ERDOS’S INTEGER DILATION APPROXIMATION PROBLEM AND GCD GRAPHS
DIMITRIS KOUKOULOPOULOS, YOUNESS LAMZOURI, AND JARED DUKER LICHTMAN

ABSTRACT. Let A C R>; be a countable set such that limsup,_, @ ZaeAm[l . i > 0.

We prove that, for every ¢ > 0, there exist infinitely many pairs (o, 3) € A% such that o # 3
and |na — 3] < e for some positive integer n. This resolves a problem of Erdds from 1948. A
critical role in the proof is played by the machinery of GCD graphs, which were introduced by the
first author and by James Maynard in their work on the Duffin—Schaeffer conjecture in Diophantine
approximation.

1. INTRODUCTION

Given a set A C R, and a positive number ¢, let us consider the following approximation
problem of a Diophantine nature: are there distinct o, 5 € A and an integer n such that

(1.1) |na — B < e?

Equivalently, we seek to find a fraction 5/« # 1 whose numerator and denominator both lie in
A, and which has the property that ||3/«| < €/«, where || - || denotes the distance to the nearest
integer.

Evidently, if A has an accumulation point in R, then (1.1) has infinitely many solutions with
distinct o, 5 € A and with n = 1. So, we will be assuming throughout that A has no accumulation
points, that is to say it is a discrete set. In particular, A is a countable set.

In 1948, Erd6s [5, Page 692] asked whether it is possible to find solutions to (1.1) if A is
“large enough”. Motivated by his work [4] and that of Behrend [2] on integer primitive sequences
(see Definition 1.1 below and the discussion following it), he proposed that this might indeed be
possible if A satisfies one of the following conditions:

1
1.2) Z = 0
a€A, a>2 @ log a
or
. 1
(1.3) lim sup > —>o.
x—oo 10T Q
acAN[1,z]

We shall refer to this question as the integer dilation approximation problem. This problem was
mentioned' againin [6,7,8,9, 10, 11, 12, 13, 14, 15]. In particular, Erd8s, Sark6zy and Szemerédi
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[15] asked in 1968 whether one can prove the existence of infinitely many solutions to (1.1) under
the stronger assumption that

o1
hg g}lf - Z 1>0.
acAN[1,z]
In this paper, we resolve Erd6s’s integer dilation approximation problem when A4 satisfies the
second condition (1.3).

Theorem 1. Let A C R be a discrete set such that

> é>0.

acAN[1,z]

lim sup
T—00 10g x

Then, for every € > 0, there exists a pair (o, 3) € A? such that o # 3 and |na — 3| < € for some
positive integer n.

Remark. In fact, the above theorem implies trivially that, for every € > 0, there must exist infinitely
many pairs (a, 3) as above. Indeed, once we locate the first one, say («, 1), we apply the theorem
to A" = A\ {ay, f1} to locate a second suitable pair (a, 32). Continuing this way, we may find
an infinite number of such pairs.

It is worth noting that Erdds originally stated his problem in its contrapositive form; the above
formulation of the problem appeared first in a paper of Erd0s and Sarkozy [14], and subsequently
in Haight’s 1988 work [17], who proved Theorem 1 in the special case when the ratios o/ with
distinct o, § € A are all irrational. As a matter of fact, under this assumption, Haight proved the
stronger estimate

(1.4) lim * Z 1=0.

Erdds’s motivation for stating the problem in the contrapositive form comes from its connection to
primitive sets of integers. Indeed, if A C N and € € (0, 1], then the only way to have a solution to
(1.1)is if 8 = na, that is to say, if « divides 5. Let us now recall the definition of a primitive set:

Definition 1.1 (primitive set). We say that a set A C N is primitive if a 1 b for all distinct a, b € A.

Early on, many experts, including Chowla, Davenport, and Erdds, believed that primitive sets all
have natural density equal to zero. But to their great surprise, in 1934 Besicovitch [3] constructed
primitive sets with upper natural density % — ¢, for any € > 0. (This is sharply different from the
situation in Haight’s estimate (1.4).) On the other hand, in 1935 Behrend [2] and Erd6s [4] proved
that primitive sets of integers all have logarithmic density zero, and hence lower natural density
zero. In fact, Erd6s [4] showed the stronger result that

(1.5) Z L < 00,

aloga
acA &

for any primitive set of integers .4, while Behrend’s result [2] states that

1 log x
1.6 S
(1.6) GE% . a Vloglog x
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for such sets. More recently, Ahlswede, Khachatrian and Sarkozy [1] strengthened Behrend’s
estimate by showing that

1 log x
(1.7) E e ———
s ATyal a Vvloglog x

uniformly for all primitive sets A and all z > 3 and y > 1.

1.1. Notation. Given S C Rand z € R, we let S, := SN (—o0,z] and S~ = SN (x, 0).

For a positive integer n, we denote by P*(n) and P~ (n) its largest and the smallest prime
factors respectively, with the standard conventions that P*(1) = 1 and P~ (1) = oc. In addition,
we write w(n) for the number of distinct prime factors of n.

Given k € N, we let 7, denote the k-th divisor function.

We write f(z) < g(x) (respectively f(x) 2 g(z)) if f(z) < (1 4 o(1))g(x) (respectively
F@) > (1+ 0(1))gla)) as & — oc.

Lastly, we write meas to denote the Lebesgue measure on R. In addition, given 7" > 0 and a
Lebesgue-measurable set S, we let

meas(S N [0,77])
T :

1.2. Ideas from the proof. The connection of Erd6s’s problem to primitive sets of integers plays
a crucial role in our proof, as does Haight’s work. In fact, one may view our proof as an instance
of the structure versus randomness philosophy.

Let us consider a discrete set A C R-; and a number ¢ € (0, 1] such that there are no solutions
to the inequality |na — 3| < e with distinct o, 3 € A and with n € N. In order to establish
Theorem 1, we must prove that

(1.9 Z é =o(logz) (z— o).

acAN[1,z]

(1.8) Pr(S) =

We have two extreme cases:

e Structured sets: these are primitive sets or small “perturbations” of them. By this, we mean
that A C vQ>1 == {y0: 0 € Qs } for some v € R4, and that the set of denominators

Q = {q € N: 3a € N such that ged(a, ¢) = 1 and ya/q € A}

is sparse. For each given ¢ € Q, the set {a € N : ged(a,q) = 1, a/q € A} is primitive,
so we may apply Behrend’s estimate (1.6) to it. If Q is sparse enough, then we deduce that
(1.9) holds.

e Random sets: these are sets A for which all ratios v/ are irrational, or perhaps rational
numbers of large height>. We can expect to be able to handle such sets by a suitable variant
of Haight’s proof and to prove that (1.9) holds for them too.

Roughly speaking, the strategy of the proof is to show that either A consists almost 100% of a
random set, or that a positive proportion of A is structured.’

2The correct notion of “large height” is with respect to the size of « and 3. The crucial quantity to consider is
[o, 8] == H(a/B)/ max{«, 8}, where H(-) is the height function; see Definition 2.4 below.

3An astute reader might have noticed that the notions of structured and random sets are not fully orthogonal to each
other, because in the latter case we allow the ratios o/ to be rationals of large height. Consider for example the
case of aset A = |J;5,{a/q; : a € Sj, ged(a, q;) = 1}, where (g;)72, is a sparse sequence of prime numbers and
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Let us now provide some more concrete context. As in Haight’s work, the starting observation
is that, for any choice A" of a subset of A, the union

(1.10) U U(na—e/Z,noz+€/2)

ac A’ neN
avoids all intervals (o — /2, a + ¢/2) with a € A\ A’. Indeed, this is a simple consequence of
our assumption that there are no solutions to the inequality |na — (| < e with distinct o, § € A
and with n € N. Thus, if we could show that the union in (1.10) covers ~ 100% of the positive
real numbers, we would deduce that #(A\ A') N [0,7] = o(T") as T' — oo.

To prove that the union in (1.10) has large measure, we use the second moment method (cf. Sec-
tion 2.2). Suppose we are given certain events Fy, 5, ... in a probability space and we need to
show that, with high probability, at least one of them occurs. The second moment method says
that this is indeed true if the sum of the probabilities of the events F; is large and the events £; are
negatively correlated on average (see Definition 2.2 and equation (2.10) below).

Our probability space is the interval space [0, 7"] with 7" a parameter tending fast to infinity, and
the probability measure is given by Pp, which we defined in (1.8). To construct the events E;,
we fix a judicious choice of distinct elements a, . . ., a; of A; these will form the special set A’.
Haight considered the events

H;, = U(nai —&/2,n0; +¢/2)
neN
and proved that if «; /v, is irrational, then P (H; N H;) ~ Pp(H;)Pr(H;) as T — oo. However,
the events H; could be highly correlated when «;/c; is a rational number of small height (see
Section 2.3 below). For this reason, we borrow a key idea from the proof of Erdds’s estimate (1.5)
and we take
E; = U (noy —e/2,na; +€/2).

neN, P—(n)>q;
For these events too, Haight’s argument and inclusion-exclusion allows us to show that if «; /¢y is
irrational, then Pr(E; N E;) ~ Pr(E;)Pr(E;) as T — oco. In addition, we may use an elementary
argument to calculate P (E; N E;) when «; /o is a rational number. It turns out that Pr(E;NE;) S
Pr(E;)Pr(E;), unless «;/c; has small height.

By the above discussion, we see that the only potentially problematic case is when there is a
positive proportion of ratios «;/c; of small height. Our goal is then to prove that A’ contains a
large structured subset to which we can apply Behrend’s estimate (1.6). In order to explain how
to locate this subset, let us assume for simplicity that 4 C Q-; (without necessarily knowing that
the set of denominators is very sparse, meaning that A is structured). If we write oy; = a/q and
a; = b/r, it turns out that the corresponding events E; and E; are negatively correlated, unless the
product ged(a, b) ged(q, r) is large. This is a generalization of the set-up that occurred in the work
of the first author and of James Maynard on the Duffin—Schaeffer conjecture [21]. In that paper,
a potential counterexample to the Duffin—Schaeffer conjecture was a set of integers with many
pairwise GCDs being large. Here, we work with a set of rational numbers and we must account
for the product of the GCDs of the numerators and the denominators, but the methods of [21] can
be adapted to this more general setting, without any serious difficulty. Hence, using the machinery
of GCD graphs of [21], we show that the only way we can have lots of pairs (a/q, b/r) with large

S; CZN(gjxj-1,q;jz,] is primitive for each j, with the sequence (xJ);";l growing at some appropriate rate. This is a
structured set, but it could also be a random set, unless there are elements in some S; with a large GCD. This example
is very useful to keep in mind for the discussion later on.
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product ged(a, b) ged(q, r) is if there exist fixed integers A, B, ) and R such that, for lots of pairs
(a/q,b/r), we have a = Ad', b = BV, g = Q¢ and r = Rr’, as well as ged(a,b) = ged(A, B)
and ged(q, ) = ged(Q, R). In particular, ged(A, B) ged(Q, R) must be large.

However, when we use GCD graphs to produce the fixed integers A, B, ), R, we incur the loss

of the Euler factors 1\ -2 1\ -2
I (-5 T (-5)

pgdan) - P pedem P
In the context of the Duffin—Schaeffer conjecture, each integer n is weighted by ¢(n)/n. These
weights were used in [21] to counterbalance the lost Euler factors from the method of GCD graphs.
Here, however, we do not possess such convenient weights, so we have to gain the missing Euler
factors from certain coprimality considerations that allow us to sieve for them. Indeed, note that
ged(a, q) = ged(b,r) = 1, and thus

ged(a, Q) = ged(b, R) = ged(q, A) = ged(r, B) = 1.

Hence, in principle, we should be able to win the needed Euler factors by sieving a’, ', ¢’ and
" by Q, R, A and B, respectively. However, this will only be true if the range of summation of
a', b, q,r" is “long enough” with respect to the integers we are sieving with. It turns out that we

: Q) | o(R)
can arrange for the range of o’ and b’ to be long enough, and thus to gain the factors % -8

However, the range of ¢’ and r’ might not be long enough. In fact, it is possible that ¢ = 7' =1, a
case that will occur if all elements of .4 have the same denominator. It thus seems we have reached
an impasse.

To get around this issue, we observe that the range of summation of @’ and ¢’ is sufficiently long
so that if we somehow knew that ged(a’, A) = ged(V', B) = 1, then we would be able to gain
the factors 2% and @ from the @’ and &' summations, respectively. This would be the case,
for example, if we knew that all numerators a were square-free (if a is square-free and a = Ad/,
we automatically have ged(a’, A) = 1). But this assumption is too restrictive to prove Theorem
I in full generality. Alternatively, we would be able to gain the needed Euler factors if we knew
that, for every prime p| A, the p-adic valuation of A matches that of a (and similarly for the primes
p|B). However, the method of GCD graphs does not guarantee this exact divisibility. Indeed, we
have the required exact divisibility in the “first iterative step” of the method of GCD graphs [21,
Proposition 8.1], but not necessarily in the “second iterative step” [21, Proposition 8.2].

To get around this second obstacle, we use a variant of the method of GCD graphs that borrows
a key idea from the recent paper of Hauke, Vazquez and Walker [19], in which they build on the
work of Green—Walker [16] to give an alternative proof of the Duffin—Schaeffer conjecture. In this
variant, we only perform the second iterative step to fully determine the divisors () and R of the
denominators, but we do not fully determine fixed divisors A and B for the numerators. Instead,
after we perform fully the first iterative step for the numerators, and both the first and second
iterative steps for the denominators, we arrive at a situation where we have fully determined )
and R, and we have few possibilities for A and B with the benefit that, for each given possibility
of A and B, (we have Ehe required exact divisibility. This gives us the advantage that we can gain

»(A4) »(B)

the factors ©; and <5~ from the o’ and &’ summations. But it comes at the expense of having to

execute a new summation over all possible values of A and B. It turns out that this summation is
too large (unlike in [19], where the savings # . @ is enough to counterbalance the loss from

the summation over A and B). Hence, we have reached a third important obstacle.
In order to get around this last obstacle, we use the extra savings provided to us from Behrend’s
estimate (1.6) (in fact, we need a generalization of it - see Theorem 4.1 below). In this last step,
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a small miracle occurs: the savings from Behrend’s estimate is precisely what we need to balance
the loss from the extra summation over all possible values of A and B. This feature of our proof
is new and did not appear in the work on the Duffin—Schaeffer conjecture [19, 21, 22]. It is also
one of the main reasons why our theorem is “soft” and we do not prove quantitative estimates like

(1.6).

Remark. A different reason why we cannot prove (1.6) is that we work with the events £;, whose
measure is too small. There is some hope though that our method can show (1.5), at least when
A C {a/q € Q=1 : a square-free}. The reason is that under this assumption we can avoid
using the Hauke—Vazquez—Walker variation described above. Note however that there is a second
important feature of our proof, stemming from the construction of the sets A’ in Section 2.5. We
use this construction to guarantee that the events F; and F; can only be positively correlated when
log o;; < log ;. This is an important technical feature of the proof that greatly simplifies many
details in Section 2. But it also appears to be essential, especially in Sections 6 and 8.

2. STRATEGY AND KEY INGREDIENTS OF THE PROOF OF THEOREM 1

2.1. Initial maneuvers. Let A C R, be a discrete set such that

1 1
2.1) lim sup > —>o,

log x «Q
zoo 108 acAN[1,z]

and let ¢ € (0, 1]. We seek to find distinct v, 3 € A and an integer n such that [no — | < €. By
dividing this inequality by €, and by replacing A by the set {a/e : a € A}, which also satisfies
(2.1), we may assume that ¢ = 1.

In conclusion, we have reduced Theorem 1 to the following case: we are given a discrete set
A C R, satisfying (2.1), and we wish to find distinct o, 5 € A and a positive integer n such that
|na — 3| < 1. Let us assume for contradiction that

2.2) lna — | =21 forall o, 5 € Awith o # 3, and for all n € N.
In particular, A is 1-spaced and satisfies the “primitivity condition”
(2.3) a/B ¢ N for all distinct o, € A.
We will then show that
.1
(2.4) lim - QE%:LT] 1=0.

Clearly, if we can indeed prove this, we will contradict (2.1). We will have thus completed the
proof of Theorem 1.
Now for each o € A, let us define the sets

M, = U (na— %, na + %)
neN
As Haight also observed, for any A’ C A, condition (2.2) implies that

2.5) ( g (oz—%,oz—i—%))ﬂ(UMa):@.

ac A\A acA
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Moreover, we have that

(2.6) meas ([O,T] N U (a — 3, a+ %)) = #((.A\A’) N [O,T]) + O(1).

ac A\ A’

Assume now that, for every given ¢ > 0, we can show the existence of a finite set A’ = A'(¢) C A,
and T = To(A’, €) such that

2.7) IP’T< U Ma) >1—¢ forallT > Tp.

acA’

We then deduce that #(AN[1,T]) < T+ O.(1) forall T' > T}, by (2.5) and (2.6), which implies
(2.4) since € can be taken arbitrarily small.

2.2. The second moment method. In order to prove (2.7), we use the second moment method as
in Haight’s paper [17]. To this end we record the following classical lemma which follows from
an easy application of the Cauchy-Schwarz inequality (see for example [18, Lemma 2.3]).

Lemma 2.1. Let T' be a positive real number, let k > 1 be an integer, and let F, ..., E} be
measurable subsets of [0, T|. Then, we have

g (Z?Zl PT(EJ'))Z
(2.8) Pr ( U Eﬂ') z S Y Pr(ENE;)

In view of the above lemma, if we are given measurable sets F1, ..., Ex C [0,7] and we want
to show that

Jj=1

k
(2.9) IPT< U E]) > (1+0(1)), as T — oo,
j=1

then it suffices to prove that Iy, . .., Ej verify the following two conditions:
LY Pr(Ej) — coas T — oo
2. Pr(E; N E;) S Pr(E)Pr(E;) whenever 1 < i < j < k.

Motivated by the second condition, and in order to keep the exposition concise, we make the
following definition.

Definition 2.2 (Negatively correlated sets). Let E, I'; be measurable subsets of R-y. We say that
E: and E, are negatively correlated” if Py (E1 N EQ) < Pr (El)IPT (Eg) as T — oo.

In order to obtain (2.9), one can of course weaken the second condition above to only require

that the sets F, ..., Ey are pairwise negatively correlated on average, namely that
2
(2.10) S S Pr(EnE) s (Y Pr(E))
1<i#j<k 1<5<k

“If we view [0, 7] as a probability space equipped with the probability measure P, then the condition Pr (E1 N
Eg) < Pp (El)IP’T (Ez) is equivalent to saying the random variables 1, and 1z, have negative correlation. With
this in mind, we ought to have defined Py (Ey N E2) < Pr(E1)Pr(E2) to mean that E; and E, are “asymptotically
non-positively correlated”, but this would be rather cumbersome. For this reason, we resort to a less precise but cleaner
terminology.
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Note that P7(M,) ~ 1/c, and we might assume that Y, 1/a = oo since otherwise (2.4)
holds trivially. Therefore, if we can show that the sets { M, } ,c_4’ are pairwise negatively correlated
on average, for some judicious choice of A’ such that ) _ ., 1/ is large, then we would deduce
2.7).

Haight [17, Lemma 1] proved that

(2.11) Pr (Mo N Mg) ~ Pr(M)Pr (M)

if o/ is irrational. This implies that M,, and M are asymptotically uncorrelated, which is even
stronger than saying they are negatively correlated. Using (2.11), Haight deduced that (2.4) holds
if a/5 ¢ Q for all distinct elements «, 5 € A.

2.3. The problem with the sets M,. Given the discussion in the previous section, a natural
approach to prove (2.7) is to apply Lemma 2.1 with the events F; being of the form M, with « in
our specially chosen set .A’. However, this does not work in full generality. For instance, if A is a
set of integers, then the events M, and M are positively correlated if ged(c, 8) > 1. Indeed if
a, B € N, then

IP’T(./\/la N Mg) = %#{(m,n) e N2 : ma =nf, ma < T} ~ gcd(a,ﬂ)PT(MQ)PT(/\/{g).

As a matter of fact, one can construct easy examples of sets of integers .4 such that { M, } ,c 4 are
positively correlated on average, so there is no hope for the second moment method to work in this
case.’ In fact, if it were to work, we would have an analogous result to Haight in the integer case,
but we know from Besicovitch’s result [3] that there exist integer primitive sets with positive upper
natural density.

By (2.11), we only need to focus on the case where o/ € Q. In this case let us write o/ = s/t
where s, are positive coprime integers. Then we observe that

]P’T(/\/la ﬂ./\/lg) > %#{(m, n) € N? : ma = nf3, ma < T}

L D B (MaBR (M),

ot t

(2.12)

Hence, if the quantity /3 = s/« is small, the sets M, M will be positively correlated. It turns
out that this quantity plays a central role in our proof of Theorem 1. We shall call it the bracket of
« and (. To define this notion properly for all positive real numbers, we first define the height of a
real number.

Definition 2.3 (Height of a real number). Let « > 0 be a real number. If o ¢ Q, we define
H(a) = 0.
Otherwise, if & € Q, then we write « = a/q with a, ¢ € N and ged(a, ¢) = 1, and we define
H(a) = max{a,q}.
We call H(«) the height of the number «.
© SAn casy example is to take A C (J,, {a € NN [\/75, ;] : w(a) = |loglog ;] } for a sparse sequence z; — oc.

We may find such an example such that the factor gcd(a, b) has expected value equal to a power of log z; when a and
b range over AN [,/Z;, z;] and are weighted by Pr(M,) ~ 1/a and Pp(M,) ~ 1/b, respectively.
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Definition 2.4 (Bracket of two real numbers). Given two real numbers «, 5 > 0, we define

H(a/p)

max{a, 3}

We have the following basic properties of the bracket of two real numbers.

v, B] =

Lemma 2.5. Let o, 3 > 0.
(a) We have [a, 5] = |3, a.
(b) If /B = s/t € Q, where s/t is a reduced fraction, then

S t
[0, f] = — = 2
(c) Ifa« = a/qand 5 = b/r, where a/q and b/r are both reduced fractions, then

| = =
- ged(q, ) ged(a, b)’
Proof. (a) This follows readily by the definition of [«, 5].

[, 8

(b) Using part (a), we may assume that « > . Then, we have that a/5 = s/t > 1, and thus
H(a/B) = s. We thus find that [o, ] = s/«. Lastly, we have that s/a = t//3 by assumption.

(c) If we let a; = a/ ged(a,b), by = b/ ged(a,b), 1 = q/ ged(q,r) and ry = r/ ged(q, ), then
we have a/ff = ‘;11;11, and gcd(air1,b1q1) = 1. Hence, [a, 5] = “™ by part (b). Inserting the
definition of a; and 7, in this expression, and using that & = a/q, completes the proof of this last

part of the lemma. O

It follows from (2.12) that M,, and M are positively correlated if [, 3] < 1. To overcome this
problem so that the second moment method works, we replace M, by smaller sets, of the form
Uner, (na—1/2,na +1/2) for some L, C N. Using an idea of Erdds [4] from his proof of (1.5),
it turns out that a judicious choice for £, is to take {n € N : P~(n) > «a}, meaning the set of
a-rough numbers. Hence, for each o > 1, we define the sets

Ny = U <na— 1, no+ %>,
neN
P~ (n)>a
for which we have

(2.13) Pr(N,) ~ 1 1T (1 - 1)

aQ p

psa
as T — oo. Since N, C M,, for all o > 1, relation (2.7) will follow as long as we can show that
(2.14) IP’T( U Na) >1-—¢
ac A’

for an appropriate choice of A’. We will use Lemma 2.1 to prove (2.14). To this end, we must
understand the correlations of the sets N,,.
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2.4. Correlation estimates. We first show that if [a, 3] < 1, then the sets N,,, N are not only
negatively correlated, they are in fact disjoint!

Lemma 2.6 (No overlap when [«, 8] < 1). Let « > > 1 be two real numbers such that o/ 5 ¢ N
and [o, ] < 1. Then

Naﬂ/\/g:@.

To prove this result we first need to take care of the diagonal solutions ma = nf3, when m is
a-rough and n is S-rough.

Lemma 2.7 (No diagonal solutions). Let « > [ > 1 be two real numbers such that o/ ¢ N
and [, 5] < /. Then there are no solutions to the equation ma = nf3 with m and n natural
numbers such that P~ (m) > .

Proof. We have o/ € Q; otherwise, |«, 5] = co. Write o/ = s/t in reduced form. Suppose
for contradiction that ma = nf for some m,n € N with P~(m) > «. Equivalently, ms = nt.
Since ged(s,t) = 1, we must have that ¢|m, in particular P~(¢) > «. On the other hand, note
that ¢/ = [a, 5] < a/f, and thus ¢ < a. But¢ < a and P~ (¢) > « forces t = 1, which gives
a/B = s € N, a contradiction. O

Proof of Lemma 2.6. As in Lemma 2.7, we may assume that a/5 € Q. Let us write o/ = s/t in
reduced form. If A, N3 were non-empty, then there would exist m, n € N such that P~ (m) > a,
P~(n) > g and [ma —nf| < 1. Since [a, 5] < 1 < a/f, Lemma 2.7 forces ma # nf3. Thus
ms — nt 1s a non-zero integer, and so

B

—nt

[, ]

using [« 5] < 1. This gives a contradiction, and completes the proof. U

> |ms—nt| > 1

In view of Lemma 2.6, we only need to investigate the correlations of NV, and Nz when [« (] >
1. Using inclusion-exclusion and Haight’s result (2.11) we first show that \,, and N are negatively
correlated when [«, 5] = oo, that is to say, when «/ (3 is irrational.

Lemma 2.8. Let v, 5 € Ry be such that o/ is irrational. Then, as T — oo, we have
Pr(Na NAG) ~ Pr(NL) B (A).

Proof. First, we note that

1 /T 1 T
Pr (Na ﬂN/B) = f/ Lien, - Lien, dt = T Z Z / Lji—maj<1 * Lji—ngj<1 dt
0 0

n<T/pB m<T/«a
P~ (n)>B P~ (m)>a
1
(2.15) == > (1=[nf—ma))",
<T/B m<T/a
P~ (n)>B P~ (m)>«
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where 2 = max(0,z). Given z € Ry, let P, = [] . p. Then the condition P~(m) > ais
equivalent to ged(m, P,) = 1, and so by Mobius inversion we have

Pr(No NNG) = Y (—1)=) Y~ (—1)d) — Z > (1= |ndyf — mdial)*

d1|Pa d2|'Pﬁ n<T/(d25) m<T/(d1o)
(2.16) = ) (=1 Y (1) EIPr (Mg,a N Mayg).
d1|Pa d2|775

Furthermore, note that o/ ¢ Q if and only if dya/(dy5) ¢ Q for any pair of positive integers
dy, ds. Therefore, by (2.11), (2.13) and (2.16) we get

1
Pr(No NNG) ~ 30 (1)) 30 (-1 o

d1\'Pa d2|Pg
1
- _) (1 - _> ~ Pr(N)Pr(A)
" ap Ig ( p pg p
when T' — o0, as desired. OJ

It now remains to consider the case 1 < [a, ] < oo, which we will split further in two cases.
If [o, (] is large, we prove the following lemma, which we shall use to show that for such pairs
(e, ), the sets N, and N are negatively correlated on average. Indeed, as Lemma 2.14 below
shows, the error term log(2/3)/(c/3) + 1/ is negligible on average.

Lemma 2.9. Let o > 3 > 2 be two real numbers with o/ € Q \ N and [a, 3] > min{a?, 10°}.

Then as T — oo, (j\/’ N )
Pr(Na N B < O (10g<2ﬁ) l)
BB ) < Cas )

We shall construct our set A" so that we can apply Lemma 2.9 to the vast majority of pairs
(o, B) € A’ x A’. The remaining pairs are very few, but their treatment constitutes the hardest part
of the proof. In particular, it is in this part that we need to use the machinery of GCD graphs from
[21]. On the other hand, because the pairs (c, ) with 1 < [a, 3] < min{a?, 10°} will be arranged
to be sparse, it suffices to obtain less precise upper bounds for Pp (Na NN, 5). These are given in
terms of the prime factors dividing the product of the numerator and denominator of the fraction
a/ 5. To this end, we introduce the following useful concepts.

Definition 2.10 (The prime numbers of a rational number). Given a prime p and a rational number
0 > 0, we write p € p if we may write o = a/q with ged(a, ¢) = 1 and pl|agq.

Definition 2.11 (Two arithmetic functions on the rationals). Given o € Q¢ and z > 1, we define

w(o;2z) =#{p € osuchthatp < z} and L(p;2 Z -

PGQ
p>z

Then we prove the following result:
Lemma 2.12. Let o > (3 > 2 be real numbers with o/ € Q\ Nand R = [, 5] > 1.
(a) If L(a/B; R) < 1, then as T — o0,
Pr(Na NN,
AT I
P (Na)PT(N,B) a/B
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(b) If L(a/3; R) > 1 and we let
z=max{2' :i € Zzo, L(a/B;2") > 1},
then R < 2z and, as T — oo, we have
Pr(Na NN3) log(2z) logp3
Pr(No)Pr(NG) © Dog(2R) o/

Both Lemmas 2.9 and 2.12 will be consequences of Lemma 3.1 which we shall establish in
Section 3 using an elementary sieving argument.

2.5. Constructing the set A’. Next, we explain how to construct a finite set A’ such that (2.14)
holds. To simplify our notation, for each o > 0 we let

1 1 1
2.17) k(a) = — (1 - —) -
() o zgv P alog(a + 2)
and
Aa) =~
=
In addition, for any finite sets 5 C R.gand £ C ]R2>0, and for i : Ry — R-g, we define
(2.18) p(B) = u(B), and  pE) = > pla)u(B).
BeB (a,3)€E

By (2.1), there exists some constant ¢ € (0,1/10) such that
1
A = —
(AN[L,z]) Z - > 4clog x
acAN[1,z]

infinitely often as x — oco. Recall that A is 1-spaced by (2.2). This implies that )
2clog x for all x sufficiently large. Hence, we find that

acAN[1,z¢] 1/0& <

(2.19) A(AN [z 2]) > 2cloga
infinitely often as z — oo.
Next, we construct a convenient sequence x; < T < ... such that z; > x;/_ cl for all j > 2, and

certain sets

A;-QAj::Aﬂ[x§,xj] j=1,2,
such that
(2.20) MA)) = clog ;.

The reason we introduce the sets .A;- is to guarantee Lemma 2.13(b) below. In turn, this will allow
us to apply Lemma 2.9 for almost all pairs («, 3) € A" x A'.

In order to achieve the construction of A’, let us consider the following equivalence relation on
A: we write o« = (5 if, and only, if o/f € Q. We may then partition A into equivalence classes.
For each a € A, let us denote by 7, the smallest element of A that lies in the same equivalence
class as «. Moreover, let

= {v,:a¢e A},
which is the set of minimal representatives of the equivalent classes of .A.

Let us now construct the z;’s. Firstly, we take x; to be the smallest integer > el/¢ for which

(2.19) holds, and we let A} = A; = AN [z§, ;). In particular, (2.20) holds.
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Next, assume we have constructed z1,...,z; and A}, ... ,.A; such that z{ > z;_; and (2.20)
holds for 7 = 2, ..., 5. Consider the quantities
1
Q; = max{lOaaH(oz/%l) rae AL U--- UAj} and S; = Q3 Z —.
8

yerN[1,z;]

In addition, let B; be the set of a € A for which there exists v € I' N [1, ;] and a reduced fraction
a/q such that ¢ < Q; and @ = ~a/q. For each given « and ¢, the set {a € N : va/q € A} is
primitive. We may thus apply (1.7) to show that

Z IOg T
\/log logz

q<a<qw
va/qeA
Consequently,
logx
VORI D SEED SPD ST LD ppaee. o
velALe;] | 4<Q; a<a<qe erniLay] | a<Q; loglog x
va/qEA
log x

pp— L
I Jloglog =

Therefore, there exists a constant y; such
MB;jn[l,z]) <clogz forallz > y;.

We then take x;; to be the smallest integer > max{y;, :vjl-/ “} such that (2.19) holds. Hence, if we
set

;'H = A1\ Bj,
then (2.20) holds. Fix J large and denote

J
=J 4
j=1

This completes the construction of the set .A’. We show that it satisfies the following properties.

Lemma 2.13. Let A’ be as above.

(a) We have
c] <Y Pr(N,) < Jlog(1/c).
acA’
(b) If a, B € A’ are such that o > 3 and [, 5] < 107, then there exists j € {1,2,...,.J} such
that o, 3 € A’

Proof. (a) By (2.13) and Mertens’ theorem we have

(2.21) > Pr(N. Z >

ac A’ j=1 aeA’

ozlogoz

Furthermore, by (2.20) and the fact that .A is 1-spaced, we get

1
2.22 < log(1/c¢).
( ) c< Z aloga ag'aloga < Og( /C)

aEA’
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Inserting this estimate in (2.21) completes the proof of part (a).

(b) Since a > 3 there exists 1 < j < i < J such that @ € Aj and § € Aj. Assume for
contradiction that i > j. Since [a, 3] < 107, we must have o/ € Q and hence there exists
v € T such that & = ya/q and 5 = ~b/r with a/q and b/r reduced fractions > 1. In particular,
v < B <x; <. Since a = va/q € A\ B;_1, we must have that ¢ > Q,;_; > 10°8H (/7).

Now, note that § = §17t, where a; = a/ged(a,b), 1 = r/ged(g,r), by = b/ ged(a,b) and
¢ = q/ ged(q, ). We have ged(aqr, b1g1) = 1. Hence,

b _ g q 8
[, 8] = 5 >6r>—ﬁH(6/v)>10’

which gives a contradiction. This completes the proof of part (b). U

2.6. The last key result towards Theorem 1. Let us now explain how to put together all of the
above ingredients. This will reduce Theorem 1 to the key Proposition 2.15 below.

Recall that Theorem 1 follows from (2.7), which in turn can be deduced from (2.14). To show
this last relation, we apply Lemma 2.1 with the events F; being the sets N, with a € A’. We have

Z PT ~ KJ .A/> —~c J
acA’

by Lemma 2.13(a), where x(.A’) is defined in (2.17) and (2.18). Thus, it suffices to show, as
T — oo,

(2.23) > D Pr(NaNNG) S K(A) + O (J),
a,Be A’
aFB

in which case we may conclude

P Un) 2 R AP fé’f?w» -1-0(3)

by Lemma 2.1. This will complete the proof of (2.14) (and thus of Theorem 1) if we take .J to be
suitably large.
Combining the estimates in Lemmas 2.6, 2.8, 2.9 and 2.12, we obtain that

(2.24) SN PrWanNG) S D0 Pr(NLPr(N) + OBy + By + By)

a,BeA’, a>p a,BeA’, a>f

as T' — oo, where

B Y wla)e)- (5 25)

a,BeEA, a>pf

Ey = ZZ K(a)k(B),

a,BeA’, a>pB
1<[a,B]<min{a?,10°}

1+ 1
=Y  Y¥ m<a)m(5).m.

120 a,feA’, a>f
1<[a,B]<min{a?,108}
241> o f], L(ar/B;27)>1
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We first show that the contribution of FE is negligible. This follows from the following basic
lemma.

Lemma 2.14. IfC C R.y is 1—spaced then

1 1 logf
22 aloga 7 (ngﬁ)@(c)'

a,BeC, a>f Ogﬁ

Proof. Indeed, the sum in question simplifies as

1 1
Zozlogazﬁﬂog/@ Zzazloga <z€;aloga +5§510g5 = (),

pec eC

since C is 1-spaced. ThlS completes the proof. U

This result, together with Lemma 2.13(a), implies that
(2.25) E < k(A =<, J.

To bound FEs, note that Lemma 2.13(b) and the condition [, 5] < 104 in its range of summation
imply that there exists j € {1,2,...,J} such that o, 3 € A}. Hence,

S nAR I
7j=1

by (2.22).
It remains to bound E5. As in the case of Ej, there must exist some j € {1,2,...,J} such that
o, € A5 C A;. In particular, the condition [, 5] < o and the definition of [« 5] imply that
H(a/B) < x3. Since log o =<, log z; for each a € A;, we also have that r(a) <. A(«)/logz;
(and 51m11arly for (). Thus we conclude that

J o i .
1 1+ 1
2.26 by <. — Aa) A
(220 s ; (10g$j)2;;7“+1 (2%); (@)A(B)
H(a/B)<e?,
27‘<[a“8]<21"+17
L(er/B;27)>1

We claim that we have the following key bound:

Proposition 2.15. Let x > 3, lety,z > 1, and let B C [1,x] be a 1-spaced set such that o/ ¢ N
for all distinct o, 5 € B. We have the uniform estimate

A({(a,ﬁ) €eBxB:H(a/B) <2® y<la B <2y, Lla/B;2) > 1}) < ye *(logx)%

In view of (2.3) and (2.26), we may apply the above proposition with B = A;, v = z;, y = 2"
and z = 2° to find that

o <<ZZZ::: re=? xJ;ZieT = J.

j=1 =0 r=0

Therefore, to complete the proof of (2.14) (and hence of Theorem 1), it suffices to prove Lemmas
2.9 and 2.12, as well as Proposition 2.15.

The remainder of the paper is organized as follows:
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e We prove Lemmas 2.9 and 2.12 in Section 3.
e We prove a generalization of Behrend’s estimate (1.6) in Section 4.

e In Sections 5 and 6, we reduce Proposition 2.15 to the case when A is a set of rational
numbers. This is the context of Proposition 6.2.

e We introduce the language of GCD graphs and various results about them in Section 7.
Then, in Section 8 we show how to deduce from them Proposition 6.2. The final sections
of the paper are devoted to proving the needed results about GCD graphs.

3. THE OVERLAP ESTIMATE FOR RATIONAL RATIOS

The purpose of this section is to establish the following result and deduce Lemmas 2.9 and 2.12
from it.

Lemma 3.1. Let o« > 8 > 2 be two real numbers with o/ € Q \ N, let y > 100 be a parameter,
and assume that R .= [«, 8] > 1. Then, as T — oo, we have

Pr(No NNG) Ll log(25)
3.1 < 3MeB (140 +0( )
(-1 Pr (Na)]P)T (N,B) ~ ( (m) a/p
with ) = min {28 R~1/2 3(¢/B9)(1 4+ log R)/R}, as well as
Pr(Na N N) Lasain) , 108(25)
3.2 (a/B:R) y oo
(3-2) Pr (Na)PT (Nﬁ) < o/

3.1. Auxiliary results. We shall make frequent use of the following basic estimate about averages
of non-negative, divisor-bounded multiplicative functions.

Lemma 3.2 (Bounds on multiplicative functions). Let k € N and write 1, for the k-th divisor
function. If f is a multiplicative function such that 0 < f < 7, then

> 1) < e (Z%) =4 @ - exp (Z%) (x> 2).

n<w p<T pP<T
Moreover,
n
Z%xkexp(z%> (x > 2).
n<x p<x
Proof. The first part of the lemma follows readily from [20, Theorem 14.2, p. 145]. For the second
part, see [20, Exercise 14.5, p. 154]. ]

We also need the following elementary estimate.

Lemma 3.3. Lett > 1 be a real number and q € N.

(a) We have
> @=jl/t) =t—1+0(1/t).
INFIIN
(b) We have
-l =t]] (1 — 1) +0(249).
1<ljl<t Pla p

(g.5)=1
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(c) We have
S < I(-).
1<|jl<t P|J plg
(7,9)=1 p>2 pst

Proof. (a) Using the Euler—Maclaurin summation formula [20, Theorem 1.10], we find that
> a-bim=2 Y a-im=2 [ a-yma-2 [y
1<|jl<t 0<j<t

We have [;(1 — y/t)dy = t/2 and [;{y}dy = /2 + O(1), with the last estimate following by
periodicity. This completes the proof.

(b) By Mobius inversion and part (a), we have

> -l = ¥ a-liln ¥ w2 S X (1-4)

INING 1<yI<t d|(q7) dlq 1<lil<t/d
(g,9)=1
=> pd)(t/d+01) =t]J(1—1/p) + O(2°@).
dlq plg

(c) This follows from Lemma 3.2 above applied to f(n) = L, q)=1 len, 52 1’%, which is

indeed a non-negative and divisor-bounded multiplicative function. U

3.2. Proof of Lemma 3.1. Recall by (2.15) that

n 1
3.3 N 1 — — o= |-
Gy RN =g ¥ S (- imani) +0(7)
~(n)>B P~ (m)>a
n,B<T
Here we dropped the condition that ma < T, since for all but O(1) values of n, it is a consequence
of the condition |ma — n/3| < 1 that is implicit in the above double sum. In addition, note that
|m —nt/s| = |m —nf/al < 1/a < 1/2 for m and n as above. Hence, given a $-rough natural
number n, there is at most one choice for m, which is given by the nearest integer to nt/s. This
choice is admissible if, and only if, ||nt/s|| < 1/« and the resulting m is a-rough, in which case
we have

|ma — np| = alm —nt/s| = a||nt/s]|.
We must find a convenient way to express all this data.
Since ged(s, t) = 1, there exist integers u, v such that
(3.4) ut =14 ws.

We must then have ged(u, s) = 1, and so we may define the residue class nu (mod s). Choosing
the unique representative j of this class lying in (—s/2, s/2], there exists a unique way to write

n=ks+uj with —s/2<j<s/2, jkeZ.

We then find that
) T )
0<npB<T — —%<k<——%.
s

Bs s
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In addition,

t
(3.5) T;—k:t+i—kt+vj+‘l

Now, using (3.5), we find readily that ||nt/s|| = |j|/s and so
(3.6) [ma = nf| = allnt/s|| = aljl/s = [i]/R,

where we used that & > ( to find that R = [a, ] = H(«/f)/ max{a, 8} = s/a. Since R = s/q,

we also find that
T T

Bs  afR
Next, observe that (3.6) renders the condition [ma — n3| < 1 equivalent to having |j| < R. Since
R = s/a and o > 2, the condition |j| < R is stronger than our prior condition —s/2 < j < s/2.
In particular, we must have |j| < s/2, and thus relation (3.5) implies that the nearest integer to
nt/s equals kt + vj = m. Lastly, note that if 7 = 0, then m = kt and n = ks. Consequently, k
and ¢ must be a-rough, s must be $-rough, and we must also have ma = nf. Using Lemma 2.7,
we deduce further that R = [«, 3] > «/[ in the case when j = 0.
In summary, we see that (3.3) becomes

3.7) P(Naﬂ/\[g):% > ( %’) S, +0( ).

0<|jI<R

Sj = Z 1

—uj/s<k<aﬁLR—uj/s
P~ (kt+vj)>a, P~ (ks+uj)>f

where

for j # 0 and
So = 1p—(s)>1p-(t)>alR>a/8 Z 1.

T
k<—= <:3%
P~ (k)>a

For Sy, we use directly the fundamental lemma of sieve methods to find that

> 1 QBRH(——) ZPT(NQ)PT(Nﬁ)H(l_%)_I.

T < <
k< R psa p<pB

P~ (k)>a
Using Mertens’ theorem and that we must have R > a// 3 for Sy to be non-zero, we conclude that

log(23)
a/f
Let us now estimate S; when j # 0. Note that if there exists a prime p < [ that divides j and st,
then S; = 0. Similarly, 1f there exists a prime p € (3, o that divides j and ¢, then S; = 0. Lastly,
note that if 21 jst, then ks + uj = k + u (mod 2) and kt + vj = k + v (mod 2). In addition, we
have that v = 1 + v (mod 2) by (3.4). This implies that 2|(k + u)(k + v) for all k. In particular,
there are no k with P~ (ks + uj) >  and P~ (kt + vj) > «, so that S; = 0 again in this case.

In conclusion, if we let
II p and Q= J] »

p<B, plst B<p<a, plt

(3.8) So < T Pr(N,)Pr(N3)
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then we have that
(3.9) S; = 0 when ged(j, Q1Q2) > 1 or when 2 1 jQ;.
Finally, we estimate S; when ged(j, Q1Q)2) = 1 and 2|jQ);. For any prime p < /3, we have
3 _
—uj/s<k< ghp—uj/s afR
pl(ks+uj)(kt+vj)

)
p

1 +0(n(p)),

where
vi(p) = #{k € Z/pZ : (ks + uj)(kt + vj) = 0 (modp)}.

If p|s, then p 1 j by our assumption that ged(j, Q1) = 1. In addition, p { ut by (3.4). So v;1(p) = 1
for such primes. Similarly, if p|¢, then v1(p) = 1. Assume now that p { st. Then, v;(p) = 2, unless

jus = jut (modp) <  jut =jvs(modp) <= j=0(modp),

where we used (3.4). In conclusion,

vi(p) = {

In particular, 14 (2) = 1 because we have assumed that 2|70Q);.
Similarly, for any prime p € (/3, |, we have

2.

—uj/s<k<ghp—uj/s
plkt+vj

1 ifplj@n,
2 otherwise.

- T
" afR

va(p)
p

+ O(12(p)),

where
vo(p) = #{k € Z/pZ : kt + vj = 0 (modp)}.

If p|t, then p { j by our assumption that gcd(j, QQ2) = 1. In addition, we have p { v by (3.4). So
vo(p) = 0 for such primes. On the other hand, if p 1 ¢, then v5(p) = 1. In conclusion,

(o) = { if pl Q2.

1 otherwise.
Using the fundamental lemma of sieve methods [20, Theorem 18.11] and the fact that v1(2) = 1,
we find that

T ( Vl(p)) < V2(p)>
~— 1 — 22 H 1— 22
j 11
ofR p<p p B<p<La p
s L 0=3) IL0=5) T (0-5)
= II(e==)IT (r==) I (1--
205R s P/ 3<pes P/ pcp<a p
pliQ1 ptiQ1 PIQ2
T p—1 P 2 1
3.10 = [ 1— =
aw gy T PS TS I (-0) T (1))
pliQ1,p>2 plQ2 3<p<B B<p<a

as T — oo.
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Lastly, note that P (Vo ) Pr(Ns) ~ 125 [T5<,<s(1=1/D)* T15-pca(1—1/p). Hence, combining
(3.7), (3.8), (3.9) and (3.10), we deduce that

Pr (N, NN;) 205 1 p—1 p +O(1Og(26))

(3.11) — -
PT(NG[)PT(NB) Pl p>2p 2 ‘sz 1 a/B
where
1—-2 ) -1
o=l g . S= % ( - %> ot
3<p<p (1=1/p) 1<|j|<R s<p<p P T
ged(5,Q1Q2)=1, 2|jQ1 plJ

To prove (3.2), note that (3.11) implies that

_ IP’T(N ﬂ/\fg log(20)
TII—IEOPT(N)PT(/\@) R H ( p) af/f

To bound S, we note that 0 < 1 — |j|/R < 1 for |j| < R and then apply Lemma 3.3(c). This
completes the proof of (3.2).

Let us now prove (3.1). We wish to estimate S. Given y > 100 as in the statement of Lemma
3.1, let Q = IT,0,@s.p<y P- In addition, note that

H p_l S fd) with P= [ p and f(d) = .

plQ1Q2

p—2
3<p<ﬁ d|j, d|P 3<p<pB pld
plj p>2
Hence,
|| p—1
S < 1 - £ -
Z < ) L p—2
1<|jI<R 3<p<LB
ged(7,Q)=1, 2[5Q1 plj
3.12 = d U
(3.12) > > ( R/d
d|P,d<R 1<|i|l<R/d
ged(d,Q)=1 ged(i,Q)=1, 2|diQ1

Fix d| P such that d < R. We claim that

(3.13) 3 < _ %) _ 2_}2 (1 _ ]13) L O@@),

I<[il<R/d
ged(4,Q)=1, 2|diQ:
Indeed, if 2|Q; (and thus 2|@), then the condition 2|di(); holds for all :. Hence, using Lemma
3.3(b) with t = R/d establishes (3.13), since 2|@Q here. On the other hand, if 2 { @)y, then the
condition 2|di(); implies that 2|i (note here that d is odd because it divides P). Writing ¢ = 27/,
and applying Lemma 3.3(b) with t = R/(2d) proves (3.13) in this case too.
Combining (3.12) and (3.13), we conclude that

S< ) fd)- (% 11 (1—%) +0(2W<@>)).

d|P,d<R p|Q,p>2
ged(d,Q)=1
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In addition, note that

f(d) f(d) f(p) 1 p(p—2)
e X ST+ T

d|P,d<R dIP 35p<h (p
ged(d,Q)=1 ged(d,Q)=1 29 3<p<B

since 1 + f(p)/p = (p—1)?/(p(p —2)) = (1 —2/p)~*(1 — 1/p)? for p > 2. Moreover, letting
g(n) = 1, p - nf(n), we deduce by the second part of Lemma 3.2 that

d
Z fd (7) < log(2R).
d|P,d<R d<R
Consequently,
P—277P— w
20 H — H 0(2*@1og(2R))
plQ p\Q
3<p<p p>p
R p—2 p— 1
L w(Q)
- (g + o @mem) ) T L2 T
PlIQ pIQ
3<p<B p>B

Since {p|@ : 3 < p < B} = {plQ1: 3 < p <y}and{p|Q:p > B} = {plQ2 : p < y}, we

conclude that
R w(Q) p—2 p— 1
S < (—20 +O(3 log( 2R ) I I I I

P|Q1 p\Q2
3<p<y PY
Furthermore, note that Ll < g%l < 37 for p > y > 100. Therefore,
R -2 — 1
s w(Q) plst p p
(3.14) S < ( - +0( log(QR)))?) setr=u s [ o 11 .
p\Q1 plQ2
p>

Finally, note that w(Q) < w(st;y) = w(a/By), as well as w(Q) < #{p < B} + w(t) <
0.55 + 0.4logt + O(1). Since t = R, we conclude that

3@ 1og(2R) < min {3**/#) log(2R),2°R'*} < R - 1.

Inserting the above estimate into (3.14), and then combining the resulting inequality with (3.11)
completes the proof of (3.1), and hence of Lemma 3.1. U

3.3. Deduction of Lemmas 2.9 and 2.12 from Lemma 3.1.

Proof of Lemma 2.9. We use the estimate (3.1) in Lemma 3.1 with y = oo. Let R = [a, 3], and let
us first consider the case when R > o?. Write /3 = s/t for coprime integers s, t. Since a > [3,
we have t < s = Ra < R%/2, and thus w(a/B; 00) = w(st) < log R/loglog R. Hence,

oy 1 +1log R _ 1 1
o) ——=— <« RTV?P< =< <.

R a p

Hence, we have established the claimed estimate in the case when o/ € Q and R > a?

Finally, let us consider the case when /3 € Q and R > 10%. We then note that

28 1

3wl
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Hence, Lemma 3.1, applied with y = oo, completes the proof once again. U

Proof of Lemma 2.12. We apply estimate (3.2) in Lemma 3.1 to find that

PT(NOC ﬂNﬂ) < Ma/BiR) | log 3
PT(Na)PT(NB) a/f
as T" — oo. Clearly, this proves part (a) of the lemma.
Let us now prove part (b), in which case L(a/f; R) > 1. By the definition of z, we have

L(a/B;2) > 1 > L(a/B;22). Since L(a/B; R) > 1 here, we must have R < 2z as claimed. In
addition, we have

bagpri < 3 L afiz) <oy (EC ) + 0w

R<p<2z

(3.15)

by Mertens’ theorem. Inserting this bound into (3.15) completes the proof. U

4. A REFINEMENT OF BEHREND’S THEOREM

In order to prove Proposition 2.15, we shall need the following generalization of a result due to
Behrend:

Theorem 4.1. Let z > y > 2, let A C N be a primitive set, and let f be a multiplicative function
such that 0 < f < 7y for some fixed integer k. If we let L = , then we have the uniform
estimate

PSY p
f(a) logy ( f(p) — 1)
<Lg — .
aEAﬂz[z:/y,z} a P;
Proof. Set A’ = AN |[z/y, z], and define
. . r(n)
r(n) = Z fla)f(n/a) and R = Z p—

ac A’ aln z/y<n<zy
n/a square-free

Notice that

4.1 R>Zfia) Z fgn >>zf L

acA’ m<y acA’
m square-free

by the second part of Lemma 3.2. Next, we give an upper bound on R.
Let g be the multiplicative function defined by g(p*) = max{f(p*), f(p)f(p*~1)}, so that
g(p) = f(p). Note that f(a)f(n/a) < g(n) whenever a|n and n/a is square-free. Hence,

4.2) r(n) < g(n)#{a € A" : a|n, n/a square-free} =: g(n)7(n).

Ifn < zyanda € A, thenn/a < y? because a > z/y. In particular, n/a divides the y?-smooth
part of the radical of n. In addition, if @ and b are distinct divisors of n from the set A’, then n/a
does not divide n/b by our assumption that .4 is primitive. Hence, the integers counted by 7(n) are
in 1-1 correspondence with a set D consisting of integers that divide [ p and that they do
not divide each other. In particular, Sperner’s theorem [24] implies that

F(n) = D] <2209 /y/max{1, w(n; y*)}.

p<y?, pn
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Hence,

) {QW("?yZ)/\/L +1 ifw(n;y?) > L+1,

r(n) <
( oL+l otherwise.
Together with (4.2), this implies that

any)

Zg 2L+1Z@

Z/y<n<zy z/y<n<zy

Using the first part of Lemma 3.2 and partial summation, we find that

> o 2‘”“<<k;g§ge}<p(zm+ > L)

z/y<n<zy p<y? y2<p<zy p
f )—1
eXp E
y<psz

as well as

2ttty —<< )Lexp(z%).

z/y<n<zy y<p<z
In conclusion,
flp)—1
R < —exp ( 3
y<psz
Comparing the above estimate with (4.1), and noticing that L = loglogy + Zp<y p L by
Mertens’ theorem completes the proof. U

Corollary 4.2. Fix C > 1. Let z > y > 3 and let ¢ € NN [1,y°]. In addition, let A C N be a
primitive set, and let f be a multiplicative function such that 1 < f < 7. for some fixed integer k.

Then
f(a) plg)  logy flp) -1
Z o SR q loglogy (Z )

a€AN[z/y,z]
ged(a,q)=1

Proof. First of all, note that

p
4.3) Z & = Oy.c(1).
p
plg, p>y
Indeed, if p|qg, then we have p < ¢ < yc, and thus the above estimate follows by Mertens’ theorem

and the fact that 0 < f(p) < k.

We are now ready to prove the corollary, which we will accomplish by applying Theorem 4.1 to
the multiplicative function g(a) = f(a) - Lgcd(a,q)=1- Using (4.3) and our assumptions that z > y
and that f > 1, we have

YDECUN RIS SRILENRITIID DR LIS S Rewl

p<z p<z plg psz plg
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Thus, Theorem 4.1 implies that

f(a) v(q) 10gy flp) -1
(4.4) Y. T Ske TP e (Y
a€AN[z/y,z2] a q Pz
ged(a,q)=1
with L = 3 _ g(p)/p. Using (4.3) once again, as well as our assumption that 1 < f < 73, we

find that

p-y o s M5 o)

Py Py, plg P<y plq

Moreover, >, 1/p < logloglogy + Oc¢(1) because ¢ < y“. As a consequence, we have L +
1> log log y. Together with (4.4), this completes the proof of the corollary. U

5. WEIGHTED BIPARTITE GRAPHS

Definition 5.1 (weight of a set). Let 1 : & — R be a weight function defined on a set S. Given
finite sets 7 C S and £ C S?, we define their weight to be

:Z,u(t) and u(€) = Z f1(s)p(t).

teT (s,t)€E
Definition 5.2 (weighted bipartite graph). Let GG be a quadruple (u, V, W, £) such that
(@) p: Ry — Ry is a positive weight function;
(b) V and W are finite sets of positive real numbers;
(c) £ CV x W, thatistosay (V, W, E) is a bipartite graph.

We then call G a weighted bipartite graph with sets of vertices (V, V) and set of edges E.
In addition, we say that G is non-trivial if £ # () or, equivalently, if x(£) > 0. (We must then
also have that p(V), (W) > 0.)

Definition 5.3 (edge density and f-weight). Let G = (u, V, W, ) be a weighted bipartite graph.
(a) If GG is non-trivial, the (weighted) edge density of GG is defined by

5(G) = wE)

p(V)u(W):
Otherwise, we define §(G) = 0.
(b) Let & > 1. The 6-weight of G is defined by
p(G) = 8(G) (V)W)
Remarks. (a) Since the edge density of a graph is always < 1, we have
(5.1) (@) < p(G) < (&) foralld >0 > 1.

(b) If GG is non-trivial, then we have that

(5.2) Iu(e)(G) =
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Definition 5.4 (Subgraph). Consider two weighted bipartite graphs G = (u, V, W, &) and G’ =
(W', V', W' E"). We say that G’ is a subgraph of G if

wW=u VCV, WCW, & CE&.

We say that G’ is a non-trivial subgraph of G if u(£') > 0, that is to say if G’ is non-trivial as a
weighted bipartite graph.

Definition 5.5 (Maximal graph). Let G = (i, V, W, £) be a weighted bipartite graph. We say that
G is O-maximal if for every subgraph G’ = (u, V', W', £') of G, we have that ) (G) > p9(G").

Remarks. (a) Hauke—Vazquez—Walker use a related notion in their work [19] — see the definition
of £ in Section 3 of their paper. They employed it to prove a result that is very similar to Lemma
5.9. The notion of maximal graphs also appears in [22, Definition 5].

(b) For any given graph G = (u, V, W, £), since both the sets } and WV are finite, there exists a
maximal subgraph G’ of G. To see this, just list all subgraphs of GG, and pick out one with the largest
possible f-weight. We will use this fact several times in the later sections without mentioning it
again.

Lemma 5.6. Let 0 > 1, let G = (i, V, W, &) be a non-trivial weighted bipartite graph and let G’
be a subgraph of G such that ;1\9(G") > 9 (G). We then have that

, @) (G/) () (G/)
(G > 6(G) and l;(gf)(G) Z Z(@(G}

Proof. We have 1) (G) > 0 because G is non-trivial. Thus p®(G") > u®(G) > 0, which
implies that the graph G’ is also non-trivial.
Now, let G' = (u, V!, W', &’). Since V' C V and W' C W, we have
PG < 8(G) (V)W)

Together with our assumption that 19 (G') > ;¥ (@), this implies that §(G’) > §(G), as needed.
Lastly, note that

>1 foralt >0.

HONGHpONG) (5(@))9"9 > 1
pO(G)/(G) — \ 6(G) -

for all @’ > 0, since we have already established that §(G”)/d(G) > 1. This completes the proof of

the lemma. [

Remark. In virtue of Lemma 5.6, if G is 8-maximal for some 6 > 1, then it is #’-maximal for all
0’ € [1,0]. Indeed, it this were false, then there would exist some ¢’ € [1, 6] and a subgraph G’ of
G such that ;%) (G") > p)(G). But then Lemma 5.6 (with the roles of #’ and # reversed) would
imply that 9 (G") > @ (@), which contradicts the maximality of G.

Definition 5.7 (Induced set of edges and subgraph). Let G = (i, V, W, £) be a weighted bipartite
graph. If V' C V and W C W, we define

EV W) =EN(V x W)

and call it the set of edges induced by V' and W'. Similarly, we call (u, V', W' E(V',W')) the
subgraph of G induced by V' and W'

Definition 5.8 (Neighbourhood sets and connectivity). Let G = (u, V, W, £) be a weighted bipar-
tite graph.
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(a) We define the neighbourhood sets by
() ={weW: (v,w) e} foranyv eV,
and
Ig(w) ={veV: (v,w) e} foranyw e W.
(b) We say that GG is n-connected if for all v € V and all w € VW we have
pla(v)) Zn-p(W) and  uw(la(w)) =n-pV).
The notion of maximality implies good connectivity for all vertices.

Lemma 5.9 (Maximality implies connectivity). Let G = (u, V, W, E) be a weighted bipartite
graph with edge density 6 > 0. If G is 0-maximal for some 6 > 1, then G is (% - §)-connected.

Proof. We use a simple modification of the argument leading to [21, Lemma 10.1] and to [22,
Lemma 10.1]. Assume for contradiction that there exists some v € V with u(T'¢(v)) < 72 5u(W),

and set G’ = (1, V \ {v}, W, &) with & = £V \ {v},W). We claim that @ (G") > O (G).
Equivalently, we need to show that

(@) i (W\{v}))“
p(E) p(V) '
Note that (€') > 6u(V)u(W) — E26u(v) (W), because we have assumed that pu(Tg(v)) <
0-151(W) and because p(v) > 0 (see part (a) of Definition 5.2). Hence, u(&')/pu(€) > 1 —

951 u(v)/ (V). Here 525 > 1, and thus (u(€') /(€))7 > 1 = p(v)/p(V) = w(V \ {o})/n(V).
This proves that 2% (G") > u® (@), in contradiction to the #-maximality of G. We must thus have
1(Ca(v)) = 525u(WV), as needed.

Similarly, we may disprove the existence of w € W with u(I'g(w)) < %526u(V). This com-
pletes the proof of the lemma. 0

Next, we have the following important technical lemma, which is based on some ideas in [21] —
see relations (7.4) and (7.5) there and the discussion around them.

Lemma 5.10 (Subgraph where all vertices have a common neighbor, I). Let 0 > 2, let G =
(1, V. W, E) be a O-maximal, non-trivial weighted bipartite graph, and let wy € W. There exists
a subgraph G' = (., V', W' E') of G such that:

(a) (v,wg) € & forallv € V';
(b) for all w € W, there exists v € V' such that (v, w) € &';
(¢) n(G) < (1—1/0)ul"(G).
Proof. Let 6 = 6(G). Since G is non-trivial, we must have § > 0. Moreover, since G is maximal,

Lemma 5.9 implies that it is (9771 - 0)-connected. Let Gy = (i, V1, Wy, &) with V) = Tg(wy),
Wi, =W, and & = £(Vi, W;). We have that

wE) = D pple®) = > pw) (1-1/0)8 w(W)

UEFg(’UJo) ’UGFG(wo)

= (1=1/0)0 - u(OV1) (W),
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where we used that G is (% - §)-connected. In particular, we have §; :== §(G4) > (1 —1/6)4. In
addition, since p(V;) = pu(Ta ( 0)) = (1—1/0)d - u(V) and Wy = W, we also find that

(V)W) < (1 —1/0)7" 6 u(V)pWr) < (1 —1/0)7°67 " u(V1) u(Wy).

We have thus proven that ) (G) < (1 — 1/6)~u®=Y(G,). To complete the proof, let G/ =
(u, V', W', E") be a (§ — 1)-maximal subgraph of G;. We then have that

p(G) < (1=1/0)u7D(Gr) < (1-1/0) (@),

In addition, Lemma 5.9 implies that (¢ (w)) > 0 for all w € W'; in particular, I/ (w) # 0.
Lastly, we have that (v, wg) € &' for all v € V' because G’ is a subgraph of GG;. This completes
the proof. U

The symmetric version of Lemma 5.10 obviously also holds:

Lemma 5.11 (Subgraph where all vertices have a common neighbor, II). Let 0 > 2, let G =
(1, V, W, E) be a O-maximal, non-trivial weighted bipartite graph, and let vy € V. There exists a
subgraph G' = (u, V', W', &' of G such that:

(a) (vo,w) € & forallw € W';
(b) forall v € V', there exists w € W' such that (v,w) € &';
(c) p@(G) < (1-1/6)pD(a@").

Lemma 5.12 (Few edges between small sets). Let G = (u, V, W, E) be a 6-maximal weighted
bipartite graph with edge density 6 > 0, and let ) € (0,1]. Then, for all sets A CV and B C W
such that ji(A) < 1 - p(V) and p(B) < n - p(W), we have 1(E(A, B)) < n?~2/% - u(€).

Proof. The lemma follows by a simple modification of the proof of [21, Lemma 11.5]: let n €
0,1], let A and B be as in the statement of the lemma, and let G’ be the subgraph of G induced
by A and B. Then ;9 (G") < p9(G) by the maximality of G. On the other hand, (5.2) implies
that 9 (G") /u@(G) = (W(E(A, B))/u(£))?n>~2. Comparing the two inequalities completes the
proof. 0

6. REDUCTION OF PROPOSITION 2.15 TO THE CASE OF RATIONAL SETS

In this section, we use the results of Section 5 to reduce Proposition 2.15 to the case of rational
sets satisfying the following notion of primitivity:

Definition 6.1 (Set of primitive numerators). Let R C Q. We say that R is a set of primitive
numerators if, for each ¢ € N, the set {a € N: a/q € R, ged(a, q) = 1} is primitive.

With this definition, we have the following special case of Proposition 2.15:

Proposition 6.2. Let v > 3 and y,z > 1, let R,S C {a € Q> : H(a) < z} be two sets of
primitive numerators, let A : Ry — R.q be the weight function defined by \(a)) = 1/« and let

EC {(Q,O’) ERXS:y<loo] <2y, L(o/o;2) > 1}.
Consider the weighted bipartite graph G = (\, R, S, E). Then its 3-weight \®)(G) satisfies
A3(@) <« (ylogx)?e .



28 D. KOUKOULOPOULOS, Y. LAMZOURI, AND J. D. LICHTMAN

Deduction of Proposition 2.15 from Proposition 6.2. Letx > 3 andy,z > 1, and let B C [1, x] be
1-spaced and such that o/ ¢ N for all distinct «, 5 € B. In addition, set

E={(a,8) e BxB:H(a/f) <2’ y<[a,p] <2y, L(a/B;z) > 1}

and consider the weighted bipartite graph G = (A, B, B, ). Let us denote its density by J. We
may assume that 0 > 0; otherwise Proposition 2.15 holds trivially.
We claim that it suffices to prove that

AE)!

A(B)°®

Indeed, we have A\(B) < log x because B is 1-spaced. Hence, (6.1) would imply that
)\(8)4 < y2(10g x>8€f4z,

(6.1) 2@ = < (ylogz)?e ™.

whence Proposition 2.15 follows.
To prove (6.1), let G; = (A, Vi, Wy, &) be a 4-maximal subgraph of G, and let

v = min(V; UW)).

Let us assume that v € W,; the case when v € V) is treated very similarly. We then apply
Lemma 5.10 with § = 4, wy = v and GLemma 5.10 = G1. Hence, there exists a subgraph G, =
(A, Vo, Wi, &) of G (and hence of G) such that:

(@) (v,7) € & forall v € Vy;
(b) for all w € W, there exists v € &, such that (v, w) € &s;
(©) \D(G)) < AB)(Gy).

Since G is a 4-maximal subgraph of G, we find that A (G) < A (G;) < A®)(G,). This
reduces (6.1) to showing that

(6.2) A3 (Gy) < (ylogz)2e ™.

To prove this estimate, we shall use Proposition 6.2.

For each v € V, C V;, we know that (v,7) € &, and thus H(v/vy) < 2°. Hence, we may
write v = oy with H (o) < 3. By the minimality of ~y, we have that ¢ > 1. In addition, for each
w € W,, we know that there exists v € V, such that (v,w) € & C &. Hence, H(v/w) < 3.
But we then find that H(w/v) < H(w/v) - H(v/v) < z° Hence, we may write w = o with
H(o) < 2% and o > 1 (where we used the minimality of v once again).

By the above discussion, there exist sets R, S C {a € Qs : H(a) < 2°} such that Vo = yR =
{v0:0€ R}and W, = +S. In particular,

)\(Vg) = @ and /\(WQ) = M
Y Y
Moreover, let &, = {(p,0) € R xS : (vo,70) € &L let G = (A, R, S, Ex), and let 6, be the
density of GG... We then have that

A&,
/\(62) = 2/2 ) and 5* = 5(Gg)
We thus find that
3)
6.3) A®)(G) = 2 V(QG 2
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Next, we show that we may apply Proposition 6.2 to G,.

Indeed, our assumption that «/8 ¢ N for all distinct o, 5 € B implies that both R and S
are sets of primitive numerators. In addition, we may check that [yo,vo| = [p, 0]/, and thus
vy < [o,0] < 2vyforevery (¢, 0) € &,. Lastly, we obviously have that L(2%; z) = L(o/0; ). We
may thus apply Proposition 6.2 with parameters Yproposition 6.2 = V¥ and Tpgoposition 6.2 = 2% to prove
that \®)(G,) < (yylogx)?e~*%. Together with (6.3), this completes the proof of (6.2). We have
thus established Proposition 2.15. O

7. GCD GRAPHS

In this section, we extend the theory of GCD graphs developed in [21, 22] to include the possi-
bility of having vertices in Q. We will then state all the necessary results concerning these graphs
in order to establish Proposition 6.2.

7.1. Definitions. We start with a series of definitions most of which are a simple adaptation of
[21, Section 6] and [22, Section 8]. The only important differences lie in Definitions 7.9 and 7.10
that incorporate ideas from [16, 19].

Definition 7.1 (p-adic valuation). Given a prime p, an integer k, and a rational number o > 0, we
write p*|| o or, equivalently, e,(0) = k, if we may write 0 = p*a/q with p { aq.

Definition 7.2 (Positive and negative parts of a function). Given a real-valued function f, we let
[T =max{f,0} and f~ = max{—f,0}.

Definition 7.3 (GCD graph). Let G be a septuple (u, V, W, E, P, f, g) such that:
(@) (u, VY, W, E) forms a weighted bipartite graph with V, W C Q~¢;
(b) P is a set of primes;
(c) f and g are functions from P to Z such that for all p € P and all (a/q,b/r) € V x W with
ged(a, q) = ged(b,r) = 1 we have:
GQ) p/*® la and py (@) |b;
(ii) p/ ®|q and p9 @|r;
(iii) if (a/q,b/r) € &, then p™™{/* .97 )} ged(a, b) and p@t/~ )a™ ®)}| ged(q, ).
We then call G'a GCD graph with multiplicative data (P, f,g). We will also refer to P as the set
of primes of G. If P = (), we say that G has trivial set of primes and we view f = fj and g = gy
as two copies of the empty function from () to Z.

Lastly, we will say that GG is non-trivial if the corresponding weighted bipartite graph from (a)
is non-trivial, that is to say, if £ # (), which is equivalent to having u(&) > 0.

Definition 7.4 (exact GCD graph). Given a GCD graph G = (u, V, W, E, P, f, g), we define the
following notions:
(a) G is exact if p/®)||v and p9®)||w for all (v, w) € V x W and p € P;

(b) G is numerator-exact if p/*® | a and p?” @||b for all p € P and all (a/q,b/r) € V x W in
part (¢)-(i) of Definition 7.3;

(¢) G is denominator-exact if p/~ ®)||q and p? ®||r for all p € P and all (a/q,b/r) € V x W
in part (c)-(ii) of Definition 7.3.
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To each GCD graph G, and for each real number § > 1, we associate a 6- quality ¢9(G). This
will be defined similarly to [22], but we omit the factors (1 = 1 fp)=gp)z0/p) 2 from it since this

will allow us to state more precise results. We also omit the factors (1 — 1/p ES ) 3 that were
inserted for mere convenience.

Definition 7.5 (quality). Let # > 1 and let G = (u, V, W, E, P, f,g) be a GCD graph. The
0-quality of G is defined by

d(G) =1 (@) Hp\f(p 9wl = 5(@) lef
pEP pEP
Definition 7.6 (GCD subgraph). Consider two GCD graphs G = (u, V., W, E, P, f,g) and G' =
(M/7 Vl? Wl? 5/7 Pl? f/7 g/)'
(a) We say that G’ is a GCD subgraph of G if
po=p, VCV, Wew, &c& PP, fl.=f dl,=9
(b) We say that G’ is a non-trivial GCD subgraph of G if u(€') > 0.

(c) We say that G’ is an exact GCD subgraph of G if for every p € P’ \ P and every (v, w) €
V x W, we have p/'®||v and p¢'(?)||w. Similarly, we define the notions of numerator-exact
and denominator-exact GCD subgraphs of G.

Remark. Note that an exact GCD subgraph G’ of a graph G is not necessarily exact as a graph,
since the definition only addresses the p-adic valuation of the vertices of G’ with respect to the
“new” primes p in P"\ P. On the other hand, if we know that G is an exact graph, then every exact
GCD subgraph of it is an exact GCD graph itself.

Similar remarks hold for the notion of numerator-exact GCD subgraphs and denominator-exact
GCD subgraphs.

We have the following important special vertex sets and GCD graphs G,x ¢ that are formed by
restricting to elements with a given p-adic valuation. Note that each G ¢ is an example of an
exact GCD subgraph of G.

Definition 7.7. Let p be a prime number, and let k., ¢ € Z.
(a) If V C Q-g, we set
Vo ={veV:phv}.
(b) Let G = (V, W, &) be a bipartite graph. We write for brevity
Epi pt = EVpr, Wie).
(c) LetG = (u, V, W, E, P, f,g) be a GCD graph such that p ¢ P. We then define the septuple
G pt = (s Vors Wit Egi e, PUADY, for gpt)
where the functions [, g, are defined on P U {p} by the relations fx|p = f, gyt|p = g,
fp(p) =k and gu(p) ="
Definition 7.8. Let G = (u, V, W, E, P, f, g) be a GCD graph. We let R(G) be given by

R(G) := {p ¢ P EI(%, Y) € € with ged(a, ¢) = ged(b,r) = 1 and p| ged(a, b) gcd(q,r)}.
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FIGURE 1. Edges in a structured GCD graph.

That is to say R(G) is the set of primes occurring in a GCD which we haven’t yet accounted for.
Given two parameters 6 > 2 and M > 2, we let C = 103 M /(0 — 2)? and we split R(G) into two
subsets:

e The set Rg 1 (G) of all primes p € R(G) satisfying both of the following properties:

M(Vpk) C ,U(ka) C
>1—— and >1-——;
u(v) p n(w) p

- q(Gpip) < M-q(G) forall (i,j) € Z* with i # j.

— there exists k € Z such that

o The set R} ,,(G) = R(G) \ R} 1,(G).
Definition 7.9 (Structured GCD graph).

(a) Let G be a GCD graph with edge set £. We shall say that G is a structured GCD graph if,
for each p € R(G), there exists an integer k, such that

(7.1)  (ep(v) = ky,ep(w) — k,) € {(~1,0),(0,-1),(0,0),(0,1),(1,0)} forall (v,w) € E.

(b) Let G and G’ be two GCD graphs. We shall say that G’ is a structured GCD subgraph of G
if G’ is structured, and it is also a GCD subgraph of G.

Remark 7.1. (a) The choice of k, might not be unique. For instance, if (e,(v),e,(w)) = (2, 1) for
all (v, w) € &, then (7.1) holds for any choice of k, € {1,2}.

(b) Every GCD subgraph of a structured GCD graph is itself a structured GCD graph.
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(c) Let G, € and k, be as in Definition 7.9(a). Then we must have k, # 0. Indeed, by the
definition of R(G), there must exist some edge (a/q,b/r) € € with ged(a, ¢) = ged(b, ) = 1 and
p| ged(a, b) ged(g, 7). However, note that (7.1) implies that p 1 ged(a, b) ged(g, ) when k, = 0,
which is a contradiction. This proves our claim that k, # 0. In particular, for a structured GCD
graph G, each prime p € R(G) has one of the following properties: either

(7.2) e,(v) = 0and e,(w) > 0 for all (v, w) € &,
or
(7.3) e,(v) < 0and ey(w) < 0 forall (v,w) € &.

In addition, these properties are mutually exclusive, because we cannot have e,(v) = e,(w) = 0 if
(v,w) € £and p € R(G).

Definition 7.10. Let G = (u, V, W, E, P, f, g) be a structured GCD graph. We then define the sets
Ri(G) ={peR(G):(7.2)holds} and R_(G) = {p € R(G) : (7.3) holds}.

Remark 7.2. Let G be a structured GCD graph, p € R(G) and k, be as in Definition 7.9(a). In
view of Remark 7.1(c), we have

Ri(G)={peR(G):k,>0} and R_(G)={p e R(G):k, <0},
as well as
R(G) = R(G)UR_(G).
The reason we define the sets R (G) and R_(G) in terms of conditions (7.2) and (7.3) is so that
they do not depend on the choice of £,, which might not be unique (cf. Remark 7.1(a)).

7.2. Results on GCD graphs. Next, we state five key propositions that guarantee the existence
of GCD subgraphs with nice properties. We will see in the next section how to deduce Proposition
6.2 (and hence Theorem 1) from them. In their statement, and for the remainder of the paper, we
implicitly fix a choice of parameters 6 € (2,2.01) and M > 2 (in the proof of Proposition 6.2, we
shall take § = 2.001 and M = e*), and we set for simplicity

wG) = p?(G) and ¢(G) = ¢9(G),
as well as
RYG) =R (G) and R'(G) = Ry 5 (G).
Moreover, we shall say that G is maximal to mean that it is §-maximal as a weighted bipartite
graph.
In addition, it will be convenient to set

T=6-2¢€(0,1/100)

and to introduce the quantities (1, . .., Cy as follows:
C, = 10*/7, Cy = 10MC3, Cs = 10°C3, Cy = 10" M*C3,
(7.4) Cs = max {Cj, (501og Cy)*}, Cs = max {Cy, 10" M Cs, CQIO/T},

Cr = C5b, Cs = 100M C,.
Note that the constant C' in Definition 7.8 equals Cs.

With the above notational conventions, we are ready to state our five key propositions about GCD
graphs. The first two are simple modifications of Propositions 8.3 and 8.1 in [22], respectively.
Similarly, the last two propositions will follow by adapting the proof of Proposition 8.2 in [22].
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On the other hand, there is no version of Proposition 7.13 in [21, 22]. It should be noted though
that the ideas leading to it are all contained in the proofs of Proposition 8.2 and Lemmas 8.4 and
8.5 1in [22].

Proposition 7.11 (Bounded quality loss for small primes). Let G be a non-trivial GCD graph with
set of primes P. Then there is a non-trivial and exact GCD subgraph G’ of G with set of primes
P’ such that

PCPU(RG)N{p<Cs}), R(G)C{p>Cs}, a(G) = q(G)/Cr.
Proposition 7.12 (Iteration when R’(G) # (). Let G be a non-trivial GCD graph with set of
primes ‘P such that

R(G) C{p>Cs} and R (G)#0.
Then there is an exact GCD subgraph G' of G with multiplicative data (P’, f’,¢') such that:
(a) G’ is non-trivial and maximal as a weighted bipartite graph;
(b) P C P CPUR(G);
(c) R(G') € R(G):
(d) ¢(G") = MYq(G) withU = #{p € P'\P: f'(p) # ¢'(0)}-

Proposition 7.13 (Structure when R’(G) = ()). Let G be a non-trivial and maximal GCD graph
such that

R(G)C{p>Cs} and R (G)=09.
In addition, for each prime p, let a, 1, ..., a,, be n non-negative weights. Then there is a struc-
tured GCD subgraph G' of G with edge set E' such that:

(a) G' is non-trivial and maximal as a weighted bipartite graph;
(b) ZpEU/w7pER(G) ap; < Cgn ZpeR(G) % foralli e {1,... ,n}andall (v,w) € &';
(c) a(G") = q(G)/2.

Proposition 7.14 (Iteration when G is structured and R_(G) # 0). Let G be a non-trivial and
structured GCD graph with set of primes P such that

R(G) C{p>Cs} and R_(G)#0.

Then there is a numerator-exact GCD subgraph G' of G with multiplicative data (P’ f', ¢') such
that:

(a) G' is non-trivial and maximal as a weighted bipartite graph;

(b)) PCP CPUR_(G), R_(G)CR_(G), R(G)CRLG);

(c) f'(p) <0and g'(p) < O0forallp € P'\ P;

(d) 4(G) = ¢(G) [Lepnp(1 = Lyy=gwy<o/p)*(1 = 1/p'3).

Finally, even though we do not need it in this paper, we also have the following iteration propo-
sition that we state because it might be useful in future work.
Proposition 7.15 (Iteration when G is structured and R, (G) # 0). Let G be a non-trivial and
structured GCD graph with multiplicative data (P', f', ') such that

R(G) S{p>Cs} and R (G)#0.
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Then there is a denominator-exact GCD subgraph G’ of G with set of primes P’ such that:
(a) G' is non-trivial and maximal as a weighted bipartite graph;
(b)) PSP CPURLG), Ri(G) S R(G), R(G)CSR(G);
(c) f'(p) = 0and ¢g'(p) = 0 forallp € P\ P;
(d) ¢(G") 2 4(G) [Lepnp(I = Lyy=g)>0/p)*(1 = 1/p'* 7).

8. PROOF OF PROPOSITION 6.2 ASSUMING THE RESULTS OF SECTION 7

Here, we show how to deduce Proposition 6.2 from Propositions 7.11-7.14. Throughout, we
take 7 = 0.001, § = 2 + 7 = 2.001, and M = e*, and we adopt all notational conventions of
Section 7.2. For instance, we will write A\(G) and ¢(G) instead of A%V (G) and ¢V (@), and
we will say that G is maximal if it is 2.001-maximal as a weighted bipartite graph.

LetG = (\,R,S,€) with R, S and £ as in the statement of Proposition 6.2. With a slight abuse
of notation, we view G as the GCD graph (\, R, S, &, 0, fy, go) with trivial multiplicative data. We
then have that

AG) < APID(@) = ¢BO(G) = ¢(@)
by relation (5.1) and by Definition 7.5. Hence, it suffices to show that
(8.1) q(Q) < (ylogx)e .

We may assume that GG is non-trivial; otherwise ¢(G) = 0, and thus (8.1) holds trivially.

It is now time to employ the results of Section 7. We first use Proposition 7.11, and we then
iterate Proposition 7.12 till we arrive at a GCD subgraph G; = (A, Vi, Wy, &1, P1, f1, 1) of G such
that:

(a) G; is maximal as a weighted bipartite graph;

(b) G is exact as a GCD graph;

(©) R°(Gy) = 0;

@) ¢(G1) > e"q(G) withU = #{p € P : p > Cs, f1(p) # 91(p)}-

Next, we apply Proposition 7.13 with Gpoposition 7.13 = G1, With n = 1, and with a,,; = 1,./p.
Hence, we may locate a GCD subgraph Gy = (A, Vo, Wh, E2, P, fa, g2) of G; with the same
multiplicative data (Ps, f2, g2) = (P1, f1, 91) and such that:

(a) G2 is maximal as weighted bipartite graph;

(b) G, is exact and structured as a GCD graph;

(c) ZpEU/w, PER(GL), po= % < Cy Zp>z 1% < % for all (v, w) € &;
(d) ¢(G2) > q(G1)/2.

Since (5 is structured, all of its subgraphs are also structured. Thus, we may iterate Proposition
7.14 till we arrive at a GCD subgraph G3 = (A, V3, Ws, &3, Ps, f3, g3) of G such that:

(a) G5 1s maximal as a weighted bipartite graph;
(b) Gj is structured and numerator-exact as a GCD graph;
(©) R-(G3) = 0;
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) ¢(Gs) = a(G2) [Tyep,ip, (1 = Listri=gatmr<o/p)?(1 — 1/p!F1/40%0).

In particular, since G is a structured GCD graph, for each p € R(G3) there exists an integer
k, € Z such that

(8.2) (ep(v) — kp, ep(w) — k) € {(—1,0),(0,-1),(0,0),(0,1),(1,0)} forall (v,w) € &s.

In addition, k, > 0 by Remark 7.2 and the fact that R _(G3) = 0.
Let us define the integers

+ _ H pfgi(P)7 et H p93 _ ng(di,ei),
pEP2 pEP2
and
[T »7” ef= [ »#@ J*=gcd(D* EY),

pEP3\ P2 pEP3\ P2

and
= I »» ~=]]»
pER(G3) p|N

The integer N has no prime factor in P3 by the definition of R(G3). Moreover, we have
Dt=FEt=J"=1

because f; (p) = g5 (p) = 0 for all p € P53\ P, by property (c) of Proposition 7.14. In addition,

note that

H D)) d*DYetEtd D e E- dtetd D e E~

(83) G TR GTR

pEP3

because [y — ¢ = [x* — ¢+ |[x~ — ¢~ [and [x" —¢F| = x* + ¢ — 2min{x", "} for all
X,V € R.
Given (v, w) € V3 x Wj, let

Ar = A% (v) = H p and B* = B*(w)= H -
pIN p|N
ep(v)=kpEl ep(w)=kpx1l

Note that if (v, w) € &s, then (8.2) implies that the integers AT, A=, B*, B~ are mutually coprime
and that

(8.4) ep(v ep(NA+/A_) and e,(w) =e,(NB*/B™) forallp € R(Gs).

) =
In particular, e,(v), e,(w ) >k,—12>0forall p e R(G3).
Now, given (v, w) € &s, let us write v = a/q and w = b/r with ged(a, q) = ged(b,7) = 1. We
then find that

_NB*

(8.5) a=d" WV, g=d D -¢, r=e E -1

for some integers a’, b, r’, ¢’ such that ged(d’, ') = ged (¥, ') = 1. In addition, observe that
(8.6) plddb'r = p¢&R(G3),
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by (8.4) and the comment following it. Moreover, since all elements of V3 C R and W5 C S are

rational numbers > 1 of height < x, we have that ¢ < a < z and r < b < z. Together with (8.5),

this implies

NA*
e

Furthermore, we have that:

NB*

e <z and J <.

8.7)

-a’ <,

(@) ATATB™BT|N* because A=, AT, B~ and B* are mutually coprime and square-free;
(b) ged(a'q’, N) = ged(b'r’, N) = 1 by (8.6);

(¢) ged(a’,d= D7) = ged(V,e” E~) = 1 because ged(a, q) = ged(b,r) = 1;

(d) ged
(e) ged

(a/,d") = ged(V, et) = 1 because Gy is exact;

a,b) = jTN/(A~B7) and ged(q,r) = j~J~ because:

e the definition of R(G3) implies that ged(a, b) and ged(q, r) are solely composed of
primes in P; U R(G3);

o if p € R(G3), thene,(v) =e,(NAT/A™) and e,(w) = e,(NB*/B~) by (8.4);

e gcd(NAT/A-,NB*/B~) = N/(A~B~) by condition (a) above;

o if p € Ps, then pm{ @93 Y| ged(a, b) and pmintfs Pz @} ged(q, r) by condi-
tion (c)-(iii) in Definition 7.3;

e if p € Ps, then min{ f3°(p), 95 (p)} = e,(§*JF) by the definition of j* and of J*;

o JT =1.

Using property (e), equation (8.5) and Lemma 2.5, we find that

qr _d" D e E

ged(a,b) ged(g,r)  jHj=JN

whenever (v, w) € £;. But we also know that [v, w]| =< y for all (v,w) € & C &. Hence, we

conclude that

A" -r'B”

v, w] =

_ jti=J N
~V DB
Now, let h denote the multiplicative function

h(n) = H e*/p,

p|n
p>z

(8.8) qgA™ -r'B™ for all (v, w) € &;.

and let us note that

(8.9) > W’&%” =0(1)

because 1 < h(p) < elr>=4/P L 1+ 1,5, - e*z/p. We claim that
(8.10) e < Y h(ATYR(AT)YWBTR(B™)h(d)h(¢ YW )h(r') forall (v,w) € &s.

If 2 < (g, this is clearly true because A > 1. So assume that z > Cj. We claim that it suffices to
show that

1 1 1
(8.11) d =< g +0<;) + > 25 for all (v, w) € &s.

ne{A+1A7 7B+7Bi7a’l7q/7bl77‘/} pln
p>z p>z
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Indeed, we know that 1= L(v/w;z) > 1forall (v,w) € & C E. Hence, if (8.11) is

pEV/wW, p>z p
true, we may then multiply both sides by 42z and exponentiate them to deduce (8.10).

Let us now prove (8.11). If p € v/w and p > z > Cg, we have the following four possibilities:
e p € P; = Ps. Since G is exact, we find that f;(p) # ¢1(p). This implies that

1 U
> oS

pev/w, pEP2, p>2z p
e p € P3 \ Py. We then have p € R(G2) C R(G1), and thus property (c) of G5 implies that

11
> S<

pEv/w, peP3\ P2, p>z

o p € R(G3). Using (8.4), we find that p € 35:44— = 472, and thus that p|A* A~ B* B~

e p ¢ P3UR(G3). Using (8.5), we must then have that p|a’q'b'r’.

Putting together the above observations proves (8.11), and thus (8.10).
Let us now pick an edge (v, wp) = (%2 bo) € &5 (it doesn’t matter which one) and let us set

q0’ 10
(8.12) X =qd4, and Y :=r|B;,
where A; = A~ (vy) and By = B~ (wp). By (8. 8) we have that
ti=J N
8.13 XY <y ———
(6.15) Ve

We then apply Lemma 5.10 with GLemma 5.10 = (A, V3, Wi, E3), wg as above, and § = 2.001. This
proves that there exists a GCD subgraph G, = (A, V4, Wy, €4, Ps, f3, g3) of G5 such that:

(@) (v,wg) € E forall v € Vy;
(b) for all w € Wy, there exists v € V; such that (v, w) € &y;
(©) MG3) < AE00D(G)).
In particular, condition (a) and relations (8.8), (8.12) and (8.13) imply that
(8.14) gA" = Téé()_ . dj_?) _Z_g_ =X forallv € V.
In addition, for every w € W,, condition (b) implies that the existence of some v € )V, such that
(v,w) € & C &;. Together with (8.8), (8.14) and (8.13), this implies that
e 7 g
8.15) B = q,i_ : dj—zj)—i—g— = % : % =Y forallw € W,.
We proceed to bound ¢(G) in terms of A(E4). By the properties of GG; and G5, we have
(G) < e7Vq(Gr) < e Vq(Ga).

Next, note that if f5(p) = gs(p) < 0 and p € Ps \ P2, then we must have p|.J~. Moreover, we
know that [ (1 — 1/ plT1/4000) > 1. Consequently, the properties of ('3 and the definition of the
quality ¢(+), imply that

i@ < ey [ (1- 1) = [Eowoso T (1-1)

pEP3 p|J—
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Lastly, note that A\(G3) < X190 (G,) < A(&,) by the properties of G4 and (5.1). Together with
(8.3), this yields the estimate

dtetd D e E- 1\
(8.16) G) < e UA(&) - — : (1 — —) :
Q( ) ( 4) (]JFJ,J,)Q pl;[ D
Now, consider the modified weight function
p(v) = A)h(AT)A(AT)h(a")h(q).

In virtue of (8.10), we have that e**\(v)A\(w) < e*Yp(v)u(w) for all (v,w) € & C &, and
thus e U\ (&) < e 2 u(&,). Together with (8.16), this reduces the proof of (8.1), and thus of
Proposition 6.2, to showing that

i J7)? 1\?
17 log 2)? - — : 1-=) .
(8.17) wEr) < (yloga)™ - = I}:[ "
To prove (8.17), note that if (v, w) € & C &, then (8.5) and (8.14) imply that
_d D™ A" ¢ n _ N
po) = S L AT (A ()i
D~ X U
e BAT (AT h(a)h(e)
Similarly, from (8.5) and (8.15) we deduce that

e B Y
< —— —— W(BYh(B)h(®)h(r").
plw) = S s (BB R)R()
Therefore, for all (v, w) € £, we have

_d"D e E- XY h(AD(A)R(@)h(¢) h(BH(B)hB)A()

Hw)p(w) = dtet N2 Ata Bty
Moreover, we have
d-De"E~ XY _ , (55 J)? 1
dtet N2 T 7 dtd-D-ete E- XY

by (8.13). We thus conclude that
VAN A I
d*d-D-eteE- X Y’

n(Es) <y

where

h(AT)h(A™)h(a")h(d)
SED D o
AT A~ d ,q’eN
AT AT|N*, %ﬂ’gz, A ¢’ <X
ged(a’q',N)=ged(a’,J~)=1
oat N At a—
el o

and

h(B*)h(B~)h(b")h(r’
Se YYYY MEE N

B~ BTV 'eN
B=B*|N*, M8y cq B=r'=X
gcd(V'r',N)=gcd(V/,J~)=1

vetNBt /B~
T em- S
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where we used (8.7). We have thus reduced the proof of (8.17), and hence of Proposition 6.2, to
showing that

(8.18) 51<<X-(logx)H (1—1) and SQ<<Y-(log:c)H (1—1)

plJ~ p plJ~ p

We proceed to prove the bound for S;; the sum S; is treated similarly.

We fix A* and ¢’ and apply Corollary 4.2 to bound the sum over a’. Notice that we do not know
whether N < 220, Hence, we will only use that ged(d/, Aiff J~) = 1 because we do know that
NA* /A~ and J~ are both < z by (8.7). Therefore, for each fixed choice of A* and ¢/, Corollary

4.2 together with our assumption that R is a set of primitive numerators and the estimate (8.9)

imply that
h(a’) log x
. 1— =
Z, a < Vloglog x H

a NA+

A—

Consequently, since gcd(N, J~) = 1, we obtain

log 1
S € ———- 57 1—=,
! Vioglogz ! pH ( p)

where

, h(A*)h(A7)h(d 1
Sl = ZZZ ( >1£1+>(q> H+(1_}_,>'

gcd(fl’ M)—1

To establish (8.18) for S, it remains to prove that

(8.19) S} < X - y/loglogz.

Consider the cut-off parameter

Z = exp (W)

and note that

AN 1\" logl
(8.20) I1 (1 . —> < II <1 . —) = % — /loglog 7,
|N7Aj' p Z <p<logx p g
p;lZ

because an integer < x has < log x prime factors.

Now, we split S} = 57, + 57 », where S | is the subsum with ¢ > Z and S7 , is the remaining
sum. To bound 57 |, let us fix A*. Since ¢’ < X/A~, we must have Z < X/A~ for this subsum
of 57, to be non-empty. Hence, if we use Lemma 3.2 with f(n) = h(n) - Tycan na+/a-)=1 and
TLemma 3.2 < X/A~, we find that

Y. hd)< Aﬁexp ( 3 h(p) - Lppvarja- — 1)‘

g==X PSX/A™ p

+
ged(q', A-)=1
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We have h(p) - Lyna+/a- — 1 < |h(p) — 1| — Lyna+,a-. Together with (8.9) and our assumption
that 7 < X/A~, this implies that

> h(Q’)<<A£eXp(— > %)«%H (1—1)

=X p<X/A~ |—NAJr P
A pINAT /A= A
ged(q/, XA-)=1 p<Z

Combining this estimate with (8.20), we find that
h(AT)h(A™) 1\°
S, < X/loglogx ZZ e H 1— p < Xy/loglogz - H(N),
AZATINT p| MAE
where H is the multiplicative function defined by
h(m)h(n) 1\?
JZ0Y N SN AUOLIG § YT
mn P
mn| [, n P Pl
Since m and n run over square-free divisors of N, and we have 1 < h(p) < e* for all primes p, we
get
2(h(p) — 1 1

p p

for all primes p and all integers ¢ > 1. Therefore, it follows from (8.9) that H(/N) < 1 uniformly
in NV > 1 and hence

(8.21) S < Xy/loglogz,

as needed.
Lastly, let us bound S{’Q. Here, we fix A" and ¢’ < Z, and sum over A~ first. Note that

TL(=5)<(-5)1(-5)

In addition,

by Lemma 3.2 applied with f(n) = h(n)n/¢(n) and by (8.9). Consequently,
: (V) — hlg) < MAT)
S12 <X N Z q Z A+
q<Z AT|IN

The sum over ¢’ is < log Z = /loglog x by Lemma 3.2 and the sum over A" is < N/¢(N) by
(8.9). This proves that

(8.22) Sty € X - y/loglog z,

as needed.
Combining (8.21) and (8.22) completes the proof of (8.19), and thus of Proposition 6.2. This, in
turn, completes the proof of Theorem 1 modulo proving the results of Section 7. U
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9. LEMMAS ON GCD GRAPHS AND DEDUCTION OF PROPOSITIONS 7.11 AND 7.12

Lemma 9.1 (Quality variation for special GCD subgraphs). Let G = (u, V, W, E, P, f,q) be a
non-trivial GCD graph, let p € R(G) and let k,{ € Z. If u(V,r), t(W,ye) > 0, then

1(Grept) _ (u(gpk,pf))2”< (V) )”T( HOW) )l”pug_a.

q(G) () p(Vpr) pWye)
Proof. This follows directly from the definitions. There is a small difference compared to Lemma
11.1 in [22] due to the modified definition of ¢(G). O

Lemma 9.2 (Few edges between unbalanced sets, I). Let G = (u, V, W, E, P, f, g) be a non-trivial
GCD graph. Let p € R(G), r € Z=, and k € 7 be such that p" > Cy and®

M(ka) >1— % ;
n(W) p
Ifweset Ly, ={l €Z: |l —Fk|>r+ 1}, then one of the following holds:
(a) There exists { € Ly, such that (G ,e) > M - q(G).

(b) Zéeﬁ,w M(gpkype) < u(g)/(4p1+7/4).

Proof. This result is Lemma 11.3 in [22], with the only differences being the following ones: (i)
k and ¢ are allowed to lie in Z and not just in Z-, due to our more general definition of GCD
graphs that allows rational vertices; (ii) the conclusion in (a) is slightly stronger than in [22,
Lemma 11.3] due to the modified definition of ¢(-) used here, with the omission of the factors
(1 = Lp)=g(p20/P)~2(1 — 1/p'+7/4)=3. Note however that these factors are not used in the proof
of [22, Lemma 11.3]; they are only exploited in [22, Lemma 15.1]. In conclusion, the argument of
[22] goes through to our more general context with minimal changes. U

We also need the symmetric version of Lemma 9.2:

Lemma 9.3 (Few edges between unbalanced sets, Il). Let G = (u, V, W, E, P, f,g) be a non-
trivial GCD graph. Let p € R(G), r € Z=, and { € Z be such that p" > Cy and

1(Vpe) >1-— %
pV) P
Ifweset Ky, ={k € Z : |¢ — k| > r + 1}, then one of the following holds:

(a) There exists k € KCy, such that q(G . ,¢) > M - q(G).
(b) Zk@cz,r P(Epe pt) < w(E)/(ApttT/4).

Lemma 9.4 (Quality increment unless a prime power divides almost all). Consider a non-trivial
GCD graph G = (u, V,W,E, P, f,9) and a prime p € R(G) with p > Cs. Then one of the
following holds:

(a) There is a non-trivial, maximal and exact GCD subgraph G' of G with multiplicative data
(P, f',q") such that

P =PuU{p}, R(G)CRG)\{p}, qG)>MYwrw .qQ).

o1f p = (s, the last hypothesis is vacuous.
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(b) There exists k € 7 such that
P’(Vp’“) >1— % and M(ka> >1— %
u(v) p n(w) p
Proof. This result is Lemma 13.2 in [22], with the only differences being that we use the modified

definition of ¢(-) in part (a), and that in part (b) we allow & to lie in Z instead of Z(. The argument
of [22] goes through with minimal changes. U

Deduction of Proposition 7.12. Using the above lemma, we readily establish Proposition 7.12. For
more details, see the deduction of [22, Proposition 8.1] from [22, Lemma 13.2]. L]

Lemma 9.5 (Small quality loss or a prime power divides a positive proportion). Consider a non-
trivial GCD graph G = (u, VW, E, P, f,g) and a prime p € R(G). Then one of the following
holds:

(a) There is a non-trivial and exact GCD subgraph G' of G with set of primes P’ such that
P'=Pui{p}, R(G)CSRG)\{p}, aG)=qG)/Cs
(b) There is some k € Z such that
N(Vp’“> > g and N(ka) > 3
p(V) ~ 10 p(W) ~ 10
Proof. This result is Lemma 14.1 in [22], with the only differences being that we use the modified
definition of ¢(-) in part (a), and that in part (b) we allow £ to lie in Z instead of Z~(. The argument
of [22] goes through with minimal changes. Note that, even though Lemma 14.1 in [22] does not

specify that G’ is an exact subgraph of G, this fact follows readily from the proof, because we end
up taking G’ = G ¢ for some k, ( € Z. O

Lemma 9.6 (Adding small primes to P). Let G = (1, V. W, E, P, f,q) be a non-trivial GCD
graph and let p € R(G) be a prime. Then there is a non-trivial and exact GCD subgraph G' of G
with set of primes P’ such that

P'=PuU{p}, R(G)CRG)\{p}, aG)=4q(G)/Cs.

Proof. This result is Lemma 14.2 in [22] adapted to our more general definition of GCD graphs
with rational vertices. The argument of [22] goes through to this more general context with mini-
mal changes, using Lemmas 9.4 and 9.5 above. Note that, even though Lemma 14.2 in [22] does
not specify that G’ is an exact subgraph of G, this fact follows readily from the proof, because we

end up taking G’ = G(? , for some k, ¢ € Z, where G!) is a maximal GCD subgraph of G. [
p 7p

Deduction of Proposition 7.11. Using the above lemma, we readily establish Proposition 7.11. For
more details, see the deduction of [22, Proposition 8.3] from [22, Lemma 14.2]. O
10. PROOF OF PROPOSITION 7.13

As in the statement of Proposition 7.13, let G = (u, V, W, E, P, f, g) be a non-trivial and maxi-
mal GCD graph such that

R(G) C {p>Cs} and R’ (G)=0.

If R(G) = 0, then @ is structured for trivial reasons, so that Proposition 7.13 follows by taking
G’ = G. Let us thus assume that R(G) # (.
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Now, fix for the moment a prime p € R(G). Since R’(G) = (), we must have that p € R¥(G),
and thus there exists some integer £, such that

N(Vpkp> >1-— % and M(kap) >1— %
u(v) p n(w) p
These inequalities, together with the maximality of G and Lemma 5.12, applied with § = 2 + 7,
n=Ca/p, A=V \ Vs, and B =W\ W,,, imply that
o\ o
(102) W0 W e < (2) e <

where we used that p > C > Ca%" (cf. (7.4)) and that 7 € (0, 1/100).
Moreover, using again the fact that p € R¥(G), we find that

(10.3) 4(Gpipi) < M -q(G) forall (i,5) € Z* withi # j.

In particular, if we set

(10.1)

kp+1 kp+1
Vi=J Yy and W= [ W,
i=kp—1 j=kp—1

then Lemmas 9.2 and 9.3 applied with r = 1 imply that

; )
(10.4) pECNWR)) = X uEen) < i
IE€L: [i—kp|>2 p
and
£
(10.5) pECpWAW)) = 3 wlEpy) < 4u(H)Z
JEL:|j—ky|>2 p
Hence, if we let
E=EVp, Wi)UEWVE W),
then (10.2), (10.4) and (10.5) imply that
£
(10.6) HEN\E) < “1(#) for all p € R(G).
p 4
Now, let us set
& = &
PER(G)
Using (10.6) and our assumption that R(G) C {p > Cs}, we find that
; ; u(€) _ 10u(E) _ &)
. < < = < < )
(10 7) M(g \8 ) Z ,u(é:\gp) pH_Z 7_6,7/4 100
PER(G) p>Cs 6

since >, n e <o e+ [FyTitedy = “Ha " forall ¢ > 0 and all z > 1, and we have
assumed that Cs > C;/" > (10°/7)1%/7. Hence, if we let G* = (V, W, E*, P, f, g), then
q(G") p(EY) o 2+
(10.8) = < > 0.99°7" > 0.98
q(G) ey
for 7 < 0.01. We may easily check that G* is a structured GCD graph and a GCD subgraph of G.
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Next, we show that condition (b) of Proposition 7.13 holds for some appropriate subgraph of
G* by adapting the argument leading to [22, Corollary 11.8 and Lemmas 8.4-8.5]. To this end, fix
an index m € {1,...,n} and recall the weights a,,,,, > 0 from the statement of Proposition 7.13.
Given ¢ € Q, let us define A,,(p) = Zpeg per(G) @pm- We then have that

(10.9) Z p(v)p(w) Ay, (v/w) = Z Apm * u( v,w) €& 1peE v/w}).

(v,w)e&* pER(G
Note that if p € R(G) is a prime of v/w, then we must have that e,(v) # e,(w). Since we
also know that (v, w) € £ C &, we conclude that (v, w) lies in & ,; with (i,5) € {(kp, k, +
1), (kp, ky — 1), (k, — 1,k,), (k, + 1,k,)}. For all these choices of (7, j), we may use relations
(10.1) and (10.3) in conjunction with Lemma 9.1 to find that

> W) (“(5Pi,z7j))2+7< p(v) )HT (LW))>HTP > (M(Spiﬁpj)>2+r PR

q(G) u(€) p(Vyi) Wy p(€) Gyt
whence )
1(Epi p7) < (MCQHT)QTT < MGy _ Cs
(&) p p 100p
Therefore,
p({ow) € pevju}) <a- S5 p(e) < 2 p(en)
100 20
in virtue of (10.7). Inserting this bound into (10.9), we conclude that
Cg Qpm % .
(10.10) > p)p(w) A (v/w) < % > el (&) form=1,2,... n.
(v,w)e&* PER(G)

Now, let

8**:{(U,w)ES*:Am(v/w)écgn Z dpm form=1,2,...,n

per(@) F

Using the union bound, Markov’s inequality and (10.10), we find that (£ \ £**) < & - u(€*).
Hence, if we let G** = (V, W, E™, P, f, g), then

241 2471
%k kk 1
9(G™) _ (u(c‘? )) > (_9> - 0.0,
q(G*) p(E*) 20
Together with (10.8), this implies that ¢(G**) > ¢(G)/2. Clearly, G** is a structured GCD graph

and we also have that 4,,(v/w) < Csn - g ‘”’T’“ for all (v, w) in its edge set £** and for all
m € {1,...,n}. To complete the proof, we take G’ to be a maximal GCD subgraph of G**. [

11. PROOF OF PROPOSITIONS 7.14 AND 7.15

Lemma 11.1 (Small quality loss in a structured graph). Consider a maximal, non-trivial and struc-
tured GCD graph G = (1, V, W, E, P, f,g) and a prime p € R(G) with p > Cg, and let k, € Z
be such that

(1L1) (ep(v), ep(w)) € {(kp — Lky), (kpy by = 1), (Kp, k), (kp, kp + 1), (kp + 1, kp)}

for all (v,w) € E. Then there is a non-trivial and maximal GCD subgraph G' of G with multi-
plicative data (P', f', g') such that:
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(a) P'=PU{p}
(b) R(G") € R(G)\ {p};
(c) f/(p)ag/(p> S {kp — 1, kp, by + 1};

(d) if k, > 0, then G’ is a denominator-exact subgraph of G, whereas if k, < 0, then G' is a
numerator-exact subgraph of G;

(¢) a(G) 2 a(@) (1 = Lyg=g =ty /p) (1 = 1/p'7).

Proof. Before we begin, let us note that any non-trivial and exact subgraph G’ of GG automatically
satisfies property (c). Indeed, since G’ is non-trivial, it has at least one edge, which must satisfy
(11.1). Since G is also an exact subgraph of GG, we conclude that it must satisfy (c).

In addition, note that any G’ satisfying (e) is non-trivial. Indeed, we have ¢(G) > 0 because G
is non-trivial. In virtue of (e), we must also have that ¢(G’) > 0. Thus, G’ is non-trivial.

Let us now proceed to the main part of the proof. We shall separate various cases.
Case 1: p € R°(G). We must then be in one of following two subcases:

Case la: there exist distinct integers i, j such that ¢(G i ;) = M -q(G). We then simply take G’

to be a maximal GCD subgraph of G, ;. This completes the proof, since G’ is an exact subgraph
of G and it satisfies ¢(G’) > M - ¢(G) > q(G).

Case 1b: for every k € Z, we have min{u(V,r), p(W,r)} < 1 — Cy/p. We then apply Lemma
9.4 (we must be in case (a) of the lemma by the above assumption) to locate a subgraph G’ of G
satisfying all desired properties.

Case 2: p € R¥(G). Hence, there exists k € Z such that

Ly ZLe ) wd fpes1e

To proceed further, we separate into four cases.
Case 2a: k = k, — 1. Let

(11.2)

5*::{( w) € £ (ep(v),ep(w)) € {(k—1,k), kk—1),(k:,k),(k,k+1),(k+1,k;)}}.
On the one hand, using (11.1) and our assumption that & = k, — 1, we have that
(11.3) & = {(v,w) € & (ep(v), ep(w)) € {(k,k +1), (k + 1,k)}}.

On the other hand, using (11.2) and arguing as in the proof of Proposition 7.13 in Section 10,
with k playing the role of k,, we find that (€ \ £*) < u(€)/p**1, and thus p(£*) > p(€)/2.
Together with (11.3), this implies that either 1(Eyr prv1) = p(E) /4 or p(Eppr i) = (€ )/4 In the
former case, Lemma 9.1 yields that ¢(Gpx yx+1)/q(G) = 4727 7p > 1. In the latter case, we find
similarly that ¢(Gx+1 ,:) > q(G). We then take G’ to be a maximal GCD subgraph of G x+1 or
of Ge+1 ke, according to the subcase we are in. In particular, G’ is an exact GCD subgraph of G.
We may then check easily that G’ satisfies all required properties.

Case 2b: k = k, + 1. If £ is defined as above, we have £* = {(v,w) € € : (e,(v), ep(w)) €
{(k—1,k),(k,k —1)}}. Hence, we may argue similarly to Case 2a to complete the proof.

Case 2c: k =k, > 0. Let G = (u, VE, W, ET, P U{p}, for, g+ ), Where:
V=V UV, W =Wy UWyr, 5 = E(VH,WH),
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and f,- and g, are as in Definition 7.7. It is easy to check that G* is a GCD subgraph of G
satisfying properties (a)-(d)’. Moreover, both G x-1 and Ge-1 ,+ are GCD subgraphs of G
satisfying properties (a)-(d). Furthermore, if we follow the proof of Lemma 15.1 in [22] (see Case
2 there), we may show that at least one of the graphs G, Gk ,x-1 and G -1 . also satisfies
property (e). Let us call G* this GCD subgraph of GG. To complete the proof of the lemma, we take
G’ to be a maximal subgraph of G*.

Case2d: k =k, <0.Let G~ = (u, V-, W~,E7, P U{p}, fr, gpr ), Where:
Vo=V 1 UV, W™ =Wy UWgp, E = S(Vf,Wf).

This is a GCD subgraph of G satisfying properties (a)-(d). To complete the proof, we argue sim-
ilarly to Case 2c, selecting G’ to be a maximal subgraph of one of the graphs G~, G ,x+1 and
ka+l 7pk .

O

Proof of Proposition 7.14. This follows almost immediately from Lemma 11.1. Our assumptions
that G is structured, that R(G) C {p > Cs} and that R_(G) # () imply that there is a prime
p > Cg lying in R(G) with k, < 0 (see Remark 7.2). Thus we can apply Lemma 11.1 with this
choice of p and complete the proof. U

Proof of Proposition 7.15. As above, this follows almost immediately from Lemma 11.1. 0
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