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ABSTRACT. Let D € N, let A > D + 1, and let Q > 3. Consider the class of multiplicative
functions f : N — C such that | > . f(n)| < z(log Q)A~P~1/(logz)A for all z > Q, and
such that [Ay| < DA, where Ay is defined via the Dirichlet convolution identity flog = Ay * f
and A denotes von Mangoldt’s function. We prove there exist parameters m € {0,1,..., D} and
Q=Qp <Qp-1<--<Qn < Quy1 =ocosuchthat 3, Re(f(p)+4)/p=0a,p(1)forall
j=m,m+1,...,D and all compact intervals I C [Q;+1, ;). Moreover, when |} _ f(n)| <
z!=1/108Q /(log 2) P+ for all x > @, we relate the parameters m and Q; to the location of zeroes
of the Dirichlet series }_, -, f(n)/n® in the ball B(1,1/log Q). These results generalize work of
the author when D = 1. Their proof builds on earlier work of the author with Soundararajan, and of
Sachpazis.

1. INTRODUCTION

1.1. A heuristic argument. Let us begin by describing a classical idea about zeroes of L-functions.
We consider a multiplicative function f : N — C and its Dirichlet series

L(s, f) = Z%.

We further assume that this is an L-function in the sense of Selberg [5, Chapter 5] with no pole at
s = 1 and with conductor q. We then expect that

> f(p)logp~ — i

PST P P

for z > ¢ with C large, where the summation runs over all zeroes p of L(s, f) that lie in the ball
B(1,1/log q), listed according to their multiplicity." Using partial summation, we find that

o) dy
2 p Zp:/zzﬂ‘”logy'

pel

for any compact interval I C [¢©, c0). A calculation reveals that

/ dy {nyiygyw(l) if 1 C [e, et/Ie-11],
I

y>rlogy | O(1) if I C [eMlP=1] 0).
We thus see that, when we examine the logarithmic sums »_ _; f(p)/p, there is a sharp phase

transition with regard to the influence of the zero p. This transition occurs at primes of size e!/1P~1,
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IThe uniformity in ¢ here is of Linnik-type. For Dirichlet L-functions, see [5, Proposition 18.5].
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Hence, if p1, . . ., py are the zeroes of L(s, f) in B(1,1/log q) listed according to their multiplicity
and ordered so that

ok =1 == |pr — 1],
then we expect that

Sy

pel pel p

for j = 0,1,...,k and for all compact intervals I C [e!/li+171l el/lesi=11) " with the conventions
that px.; = 1/log g and py = 1.

To give a simple example, if x is a primitive Dirichlet character of conductor ¢ > 1 whose
L-function has a Siegel zero § € [1 — 1/ log g, 1], then the above discussion suggests that

p

q<p<el/(1*5)
and
Z m =0() (22y> 61/(1—5))'
y<psz p

This is indeed known. It follows, for example, from Proposition 8.5 in [5] or by combining Theo-
rems 1.6 and 2.1 in [3].
In this note, we confirm the above heuristic in a much more general setting.

1.2. The class of functions 74 p((Q)). Throughout, we let f : N — C denote a multiplicative
function and we let A, be the arithmetic function defined via the convolution identity

flog = f*Ay.
We shall assume that
(1.1) Al <D-A

for some fixed integer D. This implies that | f| < 7p, as well as that |g| < 7p with g denoting the
Dirichlet inverse of f (cf. [6, Lemma 2.2]). We could work with a weaker condition than (1.1),
but we choose this one for the sake of its striking simplicity. When L(s, f) is an L-function in
Selberg’s class, (1.1) follows by Ramanujan’s conjecture.

We will further assume that there exists a parameter () > 3 and a constant A > D + 1 such that

Zf(n))gx.w > Q)

(1.2) (log 2)7

n<e

We think of A as fixed. On the other hand, we allow () to vary; it plays an analogous role to
that of the analytic conductor in the theory of L-function. Our results will be uniform in (). In
relation to the discussion of Section 1.1, condition (1.2) is a weak analogue of L(s, f) being an
entire L-function of conductor q.

We denote by F4 p(Q) the class of multiplicative functions f satisfying (1.1) and (1.2). For
such f, the Dirichlet series L(s, f) converges for Re(s) > 1 in virtue of (1.2). Moreover, by
work of the author and Soundararajan [6, Proposition 2.4(c)], we know that L(s, f) has a zero of
multiplicity < D at s = 1.
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1.3. New results. We are now ready to state the main result of this paper.

Theorem 1.1. Fix D € Nand A > D+ 1. Let Q > 1 and let f € Fap(Q). Let m < D denote
the multiplicity of the zero of L(s, f) at s = 1. Then, there exist parameters

Q:QD+1<QD<"'<Qm+1<Qm:OO

such that, for each j € {m,m+ 1,..., D}, we have that

Z M = O0a,p(1)

pel p

uniformly over all compact intervals I C [Q;41,Q);).

Remark. The condition that A > D + 1 is optimal. Indeed, if we consider the multiplicative
function f defined by the formula A¢(p*) = ( — D + 1,100/ log log p) A(p*) for all prime powers
p*, then it is possible to show that | Y>> _ f(n)| =<p x/(logz)”*! as 2 — oo. Moreover, f does
not satisfy the conclusion of Theorem 1.1.

Unlike the situation in Section 1.1, there is no simple definition for the transition points (); in
Theorem 1.1; the proof does give explicit formulas for them, but they are not very enlightening.
Note that our assumption (1.2) does not guarantee the analytic continuation of L(s, f) to the left
of Re(s) = 1, so we cannot speak about zeroes of L(s, f) in that region and relate their location
to the size of the ();’s. Nonetheless, these transition points do exist, thus demonstrating that the
heuristic argument described in Section 1.1 is a very general phenomenon. In this sense, Theorem
1.1 is very much in the spirit of the theory of pretentious multiplicative functions.

On the other hand, if we assume a stronger version of (1.2), then it is possible relate the ();’s to
the location of the zeroes of L(s, f). To this end, we let F5,°"(Q) denote the class of multiplica-
tive functions f such that [A;| < DA and

> fn)

n<x

xlfl/logQ

- S {log o1

x> Q).

For these functions f, the Dirichlet series L(s, f) converges in the half-plane Re(s) > 1—1/log @
and the parameters (); of Theorem 1.1 can be related to the location of the zeroes of L(s, f) in the
ball B(1,1/1og Q).

Theorem 1.2. Let [ € F3""8(Q). There exists a constant co = co(D) € (0,1] such that L(s, f)
has at most D zeroes in the ball B(1,¢y/ log Q) counted according to their multiplicity. Moreover,
if we let m denote the multiplicity of the zero of L(s, f) at s = 1, and if we let py, 11, - - ., pa be the
remaining zeroes of L(s, f) in B(1, ¢/ log Q) listed so that

Co

logQ’

0 <[pmsr = 1 < |pmiz2 =1 <+ < pa— 1| <
then, for each j € {m,m + 1, ...,d}, we have that

Z Re(f(p) +3 _ Oa,p(1)

pel p

uniformly over all compact intervals I C [e!/IPi+1] el/lei=1) with the conventions that p,, = 1
and pgy1 = 1+ ¢o/ log Q.
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This theorem generalizes and makes rigorous the heuristic described in Section 1.1. A useful
aspect of is that we may combine it with the theory of pretentious multiplicative functions to
prove zero-free regions for various L-functions that are of similar strength to the classical ones.
This is explained in Chapter 22 of [4] for the case of Dirichlet L-functions. For higher degree
L-functions, we need to know Ramanujan’s conjecture to verify (1.1). Given that Ramanujan’s
conjecture remains wide open, it would be interesting to study to what extent we can relax (1.1)
and still obtain Theorem 1.2. This question goes beyond the scope of the present paper; we will
return to it in a future paper.

1.4. Relation to earlier work. The case D = 1 of Theorem 1.1 follows by [3, Theorem 2.1].
That result is a bit stronger when j = D = 1, because it implies that >, o, |1+ f(p)|/p <a 1
in that case. Such an improvement is possible in the general case j = D > 1, but we do not pursue
it in this paper. The proof in [3] is quite involved. A much simpler proof of the special case when
f(n) = x(n)n' with x a Dirichlet character and ¢ € R is given in [4, Theorem 22.5]. It is that
proof which forms the basis of the argument we use to establish Theorem 1.1.

A non-uniform version of Theorem 1.1 follows by Lemma 4.1 in [6]. According to that result,
we have

(1.4) ZW = 04(1)

p<zT

for all x > 1, where m is as in the statement of Theorem 1.1. The main difference between the
above estimate and Theorem 1.1 is that the implicit constants in the latter depend at most on A
and D, and not on the specific values of f as in (1.4). This is an important distinction when using
Theorem 1.1 in conjunction with Theorem 1.2 to establish zero-free regions for L-functions.

It is also important to mention a related result of Sachpazis [7]. Building on earlier work of the
author and Soundararajan [3, 6], he proved that if f € F4 p(Q) with A > D + 1, then there exist
real numbers 7, . .., 74 with d < D such that

. 71 Yd —

(1.5) JEEOEPZ;(J”@HP + -+ p") logp = 0.
In addition, the numbers 1 + i7; are exactly the zeroes of L(s, f) on the line Re(s) = 1 listed
according to their multiplicity. As with (1.4), Sachpazis’s result depends on f. The asymptotic
formula he proves is valid for x large enough in terms of f. This shows a close connection zeroes
of L(s, f) close to the line Re(s) = 1.

The zeroes 1 + i; partly explain Theorem 1.1. Indeed, if v € [—C, C|, then Lemma 9.1 in [1]
implies that

|

1kl

p1+i'y

Z 1 Jlog(logz/logy) + Oc(l) ify<z<e
Oc¢(1) ifz>y>e

y<p<z

However, as Theorem 1.2 shows, the zeroes of L(s, f) on the line Re(s) = 1 are not enough to
prove Theorem 1.1.

Lastly, when D = 1, it is worth noticing that we know a more uniform version of (1.5) that is
more in line with Theorem 1.1 - see Theorem 1.1. in [3]. We expect that such an estimate can be
proven for general D by combining the methods of this paper and [3].
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2. SIEVE ESTIMATES

Lemma 2.1. Let k € N, lety > 3/2, and let V(y) = [],.,(1 — 1/p). There are real numbers
cej(y) = Ok(1) for j = 0,1,..., k — 1 such that

S nfn) = 2V (y) Z i a9) (bg”“")k_l_j +0, (—/)

— logy logy
P~ (n)>y

uniformly for all x > y.

Proof. This follows by a routine application of Dirichlet’s hyperbola method. The technical details
are a bit complicated, so we give a full proof.

We use induction on k to prove the lemma. When £ = 1, the Fundamental Lemma of Sieve
Methods (see, for example, Theorem 19.1 in [4]) implies that

@.1) > mln) =2V(y) + E,(x),

n<e
P=(n)>y

where E, () <. z'7Y/12Y/logy for all z > y > 3. So the lemma follows with ¢y o(y) = 1.

Next assume that the lemma holds with £ — 1 in place of k, and let us prove it for k. Note
that z(log 2)’ — y(logy)’ = [“(logw)’dw + j [ (logw)’~'dw for j € N. Iterating this identity
and combining it with our induction hypothesis, we find that there exist real numbers dj,_; ;(y) =
Or(1) for 5 =0,1,...,k — 2 such that

(2.2) Y man) =V(y) /: ki% d-1,4(y) (1ng)k_2_jdw + Ryo1y(),

where Ry, () < 212 ""/108y [ log y for all - > y. Let us now see how to use this formula to
conclude the proof.

First of all, when x < y?, then conditions n < z and P~(n) > y imply that n € {1} U {y <
p < z}. Hence, the lemma follows in this case by Chebyshev’s estimate.

Let us assume now that x > y2. We have

Z Tk(n): Z Z Tk_l(a)—i‘ Z Tk_l(a) Z 1.

n<T b<y/z xz<a<z/b a<y/x b<z/a
P~ (n)>y P=(b)>y P~(a)>y P~ (a)>y P=(b)>y

Using (2.1) and (2.2), we find that

S o) =vy) Y /;/blédk_l,j(y) (10gw>k_2_jdw

K= - o

>y P (0)>y

2.3

( ) Tk—l(a) x1—2_k/10gy
o<i/T gY

P~ (a)>y
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We first estimate the sum over a. By (2.2) and partial summation, we have

3 T’“‘Tl(a):1+/ L4 Y ni

a<\/T asw
P~ (a)>y P~ (a)>y

Va2 lo Jd
gw w
_1—|-V / de 2] (logy) / —dR_ 1y )

+ / —Rk_l’g(w> dw
w= ) w

=y
:/ R’fl—y(mdijOk(ml—T’“/logy)‘
y

w2

Moreover,

w

/_dely w) = Ry—14(w)

We conclude that

Tie—1( Ve S logw M2 qu
2 SV ) 2 dealy o
logy w
(2.4) a<yz
P~ (a)>y
+ Chy + Op(a' 2"/ 1o8y)y,
where

R
Chy =1 +/ de < 1
y ’l,U

Finally, we estimate the sum over b. For any ¢ € Z-, we have

¢
Z / <logw> / (logw) dw
b< /T logy Ve b</ logy
P=(b)>y b)>y

If w > z/y, the conditions b < x/w and P~(b) > y imply that b = 1. Otherwise, we have
x/w > y. Using (2.1), we find that

z/b 7 z/y 1 ¢ z/y 1 £
5[ (Y [V (Y [ (25
logy JE w logy JE logy

b<\/x
* (ogw "
+/ ( & ) dw.
x/y IOgy

P=(b)>y
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Moreover,
*F | i L
/ y<u>(20g u) du <<_7 (lOgﬂﬁ)JfEiZ 1/logy’
U
Vz
as well as
1 * E,(u)(logu)’
Therefore

e e o ST ) R
=

=0
where we used that k£ > 2. Lastly,
T 4 4 0—i

/ <logw dw :x/ <log(x/u ) du_ Z ( ) <logx) ,

w/y \108Y 1 logy / w logy
where

1 Y (logu)’ il
fily) = A / du < <l
W) (logy)’ Ji  u? (logy)’

We conclude that

logw YV (y)z (logw ¢
Z 1 dw = 1 dw
o ogy i w \logy
(2.5) P=(b

+ Z (D) e+ s (22)

Combining (2.3), (2.4) and (2.5), we find that

a/y 22 logw\ " 27 dw
S nlm =Vl [ > sl 0 () v,

2 logy
P~ (n)>y
k—2 k—2-j log = i
+2V(y) Y de-ri(y) Y (=) (eily) + fi(y)) <logy)
=0 i=0

I1—2*k/logy
Lo <—
logy
for all x > y2. Since

v (logw\ dw  V(y)(log(z/y)™**  V(y)logy
v(y)/y <1Ogy> P B

w o (logy)* (+1
_ eii (+1\ (=1)'V(y)logy [logz\ " _ Viy)logy
— 1 (+1 log y (+1 7

the inductive step is complete. U
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Lemma 2.2. Let D € N and let f be a multiplicative function such that |As| < DA. For z > y >
3, we have

log |Ly,(1+1/logz, f)| = Y Re(/(p)) +0(1)

y<psz p

Proof. This lemma is due to Granville and Soundararajan. We sketch the proof for completeness.

We write
log|Ly(1+ iz NI =D D~

p>y k=1 D Hl"gz) 10g( )
The terms with k& > 2 contribute Op(1). The terms with £ = 1 and p > z contribute also Op(1),
because Y- . 1/p' T/ °8= = O(1). Finally, we write p~'/°8* = 1+ O(log p/ log z) when p < z
to complete the proof. U

Lemma 23. Let D e NN A> D+ 1,n€[0,1] and Q > 3. Let f : N — C be a multiplicative
function such that |A¢| < DA and

> fm)| <

n<e

'Il—n/ log@ | (lOg Q)A_D_l
(log z)4

There exists a constant o = a(D) € (0, 1/2] such that

log y)4~
Z f(n) <ap a'—on/losy. % forz >y =Q.

n<x
P (n)>y
Proof. When D = 1, the needed estimate follows by Lemma 4.2 in [3]. For general D, we modify
an argument of Sachpazis [7, Proposition 4.3]. We indicate only the necessary changes.
Let ¢ = ¢(D) be the constant appearing in Lemma 4.1 of [7], and let C' = min{c/2,1/16}.
When z < y4P*+D/C we simply note that

T o)< T oa

n<x n<e
P=(n)>y P~ (n)>y

IE(IOg ‘,L,)Dfl IJ*TI/ logy(log y)Afl

< (logy)? P4 (log )4

)

?

where we used Theorem 14.2 in [4] to get the second inequality.
Let us now assume that & > y“P*V/C Let kp = [],ps p. By Lemma 3.8 in [7], and by

the proof of Proposition 4.3 in the same paper, there exist functions A* supported on {d < 2¢ :
d| [1,<, p} such that [X\*] < 1, (1x A7)(n) < 1p-(n)>y < (1% AT)(n) and

1-C/(2logy)
> Ot 1= AT )W) )] <p 2t loga) Tt + T
n<x Ogy
(nka):l

(To get the above estimate, see the first displayed equation on page 2953 of [7], which must be
corrected by also including the contribution of the error term from the third displayed equation on
page 2952.) Thus

B xl—C/(310gy) (log y)A—l
(2.6) > fm)=5+ OD,A( llog 1) ) ,

n<x
P~ (n)>y
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where
S= > (A x1)(n)f(n)
n<e
(n‘1kD):1
Let us now see how to bound S.
We have
Yoo > fd) > fm)
d<z® d'<z, d|d’ m<a/d’
(dkp)=1 pld < pld (m,dkp)=1

We may write f(m)1(marp)=1 = (f * hq)(m), where hy the multiplicative such that hy(p*) =
Lpiak,g(p™) with g denoting the Dirichlet inverse of f. We have |g| < 7p because [Af| < DA [6,

Lemma 2.2]. Thus
dooATd) Y fd’Zhd St

d<z® d'<z, d|d’ r<z/(ad’)
(d,kp)=1 pld <= p|d

Taking absolute values, we find that

en s > Y wmd) >

d<z® d'<z, d|d’ aeN
d|[Tpcy ppld <= pld pla =plkpd

> )

r<z/(ad")

= 51 + 5y,

where S; denotes the subsum with ad’ < /x and S, the subsum with ad’ > /z.
We first bound S;. When ad’ < /7, we have z/(ad') > /T >y 2 > @, and thus

Z ) < (x/ad’)lfn/logQ(logQ)A*D’l _ xlfn/(210gQ)(logQ)A,D,1
? (log z)4 D ad'(log z)A :

r<z/(ad’)
‘We have

Z Tcha) <p (d/p(d))” and Z < HZ 7'D

a:pla=plkpd d':pld < pld pld k=1
Thus
xl—n/(2 log Q) (lOg Q)A—D—l (IOg y)D _ xl—n/(QIOg y) (log y)A—l

2. <
(2:8) 51 <b (log z)A (log 2:)A

forally > Q.
Next, we bound S5. We have the trivial bound

-1 5/6 D-1
Z fr log a:) < x°/%(log ) ‘
(ad/)2/3

r<z/(ad’)
whenever \/r < ad’ < x. Moreover,
7p(a 2/3\—D o(d) o (p")
Z a2/3 <p H(l —1/p7") and Z (d)?/3 < HZ p2k/3
a:pla=-plkpd pld d':p|d < pld
We conclude that

~—

[ = 1/p*%)~"
42/3

Sy <p 1‘5/6(10g ZL‘)D_l Z

d<zC
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Thus

[1,a(1 = 1/p*%) 7P
d

29) S <p a?Fo(logx)P T Y

d<z®

Since |S| < S1 + 53 by (2.7), relations (2. 6) (2.8) and (2.9) imply that

1—n/(2logy) (] -
Z f(n) <5 z (ogy) +$O/3+5/6(10gx)2D—1 +

< 2C/3+3/6(Jog 7)2P-1,

xl—C/(S logy) <10g y>A—1

2 (log )" (log )"
P (n)>y
This completes the proof of the lemma upon taking o = C'/3. U

Lemma24. Fix D e Nand A> D + 1. Let ) > 3 and let f € Fa p(Q).
(a) Foro >1,y>Qandj=0,1,...,D, we have LY (a, f) < 4p (logy)’.
(b) Forz>y>Qandj=0,1,...,D, we have
LI, ) <ap (0g 2| Ly(1+ 1/ Tog 2, f)].
Proof. (a) This follows readily by Lemma 2.3 and partial summation.

(b) We write L,(s, f) = F(s)L.(s, f). First of all, we know that Lg)(a, f) <ap (logz)" for
1 =0,1,...,7 by part (a). Moreover, we have F' = e“ with G = log F. Hence, Faa di Bruno’s
formula implies the identity

ngs):ﬂ 2. H{a'(z'F )}

a1+2a2++Lag=~ i=1

Since

oy (1) ) (— logn)i—1 ‘
<§) (0): Z Af( )( log ) <<(logz)’

nO’
pln = y<p<z

for all i > 1 by our assumption that |[A| < D - A, we conclude that (F)/F)(0) <, (log z)* for
all ¢ > 1. Puttmg together the above estimates implies that

LY(1, f) <ap (logz)’|F(1 +1/logz, f)|-
Lastly, arguing as in Lemma 2.2, we find that
[F(1+1/logz)| <p |Ly(1+1/logz, f)|.
This completes the proof. ]

Lemma 2.5. Fix D e N, k € {0,1,...,D}and A > D+ 1. Let Q > 3 and [ € Fap(Q). For
each y > @), there exists real numbers ¢y o(y, f), cr1(y, f), oy Chp—1(Yy, f) such that

1 1Ly (1, /)]
(210) Ck,j (yv f) <<A,D k —j Z logy

and

e
—

> = [

n<x
P~ (n)>y

k—1—j :E(logy)A ol
¢k (y, f)(logw)* ' dw + O p (W

<
Il
o
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uniformly for all x > y. In particular, if L(s, f) has a zero of multiplicity m at s = 1, then
crj(y, f) = 0forall j <m.

Proof. The result follows by a routine application of Dirichlet’s hyperbola method, using Lemmas
2.3 and 2.1. We give the details for completeness.

Note that z(logz)" =1 = [F(logw)* " dw + 1jcp—o - (k — j — 1) [ (logw)*2dw for
j = 0,1,...,k — 1. Moreover, the right-hand side of (2.10) is <4 p 1/(logy)*~7 by Lemma
2.4(a). Thus it suffices to show that there are real numbers dy o(y, f), dr1(y, f), ..., dkx—1(y, f)
such that

1 L
2.11) dk,j(ya f) <<A,D k i Z ’ logy
and
k—1
T logy A—k—-1
(2.12) > (e f)n —xzdm (y. f)(log2)* 177 + O, (W
n<e
P~ (n)>y
uniformly for all > y. Indeed, the lemma would then follow with
1 LY (1, )
(Y, f) = dii(f) + L1 - (b = j)drj1 <a, - N
e ( ki (f) + Lz )i j-1 b (logy)k—i ; (logy)!

Let us now prove (2.12). Recall Lemma 2.1 and the real numbers ¢ ;(y) <, 1 in its statement.
We then set

_ i (y) [, (1 —1/p) 1
1) Guel) = = (logy)r=t-1 (logy)k=*
and
(2.14) dij(y, f) :Z(k jjl_1>cm () LY (1, ),

(=0
which satisfies (2.11) by (2.13). We will prove (2.12) holds with this choice of d, ;(y, f).
First of all, when x < y?, then conditions n < z and P~(n) > y imply that n € {1} U {y <
p < x}. Hence, (2.12) follows in this case by Chebyshev’s estimate.
Let us now assume that z > 3%. We have

Yo mxHm)= D> fla) Y wmd)+ Y. wmbd) > fla)

n<e a<\/z b<z/a b<\/x Vz<a<z/b
P (n)>y P=(b)>y P=(b)>y P (b)>y P(a)>y

The rightmost double sum is < z(logy)4~P~1/(log x)*~" by Lemma 2.3. To estimate the first

double sum on the right-hand side, we use Lemma 2.1. Recalling the definition of ¢, ¢(y) from
(2.13), we find that

! a)(log(z/a))k—t1
S (e =Sy ¥ SNl

n<x a<\/x

(2.15) P~ (n)>y P~ (a)>y

z(logy)A=+1
*O“’( (log o)+ )
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By Lemma 2.3 and partial summation, we have

3 f(a)(log(z/a)) “in (logx)k_g_l(loﬂ)

s log =
P~ (a)>y

where we used that A > D + 1 > (k — ¢ — 1) + 2. Together with (2.15) and (2.13), this implies

S a)(log(z/a))**1 2(log y)A—F-1
> (e ) = a3 ) 3 fa)log(a/a) ™ OA’D( 2(logy)*~+1 )

A—k
P—(a)>y (IOg $)

k—(—1

n<x
P~ (n)>y

Finally, using the binomial theorem, we find that

(log(x/a))*1 = Z <k a E a 1) (log 2)* 7~ (—~loga)'.

1
0<i<j<k—1

j=ite
Using (2.14), we find that
k—1 k-1
- f(a)(log(z/a))F—*t1 o
Sy Y N NG ) oy
=0 P—(a)>y j=0
This completes the proof of (2.12), and thus of the lemma. U

Lemma 2.6. Fix D € Nand A > D+ 1. Lety > Q > 3 and f € Fap(Q), and assume that
L(s, f) has a zero of multiplicity m < D at s = 1.

(a) Foro > 1and j € {0,1,...,D —m}, we have
Léj)(g, T * f) <a,p (logy)’.
(b) Foro > 1, we have L, (1,7, * f) < |Ly,(0, Tp * f)].

(c) Assume thatm < D — 1, and let k € {m,..., D — 1}. Uniformly for = > y > Q and
o€ [l+1/logz1+1/logy], we have

|L,(14+1/logz, 1 * f)|

L log y.
Proof. (a) Using Lemma 2.5, we have
z(logy)~m !
; (Tm * f)(n) <a,p (log z)A-m
P~ (n)>y
because ¢, j(y) = 0 for j = 0,1,...,m — 1. Hence, the claimed estimate on L;j)(a, Tm * f)

follows by partial summation.

(b)Let g = 7, % f. If 0 > 1+ 1/logy, then we have |L, (o, g)| <p 1. Since L,(1, f) < 1 by
part (a), the needed result follows. Finally, assume that o = 1 + 1/log z with z > y. For every
x = z, applying Lemma 2.2 three times with g implies that

log|Ly(1+1/logz, g)| =log|L,(1+1/logz,g)| +log|L.(1+ 1/logz, g)| + O(1)
< log|Ly(141/logz,g)| + O(1),

where we used part (a). Letting © — oo and exponentiating completes the proof of part (b).



A LOGARITHMIC STRUCTURE THEOREM FOR MULTIPLICATIVE FUNCTIONS WITH SMALL PARTIAL SUMS 13
(c)Leto =1+ 1/logw, so that w € [y, z|. Using Lemma 2.5 and partial summation, we have

k—1
(11 % f)(n logn 0 (log x)k~
_Ly(UaTk*f) = Z it/ logw ch] Yy, f) 141/ logw dx-i‘OAD(lOg?/)

P=(n)>y

Letting v = w', we find that [ *(log :c)k_j/x1+1/1°gwdx <p (logw)k=9*1 and thus

k—1

L (o7 f) <ap Y leey(y, f)l(logw) 7+ +logy.
=0

We use the bound ¢y, ;(y, f) from Lemma 2.5 in conjunction with Lemma 2.4 to find that
LYWL [Ly(L+ 1/ logz, f)(log 2)’
D Z — <p .
(log y)*=7+ (log y)*
Putting together the above estimates implies that
|Ly(1 +1/log 2, f)|(log z)"* (log w)*
(logy)*
To complete the proof, note that L, (1 + 1/log z, 74) =< (log 2/ log y)*. O

Ck,j<y7 f) <

Lo+ f) <

+ logy.

3. PROOF OF THEOREM 1.1

We are finally ready to prove our main result. All implied constants might depend on A and D.
Throughout, we set
g ="Tm* f .
Moreover, we will write ),,,; = Y for j = 1,..., D — m, where the Yjs are to be defined. We
also adopt the convention that Y; = oo and YDH m = Q.
For every z > y > ), Lemma 2.6(a) L, (1 + 1/log z, g) < 1. Together with Lemma 2.2, this
implies that

y<psz p
If m = D, we have Re(g(p)) = Re(f(p)) + D > 0, and thus Theorem 1.1 follows.

Let us now assume that m < D. Lety > @ and let Y = max{y, y'/"+(19)1}, For every z > y,
we have that

1+1/log 2z lo 0g Y
L,(1+1/logz,g)—L,(1,9) = / L, (0,9)do <
1 log 2
by Lemma 2.6. Thus, if 2 > Y, then z > y'/ILv(9)| and thus L,(1 + 1/log 2, g) < |L,(1,9)|-
Combining this with Lemma 2.6(b), we conclude that |L,(1 4+ 1/log 2, g)| =< |L,(1, g)] for all
z 2 Y. Hence, if u > v > Y, then |L,(1+ 1/logu,g)| < |L,(1+ 1/logv, g)|. We then use
Lemma 2.2 to conclude that

(3.1) > W_O(l) forallu > v >Y.

u<p<v
Motivated by the above estimate, we set

Y. — inf ymex{L1/[Ly(La)l}
1 y>Q?/
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we have ) < Y] < oo, with the rightmost inequality following by our assumption that L(s, f) has
a zero of multiplicity m at s = 1, which implies that L(1, g) # 0. Moreover, we claim that

(3.2) |L,(14+1/1logY1,1%g)| <O(1) (Q<y<Y).
To prove (3.2), let us first note that the definition of Y; and (3.1) imply that

(3.3) > %@)) = 0(1) forallu>uv>Y;.

U<pLU

In addition, we have that

. logy
34 log Y] < min ————,
GY BN = R L)

because L,(1,g) < 1 forall y > @ (see Lemma 2.6). Thus, if y € [Q, Y1], then
log Y1
logy

On the other hand,
[Ly(1,9)] = [Ly(1 +1/log Y1, 9)]
by (3.3) and Lemma 2.2. Putting the above estimates together proves (3.2).

We construct the other numbers Y, Y3, ..., Yp_,, inductively: fix some k € {1,...,D — m}
and assume that we have constructed YV, < Y,_; < --- < Y] such that

(3.5) Z J & Re(g(p) =0(1) (Yju<u<wv<Yj)
u<p<v p

forj € {0,1,...,k—1},and

(3.6) |L,(14+1/logYy, 7 xg)| < O(1) (Q <y <Yy).

We then set

Zir1 i= min Y L1/ILy (141/108Yimxg)l} - apg Yiyy = {Zk+1 if Zy1 <Y,

Q<y<Yy Y. if Zk+1 =Y.

We will prove that (3.5) holds with 7 = k, and that if £ < D — m, then (3.6) holds with k replaced
by k + 1. Before we begin, let us observe that the definition of Z;, and (3.6) imply that

logy

3.7 log Z = min )
-7) &kl Q<y<Yy |Ly(1 + 1/lOng,Tk * g)‘

Now, the inductive step is easy to establish when Z; ;1 > Y}. Indeed, in this case, Y1 = Y%,
80 (3.5) is vacuous. Moreover, we have

logy
|L,(1+1/log Yy, 7 * f)

by (3.7). Together with Lemma 2.2, this implies that
|Ly(1+1/10g Yisr, i1 * )] <1 (Q <y < Q)

which proves (3.6) with £ + 1 in place of k.

Let us now assume that 7. < Y}, so that Y1 = Z;.1. We start by proving (3.5) with k
replaced by £ + 1.

log Y <log Zp11 < (Q <y <Yy =Yi)
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First, we consider the case when £ = D — m. We apply (3.6), take logarithms and use Lemma
2.2 to find that

> 2R <o) Q<< Vo)

y<p<YD—m

Since D — m + Re(g(p)) = D + Re(f(p)) = 0 and Yp_,,11 = @, relation (3.5) is proven with
j = D —m = k. Note that we don’t need to establish (3.6) with £ + 1 in this case (though the
reader can check it is also true).

Next, we prove (3.5) when j = k& < D — m. Recall (3.7). Hence, there exists y € [@, Y] such
that

log y
|Ly(1+1/log Yy, 7 % g)|

(3.8) log Vi1 =<

For all w € [y, %], we have

1+1/logw
L,(14+1/logw, % g) — Ly(1+1/log Yy, 7 * g) = / L, (0,7 % g)do.
1+1/log Yi
Using Lemma 2.6(c) with z = Y}, and with kpepnma 2.6 = k + m , we find that
1
(3.9 !Ly(l +1/logw, 1, % g) — Ly, (1 +1/log Yy, 7 *g)‘ < |Ly(14+1/log Yy, 7 % g)| + lc())ggg)

If we further assume that w > Yj.41, then logy/logw < |L,(1 + 1/log Y}, 73 * g)| by (3.8). We
thus conclude that

L,(141/logw, 7 % g) < |Ly(1 +1/log Yy, 7 % g)| forallw € [Yii1, Yz].
Together with Lemma 2.2, this implies that

T k + Re(g(p))

> —0(1) forallw € [Yiy1, Yil.
p

w<p<Yk

On the other hand, (3.6) and Lemma 2.2 imply that

Z %W < O(1) forall w € [Yiq, Yl

w<p<Yy

The two above estimates readily establish (3.5) with j = k.
Finally, it remains to prove that (3.6) holds with k replaced by k& + 1. For each y € [Q, Yi11],
the definition of Yy = Z;41 and (3.7) imply that

log Y41
logy

| Ly(1+1/log Yy, 7 % g)| < 1.
On the other hand,
[ Ly(1+1/1og Vi, 7o  g)| < [Ly(1 + 1/log Yii1, 7o  f)]

by Lemma 2.2 and by (3.5) with j = k, which we have already established. Consequently,
log Yi11

|Ly(1+1/10g Yii1, Tey1 * f)] =< Ly (14 1/log Y1, e )| < 1

log y

fory € [Q, Yi+1]. This completes the inductive step, thus establishing Theorem 1.1.
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4. ZEROES

In this section, we prove Theorem 1.2. Recall that F3,""#((Q) denotes the class of multiplicative
functions f : N — C such that [Af| < DA and

> fn)

n<x

- 1/log @

log z)D+1

x 2 Q).

First, we demonstrate the following result that is a relatively standard consequence of the Borel—
Carathéodory theorem.

Lemma 4.1. Let f € F3""(Q). There exists a constant cy = co(D) € (0,1/10] such that L(s, f)
has at most D zeroes in the ball B(1,¢y/ log Q) counted according to their multiplicity. Moreover,

L 1

f(s,f) = Z E‘FODUO%Q)
pEB(L,c0/log Q)

forall s € B(1,¢y/(2logQ)), where the sum runs over all zeros p € B(1,co/logQ) of L(s, f)

listed according to their multiplicity.

Proof. As usually, we write s = o + it. Let also a be as in Lemma 2.3, and let § = o/ log Q). By
Lemma 2.3 and partial summation, we have that

LQ(S,f) <p 1 (O’ 2 1-— (S, |t| g 1)

Also, Lg(1 +6/100, f) >p 1. We then apply the Borel-Carathéodory theorem in the form of
Lemma 8.6 in [4] with R = 0/4, M <p 1 and g(z) = Lg(z + 1 + §/100, f) to find that

L 1

L= Y ——+0p(1/6).

Lq —p

pEB(1+6/100,5/2)
for all s € B(1 + 0/100,0/4), where the summation runs over all zeroes p of L( f ) in the ball
B(1 + 6/100,6/2) according to their multiplicity. Note also that > _, Zk>1 ritsy <D 1/6.

Thus

L 1
4.1 — = — 1/
(4.1) (s, f) > 5= +O0(1/9)
pEB(1+6/100,5/2)
forall s € B(1+ 6/100,0/4).
Now, let M > 100 be a constant to be chosen later and let s; = 1+ 6/M. If p € B(1,5/M?),
then

(42) Re< ! ): a=b _M+OQ)
$1 =P 51— pl 0
For all other zeroes p € B(1 + §/100,6/2), we note that Re(1/(s2 — p)) = 0. Consequently,
1 M +0(1)
4.3 R —_— B(1,6/M*)} . ————2,
(4.3) e > s, > #lr e BL/M)} 5

pEB(1+8/100,0)
On the other hand, since |A¢| < DA, we have
L/

(4.4) =

Suf)’ <—=D=(s1) = ba + Op(1).
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Inserting (4.3) and (4.4) into (4.1) implies that
M+0(1 DM
#{pe B o)y LW

< Op(1/9).
p =+ 0p(1/5)
Taking M large enough and ¢y = «/M? proves the first part of the lemma.

To prove the second part, we note that (4.1) readily yields that

L 1 L+ #{p € B(1+6/100,5/2) \ B(1,co/logQ)}
> ( )

(5, f) = L+ 0 :

peB(leoflozQ) P

for all s € B(1,¢9/(2log@)), because |s — p| > ¢/(2log Q) =<p § for all such s and for all p
such that |p — 1| > ¢o/ log Q. To complete the proof, it suffices to show that
4.5) #{p € B(1+4/100,6/2)} <p 1.

This follows by a variation of the argument leading to our bound for the number of zeroes in
B(1,6/M?). Indeed, if we let s, = 1 + §/4, then the equality in (4.2) implies that

1 4
R > —
e<32—P) 99

forall p € B(1+6/100,0/2), because so— > ss—1 = ¢d/4and |sy—p| < |so—1—6/100]+ |1+
d/100 — p| < 30/4. Moreover, arguing as in (4.4), we find that (L' /L)(ss, f) <p 1/6. Combining
these inequalities with (4.1) demonstrates (4.5), this completing the proof of the lemma. 0

Proof of Theorem 1.2. The first claim in the statement of the theorem follows immediately from
Lemma 4.1. Now, let m and p,,, prms1,-- -, Pds Par1 D as in the statement of Theorem 1.2. Fix
je{mm+1,...,d}andlet z >y > Q¥ so that

1
(4.6) —— < logy <logz < —.
|pjr1 — 1 2|p; =1
To complete the proof of Theorem 1.2, it suffices to show that
Re +J
4.7 Z M = Op(1)
y<p<z p

uniformly over all such choices of y and z.
Indeed, using Lemma 2.2 twice, we have that

Z Re(];(p)) =log|L(1+1/logz, )| —log|L(1+1/logy, f)| + Op(1)

y<psz
1+1/logy L
= —Re/ —(s, f)ds + Op(1).
1+1/log 2 L
We estimate the integrant using Lemma 4.1 to deduce that

Z Re(f(p)) _ Z Re /1+1/logy ds + OD(l)
y<p<z p peB(1,c0/log Q) 1+1/logz &~ P
= —(p—-1)
p P
== >, log lfy_ﬁ‘JrOD(l)‘
log 2z P

pEB(L,co/log Q)
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There are m summands with p = 1. Moreover, there are j — m summands with 0 < |[p — 1] <
lpj — 1|. Since |p; — 1| < 1/(2log z) by (4.6), we have that |[1/logy — (p — 1)| < 1/logy and
|1/1logz — (p — 1)| < 1/ log z for all such p, so that

=

_ logz

“logy’

For all remaining zeroes p, we have [p — 1| > |p;j+1 — 1| > 2/logy by (4.6), and thus |1/ logy —
(p—1) =<|p—1]and|1/logz — (p — 1)| < |p — 1], so that

1

logy -p

1
log z P

sl
log z A
Putting together the above estimates completes the proof of Theorem 1.2. 0
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