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Exotic morphisms

Definition
An exotic symplectomorphism of the standard symplectic ball, B2, is a

symplectomorphism ¢ : B2" — B2" that is not isotopic to the identity
relative to the boundary through symplectomorphisms.
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Exotic morphisms

Definition
An exotic symplectomorphism of the standard symplectic ball, B2, is a

symplectomorphism ¢ : B2" — B2" that is not isotopic to the identity
relative to the boundary through symplectomorphisms.

¢ B?" — B2" Do B2 B2 t € [0,1]
exotic <— compactly supported symplectomorphisms
symplectomorphism do=id, ¢1=0¢
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Exotic morphisms

Definition
An exotic symplectomorphism of the standard symplectic ball, B2, is a

symplectomorphism ¢ : B2" — B2" that is not isotopic to the identity
relative to the boundary through symplectomorphisms.

¢ : B2 — B2" Do: B - B2 t€]0,1]
exotic <— compactly supported symplectomorphisms
symplectomorphism do=id, o1 =2¢
Definition

An exotic diffeomorphism ¢ : B” — B" is a diffeomorphism that is not
isotopic to the identity relative to the boundary.
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Diffeomorphisms vs symplectomorphisms

n 112(3(4|5]6|7 (8910
]:Bn
How many?
Table: Exotic diffeomorphisms?
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Diffeomorphisms vs symplectomorphisms

n 11213 5167 (89|10
B" X| X | X X | X
How many? | 0 | 0 | O 0|0
Table: Exotic diffeomorphisms?
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Diffeomorphisms vs symplectomorphisms

n 1123|4567 8]9]10
B” X1 X | X X1 X| Vv
How many? | 0 | 0 | O 00|27

Table: Exotic diffeomorphisms?
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Diffeomorphisms vs symplectomorphisms

n 112|3]4/5]6|7 8]9]10
B” X1 X | X X X| v/ | X |/ | X
How many? | 0 | 0 | O 0j0|27j0|1]0

Table: Exotic diffeomorphisms?
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Diffeomorphisms vs symplectomorphisms

n 1/2(3|4|5/6|7[8]|9]10
B" XX | X| 7| X|X| V| X| /| X
Howmany? | 0|0 (0O |7?7|0|0 |27 |0 | 1] O

Table: Exotic diffeomorphisms?
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Diffeomorphisms vs symplectomorphisms

n 1/2(3|4|5/6|7[8]|9]10
B" XX | X| 7| X|X| V| X| /| X
Howmany? | 0|0 (0O |7?7|0|0 |27 |0 | 1] O

Table: Exotic diffeomorphisms?

n|2]4]6|8|10|12 14| 16|18 |20
Bn

Table: Exotic symplectomorphisms?
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Diffeomorphisms vs symplectomorphisms

n 1/2(3|4|5/6|7[8]|9]10
B" XX | X| 7| X|X| V| X| /| X
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Diffeomorphisms vs symplectomorphisms

n 1/2(3|4|5/6|7[8]|9]10
B" XX | X| 7| X|X| V| X| /| X
Howmany? | 0|0 (0O |7?7|0|0 |27 |0 | 1] O

Table: Exotic diffeomorphisms?

n|2]4]6|8|10|12 14| 16|18 |20
B" | X | X |72 |2 7272|7272 ] 7|7

Table: Exotic symplectomorphisms?
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Diffeomorphisms vs symplectomorphisms
Question

Can an exotic diffeomorphism (of a ball) be realised as a
symplectomorphism?
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Diffeomorphisms vs symplectomorphisms

Question

Can an exotic diffeomorphism (of a ball) be realised as a
symplectomorphism?

Theorem (Casals-Keating-Smith)

There exist an exotic diffeomorphism ¢ : B* — B*< and a symplectic form
w on B* such that ¢*w = w whenever k & {1,3,7,15,31}.

v
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Diffeomorphisms vs symplectomorphisms

Question

Can an exotic diffeomorphism (of a ball) be realised as a
symplectomorphism?

Theorem (Casals-Keating-Smith)

There exist an exotic diffeomorphism ¢ : B* — B*< and a symplectic form
w on B* such that ¢*w = w whenever k & {1,3,7,15,31}.

v

Theorem (Seidel)

There exists a symplectomorphism ¢ : M — M that is smoothly isotopic
to the identity but not symplectically.
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Our contribution
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Our contribution

Theorem (Drobnjak - U.)

For each n € N, at least one of the following statements is true.

@ There exists an exotic symplectomorphism of the standard symplectic
ball B2".
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Our contribution

Theorem (Drobnjak - U.)

For each n € N, at least one of the following statements is true.

@ There exists an exotic symplectomorphism of the standard symplectic
ball B2".

@ Every free contact circle action on the standard contact sphere S?"~1
is topologically symmetric.
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Our contribution

Theorem (Drobnjak - U.)

For each n € N, at least one of the following statements is true.

@ There exists an exotic symplectomorphism of the standard symplectic
ball B2".

@ Every free contact circle action on the standard contact sphere S>"~1
is topologically symmetric.

contact circle action = a circle action by contactomorphisms
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Our contribution

Theorem (Drobnjak - U.)
For each n € N, at least one of the following statements is true.

@ There exists an exotic symplectomorphism of the standard symplectic
ball B2".

@ Every free contact circle action on the standard contact sphere S>"~1
is topologically symmetric.

contact circle action = a circle action by contactomorphisms

topological symmetry = a topological condition (to be defined shortly)
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Topological symmetry

@r 1 S?171 5 §2~1 3 free contact circle action (t € S?)
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Topological symmetry

@r 1 S?171 5 §2~1 3 free contact circle action (t € S?)

Y the vector field of ¢, i.e. Orpr = Y 0
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Topological symmetry

@r 1 S?171 5 §2~1 3 free contact circle action (t € S?)
Y the vector field of ¢, i.e. Orpr = Y 0oy
o a contact form on the standard contact S?"~1
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Topological symmetry

@r 1 S?171 5 §2~1 3 free contact circle action (t € S?)

Y the vector field of ¢, i.e. Orpr = Y 0oy

@ a contact form on the standard contact S27~1
positive region of ¢ the set {p € S>™1 | a(Y(p)) > 0}
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Topological symmetry

@r 1 S?171 5 §2~1 3 free contact circle action (t € S?)

Y the vector field of ¢, i.e. Orpr = Y o

@ a contact form on the standard contact S27~1
positive region of ¢ the set {p € S>™1 | a(Y(p)) > 0}

Definition
A free contact circle action ¢; : S?"~1 — S2"~1 with positive region
P C S?"~1 is topologically symmetric if
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Topological symmetry

@r 1 S?171 5 §2~1 3 free contact circle action (t € S?)

Y the vector field of ¢, i.e. Orpr = Y o

@ a contact form on the standard contact S27~1
positive region of ¢ the set {p € S>™1 | a(Y(p)) > 0}

Definition
A free contact circle action ¢; : S?"~1 — S?"~1 with positive region
P C S?"1 is topologically symmetric if there exists m € Z such that
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Topological symmetry

@e 1 S?171 5 §27~1 3 free contact circle action (t € St)

Y the vector field of ¢, i.e. Orpr = Y o

@ a contact form on the standard contact S27~1
positive region of ¢ the set {p € S>™1 | a(Y(p)) > 0}

Definition
A free contact circle action ¢; : S?"~1 — S?"~1 with positive region

P C S?"1 is topologically symmetric if there exists m € Z such that

(Vk € Z)  Hm—i(P;Z2) = Hi(P; Zo).
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@ Reeb flow

Igor Uljarevi¢ (University of Belgrade)

Exotic Symplectomorphisms



Examples

@ Reeb flow

©p : S2n—1 N SZn—l
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Examples

@ Reeb flow

©p : S2n—1 N SZn—l
Qot(zh .

7ZI7) - (eitzla

., ez
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Examples

@ Reeb flow

©p : S2n—1 N SZn—l
Qot(zh

7ZI7) - (eitzla
P — S2n71

., ez
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Examples

@ Reeb flow

©p : S2n—1 N S2n—1
Qot(zh

7ZI7) - (eitz].) L] eitzn)
P — S2n71
H.(P; Z>)

0 Z, O
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Examples

@ Reeb flow
O S2n—1 N S2n—1
oz, zp) = (21, ..., e"2,)
P — S2n71

H.(P:Z,) = -+ 0 Zy O

@ An action by unitary matrices
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Examples

@ Reeb flow
O S2n—1 N S2n—1
oz, zp) = (21, ..., e"2,)
P — S2n71
Ho(P;Zy) = -+ 0 Zp 0

@ An action by unitary matrices

O SZn—l N S2n—1
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Examples

@ Reeb flow
Ot S2n—1 N S2n—1
ee(z1,. .. z0) = (e"z1,..., e"2,)
P — S2n71
Ho(P;Zy) = -+ 0 Zp 0
@ An action by unitary matrices
O S2n—1 N S2n—1

it_ it it it —it
oi(z1,...,20) = (e z1,€"%z, ..., ez e M zp e, .00 z,,)
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Examples

@ Reeb flow
Ot S2n—1 N S2n—1
ee(z1,. .. z0) = (e"z1,..., e"2,)
P — S2n71

H.(P:Z,) = -+ 0 Zy O

@ An action by unitary matrices
O S2n—1 N S2n—1
it it it —it —it
oi(z1,...,20) = (e z1,€"%z, ..., ez e M zp e, .00 z,,)

P ~ S2K—1 % B2(n—[)
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Examples

@ Reeb flow
Ot S2n—1 N S2n—1

ee(z1,. .. z0) = (e"z1,..., e"2,)

P — S2n71
HA(P:Zy) = - 0 Zo
@ An action by unitary matrices

Q¢ S2n—1 N S2n—1

it_ it it it
ot(z1,...,2n) = (e z1,€"%z, ..., e zp e M zpyq, .

P ~ S2K—1 % B2(n—[)

H*(P;Zz) == 0 Zz
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Examples

@ Fibered connected sum of two copies of

0r 1S3 S3: (z1,22) —~ (eitzl, e
along I := {(0,e™) |t € R}

—i

tz2)
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Examples

@ Fibered connected sum of two copies of

.3 3. it it
t - . 9 )
0r:S® =S (z1,22) = (21,67 " 2)

along I :={(0,e7) |t e R}

(D

S3
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Examples

@ Fibered connected sum of two copies of

.3 3. it it
t - . 9 )
0r:S® =S (z1,22) = (21,67 " 2)

along I :={(0,e7) |t e R}

D+ O
r
S3 S3
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Examples

@ Fibered connected sum of two copies of

S s (z1,22) —~ (eitzl, e_it22)

along I :={(0,e7) |t e R}

D+ O - =0

83#83 ~ S3
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Examples

@ Fibered connected sum of two copies of

S s (z1,22) —~ (eitzl, e_it22)

along I :={(0,e7) |t e R}

D+ O - =0

83#83 ~ S3

P~ (S'xB? u (S'xB?) ~ st ust
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Examples

@ Fibered connected sum of two copies of

S s (z1,22) —~ (eitzl, e_it22)

along I :={(0,e7) |t e R}

D+ O - =0

S3#S3~S3
P~ (S'xB? u (S'xB?) ~ st ust
HJ(P;Zy) = - 0 Zy Z3 0
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Examples

@ Fibered connected sum of two copies of

S s (z1,22) —~ (eitzl, e_it22)

along I :={(0,e7) |t e R}

D+ O - =0

S3#S3~S3
P~ (S'xB? u (S'xB?) ~ st ust
HJ(P;Zy) = - 0 Zy Z3 0

Not symmetric!
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An application

S3#S3 ~ S3
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An application

3 3 S34S3 ~r §3
r

Gromov 1985 —>  no exotic symplectomorphisms on B*
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An application

3 3 S34S3 ~r §3
r

Gromov 1985 —>  no exotic symplectomorphisms on B*

—  S34#S3 is a non-standard contact sphere
r
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An application

D+ O -

S3 3 S3HS3 & §3
r

Gromov 1985 —>  no exotic symplectomorphisms on B*

—  S34#S3 is a non-standard contact sphere
r

Eliashberg 1989 = there is only one non-standard contact
structure &, that is homotopic to the
standard contact structure & on S3
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An application

D+ O -

S3 3 S3HS3 & §3
r

Gromov 1985 —>  no exotic symplectomorphisms on B*

—  S34#S3 is a non-standard contact sphere
r

Eliashberg 1989 = there is only one non-standard contact
structure &, that is homotopic to the
standard contact structure & on S3

Corollary

(S37 fst) #Fﬁ (837§st) = (837§ot)
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W a compact manifold with boundary OW =: ¥

Igor Uljarevi¢ (University of Belgrade)

Exotic Symplectomorphisms
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Liouville domain (W, \)
W a compact manifold with boundary OW =: ¥
A a 1-form on W
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A more general setup

Liouville domain (W, \)
W a compact manifold with boundary OW =: ¥
A a 1-form on W

d\ a symplectic form on W

Igor Uljarevi¢ (University of Belgrade) Exotic Symplectomorphisms

June, 2020

10/23



A more general setup

Liouville domain (W, \)
W a compact manifold with boundary OW =: ¥
A a 1-form on W
d\ a symplectic form on W

Aly a contact form on X inducing the boundary orientation on ¥
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A more general setup

Liouville domain (W, \)
W a compact manifold with boundary OW =: ¥
A a 1-form on W
d\ a symplectic form on W

Aly a contact form on X inducing the boundary orientation on ¥

Assumption: c1(W) = 0.
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A more general setup

Liouville domain (W, \)
W a compact manifold with boundary OW =: ¥
A a 1-form on W
d\ a symplectic form on W

Aly a contact form on X inducing the boundary orientation on ¥
Assumption: ¢;(W) = 0.

Definition
A free contact circle action ¢; : ¥ — ¥ with positive region P C ¥ is
topologically symmetric with respect to W if there exists m € Z such that

(Vk €Z)  Hm_i(W, P;Z5) = H(W, P; Zo).
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From loops of contactomorphisms to symplectomorphisms
W a Liouville domain, ¥ :=o0W

Igor Uljarevi¢ (University of Belgrade)

Exotic Symplectomorphisms



From loops of contactomorphisms to symplectomorphisms

W a Liouville domain, ¥ :=o0W

Yt 1 £ — X a loop of contactomorphisms
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From loops of contactomorphisms to symplectomorphisms

W a Liouville domain, ¥ := oW
Yt 1 £ — X a loop of contactomorphisms
ht : £ — R the contact Hamiltonian of ¢; (i.e. ht o pr = —a(0rpt))
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From loops of contactomorphisms to symplectomorphisms

W a Liouville domain, ¥ := oW

Yt 1 £ — X a loop of contactomorphisms

ht : £ — R the contact Hamiltonian of ¢; (i.e. ht o pr = —a(0rpt))
H; : W — R a Hamiltonian such that
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From loops of contactomorphisms to symplectomorphisms

W a Liouville domain, ¥ := oW
Yt 1 £ — X a loop of contactomorphisms
ht : £ — R the contact Hamiltonian of ¢; (i.e. ht o pr = —a(0rpt))
H; : W — R a Hamiltonian such that
H¢(x,r) = r - hy(x) on the cylindrical end X x (0, 1]
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From loops of contactomorphisms to symplectomorphisms

W a Liouville domain, ¥ := oW
Yt 1 £ — X a loop of contactomorphisms

ht : £ — R the contact Hamiltonian of ¢; (i.e. ht o pr = —a(0rpt))
H; : W — R a Hamiltonian such that

H¢(x,r) = r - hy(x) on the cylindrical end X x (0, 1]
© : m Cont X — 7o Symp. W,  ©O([p¢]) := [(ﬁﬂ
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From loops of contactomorphisms to symplectomorphisms

W a Liouville domain, ¥ := oW

Yt 1 £ — X a loop of contactomorphisms

ht : £ — R the contact Hamiltonian of ¢; (i.e. ht o pr = —a(0rpt))
H; : W — R a Hamiltonian such that

H¢(x,r) = r - hy(x) on the cylindrical end X x (0, 1]
© :m ContX — mo Symp. W, O([p]) = [gzﬁﬂ

Biran-Giroux: 3 a long exact sequence

- — m Symp. W — 7 Symp W — 7, Cont & j

©
[» Tk—1 Symp. W —— -+ .
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Main result

Theorem (Drobnjak-U.)

Let W be a Liouville domain such that c;(W) = 0. Let ¢; : OW — OW
be a free contact circle action that is not topologically symmetric with
respect to W. Then, ©([¢¢]) is a non-trivial element of g Symp.(W).
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Main result

Theorem (Drobnjak-U.)

Let W be a Liouville domain such that c;(W) = 0. Let ¢; : OW — OW
be a free contact circle action that is not topologically symmetric with
respect to W. Then, ©([¢¢]) is a non-trivial element of g Symp.(W).

Corollary

If a free contact circle action p; : ¥ — ¥ is not topologically symmetric
with respect to some Liouville filling W of ¥, then ; gives rise to a
non-contractible loop of contactomorphisms.
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Floer homology for a contact Hamiltonian HF,(h) (Merry-U. 2017)

W a Liouville domain, ¥ = oW
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A tool

Floer homology for a contact Hamiltonian HF,(h) (Merry-U. 2017)

W a Liouville domain, ¥ = oW
hs : X — R a contact Hamiltonian
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A tool

Floer homology for a contact Hamiltonian HF,(h) (Merry-U. 2017)

W a Liouville domain, ¥ = oW

hs : ¥ — R a contact Hamiltonian
time-1 map has no fixed points
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A tool

Floer homology for a contact Hamiltonian HF,(h) (Merry-U. 2017)

W a Liouville domain, ¥ = oW

hs : ¥ — R a contact Hamiltonian
time-1 map has no fixed points
hty1 = he
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A tool

Floer homology for a contact Hamiltonian HF,(h) (Merry-U. 2017)

W a Liouville domain, ¥ = oW
hs : ¥ — R a contact Hamiltonian
time-1 map has no fixed points
hty1 = he
HF..(h) Hamiltonian loop Floer homology for H; : W — R
such that H¢(x, r) = r - hs(x) on the cylindrical end
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A tool

Floer homology for a contact Hamiltonian HF,(h) (Merry-U. 2017)

W a Liouville domain, ¥ = oW
hs : X — R a contact Hamiltonian
time-1 map has no fixed points
hty1 = he
HF.(h) Hamiltonian loop Floer homology for H; : W — R
such that H¢(x, r) = r - hs(x) on the cylindrical end
HF.(h) independent of the choice of H
does depend on the filling W

Igor Uljarevi¢ (University of Belgrade) Exotic Symplectomorphisms June, 2020 13/23



Naturality isomorphisms

Igor Uljarevi¢ (University of Belgrade)

Exotic Symplectomorphisms



Igor Uljarevi¢ (University of Belgrade)

Naturality isomorphisms

F: W — R a Hamiltonian such that

¢f =id and Fry1 = F;
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Naturality isomorphisms
F: W — R a Hamiltonian such that

¢f =id and Fry1 = F;
(F#H),: W — R the Hamiltonian that generates (d)tF)*l o ¢l
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Naturality isomorphisms

Fi: W — R a Hamiltonian such that
QSf:ldand Ft+]_:Ft

(F#H),: W — R the Hamiltonian that generates (qﬁf)*l o ¢l

Definition
The naturality isomorphism (with respect to F) is the isomorphism

N(F) : HE.(H) — HF,(F#H)
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Naturality isomorphisms

Fi: W — R a Hamiltonian such that
QSf:ldand Ft+]_:Ft

(F#H),: W — R the Hamiltonian that generates (qu)*l o ¢l

Definition
The naturality isomorphism (with respect to F) is the isomorphism

N(F) : HF.(H) — HF.(F#H)
defined on the generators by

() = {87 ),

Igor Uljarevi¢ (University of Belgrade) Exotic Symplectomorphisms June, 2020 14 /23



Naturality isomorphisms

Fi: W — R a Hamiltonian such that
¢f:|dand Ft+]_:Ft

(F#H),: W — R the Hamiltonian that generates (qu)*l o ¢l

Definition
The naturality isomorphism (with respect to F) is the isomorphism

N(F) : HF.(H) — HF.(F#H)
defined on the generators by
() = {87 ),

where (¢F)*y(t) = (¢£) 71 o y(2). )
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Remarks on the naturality

N(F) : HF.(H) — HF.(F#H)

o N(F) preserves the grading up to a shift
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Remarks on the naturality

N(F) : HE.(H) — HF,(F#H)

o N(F) preserves the grading up to a shift
o If Fi(x,r) = fy(x) - r and He(x,r) = he(x) - r on the cylindrical end,
then N/(F) descends to an isomorphism

N(F) : HF.(h) — HF.(F#h),
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Remarks on the naturality

N(F) : HE.(H) — HF,(F#H)

o N(F) preserves the grading up to a shift
o If Fi(x,r) = fy(x) - r and He(x,r) = he(x) - r on the cylindrical end,
then N/(F) descends to an isomorphism

N(F) : HF.(h) — HF*(?#h),
o If f is autonomous, and if the flows of f and h commute, then

N(F) : HF.(h) = HF.(h — f),
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Proof of the main result

vt : OW — OW a free contact circle action

To prove: If ©([p¢]) =0 € mo Symp (W), then ¢; is topologically
symmetric.
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Proof of the main result

vt : OW — OW a free contact circle action

To prove: If ©([p¢]) =0 € mo Symp (W), then ¢; is topologically
symmetric.

WLOG assume ; preserves the contact form on OW
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Proof of the main result

vt : OW — OW a free contact circle action

To prove: If ©([pt]) = 0 € mo Symp (W), then ¢; is topologically
symmetric.

WLOG assume ; preserves the contact form on OW

h: OW — R the contact Hamiltonian of ¢,
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Proof of the main result

vt : OW — OW a free contact circle action

To prove: If ©([pt]) = 0 € mo Symp (W), then ¢; is topologically
symmetric.

WLOG assume ; preserves the contact form on OW

h: OW — R the contact Hamiltonian of ¢,

O([pe]) =0
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Proof of the main result

vt : OW — OW a free contact circle action

To prove: If ©([pt]) = 0 € mo Symp (W), then ¢; is topologically
symmetric.

WLOG assume ; preserves the contact form on OW

h: OW — R the contact Hamiltonian of ¢,

O([pe) =0 =

Igor Uljarevi¢ (University of Belgrade) Exotic Symplectomorphisms June, 2020 16 /23



Proof of the main result

vt : OW — OW a free contact circle action

To prove: If ©([p¢]) =0 € mo Symp (W), then ¢; is topologically
symmetric.

WLOG assume ; preserves the contact form on OW
h: OW — R the contact Hamiltonian of ¢,

3 Hamiltonian H : W — R such that
O([¢pe]) =0 == H(x,r) =r- h(x) on the cylindrical end
¢1 = id
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Proof of the main result

€ > 0 small enough

HF.(ch) Y% HE.((c - 1)h)
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Proof of the main result

€ > 0 small enough

HF.(ch) Y% HE.((c - 1)h)

@ h autonomous
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Proof of the main result

€ > 0 small enough

HF.(ch) Y% HE.((c - 1)h)

@ h autonomous
@ h strict
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Proof of the main result

€ > 0 small enough

HF.(ch) Y% HE (e — 1)h) —=— HF.(—ch)
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Proof of the main result
€ > 0 small enough

HF.(ch) Y% HE (e — 1)h) —=— HF.(—ch)

@ s h has no 1-periodic orbits for s € (—1,0)
ec—1,-ec€(-1,0)
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H (W, P; Z,)
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Proof of the main result

€ > 0 small enough
HF.(eh)

N(H)
lg

HF.((e — 1)h) —— HF.(—¢ch)

Exotic Symplectomorphisms



Proof of the main result

€ > 0 small enough

HF.(ch) —Y ™ HE((c — 1)h) —=— HF.(—ch)
H*(Wa P;Z2)

o P:={xe€dW|h(x)> 0}
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Proof of the main result

€ > 0 small enough

N(H)
—

HF.(ch) HF,((e — 1)h) —— HF,(—¢h)

=

H (W, P; Z,)

o P:={xeoW|h(x) >0}

Lemma (Drobnjak-U.)

HF(eh) = Hiqn(W, P; Z5).
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Proof of the main result

€ > 0 small enough

HF.(eh) Y HF. (e = 1)h) —=—s HF.(—eh)

I I

H. (W, P; Z5) H. (W, N; Z,)

o P:={xeoW|h(x) >0}

Lemma (Drobnjak-U.)

HF(eh) = Hiqn(W, P; Z5).
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Proof of the main result
e > 0 small enough

HF.(eh) Y HF. (e = 1)h) —=—s HF.(—eh)

I I

H (W, P; Z2) H (W, N; Z)
o P:={xedW|h(x)>0}
o N:={xe oW |h(x)<0}
Lemma (Drobnjak-U.)
HF(eh) = Hkin(W, P; Zs).
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Proof of the main result

e > 0 small enough

HF.(eh) —X . HE.((e = 1)h) —=— HF.(—ch)
H.(W, P: Z,) Hoo(W, Py ) —— H(W, N; 7o)

o P:={xe€dW]h(x) >0}
o N:={xeoW]|h(x) <0}

Lemma (Drobnjak-U.)

HFk(€h) = Hk+n(W, P; ZQ).
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Proof of the main result

e > 0 small enough

HF.(ch) — 5 HE((e — 1)h) — =5 HF.(—ch)
H(W, P; Z,) Hoo(W, Py ) —— H(W, N; 7o)

o P:={xe€dW]h(x) >0}
o N:={xeoW]|h(x) <0}

Lemma (Drobnjak-U.)

HF(eh) = Hiqn(W, P; Z5).

(A generalization of) Lefschetz duality + field coefficients
— Hk(W7 P;Z2) = H2n—k(Wa N: Zg).
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Proof of the main result

e > 0 small enough

HF.(ch) — 5 HE((e — 1)h) — =5 HF.(—ch)

! I

Ho(W, P Z) —— H_(W, P;Z2) +—— Hi(W,N;Zy)

1R

o P:={xe€dW]h(x) >0}
o N:={xeoW]|h(x) <0}

Lemma (Drobnjak-U.)

HF(eh) = Hiqn(W, P; Z5).

(A generalization of) Lefschetz duality + field coefficients
— Hk(W7 P;Z2) = H2n—k(Wa N: Zg).
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Examples

@ W higher genus surface with a disk removed

@t : OW — OW the rotation of the boundary circle by
the angle 27t
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Examples

@ W higher genus surface with a disk removed

@t : OW — OW the rotation of the boundary circle by
the angle 27t

O([pt]) the Dehn twist
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Examples

@ W higher genus surface with a disk removed

@t : OW — OW the rotation of the boundary circle by
the angle 27t

©([p¢]) the Dehn twist
@ W the Brieskorn variety V/(3,...3)
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Examples

@ W higher genus surface with a disk removed

@t : OW — OW the rotation of the boundary circle by
the angle 27t

©([p¢]) the Dehn twist
@ W the Brieskorn variety V/(3,...3)

V(3,...,3)={zeC" 2+ +22=c1nB
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Examples

@ W higher genus surface with a disk removed

@t : OW — OW the rotation of the boundary circle by
the angle 27t

©([p¢]) the Dehn twist
@ W the Brieskorn variety V/(3,...3)

V(3,...,3)={zeC" 2+ +22=c1nB
OW is contactomorphic to

B(3,...,3)={zeC" |+ - +2z2=0}ns>*!
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Examples

@ W higher genus surface with a disk removed

@t : OW — OW the rotation of the boundary circle by
the angle 27t

©([p¢]) the Dehn twist
@ W the Brieskorn variety V/(3,...3)
V(3,...,3)={zeC" 2+ +22=c1nB
OW is contactomorphic to

B(3,...,3)={zeC" |+ - +2z2=0}ns>*!

ot
ot(z0, ..., 2n) = e (205 2n)
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From Floer to Morse

Floer homology for a C2-small Hamiltonian reduces to Morse homology
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From Floer to Morse

Floer homology for a C2-small Hamiltonian reduces to Morse homology

h: OW — R constant
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From Floer to Morse

Floer homology for a C2-small Hamiltonian reduces to Morse homology

h: OW — R constant =—
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From Floer to Morse
Floer homology for a C2-small Hamiltonian reduces to Morse homology

Hiin(W,0W) h>0

h:BW—>Rconstant:>HFk(5'h)§{ Hin(W)  h<0
ktn
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From Floer to Morse
Floer homology for a C2-small Hamiltonian reduces to Morse homology

Hiin(W,0W) h>0

h:BW—>Rconstant:>HFk(E'h)g{ Hin(W)  h<0
ktn

a+w/\

re lar
e M (W, 0 W)

sets

=/

W
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From Floer to Morse
Floer homology for a C2-small Hamiltonian reduces to Morse homology

h:OW — R constant = HFy(c - h) = {Hk;_'I"(V{’M?;/V) Z z 8
k+n

a+w/\

regular
el M (WL 8 W)

sets
3w \j

In particular,
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From Floer to Morse

Floer homology for a C2-small Hamiltonian reduces to Morse homology

h:OW — R constant = HFy(c - h) = {Hk;_'I"(V{’M?;/V) Z z 8
k+n

a+w/\

regular
Ie\?el ’ ﬂ) H*( W,o0~ W)

sets
3T W J
In particular,
HM,

— H.(W),
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From Floer to Morse
Floer homology for a C2-small Hamiltonian reduces to Morse homology

h:OW — R constant = HFy(c - h) = {Hk;_'I"(V{’Ma/;/V) Z z 8
k+n

a+wq

regular
Ie\?el ﬂ) H*( W, a_ W)

sets

—
In particular,

Sl Ct
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Morse theory on manifolds with boundary

h:OW — R a contact Hamiltonian with regular value 0
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Morse theory on manifolds with boundary

h:OW — R a contact Hamiltonian with regular value 0

H: W — R a Morse function that is equal to rh(x) on the
cylindrical end
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Morse theory on manifolds with boundary

h:OW — R a contact Hamiltonian with regular value 0

H: W — R a Morse function that is equal to rh(x) on the
cylindrical end

P C OW the set {x € OW | h(x) > 0}
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Morse theory on manifolds with boundary

h:OW — R a contact Hamiltonian with regular value 0

H: W — R a Morse function that is equal to rh(x) on the
cylindrical end

P C OW the set {x € OW | h(x) > 0}
€ > 0 small enough
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Morse theory on manifolds with boundary

h:OW — R a contact Hamiltonian with regular value 0

H: W — R a Morse function that is equal to rh(x) on the
cylindrical end

P C OW the set {x € OW | h(x) > 0}

€ > 0 small enough

h not constant R — @
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Morse theory on manifolds with boundary

h:OW — R a contact Hamiltonian with regular value 0

H: W — R a Morse function that is equal to rh(x) on the
cylindrical end

P C OW the set {x € OW | h(x) > 0}

€ > 0 small enough

h not constant R — @

Claim: Hg(W, P) = HMy(—¢ - H)
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Morse theory on manifolds with boundary

h:OW — R a contact Hamiltonian with regular value 0

H: W — R a Morse function that is equal to rh(x) on the
cylindrical end

P C OW the set {x € OW | h(x) > 0}

€ > 0 small enough

h not constant R — @

Claim: Hg(W, P) = HMy(—¢ - H) = HF_n( - H)
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Morse theory on manifolds with boundary

h:OW — R a contact Hamiltonian with regular value 0

H: W — R a Morse function that is equal to rh(x) on the
cylindrical end

P C OW the set {x € OW | h(x) > 0}

€ > 0 small enough

h not constant R — @

Claim: He(W, P) 2 HMy(—¢ - H) = HF_n(c - H) = HF_n( - )
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Morse theory on manifolds with boundary

h:OW — R a contact Hamiltonian with regular value 0

H: W — R a Morse function that is equal to rh(x) on the
cylindrical end

P C OW the set {x € OW | h(x) > 0}

€ > 0 small enough

h not constant R — @

Claim: Hg(W, P) = HMy(—¢ - H)

Idea: Reduce to the case of !
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Morse theory on manifolds with boundary

Get rid of the (awkwardly positioned) boundary!
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Morse theory on manifolds with boundary
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Igor Uljarevi¢ (University of Belgrade) Exotic Symplectomorphisms June, 2020 21/23



Morse theory on manifolds with boundary

\ critical
pomts of h

Get rid of the (awkwardly p05|t|oned) boundary!

Double manifold X
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Morse theory on manifolds with boundary

\ critical
pomts of h

Get rid of the (awkwardly p05|t|oned) boundary!
Extend W
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Morse theory on manifolds with boundary

\ critical
pomts of h

Get rid of the (awkwardly p05|t|oned) boundary!
Extend W Double manifold
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Morse theory on manifolds with boundary

\ critical
pomts of h

Get rid of the (awkwardly p05|t|oned) boundary!
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Morse theory on manifolds with boundary

\ critical
pomts of h

Get rid of the (awkwardly p05|t|oned) boundary!

Extend W Double manifold
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Morse theory on manifolds with boundary
Cut-off the unwanted critical points
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Morse theory on manifolds with boundary
Cut-off the unwanted critical points
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Morse theory on manifolds with boundary
Cut-off the unwanted critical points

So far, we proved 2dim HM(—¢ - H) = dim HM(height function on M).
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Morse theory on manifolds with boundary
Cut-off the unwanted critical points

So far, we proved 2dim HMy(—¢ - H) = dim Hx (M, 0~ M).
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Morse theory on manifolds with boundary
Cut-off the unwanted critical points

So far, we proved 2dim HMy(—¢ - H) = dim Hx (M, 0~ M).

Mayer-Vietoris (relative version)
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Morse theory on manifolds with boundary
Cut-off the unwanted critical points

G Cagpsy

So far, we proved 2dim HMy(—¢ - H) = dim Hy(M, 0~ M).

Mayer-Vietoris (relative version)

Igor Uljarevi¢ (University of Belgrade) Exotic Symplectomorphisms June, 2020 22/23



Morse theory on manifolds with boundary
Cut-off the unwanted critical points

G Cagpsy

So far, we proved 2dim HMy(—¢ - H) = dim Hy(M, 0~ M).

Mayer-Vietoris (relative version)

=
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Morse theory on manifolds with boundary
Cut-off the unwanted critical points

G Cagpsy

So far, we proved 2dim HMy(—¢ - H) = dim Hy(M, 0~ M).

Mayer-Vietoris (relative version) m
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Morse theory on manifolds with boundary

Cut-off the unwanted critical points

G Cagpsy

So far, we proved 2dim HMy(—¢ - H) = dim Hy(M, 0~ M).

Mayer-Vietoris (relative version) m

dim H (M, 0~ M) = 2dim H (W, P).
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Igor Uljarevi¢ (University of Belgrade)

Thank you!

Exotic Symplectomorphisms



