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ABSTRACT. Let D ∈ N, let A > D + 1, and let Q > 3. Consider the class of multiplicative
functions f : N → C such that |

∑
n6x f(n)| 6 x(logQ)A−D−1/(log x)A for all x > Q, and

such that |Λf | 6 DΛ, where Λf is defined via the Dirichlet convolution identity f log = Λf ∗ f
and Λ denotes von Mangoldt’s function. We prove there exist parameters m ∈ {0, 1, . . . , D} and
Q = QD 6 QD−1 6 · · · 6 Qm < Qm+1 =∞ such that

∑
p∈I Re(f(p) + j)/p = OA,D(1) for all

j = m,m + 1, . . . , D and all compact intervals I ⊂ [Qj+1, Qj). Moreover, when |
∑

n6x f(n)| 6
x1−1/ logQ/(log x)D+1 for all x > Q, we relate the parameters m and Qj to the location of zeroes
of the Dirichlet series

∑
n>1 f(n)/ns in the ball B(1, 1/ logQ). These results generalize work of

the author when D = 1. Their proof builds on earlier work of the author with Soundararajan, and of
Sachpazis.

1. INTRODUCTION

1.1. A heuristic argument. Let us begin by describing a classical idea about zeroes ofL-functions.
We consider a multiplicative function f : N→ C and its Dirichlet series

L(s, f) =
∞∑
n=1

f(n)

ns
.

We further assume that this is an L-function in the sense of Selberg [5, Chapter 5] with no pole at
s = 1 and with conductor q. We then expect that∑

p6x

f(p) log p ≈ −
∑
ρ

xρ

ρ

for x > qC with C large, where the summation runs over all zeroes ρ of L(s, f) that lie in the ball
B(1, 1/ log q), listed according to their multiplicity.1 Using partial summation, we find that∑

p∈I

f(p)

p
≈ −

∑
ρ

∫
I

dy

y2−ρ log y
.

for any compact interval I ⊂ [qC ,∞). A calculation reveals that∫
I

dy

y2−ρ log y
=

{∫
I

dy
y log y

+O(1) if I ⊂ [e, e1/|ρ−1|],

O(1) if I ⊂ [e1/|ρ−1|,∞).

We thus see that, when we examine the logarithmic sums
∑

p∈I f(p)/p, there is a sharp phase
transition with regard to the influence of the zero ρ. This transition occurs at primes of size e1/|ρ−1|.

Date: May 4, 2026.
1The uniformity in q here is of Linnik-type. For Dirichlet L-functions, see [5, Proposition 18.5].
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Hence, if ρ1, . . . , ρk are the zeroes of L(s, f) in B(1, 1/ log q) listed according to their multiplicity
and ordered so that

|ρk − 1| > · · · > |ρ1 − 1|,
then we expect that ∑

p∈I

f(p)

p
= −j

∑
p∈I

1

p
+O(1)

for j = 0, 1, . . . , k and for all compact intervals I ⊂ [e1/|ρj+1−1|, e1/|ρj−1|), with the conventions
that ρk+1 = 1/ log q and ρ0 = 1.

To give a simple example, if χ is a primitive Dirichlet character of conductor q > 1 whose
L-function has a Siegel zero β ∈ [1− 1/ log q, 1], then the above discussion suggests that∑

q<p6e1/(1−β)

1 + χ(p)

p
= O(1)

and ∑
y<p6z

χ(p)

p
= O(1) (z > y > e1/(1−β)).

This is indeed known. It follows, for example, from Proposition 8.5 in [5] or by combining Theo-
rems 1.6 and 2.1 in [3].

In this note, we confirm the above heuristic in a much more general setting.

1.2. The class of functions FA,D(Q). Throughout, we let f : N → C denote a multiplicative
function and we let Λf be the arithmetic function defined via the convolution identity

f log = f ∗ Λf .

We shall assume that

(1.1) |Λf | 6 D · Λ

for some fixed integer D. This implies that |f | 6 τD, as well as that |g| 6 τD with g denoting the
Dirichlet inverse of f (cf. [6, Lemma 2.2]). We could work with a weaker condition than (1.1),
but we choose this one for the sake of its striking simplicity. When L(s, f) is an L-function in
Selberg’s class, (1.1) follows by Ramanujan’s conjecture.

We will further assume that there exists a parameter Q > 3 and a constant A > D + 1 such that

(1.2)
∣∣∣∣∑
n6x

f(n)

∣∣∣∣ 6 x · (logQ)A−D−1

(log x)A
(x > Q).

We think of A as fixed. On the other hand, we allow Q to vary; it plays an analogous role to
that of the analytic conductor in the theory of L-function. Our results will be uniform in Q. In
relation to the discussion of Section 1.1, condition (1.2) is a weak analogue of L(s, f) being an
entire L-function of conductor q.

We denote by FA,D(Q) the class of multiplicative functions f satisfying (1.1) and (1.2). For
such f , the Dirichlet series L(s, f) converges for Re(s) > 1 in virtue of (1.2). Moreover, by
work of the author and Soundararajan [6, Proposition 2.4(c)], we know that L(s, f) has a zero of
multiplicity 6 D at s = 1.
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1.3. New results. We are now ready to state the main result of this paper.

Theorem 1.1. Fix D ∈ N and A > D + 1. Let Q > 1 and let f ∈ FA,D(Q). Let m 6 D denote
the multiplicity of the zero of L(s, f) at s = 1. Then, there exist parameters

Q = QD+1 6 QD 6 · · · 6 Qm+1 < Qm =∞

such that, for each j ∈ {m,m+ 1, . . . , D}, we have that∑
p∈I

Re(f(p)) + j

p
= OA,D(1)

uniformly over all compact intervals I ⊆ [Qj+1, Qj).

Remark. The condition that A > D + 1 is optimal. Indeed, if we consider the multiplicative
function f defined by the formula Λf (p

k) =
(
−D+ 1p>100/ log log p

)
Λ(pk) for all prime powers

pk, then it is possible to show that |
∑

n6x f(n)| �D x/(log x)D+1 as x → ∞. Moreover, f does
not satisfy the conclusion of Theorem 1.1.

Unlike the situation in Section 1.1, there is no simple definition for the transition points Qj in
Theorem 1.1; the proof does give explicit formulas for them, but they are not very enlightening.
Note that our assumption (1.2) does not guarantee the analytic continuation of L(s, f) to the left
of Re(s) = 1, so we cannot speak about zeroes of L(s, f) in that region and relate their location
to the size of the Qj’s. Nonetheless, these transition points do exist, thus demonstrating that the
heuristic argument described in Section 1.1 is a very general phenomenon. In this sense, Theorem
1.1 is very much in the spirit of the theory of pretentious multiplicative functions.

On the other hand, if we assume a stronger version of (1.2), then it is possible relate the Qj’s to
the location of the zeroes of L(s, f). To this end, we let F strong

D (Q) denote the class of multiplica-
tive functions f such that |Λf | 6 DΛ and

(1.3)
∣∣∣∣∑
n6x

f(n)

∣∣∣∣ 6 x1−1/ logQ

(log x)D+1
(x > Q).

For these functions f , the Dirichlet series L(s, f) converges in the half-plane Re(s) > 1−1/ logQ
and the parameters Qj of Theorem 1.1 can be related to the location of the zeroes of L(s, f) in the
ball B(1, 1/ logQ).

Theorem 1.2. Let f ∈ F strong
D (Q). There exists a constant c0 = c0(D) ∈ (0, 1] such that L(s, f)

has at most D zeroes in the ball B(1, c0/ logQ) counted according to their multiplicity. Moreover,
if we let m denote the multiplicity of the zero of L(s, f) at s = 1, and if we let ρm+1, . . . , ρd be the
remaining zeroes of L(s, f) in B(1, c0/ logQ) listed so that

0 < |ρm+1 − 1| 6 |ρm+2 − 1| 6 · · · 6 |ρd − 1| 6 c0
logQ

,

then, for each j ∈ {m,m+ 1, . . . , d}, we have that∑
p∈I

Re(f(p)) + j

p
= OA,D(1)

uniformly over all compact intervals I ⊆ [e1/|ρj+1|, e1/|ρj−1|), with the conventions that ρm = 1
and ρd+1 = 1 + c0/ logQ.
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This theorem generalizes and makes rigorous the heuristic described in Section 1.1. A useful
aspect of is that we may combine it with the theory of pretentious multiplicative functions to
prove zero-free regions for various L-functions that are of similar strength to the classical ones.
This is explained in Chapter 22 of [4] for the case of Dirichlet L-functions. For higher degree
L-functions, we need to know Ramanujan’s conjecture to verify (1.1). Given that Ramanujan’s
conjecture remains wide open, it would be interesting to study to what extent we can relax (1.1)
and still obtain Theorem 1.2. This question goes beyond the scope of the present paper; we will
return to it in a future paper.

1.4. Relation to earlier work. The case D = 1 of Theorem 1.1 follows by [3, Theorem 2.1].
That result is a bit stronger when j = D = 1, because it implies that

∑
Q26p<Q1

|1+f(p)|/p�A 1
in that case. Such an improvement is possible in the general case j = D > 1, but we do not pursue
it in this paper. The proof in [3] is quite involved. A much simpler proof of the special case when
f(n) = χ(n)nit with χ a Dirichlet character and t ∈ R is given in [4, Theorem 22.5]. It is that
proof which forms the basis of the argument we use to establish Theorem 1.1.

A non-uniform version of Theorem 1.1 follows by Lemma 4.1 in [6]. According to that result,
we have

(1.4)
∑
p6x

Re(f(p)) +m

p
= Of (1)

for all x > 1, where m is as in the statement of Theorem 1.1. The main difference between the
above estimate and Theorem 1.1 is that the implicit constants in the latter depend at most on A
and D, and not on the specific values of f as in (1.4). This is an important distinction when using
Theorem 1.1 in conjunction with Theorem 1.2 to establish zero-free regions for L-functions.

It is also important to mention a related result of Sachpazis [7]. Building on earlier work of the
author and Soundararajan [3, 6], he proved that if f ∈ FA,D(Q) with A > D + 1, then there exist
real numbers γ1, . . . , γd with d 6 D such that

(1.5) lim
x→∞

1

x

∑
p6x

(
f(p) + piγ1 + · · ·+ piγd

)
log p = 0.

In addition, the numbers 1 + iγj are exactly the zeroes of L(s, f) on the line Re(s) = 1 listed
according to their multiplicity. As with (1.4), Sachpazis’s result depends on f . The asymptotic
formula he proves is valid for x large enough in terms of f . This shows a close connection zeroes
of L(s, f) close to the line Re(s) = 1.

The zeroes 1 + iγj partly explain Theorem 1.1. Indeed, if γ ∈ [−C,C], then Lemma 9.1 in [1]
implies that ∑

y<p6z

1

p1+iγ
=

{
log(log z/ log y) +OC(1) if y 6 z 6 e1/|γ|,

OC(1) if z > y > e1/|γ|.

However, as Theorem 1.2 shows, the zeroes of L(s, f) on the line Re(s) = 1 are not enough to
prove Theorem 1.1.

Lastly, when D = 1, it is worth noticing that we know a more uniform version of (1.5) that is
more in line with Theorem 1.1 - see Theorem 1.1. in [3]. We expect that such an estimate can be
proven for general D by combining the methods of this paper and [3].
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2. SIEVE ESTIMATES

Lemma 2.1. Let k ∈ N, let y > 3/2, and let V (y) =
∏

p6y(1 − 1/p). There are real numbers
ck,j(y) = Ok(1) for j = 0, 1, . . . , k − 1 such that

∑
n6x

P−(n)>y

τk(n) = xV (y)
k−1∑
j=0

ck,j(y)

(
log x

log y

)k−1−j
+Ok

(
x1−2

−k/ log y

log y

)

uniformly for all x > y.

Proof. This follows by a routine application of Dirichlet’s hyperbola method. The technical details
are a bit complicated, so we give a full proof.

We use induction on k to prove the lemma. When k = 1, the Fundamental Lemma of Sieve
Methods (see, for example, Theorem 19.1 in [4]) implies that

(2.1)
∑
n6x

P−(n)>y

τk(n) = xV (y) + Ey(x),

where Ey(x)�c x
1−1/ log y/ log y for all x > y > 3. So the lemma follows with c0,0(y) = 1.

Next assume that the lemma holds with k − 1 in place of k, and let us prove it for k. Note
that x(log x)j − y(log y)j =

∫ x
y

(logw)jdw + j
∫ x
y

(logw)j−1dw for j ∈ N. Iterating this identity
and combining it with our induction hypothesis, we find that there exist real numbers dk−1,j(y) =
Ok(1) for j = 0, 1, . . . , k − 2 such that

(2.2)
∑
n6x

P−(n)>y

τk−1(n) = V (y)

∫ x

y

k−2∑
j=0

dk−1,j(y)

(
logw

log y

)k−2−j
dw +Rk−1,y(x),

where Rk−1,y(x)�k x
1−2−k+1/ log y/ log y for all x > y. Let us now see how to use this formula to

conclude the proof.
First of all, when x 6 y2, then conditions n 6 x and P−(n) > y imply that n ∈ {1} ∪ {y <

p 6 x}. Hence, the lemma follows in this case by Chebyshev’s estimate.
Let us assume now that x > y2. We have∑

n6x
P−(n)>y

τk(n) =
∑
b6
√
x

P−(b)>y

∑
√
x<a6x/b
P−(a)>y

τk−1(a) +
∑
a6
√
x

P−(a)>y

τk−1(a)
∑
b6x/a
P−(b)>y

1.

Using (2.1) and (2.2), we find that

∑
n6x

P−(n)>y

τk(n) = V (y)
∑
b6
√
x

P−(b)>y

∫ x/b

√
x

k−2∑
j=0

dk−1,j(y)

(
logw

log y

)k−2−j
dw

+ xV (y)
∑
a6
√
x

P−(a)>y

τk−1(a)

a
+Ok

(
x1−2

−k/ log y

log y

)
.

(2.3)
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We first estimate the sum over a. By (2.2) and partial summation, we have∑
a6
√
x

P−(a)>y

τk−1(a)

a
= 1 +

∫ √x
y

1

w
d
∑
a6w

P−(a)>y

τk−1(a)

= 1 + V (y)

∫ √x
y

k−2∑
j=0

dk−2,j(y)

(
logw

log y

)k−2−j
dw

w
+

∫ x

y

1

w
dRk−1,y(w).

Moreover, ∫ x

y

1

w
dRk−1,y(w) =

Rk−1,y(w)

w

∣∣∣∣x
w=y

+

∫ x

y

Rk−1,y(w)

w2
dw

=

∫ ∞
y

Rk−1,y(w)

w2
dw +Ok(x

1−2−k/ log y).

We conclude that ∑
a6
√
x

P−(a)>y

τk−1(a)

a
= V (y)

∫ √x
y

k−2∑
j=0

dk−2,j(y)

(
logw

log y

)k−2−j
dw

w

+ Ck,y +Ok(x
1−2−k/ log y),

(2.4)

where

Ck,y := 1 +

∫ ∞
y

Rk−1,y(w)

w2
dw �k 1

Finally, we estimate the sum over b. For any ` ∈ Z>0, we have∑
b6
√
x

P−(b)>y

∫ x/b

√
x

(
logw

log y

)`
dw =

∫ x

√
x

∑
b6x/w
P−(b)>y

(
logw

log y

)`
dw.

If w > x/y, the conditions b 6 x/w and P−(b) > y imply that b = 1. Otherwise, we have
x/w > y. Using (2.1), we find that∑

b6
√
x

P−(b)>y

∫ x/b

√
x

(
logw

log y

)`
dw =

∫ x/y

√
x

V (y)x

w

(
logw

log y

)`
dw +

∫ x/y

√
x

Ey(x/w)

(
logw

log y

)`
dw

+

∫ x

x/y

(
logw

log y

)`
dw.

We have∫ x/y

√
x

Ey(x/w)

(
logw

log y

)`
dw = x

∫ √x
y

Ey(u)

(
log(x/u)

log y

)`
du

u2

= x
∑̀
i=0

(
`

i

)
(−1)i(log x)`−i

(log y)`

∫ √x
y

Ey(u)(log u)i

u2
du.
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Moreover, ∫ ∞
√
x

Ey(u)(log u)i

u2
du�j (log x)jx−2

−1/ log y,

as well as

ei(y) :=
1

(log y)i

∫ ∞
y

Ey(u)(log u)i

u2
du�i 1.

Therefore∫ x/y

√
x

Ey(x/w)

(
logw

log y

)`
dw = x

∑̀
i=0

(
`

i

)
(−1)iei(y)

(
log x

log y

)`−i
+O`

(
x−2

−k/ log y
)
,

where we used that k > 2. Lastly,∫ x

x/y

(
logw

log y

)`
dw = x

∫ y

1

(
log(x/u)

log y

)`
du

u2
= x

∑̀
i=0

(
`

i

)
(−1)ifi(y)

(
log x

log y

)`−i
,

where

fi(y) :=
1

(log y)i

∫ y

1

(log u)i

u2
du 6

i!

(log y)i
�i 1.

We conclude that∑
b6
√
x

P−(b)>y

∫ x/b

√
x

(
logw

log y

)`
dw =

∫ x/y

√
x

V (y)x

w

(
logw

log y

)`
dw

+ x
∑̀
i=0

(
`

i

)
(−1)i

(
ei(y) + fi(y)

)( log x

log y

)`−i
.

(2.5)

Combining (2.3), (2.4) and (2.5), we find that∑
n6x

P−(n)>y

τk(n) = xV (y)2
∫ x/y

y

k−2∑
j=0

dk−1,j(y)

(
logw

log y

)k−2−j
dw

w
+ xV (y)Ck,y

+ xV (y)
k−2∑
j=0

dk−1,j(y)

k−2−j∑
i=0

(−1)i
(
ei(y) + fi(y)

)( log x

log y

)`−i

+Ok

(
x1−2

−k/ log y

log y

)
for all x > y2. Since

V (y)

∫ x/y

y

(
logw

log y

)`
dw

w
=
V (y)(log(x/y))`+1

(log y)`
− V (y) log y

`+ 1

=
`+1∑
i=0

(
`+ 1

i

)
(−1)iV (y) log y

`+ 1

(
log x

log y

)`−i
− V (y) log y

`+ 1
,

the inductive step is complete. �
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Lemma 2.2. Let D ∈ N and let f be a multiplicative function such that |Λf | 6 DΛ. For z > y >
3, we have

log |Ly(1 + 1/ log z, f)| =
∑
y<p6z

Re(f(p))

p
+O(1)

Proof. This lemma is due to Granville and Soundararajan. We sketch the proof for completeness.
We write

log |Ly(1 + 1
log z

, f)| =
∑
p>y

∑
k>1

Λf (p
k)

pk(1+
1

log z
) log(pk)

.

The terms with k > 2 contribute OD(1). The terms with k = 1 and p > z contribute also OD(1),
because

∑
p>z 1/p1+1/ log z = O(1). Finally, we write p−1/ log z = 1 + O(log p/ log z) when p 6 z

to complete the proof. �

Lemma 2.3. Let D ∈ N, A > D + 1, η ∈ [0, 1] and Q > 3. Let f : N → C be a multiplicative
function such that |Λf | 6 DΛ and∣∣∣∣∑

n6x

f(n)

∣∣∣∣ 6 x1−η/ logQ · (logQ)A−D−1

(log x)A
.

There exists a constant α = α(D) ∈ (0, 1/2] such that∑
n6x

P−(n)>y

f(n)�A,D x1−αη/ log y · (log y)A−1

(log x)A
for x > y > Q.

Proof. When D = 1, the needed estimate follows by Lemma 4.2 in [3]. For general D, we modify
an argument of Sachpazis [7, Proposition 4.3]. We indicate only the necessary changes.

Let c = c(D) be the constant appearing in Lemma 4.1 of [7], and let C = min{c/2, 1/16}.
When x 6 y(4D+1)/C , we simply note that∣∣∣∣ ∑

n6x
P−(n)>y

f(n)

∣∣∣∣ 6 ∣∣∣∣ ∑
n6x

P−(n)>y

τd(n)

∣∣∣∣� x(log x)D−1

(log y)D
�D,A

x1−η/ log y(log y)A−1

(log x)A
,

where we used Theorem 14.2 in [4] to get the second inequality.
Let us now assume that x > y(4D+1)/C . Let kD =

∏
p6D3 p. By Lemma 3.8 in [7], and by

the proof of Proposition 4.3 in the same paper, there exist functions λ± supported on {d 6 xC :
d|
∏

p6y p} such that |λ±| 6 1, (1 ∗ λ−)(n) 6 1P−(n)>y 6 (1 ∗ λ+)(n) and∑
n6x

(n,kD)=1

(λ+ ∗ 1− λ− ∗ 1)(n)|f(n)| �D x1−C/2(log x)D−1 +
x1−C/(2 log y)

log y
.

(To get the above estimate, see the first displayed equation on page 2953 of [7], which must be
corrected by also including the contribution of the error term from the third displayed equation on
page 2952.) Thus

(2.6)
∑
n6x

P−(n)>y

f(n) = S +OD,A

(
x1−C/(3 log y)(log y)A−1

(log x)A

)
,
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where
S =

∑
n6x

(n,kD)=1

(λ+ ∗ 1)(n)f(n).

Let us now see how to bound S.
We have

S =
∑
d6xC

(d,kD)=1

λ+(d)
∑

d′6x, d|d′
p|d′ ⇐⇒ p|d

f(d′)
∑

m6x/d′

(m,dkD)=1

f(m).

We may write f(m)1(m,dkD)=1 = (f ∗ hd)(m), where hd the multiplicative such that hd(pk) =
1p|dkDg(pk) with g denoting the Dirichlet inverse of f . We have |g| 6 τD because |Λf | 6 DΛ [6,
Lemma 2.2]. Thus

S =
∑
d6xC

(d,kD)=1

λ+(d)
∑

d′6x, d|d′
p|d′ ⇐⇒ p|d

f(d′)
∑
a

hd(a)
∑

r6x/(ad′)

f(r).

Taking absolute values, we find that

(2.7) |S| 6
∑
d6xC

d|
∏
p6y p

∑
d′6x, d|d′

p|d′ ⇐⇒ p|d

τD(d′)
∑
a∈N

p|a ⇒p|kDd

τD(a)

∣∣∣∣ ∑
r6x/(ad′)

f(r)

∣∣∣∣ = S1 + S2,

where S1 denotes the subsum with ad′ 6
√
x and S2 the subsum with ad′ >

√
x.

We first bound S1. When ad′ 6
√
x, we have x/(ad′) >

√
x > y

4D+1
2C > Q, and thus∑

r6x/(ad′)

f(r)�D
(x/ad′)1−η/ logQ(logQ)A−D−1

(log x)A
6
x1−η/(2 logQ)(logQ)A−D−1

ad′(log x)A
.

We have ∑
a: p|a⇒ p|kDd

τD(a)

a
�D (d/ϕ(d))D and

∑
d′: p|d′⇔ p|d

τD(d′)

d′
6
∏
p|d

∑
k>1

τD(pk)

pk
.

Thus

(2.8) S1 �D
x1−η/(2 logQ)(logQ)A−D−1(log y)D

(log x)A
6
x1−η/(2 log y)(log y)A−1

(log x)A

for all y > Q.
Next, we bound S2. We have the trivial bound∑

r6x/(ad′)

f(r)� x(log x)D−1

ad′
6
x5/6(log x)D−1

(ad′)2/3
.

whenever
√
x < ad′ 6 x. Moreover,∑

a: p|a⇒ p|kDd

τD(a)

a2/3
�D

∏
p|d

(1− 1/p2/3)−D and
∑

d′: p|d′⇔ p|d

τD(d′)

(d′)2/3
6
∏
p|d

∑
k>1

τD(pk)

p2k/3
.

We conclude that

S2 �D x5/6(log x)D−1
∑
d6xC

∏
p|d(1− 1/p2/3)−D

d2/3
.
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Thus

(2.9) S2 �D xC/3+5/6(log x)D−1
∑
d6xC

∏
p|d(1− 1/p2/3)−D

d
� xC/3+5/6(log x)2D−1.

Since |S| 6 S1 + S2 by (2.7), relations (2.6), (2.8) and (2.9) imply that∑
n6x

P−(n)>y

f(n)�D
x1−η/(2 log y)(log y)A−1

(log x)A
+ xC/3+5/6(log x)2D−1 +

x1−C/(3 log y)(log y)A−1

(log x)A
.

This completes the proof of the lemma upon taking α = C/3. �

Lemma 2.4. Fix D ∈ N and A > D + 1. Let Q > 3 and let f ∈ FA,D(Q).

(a) For σ > 1, y > Q and j = 0, 1, . . . , D, we have L(j)(σ, f)�A,D (log y)j .

(b) For z > y > Q and j = 0, 1, . . . , D, we have

L(j)
y (1, f)�A,D (log z)j|Ly(1 + 1/ log z, f)|.

Proof. (a) This follows readily by Lemma 2.3 and partial summation.

(b) We write Ly(s, f) = F (s)Lz(s, f). First of all, we know that L(i)
z (σ, f) �A,D (log z)i for

i = 0, 1, . . . , j by part (a). Moreover, we have F = eG with G = logF . Hence, Faà di Bruno’s
formula implies the identity

F (`)(s)

F (s)
= j!

∑
a1+2a2+···+`a`=`

∏̀
i=1

{
1

ai!

(
−F ′

i!F
(s)

)ai }
.

Since (
−F ′

F

)(i−1)

(σ) =
∑

p|n ⇒ y<p6z

Λf (n)(− log n)i−1

nσ
� (log z)i

for all i > 1 by our assumption that |Λf | 6 D · Λ, we conclude that (F (`)/F )(σ) �` (log z)` for
all ` > 1. Putting together the above estimates implies that

L(j)
y (1, f)�A,D (log z)j|F (1 + 1/ log z, f)|.

Lastly, arguing as in Lemma 2.2, we find that

|F (1 + 1/ log z)| �D |Ly(1 + 1/ log z, f)|.
This completes the proof. �

Lemma 2.5. Fix D ∈ N, k ∈ {0, 1, . . . , D} and A > D + 1. Let Q > 3 and f ∈ FA,D(Q). For
each y > Q, there exists real numbers ck,0(y, f), ck,1(y, f), . . . , ck,k−1(y, f) such that

(2.10) ck,j(y, f)�A,D
1

(log y)k−j

j∑
i=0

|L(i)
y (1, f)|
(log y)i

and ∑
n6x

P−(n)>y

(τk ∗ f)(n) =

∫ x

0

k−1∑
j=0

ck,j(y, f)(logw)k−1−jdw +OA,D

(
x(log y)A−k−1

(log x)A−k

)
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uniformly for all x > y. In particular, if L(s, f) has a zero of multiplicity m at s = 1, then
ck,j(y, f) = 0 for all j < m.

Proof. The result follows by a routine application of Dirichlet’s hyperbola method, using Lemmas
2.3 and 2.1. We give the details for completeness.

Note that x(log x)k−j−1 =
∫ x
0

(logw)k−j−1dw + 1j6k−2 · (k − j − 1)
∫ x
0

(logw)k−j−2dw for
j = 0, 1, . . . , k − 1. Moreover, the right-hand side of (2.10) is �A,D 1/(log y)k−j by Lemma
2.4(a). Thus it suffices to show that there are real numbers dk,0(y, f), dk,1(y, f), . . . , dk,k−1(y, f)
such that

(2.11) dk,j(y, f)�A,D
1

(log y)k−i

j∑
i=0

|L(i)
y (1, f)|
(log y)i

and

(2.12)
∑
n6x

P−(n)>y

(τk ∗ f)(n) = x

k−1∑
j=0

dk,j(y, f)(log x)k−1−j +OA,D

(
x(log y)A−k−1

(log x)A−k

)

uniformly for all x > y. Indeed, the lemma would then follow with

ck,j(y, f) = dk,j(f) + 1j>1 · (k − j)dk,j−1 �A,D
1

(log y)k−j

j∑
i=0

|L(i)
y (1, f)|
(log y)i

.

Let us now prove (2.12). Recall Lemma 2.1 and the real numbers ck,j(y)�k 1 in its statement.
We then set

(2.13) c̃k,`(y) =
ck,j(y)

∏
p6y(1− 1/p)

(log y)k−`−1
� 1

(log y)k−`

and

(2.14) dk,j(y, f) =

j∑
`=0

(
k − j + i− 1

i

)
c̃k,j−i(y)L(i)(1, f),

which satisfies (2.11) by (2.13). We will prove (2.12) holds with this choice of dk,j(y, f).
First of all, when x 6 y2, then conditions n 6 x and P−(n) > y imply that n ∈ {1} ∪ {y <

p 6 x}. Hence, (2.12) follows in this case by Chebyshev’s estimate.
Let us now assume that x > y2. We have∑

n6x
P−(n)>y

(τk ∗ f)(n) =
∑
a6
√
x

P−(b)>y

f(a)
∑
b6x/a
P−(b)>y

τk(b) +
∑
b6
√
x

P−(b)>y

τk(b)
∑

√
x<a6x/b
P−(a)>y

f(a).

The rightmost double sum is � x(log y)A−D−1/(log x)A−D by Lemma 2.3. To estimate the first
double sum on the right-hand side, we use Lemma 2.1. Recalling the definition of c̃k,`(y) from
(2.13), we find that∑

n6x
P−(n)>y

(τk ∗ f)(n) = x
k−1∑
`=0

c̃k,`(y)
∑
a6
√
x

P−(a)>y

f(a)(log(x/a))k−`−1

a

+OA,D

(
x(log y)A−k−1

(log x)A−k

)
.

(2.15)
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By Lemma 2.3 and partial summation, we have∑
a>
√
x

P−(a)>y

f(a)(log(x/a))k−`−1

a
�A,D (log x)k−`−1 ·

(
log y

log x

)A−1
,

where we used that A > D + 1 > (k − `− 1) + 2. Together with (2.15) and (2.13), this implies∑
n6x

P−(n)>y

(τk ∗ f)(n) = x

k−1∑
`=0

c̃k,`(y)
∑

P−(a)>y

f(a)(log(x/a))k−`−1

a
+OA,D

(
x(log y)A−k−1

(log x)A−k

)
.

Finally, using the binomial theorem, we find that

(log(x/a))k−`−1 =
∑

06i6j6k−1
j=i+`

(
k − `− 1

i

)
(log x)k−j−1(− log a)i.

Using (2.14), we find that
k−1∑
`=0

c̃k,`(y)
∑

P−(a)>y

f(a)(log(x/a))k−`−1

a
=

k−1∑
j=0

dk,j(y, f)(log x)k−j−1.

This completes the proof of (2.12), and thus of the lemma. �

Lemma 2.6. Fix D ∈ N and A > D + 1. Let y > Q > 3 and f ∈ FA,D(Q), and assume that
L(s, f) has a zero of multiplicity m 6 D at s = 1.

(a) For σ > 1 and j ∈ {0, 1, . . . , D −m}, we have

L(j)
y (σ, τm ∗ f)�A,D (log y)j.

(b) For σ > 1, we have Ly(1, τm ∗ f)� |Ly(σ, τm ∗ f)|.
(c) Assume that m 6 D − 1, and let k ∈ {m, . . . , D − 1}. Uniformly for z > y > Q and

σ ∈ [1 + 1/ log z, 1 + 1/ log y], we have

L′y(σ, τk ∗ f)�A,D
|Ly(1 + 1/ log z, τk ∗ f)|

(σ − 1)2 log z
+ log y.

Proof. (a) Using Lemma 2.5, we have∑
n6x

P−(n)>y

(τm ∗ f)(n)�A,D
x(log y)A−m−1

(log x)A−m
,

because cm,j(y) = 0 for j = 0, 1, . . . ,m − 1. Hence, the claimed estimate on L(j)
y (σ, τm ∗ f)

follows by partial summation.

(b) Let g = τm ∗ f . If σ > 1 + 1/ log y, then we have |Ly(σ, g)| �D 1. Since Ly(1, f) � 1 by
part (a), the needed result follows. Finally, assume that σ = 1 + 1/ log z with z > y. For every
x > z, applying Lemma 2.2 three times with g implies that

log |Ly(1 + 1/ log x, g)| = log |Ly(1 + 1/ log z, g)|+ log |Lz(1 + 1/ log x, g)|+O(1)

6 log |Ly(1 + 1/ log z, g)|+O(1),

where we used part (a). Letting x→∞ and exponentiating completes the proof of part (b).
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(c) Let σ = 1 + 1/ logw, so that w ∈ [y, z]. Using Lemma 2.5 and partial summation, we have

−Ly(σ, τk ∗ f) =
∑

P−(n)>y

(τk ∗ f)(n) log n

n1+1/ logw
=

∫ ∞
y

k−1∑
j=0

ck,j(y, f)
(log x)k−j

x1+1/ logw
dx+OA,D(log y).

Letting x = wt, we find that
∫∞
y

(log x)k−j/x1+1/ logwdx�D (logw)k−j+1, and thus

L′y(σ, τk ∗ f)�A,D

k−1∑
j=0

|ck,j(y, f)|(logw)k−j+1 + log y.

We use the bound ck,j(y, f) from Lemma 2.5 in conjunction with Lemma 2.4 to find that

ck,j(y, f)�A,D

j∑
i=0

|L(i)
y (1, f)|

(log y)k−j+i
�D

|Ly(1 + 1/ log z, f)|(log z)j

(log y)k
.

Putting together the above estimates implies that

L′y(σ, τk ∗ f)� |Ly(1 + 1/ log z, f)|(log z)k−1(logw)2

(log y)k
+ log y.

To complete the proof, note that Ly(1 + 1/ log z, τk) � (log z/ log y)k. �

3. PROOF OF THEOREM 1.1

We are finally ready to prove our main result. All implied constants might depend on A and D.
Throughout, we set

g = τm ∗ f.
Moreover, we will write Qm+j = Yj for j = 1, . . . , D −m, where the Yjs are to be defined. We
also adopt the convention that Y0 =∞ and YD+1−m = Q.

For every z > y > Q, Lemma 2.6(a) Ly(1 + 1/ log z, g) � 1. Together with Lemma 2.2, this
implies that ∑

y<p6z

Re(g(p))

p
6 O(1).

If m = D, we have Re(g(p)) = Re(f(p)) +D > 0, and thus Theorem 1.1 follows.
Let us now assume that m < D. Let y > Q and let Y = max{y, y1/|Ly(1,g)|}. For every z > y,

we have that

Ly(1 + 1/ log z, g)− Ly(1, g) =

∫ 1+1/ log z

1

L′y(σ, g)dσ � log y

log z

by Lemma 2.6. Thus, if z > Y , then z > y1/|Ly(1,g)| and thus Ly(1 + 1/ log z, g) � |Ly(1, g)|.
Combining this with Lemma 2.6(b), we conclude that |Ly(1 + 1/ log z, g)| � |Ly(1, g)| for all
z > Y . Hence, if u > v > Y , then |Ly(1 + 1/ log u, g)| � |Ly(1 + 1/ log v, g)|. We then use
Lemma 2.2 to conclude that

(3.1)
∑
u<p6v

Re(g(p))

p
= O(1) for all u > v > Y.

Motivated by the above estimate, we set

Y1 = inf
y>Q

ymax{1,1/|Ly(1,g)|}.
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we have Q 6 Y1 <∞, with the rightmost inequality following by our assumption that L(s, f) has
a zero of multiplicity m at s = 1, which implies that L(1, g) 6= 0. Moreover, we claim that

(3.2) |Ly(1 + 1/ log Y1, 1 ∗ g)| 6 O(1) (Q 6 y 6 Y1).

To prove (3.2), let us first note that the definition of Y1 and (3.1) imply that

(3.3)
∑
u<p6v

Re(g(p))

p
= O(1) for all u > v > Y1.

In addition, we have that

(3.4) log Y1 � min
y>Q

log y

|Ly(1, g)|
,

because Ly(1, g)� 1 for all y > Q (see Lemma 2.6). Thus, if y ∈ [Q, Y1], then

log Y1
log y

· |Ly(1, g)| � 1.

On the other hand,
|Ly(1, g)| � |Ly(1 + 1/ log Y1, g)|

by (3.3) and Lemma 2.2. Putting the above estimates together proves (3.2).
We construct the other numbers Y2, Y3, . . . , YD−m inductively: fix some k ∈ {1, . . . , D − m}

and assume that we have constructed Yk 6 Yk−1 6 · · · 6 Y1 such that

(3.5)
∑
u<p6v

j + Re(g(p))

p
= O(1) (Yj+1 6 u < v < Yj)

for j ∈ {0, 1, . . . , k − 1}, and

(3.6) |Ly(1 + 1/ log Yk, τk ∗ g)| 6 O(1) (Q 6 y 6 Yk).

We then set

Zk+1 := min
Q6y6Yk

ymax{1,1/|Ly(1+1/ log Yk,τk∗g)|} and Yk+1 =

{
Zk+1 if Zk+1 < Yk,

Yk if Zk+1 > Yk.

We will prove that (3.5) holds with j = k, and that if k < D−m, then (3.6) holds with k replaced
by k + 1. Before we begin, let us observe that the definition of Zk+1 and (3.6) imply that

(3.7) logZk+1 � min
Q6y6Yk

log y

|Ly(1 + 1/ log Yk, τk ∗ g)|
.

Now, the inductive step is easy to establish when Zk+1 > Yk. Indeed, in this case, Yk+1 = Yk,
so (3.5) is vacuous. Moreover, we have

log Yk 6 logZk+1 �
log y

|Ly(1 + 1/ log Yk, τk ∗ f)|
(Q 6 y 6 Yk = Yk+1)

by (3.7). Together with Lemma 2.2, this implies that

|Ly(1 + 1/ log Yk+1, τk+1 ∗ f)| � 1 (Q 6 y 6 Qk+1),

which proves (3.6) with k + 1 in place of k.
Let us now assume that Zk+1 < Yk, so that Yk+1 = Zk+1. We start by proving (3.5) with k

replaced by k + 1.
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First, we consider the case when k = D −m. We apply (3.6), take logarithms and use Lemma
2.2 to find that ∑

y<p6YD−m

D −m+ Re(g(p))

p
6 O(1) (Q 6 y 6 YD−m).

Since D −m + Re(g(p)) = D + Re(f(p)) > 0 and YD−m+1 = Q, relation (3.5) is proven with
j = D − m = k. Note that we don’t need to establish (3.6) with k + 1 in this case (though the
reader can check it is also true).

Next, we prove (3.5) when j = k < D −m. Recall (3.7). Hence, there exists y ∈ [Q, Yk] such
that

(3.8) log Yk+1 �
log y

|Ly(1 + 1/ log Yk, τk ∗ g)|
.

For all w ∈ [y, Yk], we have

Ly(1 + 1/ logw, τk ∗ g)− Ly(1 + 1/ log Yk, τk ∗ g) =

∫ 1+1/ logw

1+1/ log Yk

L′y(σ, τk ∗ g)dσ.

Using Lemma 2.6(c) with z = Yk and with kLemma 2.6 = k +m , we find that

(3.9)
∣∣Ly(1 + 1/ logw, τk ∗ g)−Ly(1 + 1/ log Yk, τk ∗ g)

∣∣� |Ly(1 + 1/ log Yk, τk ∗ g)|+ log y

logw

If we further assume that w > Yk+1, then log y/ logw � |Ly(1 + 1/ log Yk, τk ∗ g)| by (3.8). We
thus conclude that

Ly(1 + 1/ logw, τk ∗ g)� |Ly(1 + 1/ log Yk, τk ∗ g)| for all w ∈ [Yk+1, Yk].

Together with Lemma 2.2, this implies that∑
w<p6Yk

k + Re(g(p))

p
> −O(1) for all w ∈ [Yk+1, Yk].

On the other hand, (3.6) and Lemma 2.2 imply that∑
w<p6Yk

k + Re(g(p))

p
6 O(1) for all w ∈ [Yk+1, Yk].

The two above estimates readily establish (3.5) with j = k.
Finally, it remains to prove that (3.6) holds with k replaced by k + 1. For each y ∈ [Q, Yk+1],

the definition of Yk+1 = Zk+1 and (3.7) imply that

log Yk+1

log y
· |Ly(1 + 1/ log Yk, τk ∗ g)| � 1.

On the other hand,

|Ly(1 + 1/ log Yk, τk ∗ g)| � |Ly(1 + 1/ log Yk+1, τk ∗ f)|
by Lemma 2.2 and by (3.5) with j = k, which we have already established. Consequently,

|Ly(1 + 1/ log Yk+1, τk+1 ∗ f)| � log Yk+1

log y
· |Ly(1 + 1/ log Yk+1, τk ∗ f)| � 1

for y ∈ [Q, Yk+1]. This completes the inductive step, thus establishing Theorem 1.1.
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4. ZEROES

In this section, we prove Theorem 1.2. Recall that F strong
D (Q) denotes the class of multiplicative

functions f : N→ C such that |Λf | 6 DΛ and∣∣∣∣∑
n6x

f(n)

∣∣∣∣ 6 x1−1/ logQ

(log x)D+1
(x > Q).

First, we demonstrate the following result that is a relatively standard consequence of the Borel–
Carathéodory theorem.

Lemma 4.1. Let f ∈ F strong
D (Q). There exists a constant c0 = c0(D) ∈ (0, 1/10] such that L(s, f)

has at most D zeroes in the ball B(1, c0/ logQ) counted according to their multiplicity. Moreover,

L′

L
(s, f) =

∑
ρ∈B(1,c0/ logQ)

1

s− ρ
+OD(logQ)

for all s ∈ B(1, c0/(2 logQ)), where the sum runs over all zeros ρ ∈ B(1, c0/ logQ) of L(s, f)
listed according to their multiplicity.

Proof. As usually, we write s = σ + it. Let also α be as in Lemma 2.3, and let δ = α/ logQ. By
Lemma 2.3 and partial summation, we have that

LQ(s, f)�D 1 (σ > 1− δ, |t| 6 1).

Also, LQ(1 + δ/100, f) �D 1. We then apply the Borel-Carathéodory theorem in the form of
Lemma 8.6 in [4] with R = δ/4, M �D 1 and g(z) = LQ(z + 1 + δ/100, f) to find that

L′Q
LQ

(s, f) =
∑

ρ∈B(1+δ/100,δ/2)

1

s− ρ
+OD(1/δ).

for all s ∈ B(1 + δ/100, δ/4), where the summation runs over all zeroes ρ of L(s, f) in the ball
B(1 + δ/100, δ/2) according to their multiplicity. Note also that

∑
p6Q

∑
k>1

log p
pk(1−δ)

�D 1/δ.
Thus

(4.1)
L′

L
(s, f) =

∑
ρ∈B(1+δ/100,δ/2)

1

s− ρ
+OD(1/δ)

for all s ∈ B(1 + δ/100, δ/4).
Now, let M > 100 be a constant to be chosen later and let s1 = 1 + δ/M . If ρ ∈ B(1, δ/M2),

then

(4.2) Re

(
1

s1 − ρ

)
=

s1 − β
|s1 − ρ|2

=
M +O(1)

δ
.

For all other zeroes ρ ∈ B(1 + δ/100, δ/2), we note that Re(1/(s2 − ρ)) > 0. Consequently,

(4.3) Re
∑

ρ∈B(1+δ/100,δ)

1

s− ρ
> #

{
ρ ∈ B(1, δ/M2)

}
· M +O(1)

δ
.

On the other hand, since |Λf | 6 DΛ, we have

(4.4)
∣∣∣∣L′L (s1, f)

∣∣∣∣ 6 −Dζ ′ζ (s1) =
DM

δ
+OD(1).
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Inserting (4.3) and (4.4) into (4.1) implies that

#
{
ρ ∈ B(1, δ/M2)

}
· M +O(1)

δ
6
DM

δ
+OD(1/δ).

Taking M large enough and c0 = α/M2 proves the first part of the lemma.
To prove the second part, we note that (4.1) readily yields that

L′

L
(s, f) =

∑
ρ∈B(1,c0/ logQ)

1

s− ρ
+OD

(
1 + #

{
ρ ∈ B(1 + δ/100, δ/2) \B(1, c0/ logQ)

}
δ

)
for all s ∈ B(1, c0/(2 logQ)), because |s − ρ| > c0/(2 logQ) �D δ for all such s and for all ρ
such that |ρ− 1| > c0/ logQ. To complete the proof, it suffices to show that

(4.5) #
{
ρ ∈ B(1 + δ/100, δ/2)

}
�D 1.

This follows by a variation of the argument leading to our bound for the number of zeroes in
B(1, δ/M2). Indeed, if we let s2 = 1 + δ/4, then the equality in (4.2) implies that

Re

(
1

s2 − ρ

)
>

4

9δ

for all ρ ∈ B(1+δ/100, δ/2), because s2−β > s2−1 = δ/4 and |s2−ρ| 6 |s2−1−δ/100|+ |1+
δ/100−ρ| 6 3δ/4. Moreover, arguing as in (4.4), we find that (L′/L)(s2, f)�D 1/δ. Combining
these inequalities with (4.1) demonstrates (4.5), this completing the proof of the lemma. �

Proof of Theorem 1.2. The first claim in the statement of the theorem follows immediately from
Lemma 4.1. Now, let m and ρm, ρm+1, . . . , ρd, ρd+1 be as in the statement of Theorem 1.2. Fix
j ∈ {m,m+ 1, . . . , d} and let z > y > Q2/c0 so that

(4.6)
2

|ρj+1 − 1|
6 log y 6 log z <

1

2|ρj − 1|
.

To complete the proof of Theorem 1.2, it suffices to show that

(4.7)
∑
y<p6z

Re(f(p)) + j

p
= OD(1)

uniformly over all such choices of y and z.
Indeed, using Lemma 2.2 twice, we have that∑

y<p6z

Re(f(p))

p
= log |L(1 + 1/ log z, f)| − log |L(1 + 1/ log y, f)|+OD(1)

= −Re

∫ 1+1/ log y

1+1/ log z

L′

L
(s, f)ds+OD(1).

We estimate the integrant using Lemma 4.1 to deduce that∑
y<p6z

Re(f(p))

p
= −

∑
ρ∈B(1,c0/ logQ)

Re

∫ 1+1/ log y

1+1/ log z

ds

s− ρ
+OD(1)

= −
∑

ρ∈B(1,c0/ logQ)

log

∣∣∣∣ 1
log y
− (ρ− 1)

1
log z
− (ρ− 1)

∣∣∣∣+OD(1).
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There are m summands with ρ = 1. Moreover, there are j − m summands with 0 < |ρ − 1| 6
|ρj − 1|. Since |ρj − 1| 6 1/(2 log z) by (4.6), we have that |1/ log y − (ρ − 1)| � 1/ log y and
|1/ log z − (ρ− 1)| � 1/ log z for all such ρ, so that∣∣∣∣ 1

log y
− ρ

1
log z
− ρ

∣∣∣∣ � log z

log y
.

For all remaining zeroes ρ, we have |ρ− 1| > |ρj+1 − 1| > 2/ log y by (4.6), and thus |1/ log y −
(ρ− 1)| � |ρ− 1| and |1/ log z − (ρ− 1)| � |ρ− 1|, so that∣∣∣∣ 1

log y
− ρ

1
log z
− ρ

∣∣∣∣ � 1.

Putting together the above estimates completes the proof of Theorem 1.2. �
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CENTRE-VILLE, MONTRÉAL, QC H3C 3J7, CANADA

Email address: dimitris.koukoulopoulos@dms.umontreal.ca


	1. Introduction
	1.1. A heuristic argument
	1.2. The class of functions FA,D(Q)
	1.3. New results
	1.4. Relation to earlier work

	2. Sieve estimates
	3. Proof of Theorem 1.1
	4. Zeroes
	Acknowledgments

	References

