each j € [0,m] NZ with j # 0 (mod p). Then there
exists at most one reciprocal polynomial A(T) = T 4+ q,,  T*" ook qoT" 4 +ay,_ T+1
such that D|A, |aj| < H forall j, and a; = c; forall j # 0 (mod p).

Proof. Assume A and B are two distinct polynomials as in the lemma statement. The 2m
coeflicients of A — B are bounded by 2H in absolute value, and the Mahler measure of A — B
is bounded above by the sum of these coefficients [12, Lemma 1.7], so that M (A — B) < 4Hm.
However, we will prove that M(A — B) > M(D)?, which is > 4Hm by definition of p and by
(6.3). This yields a contradiction.

To prove the claim that M (A — B) > M(D)?, observe that D divides

A(T)—B(T):T’"(g0+ D, & (@),
O<j<m/p

The Mahler measure of A — B is the same as that of G(T) = TP~V (A(T) — B(T)), which is
still divisible by D and is a polynomial in 77. Let { be a primitive p-th root of unity. Observe
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that there are no integers i # j and a such that {“z; = z;, as then we would have zf = z‘; .
. o e . _1 .
follows that G is divisible by H?i ) H?:o (T — ¢’z¢). Hence

2k p-1 2k

M(A-B) > 1—[ nmax{l, |{jzf|} = nmax{l, |zg|}p = M(D)”. O
(=1 j=0

¢=1

This brings us to the proof of Proposition 2.3, which is again very similar to the proof of [7,
Proposition 2.1].

Proof of Proposition 2.3. Set ko := |m'/'°|. By Lemma 6.3, which we may apply with & =
m~1/10_ the probability that ®; | A for some cyclotomic ®; € D (ko) is < m'/10/Vm®/10 =
m~7/?0_ The probability that (7 + 1) or (T — 1)? divides A is equals the probability that A(1)
or A(—1) vanishes, which is < m~/0, again by invoking Lemma 6.3.

It remains to bound the probability of A having a noncyclotomic divisor D € D(kg). Let
& denote this event. Then P(E) < #D (ko) - SUppep(x,) P(D | A). Observe that the primes
p = pp in the proof of Lemma 6.4 all satisfy p < 2(1 + L(2m))log(4Hm) < (logm)3m'/3.
By Lemma 6.4, we then find

sup P(D[A)< sup [l < (1= m™V1OP) < exp(-m®).
DeD (ko) 0<j<m—1

Lastly, since each coefficient of D is bounded by (H + 1)%0 in absolute value, a straightforward
count shows that #D (ko) < exp(m®>*). This completes the proof. O

7. EXCEPTIONAL FACTORS AND THE DISCRIMINANT

Lemma 5.10 shows that A may be reducible even if its trace polynomial is not — that is, even
if it has no nontrivial reciprocal divisor. In this case, we have the factorization

A = i]']rev

for some monic nonreciprocal irreducible polynomial / € Z[T] of degree m. In this section,
we show that this is unlikely to occur by studying the quantity A(1)A(-1). If A = +1 - I,
then A(1) = +I(1)I,ey(1) = £I1(1)?> and A(=1) = +I(=1)Iey(=1) = £I(=1)2. Thus

Pgr(m)(A = £11ey for some I) < Pgu)(A(1)A(=1) # 0 is a square up to sign). (7.1

Bounding the right-hand side of (7.1) is also useful when ruling out subgroups of the alternating
group Ay, as possible Galois group of A, as we will do in §16. Let us first explain this. Recall

that if F € Z[T] is of degree d and has zeros a1, . . ., @y (listed with multiplicities) and leading
coefficient c, then the (polynomial) discriminant A(F) of F is the integer
A(F) = ¢?42 1—[ (a;j — aj)z. (7.2)
I<i<j<d

We then have the following basic lemma from Galois theory.

Lemma 7.1. Let F € Z[T] be a squarefree polynomial of degree d. Then A(F) € Z is a square
if and only if Gr < Aj.

For general polynomials F € Z[T], the quantity A(F) is difficult to analyze. However,
reciprocal polynomials have the following neat property.

Lemma 7.2. Let A € R(m). Then A(A) = (-1)"A(1)A(-1)A(AR)>.
Proof. See e.g. [17, p. 85]. m|
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A consequence of Lemma 7.2 is that
Pgr(m)(A(A) # 0 is a square) < Pg(n) (A(1)A(-1) # 0 is a square up to sign), (7.3)

which is the same as the right-hand side of (7.1).

Thus our task is to analyze the product A(1)A(—1). In the spirit of [23], our approach will be
to write A(1)A(—1) as the difference of two squares, say X> — Y2, by splitting the even and odd
part of the polynomial A. Moreover, the random variables X and Y are both sums of mutually
independent random variables. Our main auxiliary result, then, is the following.

Lemma 7.3. Fix c,e € (0,1). Let m,m|,my € Zs be positive integers with m = m| + my
and my,my > cm. Suppose X1,Xo,..., Xy, and Y1,Ya,...,Y,, are integer-valued, indepen-
dent random variables supported in [—H, H]. Assume that sup;.; P(X; = k) < 1 - ¢& and
supyez P(Y; = k) < 1-gholdforall j. Write X = X1+ Xo+- -+ Xy, andY =Yi+Yo+- - -+Y,,,.
Then

H(log m)3/?

ec\m

Before proving Lemma 7.3, let us see how it implies Proposition 2.4 and Proposition 2.8.

P(X? -Y? # 0is a square) < (7.4)

Proof of Proposition 2.4 and of Proposition 2.8. By (7.3), and (7.1), it suffices to bound the
probability that A(1)A(—1) is nonzero and square up to sign. Write A(T) = A.(T?) + TA,(T?)
for the decomposition of A into its even and odd parts. Then we have A(1)A(-1) = A.(1)? -
A, (1)2. Furthermore, note that A, (1) = 2+2a,,—2+2am-s+--- and Ay (1) = 2a,y_1 +2am_3 +
2a,,-5 + --- are both sums of > —1 + m/2 discrete, independent random variables V; with
support contained in [-3H,3H] and with sup,.z P(V; = k) < 1 — g for all j. Thus (2.3) and
Proposition 2.4 both follow by applying Lemma 7.3 twice: first with X = A,(1)andY = A, (1),
and then with X = A,(1) and Y = A,.(1). O

Apart from the Kolmogorov—Rogozin inequality (Lemma 6.2), our main probabilistic tool
for the proof of Lemma 7.3 is Hoeffding’s inequality [22, Theorem 2].

Lemma 7.4 (Hoeffding’s inequality). Let Xi,..., X, be discrete and independent random
variables with support contained in [-H, H]. Write X = X1 +---+ X¢. If t > 0, then

2
]P(|X—]EX| > t) < Zexp(— 2;2{7).

We are now ready to prove Lemma 7.3.

Proof of Lemma 7.3. We may assume that m is sufficiently large and that H < +/m, as otherwise
the conclusion of the lemma is trivial. Recall that the set of Pythagorean triples a® + b? = ¢?
with abc # 0 is in bijective correspondence with the set

S ={(k,r,s) € Z®: k #0and r, s coprime and of opposite parity}

through the assignment a = k(r> —s2), b = 2krs, and ¢ = k(r*> + s). In other words, if X> —Y?
is a square, then X = k(r> + s2) and Y € {2krs, k(r> — s%)} for some tuple (k,r,s) € S. Write
plk,r,s) =P(X = k(r> + s*))P(Y € {2krs, k(r> — s*)}). Then

P(X*-Y’=0#0)= > plkr,s). (7.5)
(k,r,s)eS

Sett := Hymlogm. By Lemma 7.4, we have

(7.6)

]P(|X—]EX|>Z)<ZeXp(—m10gm) !

<LK —
Jm

2m1
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since m; > cm and ¢ € (0, 1). The right-hand side of (7.6) is small compared to the right-hand
side of (7.4). Moreover, if we let S; be the set of triples in S for which |k(r2 + s2) -EX | <t,
then

#S #S
p(k,r,s) < 2IS]supP(X = a)sup P(Y = b) « ———= < — (7.7)

(k. r3)ESs aeZ beZ Eymim; ecm

by Lemma 6.2 and by our assumption that m| + my = m and that m,m, > cm.
It remains to bound the size of S;. Let us denote by S; C S the set of triples with the property
|k (r? + s%)| < t. By the work of Stronina [32], we have

#S! = cytlogt + cot + 0 (x/?) (7.8)

for explicit nonzero constants ¢, cp. Let x = |[EX| and note that x < Hm since X is the sum of

< m random variables, each of which is supported in [-H, H]. If now x < 2¢, then §; C Sg "

which is of size < tlogt < Hy/m(logm)3 by (7.8) and the assumption H < +/m. On the other
hand, if x > 2¢, then again by (7.8) and by the Mean Value Theorem, we find

#S, < #S.,, —#S_, < tlog(x +1) + Vx + 1.

Since 2t < x < Hm here, we conclude that #S; < H+/m(logm)3. Combining these results
with (7.7) yields

H(l 3/2
(k.rs)es; sevm

which, together with (7.6) and (7.5), proves the lemma. O

8. INTERLUDE: EUCLIDEAN DIVISION

In §6 and §7, we ruled out reciprocal divisors of small degree and the exceptional factorisation
A = £I-Iey. The goal of §§8—13 is to rule out reciprocal divisors of large degree. We follow the
proof methods of [7], and in many cases our arguments are direct analogues of those presented
there. However, the lack of independence of the coefficients does mean that more work is
required in many places.

First off, in this short, intermediate section, we prove a fundamental result regarding division
with remainder of a (shifted) reciprocal polynomial C by a nonzero reciprocal polynomial D
over F,[T]. By classical Euclidean division, there exist a quotient Q € F,[T] and a remainder
R € F,[T] such that R = 0 or degR < deg D; typically, R is not a reciprocal polynomial,
and it is not immediately clear how many distinct R may occur as such a residue. However,
in Definition 8.4 we describe an explicit, complete set R, (D) of remainders that are shifted
reciprocal polynomials. The set R,, (D) is of size p9&(P)/2_ Proofs of the results in subsequent
sections rely heavily on the description of R,, (D).

Lemma 8.1 (Euclidean division for shifted reciprocal polynomials). Let p be a prime, k € Z>
and m € Zxq. In addition, let C € Rf,h(m) and D € R, (k). There are unique polynomials

Q €F,[T] and R € T" "R (k — 1) N F,[T]  RS"(m) such that C = QD + R.

Remark. If € = min{k—1, m}, then a simple computation shows that 7% “R;h (k=1)NF,[T] =
T’"“"Rf,h (€). The reason why we state Lemma 8.1 in this way is to motivate Definition 8.4,
whose precise shape will be crucial in §§9-12.

At any rate, for the purposes of establishing Proposition 2.5, we only need to control D €
Rp (k) with k at most slightly larger than m/2. Hence, we will always have that k < m + 1.
However, in certain auxiliary results we will consider products of the form DD’ with D € R,,(k),
D’ € R, (k’), in which case k + k’ can exceed m + 1.
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Proof of Lemma 8.1. Let £ = min{k — 1,m}. By the above remark, we must show there are
unique polynomials Q € F,[T] and R € Tm_fﬂ?,h (€) such that C = QD + R. If such Q and
R exist, their uniqueness is immediate, because if C = QD + T"tR, = o'D + T”1_€R’1 with
Rl,R’1 € R[S)h({’), then 7" (R, = T’”_‘)R’1 mod D. We also know that T ¥ D because D €
Rp (k). Thus Ry = R} mod D. Since R; and R/ are either O or have degrees < 2¢ < deg(D),
we conclude that Ry = R’1 as needed.

Let us now prove the existence of Q and R. If k > m, we may trivially take R = C and
Q = 0. Now suppose k < m. Recall from Definition 5.4 that (—)r,, denotes the inverse of
the map (=)™, which by Lemma 5.3 is an isomorphism between the K-vector spaces K [T ] <
and th (m). Hence by Euclidean division, there exist Q’, R” with Cr,, = Q’DR + R’ and
deg R’ <deg D = k < m or R’ = 0. Moreover, if Q" # 0, then deg(Q’) < m — k. Multiplying
by T™, we find that

C(T)=T"Crm(T+T Y =T"Q'(T + T )DR(T + T~ + T"R'(T +T™)
=T"*Q"(T+T YD) +T"R' (T + T V).
Hence the claim holds with Q = (Q")?” % and R = (R")?™. O

Definition 8.2. In the notation of Lemma 8.1, we say that R is the reciprocal remainder of C
modulo D, and write R := C rmod D.

As T’"‘k”R,S,h(k -1)c ﬂ;h (m) when m > k — 1, Lemma 8.1 has the following immediate
consequence.

Lemma 8.3. Let p be a prime, let k € Z1, let D € R, (k) and let m > k — 1 be an integer.
Then the images ofT’"_k“Rf,h(k — 1) and Rf,h (m) inF,[T]/(D) coincide.

Definition 8.4. Let p be a prime, let k € Z¢, let D € R, (k) and let m € Zyo. If k > 1, we
denote by Ry, (D) the image of 7"~ **!RS"(k —1) in F,[T]/(D). If k = 0, we let R,, (D) = {0}.

Remark. Since T and any (reciprocal) D are coprime, there exists a multiplicative inverse of T
in F,[T]/(D), so Definition 8.4 also makes sense when m < k — 2.

We will also need to prove the technical Lemma 8.6 below, which we will use in §11. First,
we need an auxiliary result concerning the Chebyshev polynomials C; (see Definition 5.6).

Lemma 8.5. Let p be a prime and let a, b € Z-.

(a) Suppose p is odd, and t/s # p* for all A € Z and for all positive integers t and s
satisfying t | 4a, t ¥ 2a, s | 4b and s {1 2b. Then the Chebyshev polynomials C, and
Cyp, are coprime in ¥, [T]. In particular, if a and b have a different 2-valuation, then C,
and Cy, are coprime in ¥, [T].

(b) Suppose p = 2. Then C,/T and Cy,|T are coprime in F,[T] if 2|(a + 1)(b + 1) and
gcd(a, b) = 1. In particular, C,|T and C,41/T are coprime.

Proof. (a) If T?* + 1 and T?? + 1 are coprime, then their trace polynomials C, and C}, are also
coprime: indeed, if the latter have a common factor 7, then / R divides both 7%% + 1 and T%? + 1.
Now, writing @ for the d-th cyclotomic polynomial, the Q-irreducible factorisation of 72% + 1
is given by

T2k 1——T4k_1— ® 8.1
+ _TZk_l_l_[ d- &1
d|4k
ark

Recall that two polynomials A and B have a common factor if and only if their resultant
Res(A, B) vanishes. Furthermore, the function Res is multiplicative in both arguments up to
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sign. Therefore 72¢ + 1 and T?? + 1 are coprime if and only if Res(®,, ®;) # 0 for all 7 | 4a,
t{2aands | 4b,s 1 2b. Now, over Q, we have

0 ift=s
Res(®;, @) = { g#Minsth)  jf /5 = ¢ for some A € Z \ {0} and prime g
1 else,

where ¢ is Euler’s totient function (see, for example, [30, §3.3.6]). Over F, it follows that
Res(®;, ®,) # 0if t/s # p* for all 1 € Z. Combining this with (8.1) and our assumptions
proves the first claim in part (a). The second claim immediately follows from this.

(b) By the same reasoning as above, we find that the polynomials C, /T and Cj /T are coprime
if the polynomials (7%¢ + 1)/(T% + 1) and (T?" + 1)/(T? + 1) are coprime. Since we work
modulo 2 here, it suffices that the polynomials

T2a -1 T2b -1
T2 - 1 :rlq)t and :H(Ds
t|2a s|2b
t12 512

are coprime. Let us write t = 2"¢; and s = 2"s; with #1, s odd. By the discussion in part (a),
we would only have a common factor if /s = 24 for some A € Z. Equivalently, #; = s;. Since
we have assumed that gcd(a, b) = 1, we must then have that 7; = s; = 1, meaning that 7 and s
are both powers of 2. We further know that a or b is odd. If a is odd, then the relation t = 2"|2a
implies that 7 € {1, 2}, which is impossible. Similarly, if » is odd, we find that s € {1, 2}, which
is again impossible. This completes the proof of the first claim of part (b). The second claim
then follows readily. O

Lemma 8.6. Fix positive integers j, k, and m with j+2k —1 < m. Consider the linear subspace
Ry(j, k) of R;h(m) consisting of all polynomials of the form

2k-1
c(T)=T" Z /(T + T with co,c1, ..., con1 € Fp. (8.2)
i=0

Fix D € R, (k), in case p = 2, assume in addition that T?> + 14 D. Then
Rp(j, k) = R"(m), €+ Crmod D
is a linear map that surjects onto T’"‘k“‘RZh(k - 1).

Proof. Leti > 0 be an integer. The Chebyshev polynomial C;,; € F,[T] is monic of degree
J +1> 0. Hence the span V of the polynomials C;, Cj.1, ..., Cj21—1 over F, is of dimension
2k. Since k < m here, tracing the proof of Lemma 8.1 we find that we may split the map that
sends an element C € R,(j, k) to its reciprocal remainder C rmod D into three pieces:

— m _\R.m
Ry(j, k) — 2y y PR o i)y — Dy prekeigsh (g 1)

(8.3)
C —— Cam —— Cryn mod Dg —— C rmod D.

The third map is a linear isomorphism by Lemma 5.3. The first map is also a linear isomorphism
by Lemma 5.3; indeed, domain and codomain are of equal dimension over F,, and given C as

in (8.2), we have
2k-1
Cam(T) = > ciCiui(T) € V.
i=0
It remains to show that the linear map in the middle of (8.3) is surjective.
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Firstly, using (5.2) and induction on ¢, we have the formula

¢
¢
T'C, = Z(; (i)cm_zl- (84)
for any integersa and ¢ > 0. Let € € {0, 1, ..., k—1}. In particular, we find that the polynomials

T(Cjsx—1(T) and TC 44 (T) lie in V.

Secondly, note thatthe map mod Dr: V — F,[T]<k_1is the same as first sending an element
of V to F,[T]/(DR) by reduction modulo DR, and then picking the unique representative of
its image that is of degree < k. Now, if p # 2 then C;,,_1 and C;;; are coprime over F,, by
Lemma 8.5(a). Hence there exist polynomials F,G € F,[T] such that FCj4;_1 + GCjyi =1
in F,[T], and the same equality also holds in F,,[T]/(DR). Denote by F; the unique lift of
T'F mod DR € F,[T]/(DR) to F,[T] that is of degree < k, and let G, be a similar lift of
T'G. Then the polynomials F¢Cjsx—1 + G¢Cjyx € F,[T] with£ =0,1,...,k—1allliein V
by the discussion in the preceding paragraph. Therefore the reduction F;C; -1 + G¢Cjsi =
T¢ mod DR € F,[T]<k-1 lies in the image of V under the reduction map modulo Dg. This
finishes the proof for odd p.

Similarly, if p = 2, then (Cj1x-1,Cj+x) = T by Lemma 8.5(b). So there exist polynomials
F’ and G’ such that F'Cji4—1 + G'Cj4x = T in F,[T]. Since T2 + 1 does not divide D,
the trace polynomial DR is coprime with T, so there exists a polynomial H € F,[T] so that
HF'Cjsx-1 + HG'Cjix = 1 € F[T]/(Dr). We now set F' = HF” and G = HG' and repeat
the same steps as in the case of p # 2 above to finish the proof for p = 2 as well. O

9. CHARACTER THEORY AND SPECIAL RESIDUES

Sections §§9-12 are dedicated to proving Proposition 2.5. The present section consists of
preparatory work for the Fourier analysis carried out in §§10—-12.

Denote by ¥ = {pi1,...,pr} a set of r (distinct) primes. For reasons explained in §2,
we need to control the joint divisor structure distribution of A = (A,),ep inside Fp[T] =
[1pep Fp[T]. We first introduce the theoretical framework, mostly following [7]. Let k =
(kp) € ZZ ) be a tuple of nonnegative integers. Denote by D = (D))pep a tuple of reciprocal
polynomials in Fp[T], with D, € R,(k,); briefly, we will write D € Rp (k) for this datum.
Define Fp[T]/(D) = [1,ep Fp[T]/(Dp). In similar fashion, denote B mod D := (B, mod
Dp)pep € Fp[T1/(D).

As Fp[T]/(D) is an abelian group for addition, we may apply Fourier inversion to expand
the indicator function of A = C mod D as a sum of characters. Denote by F,((1/7)) the field
of Laurent series X(T) = ¥ _co<j<y c;T/ where J € Z and c; € F,. For X € F,((1/T)), set
res(X) = c_1. Define Fp((1/7T)) = [1,ep Fp((1/T)) and res(X) = (res(X,))pep, and let

X
vp: Fp((1/T)) > R/Z, yp(X) = Y res(Xp)
pEP P
In addition, set
)y . J¥P(T"X) if j=0
wP (X) = {(//p(Tm_jX+Tm+jX) ifjiO,

where, for each i, the expression 77 X is shorthand for the tuple (7' X »)per. We use the notation

Wp =Y and w,(,m’j )= gbg}’j ), Lastly, recall the notation e(x) := exp(27ix).
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Major and minor residues. Fix m € Z, k € Z ) and D € Rp(k). Denote by R, (D) the
Cartesian product
Ru(D) = | | Ru(D;) < Fp[T1/(D). ©.)
pEP

with R, (D) as in Definition 8.4. If k, < m + 1 for all p € , Lemma 8.3 ensures that R,,,(D)
is also the image of ﬂsph (m) inside Fp [T]/(D). We have A mod D € R,,(D) for any D, but if
k, > m + 1 for some p, then A mod D will a priori (i.e., without knowing anything about the
probability distribution on A) already lie in a proper subset of R,,(D).

The set R,,(D) is a subgroup of the additive abelian group of F[T]/(D). Moreover, the
usual multiplication by the ring Fp endows it with a module structure over Fp.

Let us now consider the maps

xg: Fp[T]/(D) — C*, C > e(yp(CB/D))

with B varying over a complete set of residue classes modulo D. They form a complete set of
characters of the group Fo[T]/(D). We then introduce the following important notions:

Definition 9.1 (Major and minor residues). Let m, $ and D be as above. We write N,,(D) for
the set of residues B € Fp[T]/(D) for which the restriction yp = yp Ru(D) is trivial. We call
these the major residues modulo D.

On the other hand, we shall refer to the residues B mod D that do not lie in N,,(D) as the
minor residues.

The set N,,(D) is an abelian group. Moreover, since R, (D) is an Fp-module, so is N, (D).
Hence, the quotient

Ln(D) = (Fp[T]/(D))/Nn(D)
is an Fp-module as well.

Lemma 9.2. Let m, P and D be as above.
(a) The maps
XB: Rn(D) —» C*, C > e(yp(CB/D)),
with B mod D varying over any complete set of representatives of the cosets of Ny, (D)
inF,[T]/(D), form a complete set of characters for R, (D).

(b) The set N,,(D) has cardinality ||D||510/2.

Remark. In view of part (b) of Lemma 9.2 above, for each p €  the component

Lm(Dp) = (Fp [T]/(Dp))/Nm(Dp)
of L,,(D) is a vector space of dimension deg(D,)/2 over F,.

Proof. For a group G, denote by G its group of characters. If H < G is a subgroup, set
H*={yeG:y=1onH}.

(a) We use a fundamental result from character theory: if G is a finite abelian group and
H < G a subgroup, then each character of H can be extended to a character of G. In other
words, the restriction map G — H defined by y — x|y is a surjective homomorphism. It has
kernel H*, so we obtain the isomorphism G/H* = H. Applying these results to the group

G =Fp[T]/(D) and the subgroup H = R,,(D) yields the claim. This is because the paragraph
preceding Definition 9.1 implies that we may identify G with G, and H+ with N,, (D).

(b) If G and H are in the end of the proof of part (a), then the above discussion implies that
IN,,(D)| = |H*| = |G|/|H| = |G|/|H|, where we used that a finite abelian group is isomorphic
to its own character group. Since |G| = || Dllp = [],cp p*r and |H| = |R,,(D)| = [Ipep pkr,
the proof of the lemma is complete. O
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Next is a basic result regarding the multiplicative relations between the various sets of major
residues.

Lemma 9.3. Let p be a prime, let D, D' € R, and let B be a residue modulo D.
(a) The projection ¥,[T]/(DD’) — F,[T]/(D) given by reduction modulo D restricts to
a surjection R,,(DD’") — R,, (D).
(b) We have B € N,,(D) if, and only if, BD" € N,,(DD’).

Proof. (a) Let deg(D) = 2k and deg(D’) = 2k’. Assume the convention that Rf,h(—l) = {0}.
Then, for every C € R,,(DD’), there exists a polynomial F’ € Rf,h(k + k’ — 1) such that C =
Tm=k=K+1F" mod DD’. So C = T"***1F’ mod D. By Lemma 8.3, there is a polynomial
F € RS"(k — 1) such that F” = T+ -D=(t=Dp = TH F mod D. So C = T""**' F mod D.

Lastly, we prove that the map R,,(DD’) — R, (D) is surjective. If k = 0, then the claim is
trivial because R, (D) = {0} in this case. Assume now that k > 1 and consider C € R, (D).
We thus have C = T **!F mod D for some F ¢ Rf,h(k —1). The polynomial F = T¥'F is
(k" + k — 1)-shifted reciprocal (see remark (c) following Definition 5.1). Hence, if we let C’ be
the class of 7" *=K+1 " modulo DD’, then C’ € R,,(DD’) and C’ = C mod D. This proves
the claim that the map R,,(DD’) — R,,(D) is surjective.

(b) Let B € N,,(D). For each C" € R,,(DD’), we must show that ,(C’'BD’/(DD’)) = 0.
Indeed, we have y,(C’'BD’/(DD’)) = ,(C'B/D). Moreover, part (a) implies the existence
of C € R,,(D) such that C’ = C mod D. We thus have ,(C'B/D) = y,(CB/D) = 0 by our
assumption that B € N,,,(D).

Conversely, assume that B is a residue modulo D such that BD" € N,,(DD’). For each
C € R, (D), we must show that ,(CB/D) = 0 mod 1. Indeed, by part (a), there exists C’ €
R, (DD’)suchthat C’ = C mod D. Thusy,(CB/D) = ¢,(C’'B/D) = y,((C'BD’)/(DD’)) mod
1, with the last equality following from our assumption that BD’ € N,,(DD’). O

We will also use the following more amenable characterisation of the major residues:

Lemma 9.4. Let p be a prime, let m € Zxq, let k € Z1, and let D € R, (k). A residue
B mod D lies in N, (D) if, and only if,

W;;mJ)(B/D) =0 mod 1 forj:(),l,...,k—l-

Proof. By definition, B € N, (D) if, and only if, ,(CB/D) = 0 mod 1 for all C € R, (D).
Since R,,(D) is the image of T’”_k“th (k — 1) mod D, this is equivalent to having

(Ck_le_k+1 44 Cle_l + C()Tm + Cle+1 4+ Ck—le+k_1)B
D

1/ =0 mod 1

for all cq,...,ck-1 € F,. By F,-linearity of i, this is equivalent to having ;.lll(,m’j)(B/D)
Omod 1forall j € {0,1,...,k—1}.

o om

Good representatives. The goal of this section is to establish the existence of a set of ‘good’
representatives for the quotient L,,(D) of N, (D) inside F,[T]/(D). More precisely, we find
such representatives for all D at once.

Definition 9.5 (Good representatives). A collection of sets
Ly ={Ly(D): D eR,}
is a system of good representatives if it satisfies the following properties for all D € R,:

(1) L,(D) c F,[T]/(D) is a complete set of representatives for the cosets of N,,(D) in
Ly(D);
(2) ift B € L,,(D), then deg (B, D), is maximal among all B’ € B + N,,(D);
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(3) it Be L,,(D), then B/(B,D), € L,,(D/(B,D),).
Lemma 9.6. A system L,, of good representatives exists.

Proof. Any coset of N, (D) can certainly be represented by some B € F,[T]/(D) that satisfies
property (2). Thus we can adhere to properties (1) and (2) of Definition 9.5, and it remains to
show that we can achieve property (3) simultaneously. To prove the claim, we will construct
each layer

Ly = {Ln(D) c Fy[T]/(D): D € Ry(k)} C Ly,
separately, by induction on k.

For k = 0 we only have D = 1 with the residue B = 0, and indeed L,,(1) = {0} satisfies
all properties. Next, suppose we have constructed layers L, ; for all j < k. Let D € R, (k)
and suppose we have a set L/, (D) satisfying properties (1) and (2), that is to say, we know
that: (1) L) (D) is a complete set of representatives for the cosets of N,,(D) in L,,(D); (2) if
B’ € L) (D), then deg (B’, D), is maximal among all B” € B’ + N,,(D). We now show how to
construct L, (D) that also satisfies property (3).

Let B’ € L;,(D) and write K = (B’, D),. We will find some B = B’ mod N,,(D) for which
properties (2) and (3) are both satisfied, so we will use this B as the choice in L,,(D) of the
representative of the class of B’.

o If K = 1, property (3) is trivially true, so we simply take B = B’.

e If K # 1,set B = GK and D = HK. Since deg H < deg D, there exists N € N,,(H)
such that G+ N € L,,(H) by the induction hypothesis and property (1) applied to H. We
claim that we may take B = B’ + NK. Indeed, we have NK € N,,(D) by Lemma 9.3(b),
and thus B = B’ mod N,,(H) as needed. Moreover, we have (B’ + NK,D), = K =
(B’, D),, which is maximal within the coset of B’, and thus of B, modulo N,,(H).
Lastly, we have B/K = G + N € L,,(H), so B satisfies property (3) as well.

This completes the inductive construction of L,,. O

The proof of Lemma 9.6 does not indicate whether such a system L,, is unique. In fact, it
is not: for example, if D is irreducible, L,,(D) can be any complete set of representatives as
properties (2) and (3) are trivial. However, the proof does show that our freedom in constructing
L,, lies at most in the choice of the minimal residues:

Definition 9.7 (Minimal residues). If G € L,,(H) and (G, H), = 1, then we call G a minimal
residue modulo H. In this case, we also say that G/H is a minimal or reduced fraction, that
(G, H) is a minimal pair, and that the equivalence class of G in £,,(H) is a minimal class.

We will consider L,,, and hence the sets L,,(D), to be fixed from now on, for all p. We then
also adopt the notational convention

Ln(D) = [ | Lu(Dy).
pEP
for all r-tuples D = (D)) pep such that D, € R, forall p € P.

Crossing residues. This section provides crucial input for the L' bounds that will be established
in §12.

By Lemma 9.3(b), there are multiplicative relations between the sets N, (D) as D € F,[T]
varies: if By € N,,(Dy), then BoD| € N,,(DoD1). (The subscripts no longer refer to indices
of the tuple D.) Swapping the roles of Dy and D1, and recalling that N,,,(DoD) is an abelian
group, we obtain the bilinear map

¥Y: N,(Dg) X Nyy(Dy) = N,,,(DoD1), (Bo,B1) v+ BoD;— B|Dy. 9.2)
We may ask to what extent N,,,(DoD1) can be generated from N,,(Dg) and N,, (D) alone:
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Lemma 9.8. Let p be a prime, and let Dy, D € R, be coprime. Then the map ¥ defined in
(9.2) is a bijection.

Proof. Since the cardinalities of N,,(Dg) X N,,(D;) and N,,(DoD) are finite and equal by
Lemma 9.2(b), it suffices to show that the map ¥ is injective. Let (Bo, B1), (B, B}) € Ny (Do) X
Nm(Dl) and Suppose BoD{ — B|Dgy = B6D1 - B,lDO' Then (B() - BE))DI = (Bl - B'l)D().
Since D and D are coprime, we find that D divides By — 36 and D divides B| — B}. Hence
BO:BéandBlzB’l. O

Definition 9.9 (Crossing residues). Let p be a prime, let Ho, H; € R, and consider residues
Gy mod Hyp and G| mod H;. We then say that the pairs (G, Hp) and (G, H;) are (a pair of)
crossing residues if GoH, — G1Hy € N,,(HyH).

The next statement, a supplement to Lemma 9.8, says that there are no nontrivial minimal
crossing residues.

Lemma 9.10. Let p be a prime, let Hy, H| € R, and consider minimal residues G € L,,(Hy)
and G| € Lm(Hl). IfG()H1 —G1Hy € Nm(HoHl), then Hy = Hy and Go = G.

Proof. Write K = (Hy, H), = (Ho, H;) and fix a factorisation K = KoK such that Hy/Ky
and H, /K, are both reciprocal and coprime to each other (cf. Proposition 2.2). Lemma 9.3(b)
yields that

G H, G HOGN (HoHl)_N (HQHl)
"k "'k ST Uk ) T UMKk K )
Hence by Lemma 9.8, there are Gy € N,,(Hy/Ko) and G, € N,,(H;/K}) such that

H, Hy —H —=Hy — H = _ Ho
G()? - G]? = G()?1 - G]FO = G()K()? - GlKl?'
Therefore (Go — GoKo)H1 /K = (G| — G1K1)Hy/K. Since H,/K and Hy/K are also coprime,
the polynomial Hy/K divides G — GoKy. On the other hand, we have GoK, € N,,(Hp) by
Lemma 9.3(b), so G and GoK belong to the same class in £,,(Hp). Since Gy € L,,(Hp) is
minimal, Gy and Hj are reciprocally coprime. Hence the second property of Definition 9.5 of
the system L, guarantees that Go — EOKO and H are also reciprocally coprime. So Hy/K,
itself being reciprocal, can only divide G — EOKO if K = Hy.

By the same argument applied to H; instead of Hy, we find that K = H;. In particular,
Hy = H;. Hence Gy,G; € L,,(Hyp) and (Go — G1)H| € N,,(HyoH;). Using Lemma 9.3(b),
we conclude that Gy — G| € N,,(Hp). Thus, G and G| represent the same class in £,,(Hp),
implying that Gy = G. O

10. FOURIER ANALYSIS ON Rp

In this section, we develop the necessary tools from Fourier analysis for reciprocal polyno-
mials in order to establish Proposition 2.5.

Lemma 10.1 (Fourier inversion). Let P be a finite set of primes, let D = (D) ep be such that
D, € R, for each p, let m € Z, and let C € R,,(D). Then

L S eWr(CB/D)) = leomaan.

1/2
IDIlp? petrin)
Proof. Observe that

D, eWp(CBID)= > > eWp(C(B+B)/D)).

B mod D BeL,,(D) B’eN,,(D)
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Since e(Yp(CB/D)) = e(yp(C(B+B’)/D)) forany B’ € N,,(D), and we know from Lemma
9.2(b) that N,,(D) contains ||D|| ;D/ % elements, we find that

Ty 2, wr(CBD) = 3 cwr(CBID)

IDllp 5 &4, P BeLn(D)
By the orthogonality relations for characters mod p, the former sum is equal to the indicator
function 1yg mod 0: yp(CB/D)=0 = 1€=0 mod D- O

Let A € Z[T] be a random reciprocal polynomial selected according to Pg(,,) and denote
by A the induced tuple in Rp(m). Fixing D € Rp(k) and C € R, (D), and replacing C in
Lemma 10.1 by A — C, we find

Py (A = € mod D) = Egyiy | —75 > e(Wp((A-C)B/D))

IDllp" pet(p)

75 D, Wp(-CB/D)Eg,m|eWr(AB/D))].

IDlp" pet ()

1

(10.1)

The remainder of this section follows [7, §4] to establish a first step in the proof of Proposi-
tion 2.5, namely the reduction to (10.10) below.

Lemma 10.2. Let m € Z. For every X € Fp((1/T)), we have

m—1
Eacrpm [eWp(AX)] = e(wp(X + 7" X)) | | (05" (X)). (102)
J=0

Proof. We argue similarly to the proof of [7, Lemma 4.1]. Let A € R(m) be a polynomial
sampled according to the measure Pg(,,), and let A, be each reduction modulo p. We may thus
write A = ap + am_1T+---+aoT" +a;T"™ +- -+ a,,T*", where a,, = 1. Asa consequence,
we have

m
e(Wp(AX)) = e(agp (T X)) | | elajup (T X + T X)). (10.3)
j=1
The terms in the product on the right-hand side in (10.3) are independent, and we always have
a, = 1. Hence, taking the expectation on both sides yields the claimed (10.2). O
Let op(m; X) be the absolute value of the right-hand side in (10.2), that is
m—1
op(m; X) = l_[ Aj (l//;m’])(X))'.
j=0

Assume the notation of Lemma 10.2. By (10.1) and Lemma 10.2, followed by an application
of the triangle inequality, we have

1
< 72 Z ap(m; B/D).
IDllp" Bern(p)
B#0

I
P A =Cmod D) -
ety [Fachom (4 = € mod D) DI

Let k € Zs, recall the definition of A;(m; k) from (2.2), and recall also Lemma 8.1 and
Definition 8.4. Using the above inequality, we find that
1
ARmik) < ) — > op(m:B/D). (10.4)

pery, IDNp” Beln(D)
deg D<2k B+0
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Write L,, (k) for the set of all tuples (B, D) with D € Rp(k) and B € L,,,(D). Then

1 1
Z — Z op(m; B/D) = Z — Z op(m; B/D). (10.5)
pery Do BeL (D) kiorzk Lper P2 (5 piat, k)
deg D<2k B#0 Vpep B#0
For each ¢ € Z ), let L,,(k,{) be the subset of L,,(k) consisting of all (B, D) for which the

corresponding minimal pair (G, H) = (B/(B,D),,D/(B, D),) lies in L,,(£). Then

op(m:B/D)= ) ) op(mB/D), (10.6)
(B,D)€L,, (k) 20  (B,D)eL,,(k.0)
B0 t,<kVpep

where we used property (3) of Definition 9.5. The set L,,(k, £) is nonempty only if £, < k,
for all p € P. Conversely, if £, < k, for all p € £, and G/H is a minimal fraction in L,, (),
then the pair (GK, HK) lies in L,,(k, ¢) if, and only if, K € Rp(k — £), which is nonempty.
Therefore

op(m;B/D) = Z Z op(m; GK/HK)

(B,D)eL,,(k.,t) KeR,(k—t) (G,H)EL,,(f)
(G,H) minimal

[1p7 D> opmG/m), (10.7)
peP (G,H)eL,,(¢€)

where )" means that the summation runs over minimal pairs (G, H). With the definition

SR (m; 0) S Z op(m;G/H), (10.8)

¢
Hper P77 et o)
the equalities (10.5), (10.6) and (10.7) imply

2 %/z D, opmB/DY= ) > R(md). (10.9)

pery IDllp” BeL (D) kk,<k 0
degDSZk B+0 \/peP fpSkaPGSD

From (10.4) and (10.9), we conclude

AR (m,k) < 5R (maf) < (k + I)Zr max 5R (m,{)
g k:ék ; g [:([p)pepio P

VpeP fpgkp VPEP 0<€p<kvp67)
To prove Proposition 2.5, it thus suffices to show
_ . 1/10
max 6g(m;t’) < m Fem (10.10)

[:(fp)pefP
0<€p<7m+m0'88 VpeP

11. L*° BOUNDS

In this section, we prove a bound on op(m; B/D) that is useful when the tuple D has a
component of small degree.

Lemma 11.1. Let m € Z-, let uo, u1, . .., um—1 be probability measures on the integers, let P
be a set of r primes whose product is P, and let B € [0, 1] be such that

|a;j(s/P)|< B foralls=1,2,...,P-land j =0,1,...,m - 1.

Let D € Rp be such that deg(D,) < 2(m + 1) for all p € P, let B ¢ N, (D) be a minor
residue class modulo D, and let p € P and k € [1,m + 1] N Z be such that 2k = deg D, and
B, ¢ Ny(D)p). If p = 2, assume in addition that T? +1 1 Dp. Then

op(m; B/D) < ﬁL(m+k)/(2k)J.
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Furthermore, such p and k exist.

Proof. To start with the very last claim, observe that since B ¢ N,,(D), there exists a p € P
such that B, ¢ N, (D). Select any such p and set D := D, and B := B, and k := (deg D)/2.
Then k > 0, because for constant D there is no B available with B ¢ N,,(D).

Now, by Lemma 9.4, the condition B ¢ N, (D) is equivalent to having

TmB Tm—i Tm+i B
res( D )q‘éOmodp or res(( +D ) )iOmodpforsomeieZﬂ[O,k).
In particular, we have
k-1
fi(wy" (B/D)) < B. (1L.1)
i=0

Now, let j € Z N [k, m — 2k] be such that

((Tm—i + Tm+i)B
res
D

)EOmodpforallie{j,j+1,...,j+2k—1}. (11.2)

In the notation of Lemma 8.6, by F,-linearity, it follows that res(CB/D) = 0 mod p for any
CeR,(j, k)C R;h(m). Write R = C rmod D (cf. Definition 8.2). Since R and C differ by a
multiple of D modulo p, we have

RB B
res (3) =res (%) = 0 mod p. (11.3)

Lemma 8.6 implies that the map R, (j, k) — T"**'R"(k — 1) given by C — C rmod D

is surjective. Hence (11.3) holds for any R € Tm_k“Rf;h(k —1). Using Lemma 9.4, this
contradicts the assumption B ¢ N, (D). It follows that there exists a j in any interval of
[k,m] N Z of length 2k such that (11.2) fails to hold. That is, there is an i in any interval of
[k,m — 1] N Z of length 2k such that

Tm—i + Tm+i B
res (( )

0 mod p.
D )imop

Hence there are at least | (m — k)/(2k)| values of i € [k, m — 1] N Z such that
fai(wy(B/D)) < B.
Together with (11.1), this completes the proof of the lemma. O

Remark 11.2. The condition T? + 1 f D, in Lemma 11.1 is the origin of the same requirement
in the definition of A;, see (2.2).

12. L! Bounps

The purpose of this section is to establish bounds of ‘L' shape’ that will allow us to prove
(10.10), and thus Proposition 2.5. Before we proceed, recall the notion of minimal residues
(cf. Definition 9.7).

Definition 12.1. Let p be a prime and H € R,. We denote by L, (H) the set consisting of
nonzero minimal residues G € L,,(H). Furthermore, for every ¢ > 0, let L} () = {(G, H) :
HeR,(),G € L;,(H)}. Similarly, if # is a finite set of primes and H € Rp, then we let

L;(H)={(G,H): (Gp,H,) € L, (Hy) ¥p € P}.
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Motivated by (10.8), we will develop a general bound for the quantity

F,(G/H),
HeR, (¢) GEL},(H)
where p is a prime, m > ¢ > 1 and v > 1 are integers, fo, fi,...: R/Z — Ry are functions,
and
F(X) = Hf, (w7 (X)) for each X € F,((1/T)). (12.1)
j=0

We first describe a suitable cover of the ‘unit circle’ T, = {X ;¢ ij € F,((1/T))}. For
each X € F,((1/7)), let

B, (X) = {Y eT, : y" ) (¥) =y " (X) forall j=0,1,....w— 1}.
Note that F, is constant on B,,(X) for w > v. In addition, these ‘balls’ have the property
YeB,(X) = 8,J)=8,X). (12.2)
Lemma 12.2. Let p be a prime, w € Z>oand X € ¥,((1/T)). Then B,,(X) has Haar measure
p".
Proof. Denote by Y the set of all p" elements of T, of the form

w—1

Z o (12.3)
=0

It suffices to prove that S = {Y + 8B,,(X) : Y € Y} is a disjoint cover of T,. Indeed, note that
the elements of S are p" translates of B,,(X), so the translation-invariance of the Haar measure
immediately yields that the measure of B,,(X) is p™"

To show that S covers T, let Z € T, and, foreach j € {0, 1,...,w—1},leta; € F, be such

that 1//(’"])(2) =a;/p+ w(m])(X). For

—

Y= aqr !

i

=

Il
o

we have z,//](,m’j) (Y) = a;/p for each j, meaning that Z € Y + B,,(X) € S. This proves that S is
acover of T),.

It remains to show that the elements of S are disjoint. Indeed, assume that Z € (Y| +
B, (X)) N (Y + B, (X)) withY;,Y> € Y. Then, foreach j € {0, 1,...,w — 1} we have

up" N (Z=1) = u" (%) = gt (2 - 1),
whence i/ p" Dy = a,[/(m ) (¥,) by F,-linearity. Expanding the latter equality, and using that ¥
and Y, are both of the form (12.3), we find that the coefficients of the monomial 7-"~/~! in the

expansions of Y1 and Y; coincide. Another application of (12.3) yields Y; = Y>. This completes
the proof of the assertion that the elements of S are disjoint, and thus of the lemma. O

Lemma 12.3. Let p be a prime, let v € L, let fy, fi,..., fy-1: R/Z — R be functions, and
let F, be defined by (12.1). Then

/T Fu(X)dX = p~ ﬂ (Zf,(f/p)

£=0
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Proof. Let M denote the set of residues of the form (12.3) with w = v, and observe that F, is
constant on Y + 8B,,(0), for each Y € Y. Hence, the proof of Lemma 12.2 implies that

v—1
[ reax=3 [ Reoa=pr Y Rm=p7 Y Y [ st
T, yew ¢ Y+5:(0) yey C0rCy_1€F ), j=0
Interchanging sum and product yields the claim of the lemma statement. O

Lemma 12.4. Assume the notation of Lemma 12.3, and let € € Z, 5. Then

v=1 [ p—1
]‘[mw’"”(G/H)) <] (Zf,(f/p)) (124)
HeR,(¢) GeL;,(H) j=0 j=0

Proof. Set B(X) = By (X) for any X € F,((1/T)). Then F, is constant on B(X) by the
assumption that £ > v/2. Thus the left-hand side in (12.4) equals

F(GIH) = > ) p”/ Fo(X)dX (12.5)
HeR,(6) GeL;, (H) HeR,(¢) GeL;, (H) B(G/H)

by Lemma 12.2. Next, we show no two balls for varying G and H overlap. Let H, H" € R, ({)
andtake G € L} (H)and G’ € L) (H’). Suppose B(G’/H’) and B(G/H) intersect nontrivially,
in which case they must be equal (cf. (12.2)). Then for each j € {0,1,...,2¢ — 1} we have
w\" (G ) =y (G/H), that is, y "™ ((G’H — GH)/(HH")) = 0. Lemma 9.4 thus
implies that G'H — GH’ € N,,(HH’). By Lemma 9.10, we find that H = H' and G = G’ as
needed.
We have thus shown that no two balls for varying G and H overlap. It follows that

v—1
20 20 _ 26—y
p /B«;/H) R0 < [ RGO =p D)(Zf,(f/p))

P £=0
(12.6)
by Lemma 12.3. Combining (12.5) and (12.6) proves the result. O

HeR,(¢) GeL;,(H)

Lemma 12.5. Let P be a finite set of odd primes with P := [],ep p. Suppose y > 1/2 and
a > 0 are such that

0-1
forall j =0,1,...,m—1and all Q,R,C € Z with QR = Pand Q > 1. Let { € Z;O and
L =max{{, : p € P}. Then

1;(k/Q + ¢/R)| < aQ'™”

6;(1’”,{) < Pmax{O, L—ym}amin{m, 2L}.

Proof. The needed bound follows immediately by translating the corresponding proof [7,
Lemma 6.3] to our setting. In that lemma, there is a parameter s; here, we only consider
the corresponding case where s = 1, which makes the proof here slightly easier. In particular,
the proof in [7] starts by expanding their formula (4.7) (which corresponds to our (10.8)), then
removing some of the terms using the trivial bound | Ji j| < 1 and applying Holder. We do not
need this step. More precisely, we need to stick with the case corresponding to s = 1 because
we cannot carry out the Holder procedure, see Remark 12.6 below. Note also that the letter m
here corresponds to the parameter (n — 1)/s in the notation of [7] (which is denoted by m in

[7D). O
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Remark 12.6. Taking s > 1 in [7, Theorem 7], we find that the authors proved results that
are, in their strongest form, of type “a standard polynomial B of degree n has no divisors of
degree < 6n” for some absolute 0 < 8 < 1/2. As commented on in the introduction and in
Remark 3.1, we do not prove such results here. Indeed, the case s > 1 in [7] requires using
Holder in their Lemma 6.3, which is the analogue of our Lemma 12.5. After applying Holder,
they can simply shift the residues and obtain their inequality (6.2). In contrast, such shifting
of residues G mod H would not be possible after applying Holder to the expression for our
(52 (m;€) (roughly (10.8)) because such shifts do not always land in L) (H). This can be
circumvented by changing in the definition of our Ag (see (2.2)) that the sum only extends over
D for which D, is coprime with T 241 foralli =1,2,...,m and all p € P. Unfortunately,
this leads to further problems in the anatomy (§13).

We now come to the proof of Proposition 2.5.

Proof of Proposition 2.5. We follow the proof of [7, Proposition 2.3]. Recall that it suffices to
prove (10.10). We denote L = max{{, : p € P}.

First suppose L < (m/logm)'/>/(2P). Using the assumptions with Q = p € P and £ = 0,
we find that Zf{:(l)m j(k/ p)l < \/172 Combining this with [7, Equation (2.8) and Lemma 3.6],
we deduce that | (k/P)| < 7'/ for all k not divisible by P and all j = 0,...,m — 1. Thus
we may apply apply the the L*® bound from Lemma 11.1 with 8 = e~!/7* to obtain

SR (m; ) < % max op(m:G/H) < pLeLim+L)/2L)1/P2
P(m:0) [l;l,p (G.H)<L, (0) )

< exp(Llog P — m/(2LP?)).
Eliminating L and then P using the assumption P < m'/* shows

1/2
m < m'/?(log P — 2log m) < —zm1/4(10gm)1/2,
2L P2 2P(log P)!/2 8

LlogP —

which is < —m!/3 since m > P* > 16. Hence
R . _ml/5
Op(m;t) < e ,

proving (10.10) in this regime.
In the range
(m/logm)"?/(2P) < L < ym
we apply the L' bound from Lemma 12.5, where we may use @ = 1 — m~1/10
assumptions. This yields

as input by our

5;(’%;[) < PmaX{O,L—ym}amin{m,2L} < a,L < exp(—Lm_l/lo),

4 1/10

which, using P < m'/%, is < exp(=m3/?°/(41ogm)'/?) <« exp(—m'/®) <, m™2 ™™
This leaves the range
ym < L < ym +m°38,

for which we employ the L' bound from Lemma 12.5 again. In this case we find

8

5;(1’)1;[) < PmaX{O,L—ym}a,min{m,2L} < Pmo' 0.89)’

8
o™ < exp(m®®logm — m*®) < exp(-m

proving (10.10) in this range as well. O
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13. ANATOMY AND LARGE DEGREE FACTORS

In this section, we prove Proposition 2.6, which shows how bounds on Ag translate to
irreducibility.

Recall Definition 5.8, where we defined a measure PR p((,) on the set M(m) of monic
degree m polynomials in Z[T]. This is the measure induced by Pg(,, after taking the trace
polynomial. It induces further probability measures IPg a1, (m) and Pg ap,(m) in the same
manner as the measures ]qup (m) and Pg,,(,,,) are induced by Pg(,,). Set

1

App(m;k) = Z max_|PR_eptp(m (A = C mod D) — . (13.1)
C mod D ||D||p
DeMp
deg D<k
T{D, VpeP

Lemma 13.1. Let m > k > 1 be two integers. For any choice of probability measure Pg ),
we have Ag.p(m; k) < A;(m; k). In particular, the conditions of Proposition 2.5 imply

0.88)

App(m;m/2 +m <, exp(—ml/lo).

Proof. For all polynomials A, C, D € F,[T] such that deg(A) = m and deg(C), deg(D) < m,
we have A = C mod D if, and only if, AR = C®” mod DR by Lemma 5.3. Thus, if we let
A = AR™ = AR € = CP" and D = DR, then we find

PR.AeMp(m) (A = C mod D) = ]PAERp(m) (A

C mod ﬁ).
Consequently,

1
1Dl

Apg (m; k) Piegpm (4 = T"C(T +T7!) mod D7) -

Z max
C mod D
DeMp e
deg D<k
TiD, VpeP

P icrp(m) (A =T"C(T +T"") mod [)) -

Z max.
DeRy C mod Dg
deg D<2k
T2+14D ), VpeP
Since the map Fp[T]/(DRr) — R, (D) sending C — T"C(T + T~") mod D is bijective when
deg(D,) < m (cf. Lemma 8.1 and Definition 8.4), we conclude that the only difference between
ARp.p(m; k) and A;(m; k) (see (2.2)) is that in the latter we require 72 + 1 ¥ D> whereas in the

former we demand 72 + 1 4 D, for all p € . Hence AR p(m; k) < A;(m; k). |
We will show that this suffices to prove that AR is irreducible with high probability. Indeed, as

we will argue below, the main result of [7, §§8—10] is roughly the following. Given a probability
measure P y((,,) on M(m), a finite set of primes # and integers m, k > 1, let

Ap(m: k) = P (A =C mod D) - . 13.2
pOmik) = ), max [Pacypn(4=Cmod D) =t (132)
DeMyp
deg D<k
TtD,VpeP

In [7], the authors used the measure IP () such that the coeflicient a; of T/ is sampled
independently from the rest according to a probability measure y; on Z[T] satisfying various
conditions. They showed for this measure that if Ap(m; k) is small for k slightly larger than
m/2, then A does not have any factors of degree in [m'/!%, m/2] (see Lemma 9.4 and §10 in
[71), which is the analogous result to Proposition 2.6. It turns out that this proof uses very little
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about the specific structure of the measure IP p((,,) with each coeflicient sampled independently.
We will thus be able to adapt it easily to the measure PR p((,). To stress this point, we will
prove a more general result.
Recall that .
0= T log2”
We then have the following general lemma.

Lemma 13.2 (Large degree factors in [7, Proposition 2.2]). Let € € (0,1/100], let m € Z>,,
and let P pq(m) be a probability measure on the set M(m) of monic polynomials of degree m
satisfying the following conditions:

(1) There is a set P of four primes such that Ap (m;m /2 + m*0*¢) < m™39;

(2) Paemm) (T”M’"S/zoologm | A,) < m~ forall p € P.

Then there are constants ¢, C > 0 depending at most on & such that
P aemm) (A has a factor of degree in [ml/lo, m/2]) < Cm™‘.

Proof. We make some observations about the use of independence in [7, §§8-9]. First, every-
thing in their §8 is already formulated in the required generality. In their §9, we encounter the
sequence of probability measures o, (1, . .. in each of their Lemmas 9.1-9.4. The proofs of
their Lemmas 9.1-9.3 do not use that the measure IP 5((,,,) is induced by these, so the lemmas may
as well be stated for a general measure [P p((,,). This leaves only their Lemma 9.4, a statement
having as one of its hypotheses the anti-concentration inequality

sup Z uilay<1-6 Vpef. (%)

I<j<m 4= mod p

To be precise, this is the right-hand side of their (9.15). However, the assumption (%) only
serves the purpose of showing, in their notation,

Pacptin (77002 [ 4, ) <™ Vp e P (13.3)

Indeed, this is established in and around their (9.17) and (9.18). Thus we may take (13.3) as an
assumption in [7, Lemma 9.4] instead of (x). The remainder of the proof of their Lemma 9.4
does not make use of the independence of the coefficients of A.

Now, observe that condition (1) in Lemma 13.2 is the same as condition (b) in [7, Proposi-
tion 2.2] in the case 6 = 1/2. Our condition (2) is implied by the latter half of their condition
(c), and in particular suffices for our purposes, which are to be able to apply the revised version
of [7, Lemma 9.4] where (x) is replaced by (13.3). Their condition (a) as well as the first
half of their condition (c) are only used to rule out factors of small degree by means of [7,
Proposition 2.1], and thus we do not need them here. Hence the result follows by the proof of
[7, Proposition 2.2], given in their §10. m|

This brings us to the proof of Proposition 2.6. We first prove the following, more general
version.

Proposition 13.3 (Large degree factors alternative). Let m € Zs and € € (0,1/100]. Let
PR(m) be any probability measure on R(m) satisfying the following:

(1) There is a set P of four primes such that A; (m;m/2 + m"+e) < m™3.

(2) P pcr(m) (T2 + 1)1H4mPlogml | A Y < i~ for all p € P.

Then there are constants c,C > 0 depending at most on € such that

P ser(m) (A has a reciprocal divisor D € R(k) with k € [ml/lo, m/2]) < Cm™°.
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Proof. In light of Lemma 13.1, the conditions in Proposition 13.3 imply those of Lemma 13.2
for the probability measure I°r p((). Thus there are constants ¢, C > 0 depending at most on
€ such that

PR BeM(m) (B has a factor of degree in [ml/lo, m/2]) < Cm™°.

Making the change of variables A = BR, and noticing that B has a factor of degree k if and only
if A has a reciprocal factor in R(k), this is equivalent to

P scr(m) (A has a reciprocal divisor D € R(k) with k € [ml/lo, m/2]) < Cm™¢,
which was to be shown. O

When the coeficients of the reciprocal polynomial A are induced by a sequence of probability
measures u; — as we assume everywhere else in the paper — we may replace condition (2) of
Proposition 13.3 by a (perhaps more appealing) condition on the ;. This is entirely similar to
the result that (%) implies (13.3). In particular, to prove Proposition 2.6, it suffices to show that
its condition (2) implies condition (2) of Proposition 13.3. To prove this, we first give a general
lemma.

Lemma 13.4. Let o, ..., -1 be probability measures on Z, and let Pg ) be the measure
defined by (1.3). Let p be a prime and 6 > 0, and suppose that
sup Z pjay<1-6 forallje{0,1,...,m—1}. (13.4)
0<b<p-1 4=p mod p

Then, for every D € R, (k) with k € Z N [1,m], we have
Pacrm) (D | Ap) < e %k,
In particular, if we let v = [c6~ " logm] with ¢ > 0, then
Pr.gepmom) (T" | Bp) < m™.

Proof. Thisis essentially [11, Lemma 39] or [25, Lemma 4.1], adapted to the reciprocal setting.
For each j € [k,m — 1] NZ, pick a; according to the measure on F, induced by u; and set
A = Y ai (T +T") € Fp[T]. Write R := A’ rmod D € T"**'RS"(k — 1) for the
polynomial with R = A” mod D. Conditionally on the choice of ay, ..., a,;—1, we have that
DA, &= a ™ +a(T™" +T" Y+ ... +a(T" "+ "1 = A" mod D
=  aol™ +a (T +T" Y + .+ ap (T K 4 pmrkely = R,
We thus see that the coefficients ay, ..., a—; are fixed. Using our assumption (13.4) proves
that the probability that D|A, conditionally on the choice of a, . . ., am—1 is < (1-6)* < e™k.

This proves the first claim.
To see the second claim, note that

113R,Bbe/\/((m) (Tv | Bp) = ]PAeR(m)((T2 + 1)V | Ap) < m—c’
where we made the change of variables A = BR. Thus the proof is complete. O
Proposition 2.6 is now a simple corollary of Proposition 13.3:

Proof of Proposition 2.6. 1t suffices to show that the conditions of Proposition 13.3 are met.
To this end, it suffices to show that condition (2) of Proposition 2.6 implies condition (2) of
Proposition 13.3 for the measure Pg p((n)- Indeed, applying Lemma 13.4 with § = m~%/2%
and ¢ = 4 yields, for any p € P, the inequality PR,BGM(,,Z)(TM”’MOO logm | B,) < m™*. This is
stronger than condition (2) of Proposition 13.3, thus completing the proof. O
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14. THE HYPEROCTAHEDRAL GROUP AND ITS SUBGROUPS

We have now proven Propositions 2.3-2.6, which together yield that A is irreducible with
high probability under a wide range of choices of the probability measures u; — essentially
(1.6). In the remainder of the paper, we study the Galois group of A.

In this section, we describe the generic Galois group of a reciprocal polynomial A € R(m),
which is the hyperoctahedral group denoted C, ¢ S,,. Furthermore, we describe the ‘large’
subgroups of C; ¢ S,,;, in a sense made precise by Lemmas 14.4 and 14.5. The latter is a
FLuczak—Pyber theorem for the group C, ! S,,, which is not used in this article but might be of
independent interest.

The hyperoctahedral group. The zeros of a squarefree reciprocal polynomial A € R(m) are
2m distinct algebraic integers that may be labelled as

ay,q,...,q, and @y = al_l,a/_z = 0151, e Oy = 0;11.
An element o of the Galois group G4 < Sy, of A is in particular a field automorphism and thus
o(a_j) =o(a j)_1 for all j. In other words, the Galois group G4 preserves the block system

B ={ar,a-1},...,Bn = {am, a—n}

in the sense that for all i and all o, there exists j such that o(8;) = 8B;. This shows that the
action of the permutation group G4 on the set of zeros of A is imprimitive. (In general, if a
permutation group G < §,, preserves some partitioning of {1,2,...,n} into at least two sets of
equal size, then G is called imprimitive.)

The group G4 naturally lies in the hyperoctahedral group C, ! S,,, which is an example of a
permutational wreath product. In general, if G is an abstract group and K < S, is a permutation
group, then G ¢ K is the semidirect product G™ >~ K under the automorphism of G™ induced by
K through permutation of the m copies of G. Explicitly, it is the group with elements G x K
and product

((&)i»0) - ((eD)in o) = ((&i8], 1 ) )i T0).

The group C; ! S, is also known as the Coxeter group of type B,, or as the signed symmetric

group. The last name comes from its action on the set {-m,...,—1,1,...,m} of 2m signed
letters (the set of indices of the «) given by the explicit formula
((&i)i» o).k = sign(k)eqkpo (1k]). (14.1)

This induces the action of G4 on the zeros of A; it is clear that this action preserves the pairs
{k,—k}. Moreover, the formula (14.1) gives a procedure to determine the cycle decomposition
of an element ((&;);,0), viewed as an element of S,,,. For example, we have C; ¢ Sy >
((-1,1,-1,1),(12)) = (12-1-2)(3-3) € Ss.

We refer to [33] for a proof that a generic reciprocal polynomial of degree 2m has Galois
group C2 ! Sy

Subgroups of the hyperoctahedral group. Consider the following proper subgroups of S,
(1) The index-2 subgroup

G1={((&)i-0) € G2t Sy | &= 1} = (G20 8) 0 A (14.2)

1

(2) The index-2 subgroup
G = {((&1)i»0) € G2t S,y : sign(o) [ | i =1} (14.3)

which, as a set, is ((C}' X Ap) N Azm) U ((C) X (S \ Aw)) N (Sam \ Azm));
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(3) The index-2 subgroup

Gs ={((&)i,0) € S, : sign(o) =1} = G L Ay (14.4)
(4) The index-4 subgroup arising as the intersection of G, G;, and G3,
Ga = {((8)i,0) € 21 Sy : sign(o) = | | & =1} = (G2t Ap) 0 Ay, (14.5)

1

Remark 14.1. The groups G, and G are not permutation isomorphic, but they are isomorphic
when m is odd: the map is G, — Gy, ((&);, 0) — ((g; sign(0));, o).

The group C; ! §;, comes with the projection map
proj: G2 S, — S,
((i)io) 0.
The purpose of this subsection is to show that any proper subgroup H < G, S,, that projects

onto S, or A, is either one of the ‘large’ groups G, G, G3 and Gy, or is contained in the
‘small’ group

Gs = {((8,')5,0‘) ECS, 1= =...= Sm} = XS, (14.6)

The reason to restrict to subgroups projecting onto A,, or S, is because we prove in §15 that
proj(Ga) is with high probability either (A, or S,,.
We start with the following standard result on the subgroups of a semidirect product.

Lemma 14.2. Let G < K be a semidirect product, with G an abelian group. For any subgroup
H < G =< K with proj(H) = K, the set V. = G N H = {((&);,id) € H} is a K-invariant
subgroup of G. Furthermore, given a K-invariant subgroup V of G, the set of subgroups H (up
to conjugation) with G N H =V is in bijective correspondence with the first cohomology group
HYK,G/V), via the map

H' (K,G|V)> & He ={(g,0) : 0 €K, g = &(0) mod V}. (14.7)

Proof. Since H is closed under conjugation by itself and G is abelian, the group V contains the
element

(Do) - ((£)ixid) - (€)1, ) = ((£g-1()is i)
for any ((&;);,1d), ((&));, ) € H. Hence V is a K-invariant subgroup of G. This proves the first
claim. For the second claim, we refer the reader to [2, Section 17] or [1, Lemma 3.3]. O

To apply Lemma 14.2, we study the invariant subgroups of CJ" by the permutation actions of
A, and S,,. The following lemma is probably well-known.

Lemma 14.3. For m € Z3, the only invariant subgroups V C CJ' by the permutation action
of Ay, are

Vo=A{(,...., D)}

Vi={(-1,....,-1),(1,..., 1)},

Voot = {e € G : e = 1}

Vin = CJ.

The same is true if Ay, is replaced by S,,.

Proof. For S, a proof of this result is given in [3, Lemma 4.2]. The proof for A,, we give
here proceeds in similar vein. If an invariant subset V' c CJ" is different from Vj and V), then
there exists &€ € V and distinct i, j, and k such that &; = &; = —g;. Consider o = (ijk) € A,,.
Then & = & - (&) has all entries equal to 1 except for the i-th and the k-th. Permuting &’ by
permutations that are products of two transpositions, we can form all tuples in C)* with only
two entries equal to —1. Such tuples span V,,_1. If V # V,,_;, then V = V,, since V,,_; is of
codimension 1 in V. O
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Lemma 14.4. Let m > 5. Let H < ('S, be a nontrivial subgroup that projects onto
K € {Sy, An}.

¢ If[C!S, : Hl <2" Y and K = S,, then H € {G1, G»}.

o If[C1S,, : H < 2™ ' and K = A,,, then H € {G3,G4}.

¢ If[C!Sy : H] > 2"\ then H< V; X S,, = Gs.

Proof. We apply Lemma 14.2. Let K € {S,,, A, }. Suppose V = Vy and ¢ € H' (K, cy/v).
Then each o € K gives rise to precisely one element in the subgroup H; appearing on the
right-hand side of (14.7). Hence H is of cardinality |K|, so its index in G2 S,, is 2™. Similarly,
if V =V}, the index of any resulting He is 2"~!. We may thus disregard the cases V € {Vy, V1 }.
It remains to compute the cohomology groups and resulting groups Hg for V € {V,,_1,V,,}. We
consider the case K = ‘A,,, since the case K = §,, was already covered in [ 1, Theorem 3.4 and
Remark 3.6]. First,

H' (A, C [Viu1) = Hom(Ay, CF [Viu—1) = Hom (A, C2),

since the action of Ay, on CJ'/V;,—1 is trivial and C}'/V;,—1 = C;. Hence HY(A,, Cy' [Vin-1)
is trivial, because A, is simple by the assumption m > 5 (so any homomorphism must have
kernel A, or 1, and only the former is possible in this case). The corresponding map £ is hence
the map sending everything to 1, which gives the group {((&;);,0) € Cot A, - [1 & =1} = Ga.
ForV =V,,, we find

H' (A, CJ V) = H (Ap, 1) = 1
which gives the full group C; ¢ A, = G3. O

The next result is an immediate consequence of the preceding discussion and the classical
Fuczak—Pyber theorem; even if it is not needed anywhere else in the paper, we include it as we
could not find it recorded anywhere else.

Lemma 14.5 (Luczak-Pyber for C>2S,,). Let T, be the union of all proper subgroups H < C)tS,,,
with H + G1, Gy, G3, G4 that are transitive on the set {-m,...,—1,1,...,m} by the action
given in (14.1). Then there is an absolute constant ¢ > 0 such that

BT [#(Co 1 Sp) < m™.

Proof. Let H be a subgroup of C; ¢ S,,. Then proj(H) is a subgroup of S,, and comes with the
action on the set of pairs Y = {{j,—j} : j € ZN [1,m]} givenby o{j,—j} ={co(j),-0(j)}
for any o € proj(H). This coincides with the action of H given by (14.1) on Y. In particular, if

the action of H on {-m,...,—1,1,...,m} given by (14.1) is transitive, then the action of H on
Y is transitive, so the action of proj(H) on Y is transitive as well — i.e., proj(H) is a transitive
subgroup of S,,,.

Now write

To = T UT,!
where 7, is the union of all transitive H < Gy S,, with proj(H) ¢ {Sy,, An}, and 7, is the
union of all transitive H < C; ! S, with proj(H) € {S,;, A} and H # G1,G3,G3,G4. Then
the classical Luczak—Pyber theorem [26] implies the existence of an absolute constant ¢ > 0
such that proj(7,,) is of size <« m!/m¢. Since the map proj: C; ! S,, — S, is 2" -to-one, this
implies 7, is of size < 2"m!/m¢. Lastly, by Lemma 14.4, we find that 7" is contained in
Cy X S, which is of size 2m!. This completes the proof. O

15. THE GALOIS GROUP OF AR

The projection proj(Ga) conveniently equals the Galois group of Ag, as we show in the
following lemma.

Lemma 15.1. We have G, = proj(Ga).
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Proof. Let B = Ar. The trace polynomial B has zeros a; + a_1,...,a, + a—,. Denote the
splitting fields of B and A by Kp and K4. These are Galois extensions of Q with Kz C Kj4.
A standard result in Galois theory now says that any automorphism o € Gp can be extended
to an element of G4, and conversely that the restriction of an element of G4 to Kp gives an
element of Gg. Suppose 7 := ((&;);, o) € Ga. Then the restriction 7|x, € G maps @ + @_i to
Qo (k) + @—g (k). In particular, since the zeros of B are invariant under the maps a; — a@_;, the
action of 7 on the zeros of B only depends on . So we may identify 7|x, with proj(r) = o
Conversely, if o € Gp, then any extension of o to G4 is of the form ((g;);,0) for some
(81'),' € Céﬂ . O

In the remainder of this section, we show that G4, is A, or S,, with high probability. Here we
use the results from [7], but since the coefficients of Ag are not independent random variables,
we have to make a careful analysis of the use of independence there, just as we did in §13. We
start with the following lemma. For this, we recall the notation A, defined in (13.2) (with the
usual convention that A, = Ag,y).

Lemma 15.2. Let IP p((,y) be any probability measure on the set M(m) of monic polynomials
of degree m. Sample B according to P py(,n) and let B, = (B mod p) € F,[T] be its reduction
modulo p. Fix a prime p. Furthermore, fix a real number € > 0 with the properties

(1) A, (m,m/2 + mAOJ“g) <m0
(2) Forv > (logm)?, we have P gepm(m) (T | Bp) < 1/m.
Then there are constants c, C > 0 depending at most on € such that

P se () (gB ¢ (A, Sy} and B is irreducible) <Cm.

Proof. This is an adaptation of [7, Proposition 2.4]. Denote their sequence of probability
measures by ug, ..., ¢ . The difference between that proposition and our lemma is that we
replaced the condition

1
sup wi(a) <1 - — (15.1)
1< j<m Eozm;)dp / (log m)?
by our condition (2) and dropped the condition that IP o((,,) is induced by a sequence of measures
Mg - - -5 1, — that is, that the coefficients of the polynomial M(m) are independent random

variables. To show that the conclusion of the lemma continues to hold under this weakened
condition (2), we analyze the use of (15.1) in [7]. Note that this is the right-hand side of their
Assumption (11.3), which is used in the following places:

e Proof of Lemma 11.1(b): Here, the assumption is only used to ensure that the conditions
of [7, Lemma 9.4] are met with & = 1/100, 6 = 1/(logn)?, 6 = 1/2, and P = {p}.
However, in the proof of Lemma 13.2, we showed that the conditions of [7, Lemma 9.4]
can be weakened to a condition that holds under our condition (2).

e Proof of Lemma 11.5: The assumption is used only to prove our condition (2).

e Statement of Lemma 11.6: The assumption is also included here. But Lemma 11.6 fol-
lows immediately from combining Proposition 12.1, which does not use this assumption,
with Lemma 11.1, which we already discussed.

This finishes the proof. O
Now we adapt Lemma 15.2 to the setting of reciprocal polynomials.

Lemma 15.3. Consider probability measures uo, 41, - . . , dm—1 on the integers. Fix a prime p
and a real number € > 0 with the properties

(1) AIF}(m,m/Z + m+e) <m0,

(2) SUPo< j<m SUPo<b<p Za=b mod p pj(a) < 1- (10g1’¢1)2'
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Then there are constants c, C > 0 depending at most on & such that
P sger(m) (QAR ¢ {Au,S,} and A is irreducible) <Cm™°.

Proof. Our aim is to show this using Lemma 15.2 for the probability measure PR p((m)-
In light of Lemma 13.1, the first condition in Lemma 15.2 follows from our condition (1)
here. In addition, Lemma 13.4, which we may apply with 6 = (logm)~2 and ¢ = 1, yields
PR e M(m)(Tr(log m1 divides B,) < 1/m, which is more than we needed to show. Lastly, if
A 1s irreducible then B = AR is irreducible, so the conclusion of the lemma follows from
Lemma 15.2. O

16. THE GALOIS GROUP OF A

This section contains the proof of Proposition 2.7. The only remaining preparatory work
to complete that proof, as we will now explain, is to show that with negligible probability
Ga < Gs = Gy X S, (recall its definition, (14.6)). Indeed, if A is irreducible, combining the
results of §14 and §15 already yields with high probability that

Ga € {C2084,G1,G2,G3,G4} or G < Gs.

Observe that G4 < G| for any m. To prove Proposition 2.7, it thus suffices to show that G4 < G
and G4 < G5 occur with negligible probability (in fact, G5 < G for even m, but we shall not
use this observation in the proof). Recall that G| < Ay, and that a squarefree polynomial
A has G4 < Ay if, and only if, its discriminant A(A) is a nonzero square (Lemma 7.1).
We already studied the question how often A(A) is a nonzero square in §7, where we proved
Proposition 2.8; this will suffice for our purposes. Thus it remains to treat the group Gs, which
we do here.

The group G5 is very small compared to Cs ¢ S,, — of index 2”~! in the latter, to be precise;
one should thus expect it to be unlikely to be the Galois group of A. The next lemma forms the
basis of our proof that this intuition is correct.

Lemma 16.1. Let m € Z>| and let A € R(m) be squarefree. In addition, let p be a prime, let
d € L3 and let I € R,(2d) be irreducible over ¥, and such that I | A, but I’ ¢ A,. Then

Ga £ C X S

Proof. The proof is inspired by [7, Lemma 11.3]. Let F be the splitting field of A over Q and
write OF for the ring of integers in F. For x € OF, denote by X its reduction mod p to the field
Or/p. Consider a prime ideal p of O lying over p. Recall that the Frobenius automorphism
¢p: Or/p — OF/p, defined as ¢, (x) = x”, lifts to an element ¢ € G4.

Write @y, ..., a2, a1 = (@)~} ..., @-04 = (@2q)~' € Og/p for the zeros of I. Since I is
irreducible and divides A, just once, the action of ¢, on the @; is transitive and the orbit of
each @; is of length 44.

Without loss of generality we may label the zeros of I so that

¢({a;,a_;}) ={ajs1,a_+n}y forj=1,2,...,2d,
with the convention that @, (24+1) = @+1. Hence, if we identify S, with the group of per-
mutations of the symbols +1, +2, ..., +m, with the convention that +; corresponds to @.; for
j =1,...,2d, then we find that ¢ contains the cycle (12 ...2d —1 —2 ...—2d) in its disjoint
cycle decomposition. Writing ¢ = ((&;);,0) € C2 1 Sy, this implies that o contains the cycle
T =(12...2d) inits disjoint cycle decomposition.

Let us now consider ¢, = ((1,...,1),0) and ¢_ = ((—-1,...,-1),0). If G4 < C, X S,,,
then we must have ¢ € {¢. }. But this is not possible. Indeed, by (14.1), viewing ¢.. as elements
of Sy, we get that ¢, contains

me=(12...2d)(=1-2 ... =2d)
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in its disjoint cycle decomposition, and that ¢_ contains
n_o=(1-23-4...-2d)(-12-34 ... 2d)
in its disjoint cycle decomposition. In particular, ¢ # ¢@.. O
Our next result about Galois groups, Lemma 16.3, necessitates the following auxiliary lemma.

Lemma 16.2 (Prime Polynomial Theorem for reciprocal polynomials). Suppose m € Zs is
an integer and p is a prime and let S,,(2m) denote the number of monic irreducible reciprocal
polynomials of degree 2m over ¥ ,. Then, denoting by u the Mobius function, we have

S, (2m) ﬁ(p’"—l) if p > 2 and m = 2° for some s, (16.1)
m) = .
! 5= Yaim.21a H(d)p™?  otherwise.
In particular,
m m/3
Spm) > £ - (16.2)
2m m

Proof. The expression for §,,(2m) in (16.1) comes from [28, Theorem 3]. Combining that with
the trivial lower bound u(d) > —1 for d > 3 yields (16.2). O

Lemma 16.3. Let m € Z> and p be a prime. Suppose AIF}(m;m/2) < m™. Then, for every
fixed € > 0, we have

P acr(m) (A is irreducible and G4 < C; X Sm) <, m~1/4+e,

Proof. Define the set

I = U {I € R,(2d) : I irreducible over F,, }.
1<d<m/(2logm)

Observe that 7 is the set of candidate polynomials / in the statement of Lemma 16.1 in a
restricted degree range. Hence it suffices to prove that for any & > 0, there exists a constant
C, > 0 such that

P scg(m) (31 el:1|A, I*f Ap) > 1= Com1/4+e. (16.3)

Since each I € I isirreducible and the map (—)R is injective, the polynomials /g with I € T
are irreducible and distinct. Now, consider

FRITIN0} = Zs.  f(G)= ) L.
1|GF{,€1€J(GR

The function f is additive: that is, f(GGy) = f(G) + f(G,) whenever G| and G, are

coprime (because we must then also have that G'lq and G;‘ are coprime — see Lemma 5.11).
With this notation, (16.3) is equivalent to showing that

Pr.semm (f(Bp) = 0) < Com™/#+*. (16.4)
Let
{ = Lm/log mJ
and, for G € M(m), write
GSO - [ I

JY|Gp, J irreducible
deg J<C, J£T

for the £-smooth part of G, (see [7, Equation (9.2)]). We have

Prsentin (f(Bp) = 0) < Prsenton (/(B5”) =0). (16.5)
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Having set up notation, observe that f(J") € {0, 1} when J € F,[T] is monic and irreducible
and v € Z3;. So we may apply [7, Lemma 9.2(a)] with parameters 6 = 1/2, C; = 3,1 = 0,
and with their m being our ¢. In addition, note that Ag ,(m;m/2) < A[F}(m; m/2) < m™ by
Lemma 13.1. In conclusion,

Prsemton (£ (Bp) = 0) < Pasentom (£(B)) = 0) < 7+ 1/m,

1 1
L= 2 Tl A

degJ<t Iel ”IHp
f()=1

J irreducible

where

By the Prime Polynomial Theorem for reciprocals, Lemma 16.2, we have

S, (4d) 1-2p~#/3  logt
p= Yy 200w =88 0.
2d
1<a<t)2 P <<t M 4

Since log £ = logm + O (log log m), the result follows. O
We are now ready to prove Proposition 2.7.

Proof of Proposition 2.7. Define the events
&1 = {Ga # {C20 5,1, G2, G} and A i irreducible],
&y = {proj(gA) ¢ {.?(m, Sm} and A is irreducible},
Ez = {A(A) # 0 is a square and A is irreducible},
Ey = {QA <Gy xS, and A is irreducible}.
For an event &, denote by &°°™ the complementary event. Then
P(E)) < ]P(Sl NEX™ A EX™ ajmp) +P(&) + P(E3) + P(Ey).

We will treat the four terms on the right-hand side separately.

We first show that the event & == & N 8;Omp N 8§°mp N SZomp is empty, so that P(&) = 0.
Indeed, suppose & holds. Then A is irreducible on account of & C &;. Furthermore, since
& c 8", we find that A(A) is not a square, s0 G4 £ Az, by Lemma 7.1. In particular
Ga ¢ {G1,Gy}, since the latter groups lie in FAy,. Lastly, since & < &7 N "™, we
also have G4 £ C> X S, and proj(Ga) € {Am, Sp}. By Lemma 14.4 we obtain that G4 €
{C> S, Gy, G3}, contradicting &;.

To estimate IP(&;), note that conditions (1) and (2) of Lemma 15.3 are met. Combined with
Lemma 15.1, this implies the existence of constants cg, Cop > 0 depending at most on & such that

P(&;) < Com™ .

For IP(&3), observe that condition (3) implies ||u;]lc < 1 — (log m)~2 as well. Combining
this with condition (1) means we may apply Proposition 2.8 with parameter &proposition 2.8 =
(logm)~2. Hence A(A) # 0 is a square with probability P(E3) < Cym~/2, for some C; > 0
depending at most on « and B.

Lastly, since the conditions of Lemma 16.3 are met, we immediately establish the bound
P(&,4) <5 m~'/4* for every ¢ > 0. This concludes the proof. O
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Remark 16.4. Condition (2) of Lemma 15.3 and condition (3) of Proposition 2.7 may be
replaced by something weaker, just as condition (2) of Lemma 15.2 replaced condition (15.1).
The adjusted condition would then bound the probability that 72 + 1 divides A p to alarge power.

In

Proposition 2.7, we would still require an anti-concentration condition on all measures

over the integers, so that we may still apply Proposition 2.8.

Remark 16.5. We have G4 < G if and only if (-1)"A(1)A(—1)A(AR) is a nonzero square [1,
Lemma 3.8(b)] and G4 < G3 if and only if A(AR) is a nonzero square.
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