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ABSTRACT
Extreme value theory is of particular importance to insurance mathematics. It studies extreme events
that, although low in frequency, cause high claims to the industry. Here I present an approximation to
the surplus process when the claim severities belong to the domain of attraction of an extreme
distribution; this allows for all kinds of heavy- and medium-tailed distributions. The approximation is
based on a Lévy process with an underlying Lévy measure proportional to the generalized Pareto
distribution. Under extreme value theory considerations, this paper constructs a generalized Paretostable Lévy process that approximates the aggregate claims process. This process is a particular type of
compound Poisson process. Such a construction leads to an universal simulation scheme to estimate
ultimate ruin probabilities for the classical surplus model in the presence of heavy- and medium-tailed
severity distributions. I show how for a generalized Pareto-stable process a coherent risk measure can
be defined that can be used as loaded stop-loss premium. I use the duality between relative entropy and
distortion functions to hint at a way to price reinsurance layers over a retention value using the
generalized Pareto-stable approximation. I provide some numerical results to illustrate this approach.†

1. INTRODUCTION
Extreme value theory (EVT) has recently drawn some attention in the insurance business. There is an
increasing awareness about the importance of so-called extreme events. Such events are rare but have
a high monetary impact in insurance portfolios. It is important to have models in insurance that take
these events into account. (See the SOA web site http://www.soa.org/sections/rmtf/rmtf_evm.html for a
list of references on EVT.) Here I use EVT to construct an approximation to the surplus process.
A general insurance portfolio consists of several independent contracts issued for a limited time
period (usually one year). During this period the company faces claims from policyholders, and multiple
claims from the same portfolio are possible. If we assume that the risk characteristics of such a portfolio
are preserved through different periods, then a homogeneous Poisson process describes, in a natural
way, the occurrence of claims in this portfolio.
In the classical surplus model the aggregate claims process for such a portfolio is given by

冘 Y,

N共t兲

S共t兲 ⫽

i

t ⭓ 0,

(1)

i⫽1

where {Yi} are i.i.d. random variables (with c.d.f. FY) representing the claim amounts, E(Yi) ⫽ , and
N ⫽ {N(t)}t肁0 is a homogeneous Poisson process with parameter .
The corresponding surplus process is
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t ⭓ 0,

(2)

where S ⫽ {S(t)}t肁0 is the aggregate claims process defined in equation (1), u is the initial surplus, c is
a constant premium rate defined as c ⫽ (1 ⫹  ), and  is the security loading factor. For an account
of the theory, refer to Grandell (1991) or Rolski et al. (1999).
Risk theory is concerned with functionals of the surplus process, and one that is of particular interest
is the associated ultimate ruin probability . This functional is often used as a measure of the riskiness
of the portfolio and can be used as a risk index for reinsurance purposes. The ruin problem in risk theory
involves the, possibly defective, random variable
T共u兲 ⫽ inf兵t ⬎ 0兩U共t兲 ⫽ u ⫹ ct ⫺ S共t兲 ⬍ 0其,

u ⭓ 0.

The main interest lies in evaluating the probability of ruin over a finite or an infinite horizon:
 t 共u兲 ⫽ P兵T共u兲 ⭐ t其,

0 ⬍ t ⬍ ⬁,

and 共u兲 ⫽ P兵T共u兲 ⬍ ⬁其,

(3)

respectively, where the functions  and t are functions of the initial level u. Another functional that is
used as a measure of the riskiness of such a portfolio is the so-called stop-loss premium L( x) ⫽ ⺕[(L ⫺
x)⫹], where L is the maximal aggregate loss. That is, the stop-loss premium is the expected value of the
excess over a retention level x of the maximal loss. We can see that the stop-loss premium with retention
level x is defined in terms of the ultimate ruin probability L(x) ⫽ 兰x⬁ ⺠[L ⬎ u] du ⫽ 兰x⬁ (u) du.
Formulas for functionals of the probability of ruin have been worked out, yielding complicated
expressions that are not always easy to evaluate (see Asmussen [2000] for a thorough discussion).
Simulation is one approach used to estimate ruin probabilities (see Vazquez-Abad [2000] and references therein). Implementing a simulation scheme to estimate the probability (3) is not straightforward.
One of the problems is that there is no stopping rule if we simulate the risk process (2), as the
time-to-ruin random variable may be defective. Some of the simulated paths will never fall below zero,
because of the net profit condition  ⬎ 0, making a straightforward simulation inviable. A change of
measure or the ladder-height decomposition can be used to define simulation schemes that deal with
this problem; however, their implementation still depends heavily on the claim distribution FY.
Another approach uses Lévy processes to approximate the original risk process (2). Lévy approximations in risk theory begin with the diffusion approximation of Iglehart (1969). He uses the fact that,
under certain conditions, a sequence of processes as in equation (2) converges weakly to a diffusion.
The latest approach of Furrer, Michna, and Weron (1997) proposes an ␣-stable Lévy motion as an
approximation to the classical risk process. Under milder conditions that allow for heavy-tailed claims,
they construct a sequence of risk processes of the form (2) that converge weakly to an ␣-stable Lévy
motion.
In this paper I use extreme value theory to construct a Lévy motion that approximates the classical
risk theory under different underlying claim distributions. The present approach leads naturally to a
simulation scheme that allows us to approximate the sequence of classical surplus processes converging
to either a Brownian or an ␣-stable process at any step of the convergence.
Start by decomposing the aggregate claims process (1) into two independent sums, one containing the
small claims and the other one the large claims:

冘Y⫽冘Y

N共t兲

N共t兲

i

i⫽1

i⫽1

冘Y

N共t兲
i 储 兵共0,⑀兴其共Yi兲

⫹

共Yi兲,

i 储 兵共⑀,⬁兲其

t ⭓ 0,

(4)

i⫽1

for any threshold ⑀ ⬎ 0. Then approximate the large claims by a generalized Pareto-stable Lévy process
(using EVT techniques) and the small claims by a Brownian motion (using the classical approach of
Grandell [1977]). The approximating process is then of the form

冘 Y ⬇  ⫹ W共t兲 ⫹ J共t兲,

N共t兲

i

i⫽1

t ⭓ 0,

(5)
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where W is a standard Brownian motion and J is a generalized Pareto-stable Lévy process independent
of W;  and  are constants.
What is called a generalized Pareto-stable Lévy process is a particular type of compound Poisson
process. It is a compound sum of the form

冘 Z,

N共t兲

i

t ⭓ 0,

i⫽1

where N is a Poisson process and {Zi}i⫽1,2, . . . are i.i.d. random variables following a generalized Pareto
distribution. Approximation (5) circumvents some of the difficulties posed by an aggregate claims
process of the form (1). We will see that a generalized Pareto distribution is either a Pareto or an
exponential distribution. This reduces to some extent the ruin problem. Instead of dealing with a
general sum (1) where the random variables {Yi}i⫽1,2, . . . follow an arbitrary distribution FY, we now
have to deal with a perturbed model (5) where the process J is always the compound sum of Pareto or
exponential random variables. For processes of this form, it will be shown that there is always a
straightforward simulation approximation that can be used to compute ultimate ruin probabilities,
which is not the case for a general process of the form (1). The approximation here is then a simulation
scheme that allows us to estimate ruin probabilities in the classical case for all kinds of claim
distributions. The approximating process (5) can be recognized as a perturbed risk model. Such models
have been extensively studied in the literature: bounds for the ruin probability can be found in Cai and
Garrido (2002), and some expressions for the joint distribution prior to and at ruin can be found in
Wang and Wu (2000).
The decomposition (4) and its approximation (5) are of particular interest in a reinsurance context,
since it gives us a way to define a risk measure for excesses of loss using the concept of distortion and
its relation to relative entropy (see Reesor [2001]). These concepts have appeared recently in the
actuarial literature: Wang (1996), Kamps (1998), and Wang, Young, and Panjer (1997) follow an
axiomatic approach to insurance prices and embed premium principles into more general risk measures. An application of a generalized Pareto-stable process to the pricing of reinsurance layers in this
context will be presented. The second sum in equation (4) and its corresponding approximation term
in equation (5) will be considered. The fact that the generalized Pareto compound Poisson process is a
Lévy process will be exploited, and a distorted risk measure via an Esscher transform will be defined.
Other distortions are also considered.
In Sections 2 and 3 are presented some basic notions of the theory of Lévy processes and extreme
value distributions. Section 4 presents the generalized Pareto-stable Lévy motion as a sequence of
compound Poisson processes. The problem of simulating the ultimate ruin probability is explored in
Section 5, and numerical illustrations for the simulation of ruin probabilities are presented in Section
6. Finally, in Section 7 we briefly discuss basic concepts concerning distorted measures and relative
entropy and hint at some applications to reinsurance of the GPS approximation.

2. LÉVY PROCESSES
Let (⍀, F, (Ft)t肁0, ⺠) be a filtered probability space. All the stochastic processes in the paper are
assumed to be in this filtered probability space. Lévy processes are in a one-to-one correspondence with
the class of infinitely divisible distributions. Their characteristic function t(s) ⫽ ⺕(eisX(t)) is of the form
e⫺t⌿(s), where ⌿ is the so-called characteristic exponent in the Lévy-Khintchine characterization as
given in the following definition.
DEFINITION 2.1

An adapted right continuous with left limit ⺢-valued process X ⫽ {X(t)}t肁0 with X(0) ⫽ 0 is a Lévy
process if its characteristic function is of the form t(s) ⫽ e⫺t⌿(s), where
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冕
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关1 ⫺ e isx ⫹ isx 储 兵共⫺1,1兲其共x兲兴共dx兲,

s 僆 ⺢,

(6)

⺢0

with a, b 僆 ⺢ and  is a positive measure on ⺢0 ⫽ ⺢ ⫺ {0} satisfying

冕

1  兩x兩 2 共dx兲 ⬍ ⬁.

⺢0

The parameters a, b2, and  uniquely determine X. The measure  is called the Lévy measure, and the
exponent ⌿ is called the characteristic exponent of the process X.
The Lévy measure governs the occurrence and the size of the jumps of the process X. The number of
 does not contain zero) is a Poisson process with mean
jumps of size in ⌳ 僆 ⺢ (provided the closure ⌳
兰⌳ (dx). The density function of the jump sizes is then (dx)/兰⌳ (dx) 储 {⌳}(x). To understand this, we
can think of ⌳ as an interval. If we let ⌳ ⫽ (⑀, ⬁), then we have that the jumps larger than ⑀ form a
compound Poisson process with rate 兰⑀⬁ (dx) and jump size density (dx)/兰⑀⬁ (dx) 储 {(⑀,⬁)}( x).
Following Sato (1999) Lévy processes can be classified into three types according to the behavior of
its Lévy measure :
1. Type A: If 兰⺢0 (dx) ⬍ ⬁, then the jumps of the process form a compound Poisson process.
2. Type B: If 兰⺢0 (dx) ⫽ ⬁ and 兰⺢0 1  兩x兩(dx) ⬍ ⬁, then the process has an infinite number of small
jumps (infinite activity) but is of finite variation.
3. Type C: If 兰⺢0 (dx) ⫽ ⬁ and 兰⺢0 1  兩x兩(dx) ⫽ ⬁, the process has infinite activity and is of
unbounded variation.
Notice that if the process is of type A (compound Poisson jumps), its jumps have distribution
(dx)/兰⺢ (dx) , and the jumps epochs occur at rate 兰⺢ (dx). On the other hand, if 兰⺢ (dx) ⫽ ⬁ (Types
B and C), we have an infinite number of small jumps in any interval around zero, and the jumps of the
process form a purely discontinuous jump Lévy process.
The compound Poisson process, the Brownian motion, and the ␣-stable motion are well-known
examples of Lévy processes. If the Lévy measure  is the null measure, then we obtain a Brownian
motion, which is the only continuous Lévy process; and it has characteristic exponent
⌿共s兲 ⫽ ias ⫹

b2 2
s ,
2

s 僆 ⺢.

1
The compound Poisson process is obtained by setting b2 ⫽ 0 and a ⫽ ⫺ 兰⫺1
x(dx) with (dx) ⫽
dF(x), where the jumps occur at rate  with law given by dF, yielding

⌿共s兲 ⫽

冕

共1 ⫺ e isx 兲 dF共 x兲,

s 僆 ⺢.

⺢0

The ␣-stable Lévy process has characteristic exponent
⌿共s兲 ⫽

冕

关1 ⫺ e isx ⫹ isx 储 兵共⫺1,1兲其共x兲兴共dx兲,

s 僆 ⺢,

⺢0

with Lévy measure given by (dx) ⫽ c⫹x⫺␣⫺1dx if x ⬎ 0, and (dx) ⫽ c⫺兩x兩⫺␣⫺1dx if x ⬍ 0, where c⫹
and c⫺ are positive real numbers. We can alternatively define a parameter ␤ ⫽ (c⫹ ⫺ c⫺)/(c⫹ ⫹ c⫺).
The process has no positive (negative) jumps when c⫹ ⫽ 0 (c⫺ ⫽ 0) or equivalently ␤ ⫽ ⫺1 (␤ ⫽ 1).
It is symmetric when ␤ ⫽ 0 (c⫹ ⫽ c⫺). The parameter ␣ is restricted to the interval (0, 2).
These processes lie at different latitudes in the wide spectrum of Lévy processes. For an account of
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the theory refer to Sato (1999) or Bertoin (1996) and for recent applications to Barndorff-Nielsen,
Mikosch, and Resnick (2001). For a recent application in insurance see Morales and Schoutens (2003).

3. EXTREME VALUE THEORY
This section gives a brief account of extreme value theory. EVT has been developed in connection with
applications in hydrology and climatology, and only recently has it found its way into insurance loss
modeling (Beirlant and Teugels 1992; McNeil 1997).
Just as the normal distribution arises as a limit of sums of averages, the family of extreme value
distributions arises as the limit of normalized sums of sample extrema. The family of extreme value
distributions is given in the following definition.
DEFINITION 3.1

The standard Generalized Extreme Value distribution (GEV) is given by
H  共 x兲 ⫽

再

e ⫺共1⫹x兲
⫺x
e ⫺e ,

⫺共1/兲

, for  ⫽ 0
for  ⫽ 0

(7)

with 1 ⫹ x ⬎ 0.
The parameter  is a shape parameter that defines three families. If  ⬎ 0, we have the Fréchet
distribution; if  ⫽ 0, we have the Gumbel distribution; and if  ⬍ 0, we obtain the Weibull distribution.
The GEV distribution is obtained from the standard GEV distribution by introducing a location and a
scale parameter  and  ⬎ 0. The GEV distribution is defined as H,,( x) ⫽ H[(x ⫺ )/].
The following theorem is the basic result in EVT.
Theorem 3.1 (Fisher-Tippet Theorem)

Let X1, X2, . . . be i.i.d. random variables with distribution function F, and let Mn be the maximum of the
first n observations Mn ⫽ max{X1, . . . , Xn}. If there exist norming constants cn ⬎ 0, dn 僆 ⺢, and a
random variable H such that
Mn ⫺ dn
3 H,
cn
in distribution as n 3 ⬁, then H has a distribution function of the form H for some .
If this condition holds, it is said that F is in the maximum domain of attraction (MDA) of H.
Characterizations of the family of distributions that fall in the domain of attraction of GEV distributions have been studied. Thorough accounts of the theory are found in Embrechts, Klüppelberg, and
Mikosch (1997) and Reiss and Thomas (2001).
Distributions in the MDA of the Fréchet distribution ( ⬎ 0) have heavy tails; among others we find
the Pareto, Cauchy, Burr, and ␣-stable distributions.
Distributions in the MDA of the Gumbel distribution ( ⫽ 0) have medium tails. The normal,
lognormal, exponential, and gamma distributions are some examples.
Distributions in the MDA of the Weibull ( ⬍ 0) are short tailed, such as the uniform and the beta
distributions.
Of all these families of distributions, we focus our concern on the Fréchet and the Gumbel distributions, since many of the most commonly used distributions in loss modeling fall in their MDA.
Another distribution that plays an important role in EVT is the generalized Pareto distribution (GPD).
DEFINITION 3.2

The standard generalized Pareto distribution is given by

再

1 ⫺ 共1 ⫹ x兲 ⫺共1/兲 , if  ⫽ 0,
G  共 x兲 ⫽ 1 ⫺ e ⫺x ,
if  ⫽ 0,

(8)
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for x 肁 0 if  肁 0 and 0 聿 x 聿 ⫺1/ if  ⬍ 0. By introducing location and scale parameters  and ,
we get the generalized Pareto distribution G,,(x) ⫽ G[(x ⫺ )/].
Notice that if  ⬎ 0 we have a reparameterized Pareto distribution, a shape parameter of  ⫽ 0 yields
the exponential distribution, and if  ⬍ 0 we obtain a type 储 Pareto distribution. I will focus only on the
case  肁 0 since this is the more relevant for insurance loss modeling.
The GPD proves to be important in loss modeling as implied by the following theorem.
Theorem 3.2 (Pickands-Balkema-deHaan Theorem)

Let F be a distribution function with right endpoint xF, and let F[ x0] be its excess distribution function
over the threshold x0 defined as
F 关 x 0兴 共 x兲 ⫽ P共X ⫺ x 0 ⭐ x兩X ⬎ x 0 兲,

x ⭓ 0.

Then for  僆 ⺢ the following are equivalent:
1. F 僆 MDA(H).
2. There exists a positive, measurable function ␤ such that
lim F关x0兴共x0 ⫹ x␤共x0兲兲 ⫽ G共x兲.
x03xF

This last theorem suggests that the exceedance over a threshold of a certain d.f. F 僆 MDA(H) can be
approximated by a GPD with shape parameter . This notion lies at the heart of our approach.
Another concept of importance is that of the domain of attraction (DA) of an ␣-stable distribution and
arises in connection with a general version of the central limit theorem.
DEFINITION 3.3
n
Let Sn ⫽ ¥i⫽1
Xi, where {Xi}i⫽1,2, . . . are i.i.d. copies of a random variable X. We say that X belongs to
the domain of attraction of an ␣-stable distribution S␣, for ␣ 僆 (0, 2], if there exist constants an 僆 ⺢,
bn ⬎ 0, and a random variable S␣ such that

Sn ⫺ an
3 S␣ ,
bn
in distribution as n 3 ⬁, where S␣ has an ␣-stable distribution S␣. We write X 僆 DA(␣) and say that
X satisfies the general central limit theorem with limit S␣.
Notice that the case ␣ ⫽ 2 yields the classic central limit theorem since S2 is the standard normal
distribution. For a comprehensive reference on ␣-stable distributions see Janicki and Weron (1994).

4. A GENERALIZED PARETO-STABLE LÉVY APPROXIMATION
The general central limit theorem implied in Definition 3.3 lies behind the two existing limiting
approximations in risk theory. Consider the following sequence of surplus processes:
共n兲

U 共t兲 ⫽ u

共n兲

1
⫹c t⫺
bn
共n兲

冘 Y,

N共t兲

i

t ⬎ 0,

(9)

i⫽1

where u(n), c(n) are the corresponding sequences of initial reserves and premium rates such that u(n) 3
u and (c(n) ⫺ an)/bn, where the constants an and bn are those of Definition 3.3. The counting process
N ⫽ {N(t)} is Poisson with parameter , and {Yi}i⫽1,2, . . . are i.i.d. with d.f. given by FY with support
on ⺢⫹.
Depending on the tail of the claim distribution FY, the processes in equation (9) will converge weakly
to an ␣-stable process with index ␣ 僆 (1, 2) or to a Brownian motion with drift. The first of these limiting
processes is the ␣-stable approximation of Furrer, Michna, and Weron (1997), and the second is the
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classical diffusion approximation of Grandell (1977). Recall that for the Lévy process weak convergence
is equivalent to convergence in distribution for the one-dimensional distributions of the process.
Proposition 4.1

Let U(n) be a sequence of processes as in equation (9).
1. If FY is in the MDA of the Fréchet distribution (FY 僆 MDA(H) for 1/ 僆 (1, 2)), then equation (9)
converges weakly to
U兵␣其共t兲 ⫽ u ⫹ ct ⫺ 1/␣Z␣共t兲, t ⬎ 0,
(10)
as n 3 ⬁, where Z␣ is an ␣-stable Lévy motion.
2. If FY is in the MDA of the Gumbel distribution (FY 僆 MDA(H) for  ⫽ 0), then equation (9) converges
weakly to
U兵2其共t兲 ⫽ u ⫹ ct ⫺ 冑共 ⫹  2 兲W共t兲, t ⬎ 0,
(11)
as n 3 ⬁, where E(Y) ⫽ , Var(Y) ⫽ 2, and W is a standard Brownian motion.
PROOF

1. If FY is in the MDA of the Fréchet distribution, then its tail decays as a power function (see
Embrechts, Klüppelberg, and Mikosch 1997), that is,
1 ⫺ FY共y兲 ⫽ y⫺␣L共y兲, y ⬎ 0,
for some slowly varying function L (i.e., satisfying L(xt)/L(x) 3 1, as x 3 ⬁) and some ␣ 僆 (1, 2).
This is the characterization of the DA of an ␣-stable distribution with index ␣ 僆 (1, 2). Therefore
FY 僆 DA(␣), and we have
n
共Yi兲 ⫺ an
¥i⫽1
3 S␣,
(12)
bn
for centering constants an ⫽ nE(Y) and bn ⫽ n1/␣L(n). S␣ is an ␣-stable random variable. Notice that
E(Y) ⬍ ⬁ since ␣ 僆 (1, 2).
Condition (12) applied to the sequence (9) yields the surplus processes in Furrer, Michna, and
Weron (1997). They showed that such a process converges to equation (10).
2. If FY is in the MDA of the Gumbel distribution, then E(Xk) ⬍ ⬁ for all k ⬎ 0 (see Embrechts,
Klüppelberg, and Mikosch 1997). In particular, Var(Y) ⫽ 2 ⬍ ⬁. This implies that FY 僆 DA(2), that
is, it is in the DA of the normal distribution and
n
共Yi兲 ⫺ an
¥i⫽1
3 S2,
bn

(13)

for centering constants an ⫽ nE(Y) and bn ⫽ 公n. S␣ is an ␣-stable random variable with index 2,
that is, a normal random variable.
Condition (13) applied to sequence (9) yields the surplus process in Grandell (1977). He showed
that such a process converges to equation (11).
e
Both approximations rely on the convergence of a sequence of surplus processes. The restriction of
the parameter 1/ 僆 (1, 2) is needed to ensure the existence of the ␣-stable Lévy process. As we have
seen, this limit can be a Brownian motion or an ␣-stable Lévy process. I will construct an approximating
sequence of surplus process that can be as close as needed to the limiting process, but first I present a
brief motivation to this approach.
Consider the ␣-stable Lévy process of Furrer, Michna, and Weron (1997) with Lévy measure given by
 ␣ 共d y兲 ⫽ 

␣
y

␣⫹1

储 兵共0,⬁兲其共 y兲

dy,

y ⬎ 0, ␣ 僆 共1, 2兲.

(14)
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Such a model was proven to be a good approximation for a classical risk reserve with heavy-tailed claim
distribution. The approximation of Furrer, Michna, and Weron (1997) further can be analyzed by
decomposing it into two sums containing the small and large jumps.
Decompositions of a Lévy process in terms of a compound sum of large jumps and a Brownian motion
has been suggested recently in Asmussen and Rosiński (2001). Following his model, it is known that an
␣-stable Lévy motion with Lévy measure (14) can be approximated by the process
X ⑀ 共t兲 ⫽  ⑀ t ⫹  ⑀ W共t兲 ⫹ N ⑀ 共t兲,

t ⭓ 0,

(15)

where W is a standard Brownian motion, and N⑀ is the compound Poisson sum of the jumps larger
than ⑀
N ⑀ 共t兲 ⫽

冘 ⌬X共s兲 共兩⌬X共s兲兩 ⭓ ⑀兲.
储

s聿t

The constants ⑀ and ⑀2 are given by

冕
冕

⑀ ⫽ ⫺

x␣共dx兲,

⑀聿兩x兩聿1

 ⑀2 ⫽

x 2  ␣ 共dx兲.

兩x兩聿⑀

Our motivation is found in the process of large jumps N⑀. Its Lévy measure is the restriction to a finite
interval of the Lévy measure of an ␣-stable Lévy process and is given by
␣

 共⑀兲
␣ 共d y兲 ⫽ 

y

␣⫹1

储 兵共⑀,⬁兲其共 y兲

dy.

(16)

The process N⑀ defined by such a Lévy measure is nothing but the large jumps of the ␣-stable process
defined by equation (14). The Lévy measure (16) defines a compound Poisson process with jump
distribution given by
共 y兲 ⫽ 1 ⫺
F 共⑀,␣兲
Y

冉冊
⑀
y

␣

,

y ⭓ ⑀,

for ␣ 僆 共1, 2兲,

(17)

and Poisson rate given by


共␣兲
⑀

冉冊

1
⫽
⑀

␣

.

Notice how the Poisson rate goes to infinity as ⑀ approaches zero. This gives an infinite number of small
jumps.
We can see that, in a way, the ␣-stable motion of Furrer, Michna, and Weron (1997) always
approximates the large claims with the Pareto distribution (17), regardless of the underlying claim
distribution. The approach here aims to improve this in the sense that the large claims will be
approximated by a GPD instead of the Pareto distribution (17). EVT models exceedances over a
threshold ⑀ using a GPD. This yields a GPD that better approximates the claim distribution for large
claims.
Now our approximation can be constructed. Let J ⫽ { J(t)}t肁0 be a Lévy process with characteristic
exponent given by
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⌿ J 共s兲 ⫽ ias ⫹

冕

关1 ⫺ e isy ⫹ isy 储 兵共⫺1,1兲其共 y兲兴␣共dy兲,

s 僆 ⺢,

(18)

⺢0

with Lévy measure

冦



␣
共␤ ⫹ y兲 ␣⫹1

储 兵共0,⬁兲其共 y兲

dy, if

 ␣ 共d y兲 ⫽ 
e⫺共 y/␤兲 储 兵共0,⬁兲其共 y兲 dy,
␤

1
⫽ ␣ 僆 共1, 2兲,


(19)

if  ⫽ 0,

for some  ⬎ 0, 1/␣ ⫽  僆 {0} 艛 (21 , 1) and ␤ 肁 0 (␤ ⬎ 0 if  ⫽ 0).
Notice that equation (18) is the limit, as ⑀ 3 0, of the sequence of characteristic exponents
⌿ J共␣兲
共s兲 ⫽ ias ⫹
⑀

冕

关1 ⫺ e isy ⫹ isy 储 兵共⫺1,1兲其共 y兲兴共⑀兲
␣ 共dy兲,

s 僆 ⺢,

(20)

⺢0

where the Lévy measure is the restriction of the measure (19) to a finite set away from zero, that is,

冦

␣
1
储
⫽ ␣ 僆 共1, 2兲,
␣⫹1 兵共⑀,⬁兲其共 y兲 dy, if
共␣␤ 1 共⑀兲 ⫹ y ⫺ ⑀兲

共d
y兲
⫽
 共⑀兲
␣
 ⫺关 y/␤2共⑀兲兴
储 兵共⑀,⬁兲其共 y兲 dy,
if  ⫽ 0,
e
␤2共⑀兲


(21)

where ␤1 and ␤2 are functions such that
␤ 1 共⑀兲 3

␤
,
␣

␤ 2 共⑀兲 3 ␤,
as ⑀ 3 0, and
␤ 1 共⑀兲
3 ␣ ⫺1 ,
⑀
as ⑀ 3 ⬁. Such functions will be seen to be the scale function ␤ of Theorem 3.2, ␤1 will be the scale
function needed for a distribution in the MDA of the Fréchet, and ␤2 the one needed for a distribution
in the MDA of the Gumbel distribution.
This sequence of characteristic functions defines, in turn, a sequence of Lévy processes J⑀(␣) converging weakly to J (see Jacod and Shiryaev [1987] for a reference on limits of stochastic processes). This
is because the sequence of Lévy measures (21) converges to the measure (19).
1
Let us focus on the process defined by equation (20) for a ⫽ ⫺兰⫺1
x(dx). Because of the definition
(␣)
of Lévy processes (6), it is known that { J⑀ }⑀⬎0 is a sequence of compound Poisson processes of the
form

冘

N 共⑀,␣兲 共t兲
共␣兲
⑀

J 共t兲 ⫽

Y i共⑀,␣兲 ,

t ⬎ 0,

(22)

i⫽1

where {Yi(⑀,␣)}i⫽1,2, . . . are i.i.d. following a GPD with location parameter ⑀ given by

再

冉

␣␤ 1 共⑀兲
共⑀,␣兲
␣␤ 1 共⑀兲 ⫹ y ⫺ ⑀
F Y 共 y兲 ⫽
1 ⫺ e⫺关共 y⫺⑀兲/␤2共⑀兲兴,
1⫺

冊

␣

, y ⭓ ⑀, if ␣ 僆 共1, 2兲,
y ⭓ ⑀,

if ␣ ⫽ ⬁.

(23)

ON

AN

APPROXIMATION

FOR THE

SURPLUS PROCESS USING EXTREME VALUE THEORY

55

The Poisson process N(⑀,␣) has rate
 ⑀共␣兲 ⫽

冕

 共⑀兲
␣ 共d y兲.

(24)

⺢0

If ␣ ⫽ ⬁, the rate ⑀(␣) of the sequence of compound Poisson processes (22) becomes
 ⑀共␣兲 ⫽ e ⫺关⑀/␤ 2共⑀兲兴 .

(25)

On the other hand, if ␣ 僆 (1, 2), equation (24) becomes
 ⑀共␣兲 ⫽


.
关␣␤ 1 共⑀兲兴 ␣

(26)

Now our approach can be introduced. The sequence in equation (20), not the limiting process, is the
basis for the approximation here. Theorem 3.2 implies that, for a compound Poisson sum of random
variables following a distribution F, the sum of excesses over a high enough threshold ⑀ is, approximately, a compound Poisson sum of i.i.d. generalized Pareto random variables. The aggregate claims
process (1) can be decomposed into the sum of small and big jumps as

冘Y⫽冘Y

N共t兲

S共t兲 ⫽

N共t兲

i

i⫽1

冘Y

N共t兲
i 储 兵共0,⑀兴其共Yi兲

⫹

i⫽1

共Yi兲,

i 储 兵共⑀,⬁兲其

t ⭓ 0,

i⫽1

for any threshold ⑀ ⬎ 0.
Under considerations from EVT, the second term can be approximated by a compound sum of
generalized Pareto random variable, as suggested by the following result:
Proposition 4.2

Let S be an aggregate claims process as in equation (1). Its aggregate process of claims over a
threshold ⑀ is defined by

冘Y

N共t兲

S ⑀ 共t兲 ⫽

共Yi兲,

i 储 兵共⑀,⬁兲其

t ⭓ 0,

i⫽1

where {Yi} are i.i.d. random variables with c.d.f. FY such that E(Yi) ⫽  and N is a homogeneous
Poisson process with parameter . Let J⑀(␣) be the sequence of processes defined in equations (22) and
(23). If FY 僆 MDA(H1/␣), then
lim 兩⺠关S⑀共t兲 ⭐ y兴 ⫺ ⺠关 J⑀共␣兲共t兲 ⭐ y兴兩 ⫽ 0, t ⬎ 0,

(27)

⑀3⬁

for all y 肁 0. The positive functions ␤1 and ␤2 in the definition of J⑀(␣) are those of Theorem 3.2.
PROOF

Notice that the characteristic exponent of the process S⑀ is of the form
⌿ S ⑀共s兲 ⫽

冕

关1 ⫺ e isy 兴 关⑀兴 dF Y兩Y⬎⑀ 共 y兲,

s 僆 ⺢,

(28)

⺢0

where [⑀] and FY兩Y⬎⑀ are the claim rate and the conditional claim size distribution given, respectively,
by
 关⑀兴 ⫽ 关1 ⫺ F Y 共⑀兲兴,

(29)
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F Y兩Y⬎⑀ 共 y兲 ⫽ P共Y ⭐ y兩Y ⬎ ⑀兲.

(30)

Since the generalized Pareto-stable process J⑀(␣) is the compound Poisson process described in equation
(22), its characteristic exponent can be written as
⌿ J共␣兲
共s兲 ⫽
⑀

冕

关1 ⫺ e isy 兴 ⑀共␣兲 dF 共⑀,␣兲
共 y兲,
Y

s 僆 ⺢.

(31)

⺢0

Now, since FY 僆 MDA(H1/␣) we have (see Embrechts, Klüppelberg, and Mikosch 1997)
lim兩FY兩Y⬎⑀共 y兲 ⫺ F共⑀,␣兲
Y 共 y兲兩 ⫽ 0,

y ⭓ 0.

⑀3⬁

(32)

That is, the generalized Pareto distribution function F(⑀,␣)
, defined in equation (23), gets closer to the
Y
original conditional distribution function of claim sizes FY兩Y⬎⑀ as the threshold ⑀ becomes large.
Recall that the rate [⑀] in equation (29) is proportional to the tail of FY and that ⑀(␣), defined in
equation (24), is given in terms of the functions ␤1 and ␤2. Since these functions (␤1 and ␤2) are those
of Theorem 3.2, we have that
lim兩关⑀兴 ⫺ ⑀共␣兲兩 ⫽ 0.

(33)

⑀3⬁

This is because FY belongs to H1/␣. If it belongs to the DA of the Fréchet, then the tail of FY decays as
a power function and [⑀] is close enough to equation (26) for a large enough ⑀. If it belongs to the DA
of the Gumbel, then the tail of FY decays as an exponential function, and [⑀] is close enough to equation
(25) for a large enough ⑀.
Equations (32) and (33) along with dominated convergence imply that
lim兩⌿S⑀共s兲 ⫺ ⌿J共␣兲⑀ 共s兲兩 ⫽ 0,
⑀3⬁

for all s 僆 ⺢.

This is, the difference of the characteristic exponents of both processes goes to zero as the threshold ⑀
increases. This implies weak convergence of the random variables S⑀(1) and J⑀(␣)(1), which for Lévy
processes is equivalent to weak convergence of the processes S⑀ and J⑀(␣) (see Jacod and Shiryaev 1987).
This implies the result (27).
e
Proposition 4.2 means that the one-dimensional distributions of the processes S⑀ and J⑀(␣) are
approximately the same for a large enough threshold ⑀. This is what allows us to approximate the
original sum of excesses S⑀ with the sum J⑀(␣) of GPD random variables. In this way to some extent the
difficulties associated with the claim size distribution FY when computing ruin probabilities are reduced.
The sum of claims over a high enough threshold ⑀ can be approximated by one of the processes J⑀(␣)
defined in equation (22) for some high enough ⑀. Consider the aggregate claims process S as defined in
(1): because it is a Lévy process, it accepts the following decomposition into two independent Lévy
processes:

冘Y⫽冘Y

N共t兲

S共t兲 ⫽

N共t兲

i

i⫽1

冘Y

N共t兲
i 储 兵共0,⑀兴其共Yi兲

i⫽1

⫹

共Yi兲,

i 储 兵共⑀,⬁兲其

t ⭓ 0.

i⫽1

By Proposition 4.2, if ⑀ is a high enough threshold, the second term can be approximated by J⑀(␣), yielding

冘Y

N共t兲

S共t兲 ⬇

共Yi兲 ⫹ J⑀共␣兲共t兲,

i 储 兵共0,⑀兲其

t ⭓ 0.

i⫽1

We are approximating the large jumps by a generalized Pareto-stable Lévy process thanks to approximations used in EVT. Now let us focus on the compound Poisson sum of small jumps of the original
aggregate claims process
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N共t兲

X ⑀ 共t兲 ⫽

共Yi兲,

i 储 兵共0,⑀兴其

t ⭓ 0.

(34)

i⫽1

The Lévy process X⑀ has characteristic exponent
⌿ X ⑀共s兲 ⫽

冕

关1 ⫺ e isy 兴Q ⑀ 共d y兲,

s 僆 ⺢,

⺢0

where the Lévy measure Q⑀ is given by
Q ⑀ 共d y兲 ⫽  储 兵共0,⑀兴其共 y兲 dFY共 y兲.
Consequently we have that
⺕关X ⑀ 共t兲兴 ⫽ t

冕

yQ ⑀ 共d y兲,

⺢0

and
Var关X⑀共t兲兴 ⫽ t

冕

y2Q⑀共dy兲.

⺢0

The sum of small jumps (34) is a compound Poisson process with claims following a distribution with
finite support. This distribution is given by
dF Y兩Y⬍⑀ 共 y兲 ⫽

储 兵共0,⑀兴其共 y兲
Q ⑀ 共d y兲
⫽
dFY共 y兲,
兰 ⺢ Q ⑀ 共dx兲
FY共⑀兲

y ⬎ 0,

which is the conditional distribution FY兩Y⬍⑀ given that Y ⬍ ⑀ and the claim epochs occur at rate ⑀ ⫽ 兰⺢
Q⑀(dx) ⫽ FY(⑀). The variance of X⑀ is then given by ⑀(⑀2 ⫹ ⑀2)t, where ⑀ and ⑀2 are, respectively,
the mean and variance of the conditional distribution FY兩Y⬍⑀.
This compound Poisson sum can be approximated via the classical diffusion approximation of
Grandell (1977). This is possible because the large claims were separated. We have the following Lévy
approximation of the aggregate claims processes where the sum of small claims has been replaced by a
Brownian motion with drift:
S共t兲 ⬇ GPS共t兲 ⫽  ⑀  ⑀ t ⫹ 冑 ⑀ 共 ⑀2 ⫹  ⑀2 兲W共t兲 ⫹ J⑀共␣兲共t兲,

t ⭓ 0,

(35)

where J⑀(␣) is the EVT compound Poisson approximation of the exceedances, and W is a standard
Brownian motion.
The accuracy of the approximation (35) depends on the choice of ⑀ and the function ␤i. One of the
goals of EVT is to approximate the tails of distributions in terms of the GPD. The mean excess function
defined as
e共u兲 ⫽ ⺕共X ⫺ u兩X ⬎ u兲,

u ⬎ 0,

plays a crucial role in optimally choosing the threshold ⑀ and the scaling functions ␤i. The choice of ␤(⑀)
and ⑀ depends on whether FY is in the MDA of the Fréchet distribution or in that of the Gumbel
distribution (see Embrechts, Klüppelberg, and Mikosch 1997). In both cases the functions ␤i have been
shown to be proportional to the mean excess function. In addition, the mean excess function can also
be used to determine the value ⑀. A standard technique in EVT is to plot the mean excess function of
the distribution we want to approximate. A good choice for a threshold value is then the point at which
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this mean excess function becomes linear. Recall from the literature (e.g., Embrechts, Klüppelberg, and
Mikosch 1997) that the mean excess function of a GPD is linear in u.
Notice that such an approximation based on a generalized Pareto-stable distribution is sensitive to the
tails of the underlying claim distribution. If FY is in the MDA of the Fréchet [␣ 僆 (1, 2)], then the process
J⑀(␣) behaves like the large jumps of the ␣-stable approximation of Furrer, Michna, and Weron (1997).
The approximation here differs from theirs in the small jumps X⑀. In Furrer, Michna, and Weron the
small jumps are approximated by an ␣-stable Lévy process, whereas in the present approach a Brownian
motion is used.
If FY belongs to the MDA of the Gumbel distribution, then the process X⑀ is the diffusion approximation of Grandell (1977) for the claims under the threshold ⑀. The difference lies in how large claims are
handled. In Grandell (1977) the influence of large claims is also modeled by a Brownian motion. The
present approach deals with the large claims separately using a compound Poisson process J⑀(⬁).

5. RUIN PROBABILITIES

FOR THE

GPS LÉVY PROCESS

The generalized Pareto-stable (GPS) approximation (35) can be recognized to be a perturbed aggregate
claims process in the spirit of Dufresne and Gerber (1991). For such a model the ultimate ruin
probability follows a convolution formula that leads naturally to a simulation scheme. Such a simulation
scheme can always be implemented regardless of the original claim distribution FY, because through the
GPS approximation the original compound sum is substituted by a compound sum of generalized Pareto
random variables. Generalized Pareto random variables are either Pareto or exponential, for which the
present simulation scheme is easy to implement.
Consider a surplus process where the aggregate claims process has been replaced by the GPS
approximation defined in equation (35) yielding
U ⑀ 共t兲 ⫽ u ⫹ ct ⫺ 关 ⑀  ⑀ t ⫹ 冑 ⑀ 共 ⑀2 ⫹  ⑀2 兲W共t兲 ⫹ J⑀共␣兲共t兲兴,

t ⭓ 0.

(36)

Recall that u is the initial surplus, c is a constant premium rate defined as c ⫽ (1 ⫹  ), where  is
the security loading factor,  is the rate of occurrences of claims, and  is the mean claim severity as
defined in equation (2). Now, the drift ⑀⑀ is the expectation of the compound sum of small claims.
Thus c is decomposed in terms of ⑀⑀ as follows:
c ⫽ 共1 ⫹  兲

冕
冋冕
冋 冕 册
⑀

⫽ 

⬁

y dF Y 共 y兲 ⫹ 

⑀

0

册

y dF Y 共 y兲 共1 ⫹  兲

⬁

⫽  ⑀ ⑀ ⫹ 

y dF Y 共 y兲 共1 ⫹  兲.

(37)

⑀

Substituting equation (37) into the surplus process (36), we have
U ⑀ 共t兲 ⫽ u ⫹ c*t ⫺ 关 冑  ⑀ 共 ⑀2 ⫹  ⑀2 兲W共t兲 ⫹ J⑀共␣兲共t兲兴, t ⭓ 0,
where
c* ⫽ 

冕

⬁

y dF Y 共 y兲共1 ⫹  兲 ⫹  ⑀  ⑀ .

⑀

Notice that if we choose the threshold ⑀ high enough, then  兰⑀⬁ y dFY( y) is approximately the
expectation of the process J⑀(␣), and c* can be approximated by
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c 共␣兲 ⫽  ⑀共␣兲  ⑀共␣兲 共1 ⫹  2 兲,
where

冉

2 ⫽  1 ⫹

冊

 ⑀ ⑀
.
 ⑀共␣兲  ⑀共␣兲

(38)

Here ⑀(␣) is the rate of the jumps of J⑀(␣) as defined in equation (24), and ⑀(␣) is the mean of the
distribution of the jumps of J⑀(␣) (this distribution is the generalized Pareto-stable distribution given in
equation [23]).
Thus we have the following generalized Pareto-stable approximation to the classical risk reserve (2):
U GPS 共t兲 ⫽ u ⫹ c 共␣兲 t ⫺ 关 冑  ⑀ 共 ⑀2 ⫹  ⑀2 兲W共t兲 ⫹ J⑀共␣兲共t兲兴,

t ⭓ 0,

(39)

where u is the initial surplus.
Since J⑀(␣) is a compound Poisson process, the approximation can be seen as a classic surplus process
with J⑀(␣) as aggregate claims process and perturbed by a Brownian motion 公⑀(⑀2 ⫹ ⑀2)W. Recall that,
because of the way we have defined J⑀(␣), it is known that ⑀(␣)⑀(␣) is the mean of the process J⑀(␣).
Consequently, the following approximation for the corresponding ruin probability is obtained:
共u兲 ⫽ ⺠关inf兵t ⬎ 0兩u ⫹ ct ⫺ S共t兲 ⬍ 0其兴 ⬇ ⺠关inf兵t ⬎ 0兩u ⫹ c共␣兲t ⫺ 冑  ⑀ 共 ⑀2 ⫹  ⑀2 兲W共t兲 ⫺ J⑀共␣兲共t兲 ⬍ 0其兴 ⫽ GPS共u兲.
Dufresne and Gerber (1991) show that the ultimate ruin probability for a perturbed model of the form
(39) is given by

冘  共1 ⫺  兲 H*
⬁

1 ⫺  GPS 共u兲 ⫽

2

2

k

1

共k⫹1兲

ⴱ H *2 共k兲 共u兲,

u ⭓ 0,

(40)

k⫽0

where 2 is the security loading of the approximating process as defined in equation (38), H1 is an
exponential distribution with parameter  ⫽ 2c(␣)/D (c(␣) is the premium rate and D is the variance of
W), and H2 is the so-called ladder distribution. H1 and H2 are independent and, in this case, are given
by
H 1 共 x兲 ⫽ 1 ⫺ e ⫺x ,

x ⬎ 0,

where
⫽

2c 共␣兲
,
 ⑀ 共 ⑀2 ⫹  ⑀2 兲

and
H 2 共 x兲 ⫽

1 ⫺ F 共⑀,␣兲
共 x兲
Y
兰 ⑀⬁ 关1 ⫺ F 共⑀,␣兲
共 x兲兴 dx
Y

,

x ⬎ 0.

(41)

This implies that the ultimate ruin probability GPS(u) is the tail of the distribution of a compound
geometric random variable L, that is,
 GPS 共u兲 ⫽ ⺠共L ⬎ u兲,

u ⭓ 0,

where the random variable L is sum of the form

冘 关L
M

L ⫽ L 0共1兲 ⫹

共1兲
i

⫹ L i共2兲 兴,

(42)

i⫽1

where M is a geometric random variable with parameter , {Li(1)}i⫽0,1, . . . are i.i.d. random variables with
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distribution H1, and {Li(2)}i⫽1,2, . . . are i.i.d. random variables with distribution H2. Furthermore, M, Li(1),
and Li(2) are independent.
This allows a straightforward simulation algorithm for the ultimate ruin probability of the approximating GPS risk reserve. It is sufficient to simulate K copies of the random variable L, as defined in
equation (42), and then compute the estimate for the tail of its distribution
 GPS 共u兲 ⫽ ⺠共L ⬎ u兲 ⫽ ⺕关 储 兵L⬎u其兴 ⬇

冘

1 K
K k⫽1

储 兵Lk⬎u其,

(43)

where Lk are the simulated copies of L.
Notice that each simulated random variable Lk is a function h of the random variables in the
decomposition (42):
L k ⫽ h共M k , L 0共1兲 k, 兵L i共1兲 k, L i共2兲 k其 i⫽1,2, . . . ,M k兲.
To simulate Lk we need to simulate these random variables first. This poses no problem since M and Li(1)
are geometric and exponential random variables, respectively. As for the copies of Li(2), the distribution
FY(⑀,␣) is a GPD; therefore, it is either a Pareto or an exponential distribution as given in equation (23).
The transformation defined in equation (41) for a GPD stays in the generalized Pareto family. That is,
H2 is also an exponential or a Pareto, which are easily simulated. Implementing a simulation for the
original process is not always plausible; here it depends on the underlying claim size distribution FY. The
approximation here circumvents this inconvenient since a simulation algorithm is always available.
The particular form (42) of the ruin probability for the GPS allows for the implementation of
well-known bounds for compound geometric sums. Cai and Garrido (2002) have established bounds for
the ruin probability of a perturbed ruin model with heavy-tailed claim distribution as in equation (39).
The following section presents some numerical results for some particular cases of claim
distributions.

6. NUMERICAL RESULTS
In this section numerical results for two surplus processes are presented, one in each DA. These two
examples serve only as illustrations since, under EVT considerations, they are approximated by
distributions in their same class. However, the same exercise can be done with any other claim size
distribution belonging to the DA of the Gumbel or the Fréchet.
The first risk process has Pareto distributed claims with distribution function
F Y 共 y兲 ⫽ 1 ⫺

冉 冊
␤
␤⫹y

␣

,

y ⬎ 0,

with ␤ ⫽ 0.5, a safety loading factor  ⫽ 0.05, and claim occurrence rate  ⫽ 1. The scaling function
is chosen to be
␤ 1 共⑀兲 ⫽

␤⫹⑀
,
␣

which is proportional to the mean excess function of the Pareto distribution.
Table 1 shows results for different parameter values of ␣. It compares the ultimate ruin probability of
the classical risk reserve as given by equation (2) with the present estimate of ultimate ruin probability
given by equation (35). The number in parentheses defines the corresponding 95% confidence interval
around the simulation estimate. Since there is no closed form for this process in the Pareto case, bounds
for the ruin probability are presented. Such bounds have been calculated following Cai and Garrido
(2002). Also included is the threshold ⑀ used for the GPS approximation; 100,000 independent
replications were performed.
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Table 1
Comparison of ⌿(u) for a Classical Risk Process ( ⴝ 1,  ⴝ 0.05, and Pareto Claims)
with ⌿GPS(u), Its Corresponding GPS Approximation (100,000 Simulations)
⌿(u)
u

␣

Lower

Upper

⌿GPS(u)

⑀

50
100
250
1,000
50
100
250
1,000
50
100
250
1,000

1.2
1.2
1.2
1.2
1.5
1.5
1.5
1.5
1.8
1.8
1.8
1.8

0.888
0.874
0.852
0.814
0.666
0.585
0.472
0.309
0.333
0.223
0.122
0.044

0.899
0.885
0.866
0.830
0.752
0.682
0.576
0.392
0.534
0.393
0.219
0.066

0.9 (⫾0.002)
0.888 (⫾0.002)
0.869 (⫾0.002)
0.835 (⫾0.002)
0.725 (⫾0.003)
0.66 (⫾0.003)
0.553 (⫾0.003)
0.374 (⫾0.003)
0.476 (⫾0.003)
0.345 (⫾0.003)
0.188 (⫾0.002)
0.055 (⫾0.001)

30
30
30
30
30
30
30
30
20
20
20
20

The second surplus process to be compared has exponential distributed claims with distribution
function given by
F Y 共 y兲 ⫽ 1 ⫺ e ⫺共 y/␤兲 ,

y ⬎ 0,

a safety loading factor  ⫽ 0.5, and claim occurrence rate  ⫽ 1. The scaling function was chosen to be
␤ 2 共⑀兲 ⫽ ␤,
which is the mean excess function of the exponential distribution. The true value reported is the
theoretical value, which in the exponential case is known to be
共u兲 ⫽

1
e ⫺关u/共1⫹ 兲␤兴 ,
1⫹

u ⭓ 0.

Table 2 shows results for different parameter values of ␤. The ultimate ruin probability of the classical
risk reserve as given by equation (2) is compared with the present estimate of ultimate ruin probability
given by equation (35). The number in parentheses defines the corresponding 95% confidence interval
around the simulation estimate. Also included is the relative error of the approximation with respect to
the true value. The threshold ⑀ used in the approximation is also shown; 100,000 independent
replications were performed.
These two distributions are representative of the families defined by the DA of the Fréchet and the

Table 2
Comparison of ⌿(u) for a Classical Risk Process ( ⴝ 1,  ⴝ 0.5, and Exponential Claims)
with ⌿GPS(u), Its Corresponding GPS Approximation (100,000 Simulations)
u

␤

⌿(u)

⌿GPS(u)

⑀

Relative Error

10
15
20
10
15
20
10
15
20

2
2
2
3
3
3
4
4
4

0.1259
0.0547
0.0238
0.2195
0.1259
0.0723
0.2897
0.1910
0.1259

0.1227 (⫾0.002)
0.0541 (⫾0.002)
0.0234 (⫾0.001)
0.2238 (⫾0.003)
0.1227 (⫾0.002)
0.0715 (⫾0.002)
0.2786 (⫾0.003)
0.1931 (⫾0.002)
0.1227 (⫾0.002)

4
4
4
6
6
6
8
8
8

⫺2.56%
⫺1.13
⫺1.68
1.98
⫺2.56
⫺1.04
⫺3.84
1.10
⫺2.56
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Gumbel distributions. The approximation lies within an acceptable 5% of the true value, or within
theoretical bounds. Further testing reveals that the accuracy of the approximation strongly depends on
the threshold ⑀. For a heavy-tailed distribution the threshold has to be quite high to yield a respectable
approximation, whereas for the medium-tailed distributions a somehow lower value suffices.

7. APPLICATION

TO THE

PRICING

OF

REINSURANCE PREMIUMS

The problem of calculating insurance premiums is an important topic in the actuarial literature (see,
e.g., Wang 2000 and references therein). Given a random loss X, we want to define a premium principle
 that would define a suitable loaded premium (X) for the random loss X. Among other properties, such
a principle should meet the net profit condition (X) ⬎ ⺕(X). Wang (1996) discusses insurance
premiums following an axiomatic approach. He defines suitable properties that a premium principle
should possess and then searches for insurance premiums satisfying the stated requirements. This leads
to the concept of coherent insurance premium or coherent risk measure in a broader sense (see
Artzner 1999 and Artzner et al. 1999). Here the following definition from Reesor (2001) will be used:
DEFINITION 7.1

An insurance premium  is said to be coherent if for any two random losses X and Y we have
1.
2.
3.
4.

Monotonicity: If ⺠(X 聿 Y) ⫽ 1, then (X) 聿 (Y).
Positive Homogeneity: For all  肁 0, (X) ⫽ (X).
Translation Invariance: For all  僆 ⺢, (X ⫹ ) ⫽ (X) ⫹ .
Subadditivity: (X ⫹ Y) 聿 (X) ⫹ (Y).

At this point it should be acknowledged that there is not consensus yet in the actuarial literature on this
axiomatic construction of risk measures. Subadditivity, for instance, is highly contested by some
researchers (see, e.g., discussion to Artzner 1999). Without any further discussion on the ongoing
debate regarding coherent measures, for illustration purposes the axioms as stated in Definition 7.1 will
be adopted.
Notice that if  is coherent, then it satisfies the net profit condition (X) ⬎ ⺕(X).
A natural way of loading a net premium is to transform the underlying probability measure of the
random loss X so that the new expectation under the new measure would act as a coherent premium
for the risk. It turns out that if we search for the closest (in some sense) probability measure ⺠ to the
original measure ⺠, we obtain a very tractable transformation that serves our purposes. Such a measure
⺠ is the so-called minimum relative entropy measure, and its closedness to the original measure ⺠ is
given in terms of the relative entropy distance (see McLeish and Reesor [2003] for a thorough
discussion).
DEFINITION 7.2

A minimum relative entropy probability measure is the solution to the optimization problem
min ⺘共⺠*, ⺠兲,

(44)

⺠*

subject to the constraints
⺕关G i 共X兲兴 ⫽ c i ,

i ⫽ 1, 2, . . . , M,

冕

d⺠* ⫽ 1,

and ⺠* is absolutely continuous with respect to ⺠ (⺠* Ⰶ ⺠). The distance ⺘( 䡠 , 䡠 ) is the relative
entropy distance (see Reesor 2001).
Reesor (2001) establishes the relation between relative entropy and the distortion approach of Wang
(2000). In either one of these contexts, conditions exist that ensure the existence of a coherent
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insurance premium in terms of a Choquet integral. This paper will not elaborate further on the Choquet
integral and its role in defining coherent insurance premiums. Instead, it will focus on results that link
relative entropy, distortion, and coherent risk measures and that will be the basis for our application.
But first it will define the concept of distortion as found in Wang (1996).
DEFINITION 7.3

A distortion function g is any nondecreasing function on [0, 1] such that g(0) ⫽ 0 and g(1) ⫽ 1.
In terms of such a distortion function, a probability distribution for premium calculation purposes can
be distorted as follows: Let F be the distribution function of the random loss X. In terms of the distortion
function g, we can define a new distribution function F*( x) ⫽ 1 ⫺ g[1 ⫺ F(x)]. As mentioned, a
probability transformation via a distortion function g and a probability transformation via relative
entropy are equivalent. In fact, a minimum relative entropy measure ⺠ defines a distortion function g
and vice versa (Reesor 2001).
Now the generalized Pareto-stable Lévy approximation can be used to price a reinsurance layer above
a retention level ⑀. Because of Proposition 4.2, the GPS process J⑀(␣) can be used to model claims in
excess of a threshold ⑀. Since J⑀(␣) is a Lévy process, we can focus on the random variable J⑀(␣)(1). We
would like to find an insurance premium for this risk using a probability transformation that satisfies an
optimization problem like in equation (44). By doing so, the problem of working an insurance premium
for a process based on the original claims is circumvented. EVT is used to approximate the exceedances
over a retention ⑀ by a generalized Pareto-stable Lévy process eliminating the case-by-case dependence
of the classical process.
Consider the following setting as an illustration:
min ⺘共⺠*, ⺠兲,
⺠*

subject to the constraint
⺕ ⺠ 关 J ⑀共␣兲 共1兲兴 ⫽ C,

冕

d⺠* ⫽ 1,

and ⺠* is absolutely continuous with respect to ⺠ (⺠* Ⰶ ⺠). Notice that we are forcing the mean
E⺠[ J⑀(␣)(1)] to equal a certain value C.
It turns out that such a measure exists (see Reesor 2001) and is given by its Radon-Nikodym
derivative with respect to the original measure ⺠ as
d⺠ 
⫽ exp关J⑀共␣兲共1兲 ⫺ 共兲兴,
d⺠

 僆 ⺢,

(45)

where  is defined by e() ⫽ ⺕[exp(J⑀(␣)(1))]. The measure transformation defined by equation (45)
can be recognized to be an Esscher transform of the original measure (see Raible [2000] for a discussion
on Esscher transforms for Lévy processes).
Since the GPS Lévy process is the compound Poisson process defined in equation (22), we have that
the density process d⺠/d⺠ in equation (45) is given by

冋

d⺠ 
⫽ exp J⑀共␣兲共1兲 ⫺
d⺠

冕

⬁

0

册

关ey ⫺ 1兴⑀共␣兲 dF共⑀,␣兲
Y 共 y兲 ,

 僆 Ᏸ,

(46)

where Ᏸ is a neighborhood in ⺢ containing zero.
Now, this density process is well defined if ⺕⺠[exp(J⑀(␣)(1))] ⬍ ⬁. Recall that the jump size
distribution FY(⑀,␣) for a generalized Pareto process can be either an exponential or a Pareto distribution.
If it is a Pareto distribution, then the moment generating function ⺕⺠[exp(J⑀(␣)(1))] does not exist for
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a neighborhood Ᏸ of zero, and the density process d⺠/d⺠ is not defined. In light of this, let us focus
first on the case where the original claim size distribution belongs to the DA of the Gumbel distribution
so that FY(⑀,␣) is an exponential. The case of the Fréchet DA is dealt with in a different fashion that avoids
the use of the Esscher transform.
If FY(⑀,␣) is an exponential distribution, the density process in equation (46) becomes

再

冋

册冎

d⺠ 
1
⫽ exp J⑀共␣兲共1兲 ⫺ ⑀共␣兲
⫺1 ,
d⺠
1 ⫺ ␤2共⑀兲

⬍

1
.
␤2共⑀兲

Following Reesor (2001), if  ⬍ 0, then the new measure constructed via d⺠/d⺠ defines a coherent
insurance premium for the reinsurance layer modeled by J⑀(␣)(1) in the following way: [ J⑀(␣)(1)] ⫽
⺕⺠[ J⑀(␣)(1)]. Recall that such a transformation can be seen as induced by a distortion function g.
This is only one distortion or probability transformation that leads to a coherent insurance premium
for the reinsurance layer J⑀(␣)(1). Wang (1996) discusses other choices for the distortion function g that
lead to suitable coherent risk measures.
To deal with the case when the original claim distribution belongs to the Fréchet domain of attraction,
we can use, for instance, the proportional hazards distortion of Wang (1995). If we let g( x) ⫽ xa, for a 聿
1, a concave distortion function results that implies a probability measure transformation. Following
Reesor (2001), the corresponding minimum relative entropy measure can be described in terms of the
distortion g as
g⬘共X兲 ⫽ aX a⫺1

⫽ exp关共a ⫺ 1兲 ln共X兲 ⫹ ln共a兲兴

⫽ exp关G共X兲 ⫺ 共兲兴,

where G( x) ⫽ ⫺ln( x),  ⫽ 1 ⫺ a, and () ⫽ ln(1/1 ⫺ ).
It is known that the last equation is the density process d⺠/d⺠ leading to a transformed measure ⺠.
Such a probability measure is a minimum relative entropy measure as in equation (44) subject to the
constraint ⺕⺠[⫺ln( J⑀(␣)(1))] ⫽ C. This distortion leads to a proportional transformation of the hazard
rate of the random loss; this is where the name proportional hazards comes from. The effect of such
a transformation is to inflate the fatness of the tail of the loss distribution. According to Reesor (2001),
the expectation ⺕⺠ under this transformed measure defines a coherent insurance premium for the
reinsurance layer J⑀(␣)(1) when the claim distribution belongs to the Fréchet DA.
This section has described how we can define loaded insurance premiums for a reinsurance layer with
retention limit ⑀. The use of the generalized Pareto-stable approximation simplifies the case-by-case
dependence that using the classical model would bring otherwise. The distortions presented are only
illustrations; varying the constraints in the optimization problem (44) or using different distortion
functions g bring about a wide range of suitable insurance premiums.

8. CONCLUSIONS
The motivation for the present approach is found in the adequacy of an ␣-stable Lévy motion to
approximate surplus processes with heavy-tailed claims. With this in mind, a new approximation is
constructed in terms of a generalized Pareto-stable Lévy process. I have discussed how the ␣-stable Lévy
reserve of Furrer, Michna, and Weron (1997) approximates the large claims with a Pareto distribution.
This leads to the idea of splitting the claims of the aggregate claims process into large and small claims
and treating them separately.
I approximate the large claims using the EVT classification of distributions in terms of domains of
attraction. The recent work on approximations of small jumps of Lévy processes suggests the use of a
Brownian motion to model the small claims. The present approach uses the Lévy process resulting from
the independent sum of a compound Poisson process and a Brownian motion. The compound Poisson
process accounts for the large claims, whereas the Brownian motion approximates the small claims.
This leads naturally to a simulation scheme that allows one to estimate the ultimate ruin probability of
the approximating process.
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This model brings about an universal simulation approximation for the ultimate ruin probability in
the classical model. The GPS approach can be implemented for a classical surplus process with any
claim distribution belonging to either the Fréchet or the Gumbel domains of attraction. Under the
present model, instead of simulating a surplus process with an arbitrary claim distribution FY, one has
only to simulate a surplus process with a Pareto or an exponential claim distribution.
It is also discussed how the generalized Pareto-stable approximation can be used to define a loaded
premium for a reinsurance layer above a retention level ⑀. The concept of coherent risk measure and
its links to relative entropy can be used to obtain a coherent premium principle. By using the
generalized Pareto-stable Lévy process instead of the original process, a premium principle can be
defined that holds for all kinds of light- and heavy-tailed claim distributions.
With the numerical results in Section 6, I present empirical confirmation of the accuracy and
applicability of this approach. Tables 1 and 2 show that, once a high enough threshold ⑀ is chosen, the
proposed approximation yields estimates for the ultimate ruin probability that lie within 5% of the true
value or, at least, within well-established theoretical bounds.
Further analysis should be made on the role of the threshold ⑀. The applicability to the GPS
approximation of bounds for the ruin probability in the perturbed model should be studied further. The
theoretical bounds presented in Cai and Garrido (2002) are of a very general form, and therefore they
can be applied to both a classical surplus model as well as a perturbed model. This might provide
grounds to compare the performance of the GPS approximation with respect to the classical model and
the influence of the threshold ⑀.
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BEIRLANT, JAN, AND JOZEF L. TEUGELS. 1992. “Modelling Large Claims in Non-Life Insurance,” Insurance: Mathematics and Economics
11: 17–29.
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