APPLIED STOCHASTIC MODELS IN BUSINESS AND INDUSTRY
Appl. Stochastic Models Bus. Ind., 2003; 19:147–167 (DOI: 10.1002/asmb.492)

A risk model driven by Le! vy processes
Manuel Morales1,*,y,} and Wim Schoutens2,z,}
1

Department of Mathematics and Statistics, Concordia University, 7141 Sherbrooke West, Montre!al, Que!bec,
Canada H4B 1R6
2
Department of Mathematics, K.U. Leuven, Celestijnenlaan 200 B, B-3001 Leuven, Belgium

SUMMARY
We present a general risk model where the aggregate claims, as well as the premium function, evolve by
jumps. This is achieved by incorporating a L!evy process into the model. This seeks to account for the
discrete nature of claims and asset prices. We give several explicit examples of L!evy processes that can be
used to drive a risk model. This allows us to incorporate aggregate claims and premium ﬂuctuations in the
same process. We discuss important features of such processes and their relevance to risk modeling. We
also extend classical results on ruin probabilities to this model. Copyright # 2003 John Wiley & Sons, Ltd.
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1. INTRODUCTION
A general insurance portfolio consists of several independent contracts issued for a limited time
period (usually one year). During this period the company faces claims from policyholders,
multiple claims from the same portfolio are possible. The classical risk reserve process for such a
portfolio is
U ðtÞ ¼ u þ ct  SðtÞ ¼ u þ ct 

NðtÞ
X

zn ;

ð1Þ

t50

n¼1

where u is the initial surplus, c > 0 is a constant premium rate, N is a Poisson process with
intensity l modeling the total number of claims, while zn ; n51 are the claim sizes,
Ptypically
assumed to be i.i.d. random variables independent of the Poisson process. SðtÞ ¼ NðtÞ
n¼1 zn is
called the aggregate claims process. The quantity y ¼ ðc  lE½z1 Þ=ðlE½z1 Þ is called the security
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or safety loading factor. For an account on the theory we refer to Grandell [1], Asmussen [2] or
Kaas et al. [3].
L!evy processes are processes with stationary and independent increments and are thus, in a
way, generalizations of a Brownian motion. Unlike the latter, their increments are not normally
distributed, the distribution of their increments belong to the wide class of inﬁnitely divisible
distributions. L!evy processes can be decomposed as the sum of three independent processes.
One component is linear deterministic, the second a Brownian motion and the third a pure jump
process.
L!evy processes have recently become an object of interest in ﬁnance modeling because they
have diﬀusion-like and jump properties at the same time. In ﬁnance, as well as in insurance, this
has been achieved by adding extra components into the model. In ﬁnance, large ﬂuctuations are
incorporated via a jump process and in insurance small ﬂuctuations are incorporated via a
diﬀusion. L!evy processes account for both types of structures.
These processes have been traditionally applied in risk theory as models for the aggregate
claims process S: Compound Poisson process, Brownian motion and a-stable L!evy motion are
examples of L!evy process commonly used in the actuarial literature. This approach can be
extended to embrace more general L!evy processes. We believe that other L!evy processes have
features that make them an object of interest in risk theory. General reference works on L!evy
processes are by Bertoin [4] and Sato [5], for applications see Barndorﬀ–Nielsen et al. [6] and
Schoutens [7].
L!evy processes have already found their way in ﬁnancial applications in the late 1980s and
1990s. Madan and Seneta [46] introduced the class of variance gamma (VG) distributions as a
model for stock returns. The normal inverse Gaussian (NIG) distribution was proposed by
Barndorﬀ–Nielsen [8] (see also Barndorﬀ–Nielsen [9] and Rydberg [10]). Eberlein and coworkers enlarged these distributions to deﬁne the Generalized Hyperbolic L!evy motion ([11–14].
See also Geman [15]). The CGMY model was introduced in Carr et al. [16] and the Meixner
model was used in Schoutens [7]. For an overview of the use of L!evy processes in ﬁnance in
connection with option pricing we refer to Schoutens [7]. Unifying approaches using stochastic
diﬀerential equations and semimartingales to model risk processes have just been initiated
recently (Srensen [18] for instance). Our goal is to extend the use of L!evy processes in risk
theory.
In the above mentioned stock models, a case has been made for the use of pure jump L!evy
processes, the purely discontinuous feature of such processes accounts for the discrete nature of
the real world. Diﬀusion with jumps had been long favored when it came to asset price
modeling, however such an approach is being abandoned in favor of pure-jump L!evy processes
(see LeBlanc and Yor [19] and Carr et al. [16]). In such processes the diﬀusion component is not
present and an inﬁnite number of small jumps drives its evolution.
Besides the pure jump features, other motivation for the use of some of the above mentioned
L!evy processes in ﬁnance is the semi-heaviness of the tails of their marginal distributions. Semiheaviness should be understood as linear decay of the tails of the logarithm of the density
function. Semi-heavy tails fall somewhere between the tails of the normal distribution (its log
density shows a quadratic decay) and the tails of a-stable distributions (power law decay).
Grandell [20] and Furrer et al. [21] work out risk models with a Brownian motion and an astable process respectively.
Another interesting feature is that L!evy processes are semi-martingales. A remarkable result
due to Monroe [22] is the fundamental characterization of all semimartingales. He shows that
Copyright # 2003 John Wiley & Sons, Ltd.
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every semi-martingale can be written as a time-changed Brownian motion (possibly deﬁned on a
adequately extended probability space). For many of the popular L!evy processes, this timechange is explicitly available and independent of the Brownian motion involved.
L!evy processes can thus be seen as a Brownian motion running in business time instead of
calendar time. Such a business time can be understood as an alternative time unit, as reckoned
by a diﬀerent clock, which evolves according to a random process. In ﬁnance, such a clock can
be the traded volume or the number of trades of a particular asset. Moreover, this technique of a
random time change has led to very attractive and adequate stochastic volatility models to
describe the stock price behaviour (Carr et al. [23]). In the insurance context the time change
could be the aggregate claims process of our portfolio. Empirical studies (see Chaubey et al.
[24]) indicate that the inverse Gaussian distribution provides a good ﬁt for aggregate claims. It
turns out that an inverse Gaussian business time leads naturally to an NIG risk process, which
we shall discuss in detail in Section 4.
We work with a general risk model along the lines of Srensen [18],
U ðtÞ ¼ u þ ct þ ZðtÞ  SðtÞ;

t50

ð2Þ

where u is the initial reserve, c is the constant loaded premium, Z is a process representing
ﬂuctuations in the risk premium, and S is the aggregate claims process. We focus on models
where X ¼ Z  S ¼ fX ðtÞ ¼ ZðtÞ  SðtÞ; t50g is a (pure jump) L!evy process. The fact that X
evolves by jumps captures the fact that changes in the premium rate and in the aggregate claim
process are of discrete nature. As for the loaded premium c; it is natural to deﬁne it as c ¼
ð1 þ yÞEðX1 Þ; since it has to be greater than all random ﬂuctuations to meet the net proﬁt
condition.
Very convenient choices for the process X are Meixner, VG, NIG and GH L!evy process.
These choices yield tractable expressions for the ruin probabilities just as in the diﬀusion model
of Grandell [20].
Section 2 recalls some properties of L!evy processes and give some explicit examples. Section 3
represents the main body of our discussion where we incorporate appealing features of L!evy
processes into a general risk model. In this section, we also discuss our model as a time-changed
diﬀusion. Section 4 discusses some speciﬁc examples like the NIG risk model, the VG model, the
GH model and the Meixner model.

! VY PROCESSES
2. LE
2.1. General theory
Suppose fðuÞ is the characteristic function of a distribution. If for every positive integer n; fðuÞ
is also the nth power of a characteristic function, then we say that the distribution is inﬁnitely
divisible.
One can deﬁne for every such an inﬁnitely divisible distribution a stochastic process, X ¼
fX ðtÞ; t50g; called L!evy process, which starts at zero, has independent and stationary
increments and such that the distribution of an increment over ½s; s þ t; s; t50; i.e.
X ðt þ sÞ  X ðsÞ; has ðfðzÞÞt as characteristic function: E½expðizX ðtÞÞ ¼ ðfðzÞÞt : The class of
L!evy processes is in one-to-one correspondence with the class of inﬁnitely divisible distributions.
Copyright # 2003 John Wiley & Sons, Ltd.
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Every inﬁnitely divisible distribution generates a L!evy process and the increments of every L!evy
process are inﬁnitely divisible distributed.
Every L!evy process has a c"adl"ag modiﬁcation which is itself a L!evy process. We always work
with this c"adl"ag version of the process so that sample paths of a L!evy process are a.e. continuous
from the right and have limits from the left.
The L!evy–Khintchine formula expresses the characteristic exponent, i.e. logfðzÞ of such an
inﬁnitely divisible distribution in the form
s2
log fðzÞ ¼ igz  z2 þ
2

Z

þ1

½expðizxÞ  1  izxIfjxj51g ðxÞnðdxÞ

ð3Þ

1

where g 2 R; s2 50 and n is a measure on R\f0g with
Z þ1
Z þ1
inff1; x2 gnðdxÞ ¼
ð1 ^ x2 ÞnðdxÞ51
1

1

We say that our inﬁnitely divisible distribution has a triplet of L!evy characteristics (or L!evy
triplet for short) ½g; s2 ; nðdxÞ: The measure n is called the Le!vy measure of X : If the L!evy measure
is of the form nðdxÞ ¼ rðxÞdx we call rðxÞ the L!evy density. The L!evy density has the same
mathematical requirements as a probability density, except that it does not need to be integrable
and must have zero mass at the origin.
If the L!evy process X is such that EðX1 Þ51 then (3) can be alternatively written as
s2
log fðzÞ ¼ ig z  z2 þ
2
n

Z

þ1

ðexpðizxÞ  1  izxÞnðdxÞ

ð4Þ

1

where the drift gn is the mean of the process (see Sato [5]). This is, if the process has a ﬁnite mean
the L!evy–Khintchine characterization takes on a simpler form where the mean of the process
appears as the drift term. This form (4)
R might seem more natural for a risk model. The new L!evy
triplet is ½gn ; s2 ; nðdxÞ with gn ¼ g þ fjxj>1g xnðdxÞ ¼ EðX1 Þ:
From the L!evy–Khintchine formula, one sees that, in general, a L!evy process consists of three
independent parts: a linear deterministic part, a Brownian part (if s2 =0), and a pure jump part.
The L!evy measure nðdxÞ dictates how the jumps occur. The jumps of size in L 2 R (provided
R
% does not contain zero) form a compound Poisson process with rate
that the closure L
L nðdxÞ
R
and jump density nðdxÞ= L nðdxÞ:
The log-density of a Normal distribution has a quadratic decay. Time-series in ﬁnance show
often an empirical log-density that seems to have a much more linear decay. This feature is
typical for ﬁnancial data and is often referred to as the semi-heaviness of the tails. We say that a
distribution or its density function f ðxÞ has semi-heavy tails, if the tails of the density function
behave as
f ðxÞ  C jxjr expðZ jxjÞ

as x ! 1

rþ

as x ! þ1

f ðxÞ  Cþ jxj

expðZþ jxjÞ

ð5Þ

for some r ; rþ 2 R and C ; Cþ ; Z ; Zþ 50: The L!evy processes that are discussed in this paper
have semi-heavy tails.
Copyright # 2003 John Wiley & Sons, Ltd.
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2.2. Examples
2.2.1. The Gamma process
The density function of the Gamma distribution Gammaða; bÞ with parameters a > 0 and b > 0 is
given by
ba a1
x expðxbÞ; x > 0
fGamma ðx; a; bÞ ¼
GðaÞ
The density function clearly has a semi-heavy (right) tail. The characteristic function is given by
fGamma ðu; a; bÞ ¼ ð1  iu=bÞa
Clearly, this characteristic function is inﬁnitely divisible. The Gamma process X ðGammaÞ ¼
fX ðGammaÞ ðtÞ; t50g with parameters a; b > 0 is deﬁned as the stochastic process which starts at
zero and has stationary, independent Gamma distributed increments. The L!evy triplet of the
Gamma process is given by
½að1  expðbÞÞ=b; 0; a expðbxÞx1 1ðx>0Þ dx
2.2.2. The VG process
The characteristic function of the VGðs; n; yÞ law is given by
fVG ðu; s; n; yÞ ¼ ð1  iuyn þ s2 nu2 =2Þ1=n
The distribution is inﬁnitely divisible and leads to the VG process X ðVGÞ : In Madan et al. [25], it
was shown that the VG process may also be expressed as the diﬀerence of two independent
Gamma processes.
This characterization allows the L!evy measure to be determined:
(
C expðGxÞjxj1 dx x50
nVG ðdxÞ ¼
C expðMxÞx1 dx x > 0
where
C ¼ 1=n > 0
0sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
11
2 2
2
y
n
s
n
yn
þ
 A >0
G ¼@
2
2
4
0sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
11
2 2
2
y
n
s
n
yn
M ¼@
þ
þ A >0
2
2
4
With this parameterization [we use the notation VGðC; G; MÞ], it is clear that X ðVGÞ ðtÞ ¼ G 
ðtÞð1Þ  GðtÞð2Þ ; where Gð1Þ ¼ fGðtÞð1Þ ; t50g is a Gamma process with parameters a ¼ C and b ¼
M; whereas Gð2Þ ¼ fGðtÞð2Þ ; t50g is an independent Gamma process with parameters a ¼ C and
b ¼ G:
The L!evy measure has inﬁnite
mass, and hence a VG process has inﬁnitely many jumps in any
R1
ﬁnite time interval. Since 1 jxjnVG ðdxÞ51; a VG process has paths of ﬁnite variation. A VG
Copyright # 2003 John Wiley & Sons, Ltd.
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process has no Brownian component and its L!evy triplet is given by ½g; 0; nVG ðdxÞ; where
g¼

CðGðexpðMÞ  1Þ  MðexpðGÞ  1ÞÞ
MG

Another way to deﬁne a variance gamma (VG) process is by seeing it as (gamma) timechanged Brownian motion with drift. More precisely, let G ¼ fGðtÞ; t50g be a Gamma process
with parameters a ¼ 1=n > 0 and b ¼ 1=n > 0: Let W ¼ fW ðtÞ; t50g denote a standard Brownian
Motion, s > 0 and let y 2 R; then the VG-gamma process X ðVGÞ ¼ fX ðVGÞ ðtÞ; t50g with
parameters s > 0; n > 0 and y can alternatively be deﬁned as
X ðVGÞ ðtÞ ¼ yGðtÞ þ sW ðGðtÞÞ
When y ¼ 0 then G ¼ M and the distribution is symmetric. Negative values of y lead to the case
where G > M resulting in negatively skewness. The mean is given by y ¼ CðG  MÞ=ðMGÞ and
the variance is s2 þ ny2 ¼ CðG2 þ M 2 Þ=ðMGÞ2 :
2.2.3. The NIG process
The NIG distribution with parameters a > 0; a5b5a and d > 0; NIGða; b; dÞ; has a
characteristic function (see Barndorﬀ–Nielsen [8]) given by
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
fNIG ðu; a; b; dÞ ¼ expðdð a2  ðb þ iuÞ2  a2  b2 ÞÞ
One can clearly see that this is an inﬁnitely divisible characteristic function. Hence we can deﬁne
the NIG process X ðNIGÞ ¼ fX ðNIGÞ ðtÞ; t50g: X ðNIGÞ ðtÞ has a NIGða; b; tdÞ law.
The L!evy measure for the NIG process is given by
nNIG ðdxÞ ¼

da expðbxÞK1 ðajxjÞ
dx
p
jxj

ð6Þ

where Kl ðxÞ denotes the modiﬁed Bessel function of the third kind given by
Z 1
1
Kl ðxÞ ¼
ul1 eð1=2Þxðu þuÞ du;
x>0
0

A NIG process has no Brownian component and its L!evy triplet is given by ½gNIG ; 0; nNIG ðdxÞ;
where
Z 1
gNIG ¼ ð2da=pÞ
sinhðbxÞK1 ðaxÞ dx
0

Since there is no Gaussian constant, the NIG process is a pure jump process. The L!evy density
rðxÞ ¼ ðd=pÞx2 þ oðx2 Þ as x # 0:
Since the NIG process has ﬁnite mean, we have the alternative L!evy triplet ½gnNIG ; 0; nNIG ðdxÞ
where gnNIG is the mean of the process given by
gnNIG ¼ ðdbÞða2  b2 Þ1=2
In Figure 1 we can see diﬀerent paths of NIG processes. Despite the apparent continuity,
these paths are composed by an inﬁnite number of small jumps.
Copyright # 2003 John Wiley & Sons, Ltd.
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Figure 1. Simulated paths of a NIG L!evy processes for diﬀerent values of b:

The density of the NIGða; b; dÞ distribution is given by

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
K
ða
ðd2 þ xÞ2 Þ
1
ad
2
2
fNIG ðx; a; b; dÞ ¼ expðd a  b þ bxÞ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p
d2 þ x 2

The mean and the variance are given respectively by ðdbÞða2  b2 Þ1=2 and ðda2 Þða2  b2 Þ3=2 :
The NIG distribution was originally constructed in Barndorﬀ–Nielsen [26] as a normal
variance–mean mixture where the mixing distribution is an inverse Gaussian. This is, if X is a
NIG distributed random variable then, the conditional distribution given W ¼ w is N ðm þ bw; wÞ
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where W is inverse Gaussian distributed IGðd; a2  b2 Þ; where an IGða; bÞ law has a
characteristic function
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
fIG ðu; a; bÞ ¼ expðað 2iu þ b2  bÞÞ
The IG distribution is inﬁnitely divisible and leads to a IG process X ðIGÞ ¼ fX ðIGÞ ðtÞ; t50g; with
parameters a; b > 0: The density function of the IGða; bÞ law is explicitly known:
a
fIG ðx; a; bÞ ¼ pﬃﬃﬃﬃﬃﬃ expðabÞx3=2 expðða2 x1 þ b2 xÞ=2Þ; x > 0
2p
Copyright # 2003 John Wiley & Sons, Ltd.
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See Jrgensen [27] for a reference on Inverse Gaussian distributions. Note that this gives a
simple way of simulating NIG r.v., since there exist now standard techniques to simulate
Normal and Inverse Gaussian variates (see for instance Devroye [28]).
Moreover, the variance–mean mixture representation leads to the construction of the NIG
process via a time change (subordination). Let W ¼ fW ðtÞ; t50g be a standard Brownian
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
motion and I ¼ fIðtÞ; t50g a IG process with parameters a ¼ d and b ¼ a2  b2 then one can
show that the stochastic process
X ðtÞ ¼ bIðtÞ þ W ðIðtÞÞ
is a NIG process with parameters a; b and d:
2.2.4. The Meixner process
The density of the Meixner distribution ½MEIXNERða; b; dÞ is given by
  
2
ð2cosðb=2ÞÞ2d
bx 
ix 
fMeixner ðx; a; b; dÞ ¼
exp
G dþ
a 
a 
2apGð2dÞ
where a > 0; p5b5p; d > 0: It was introduced in Schoutens and Teugels [29] (see also
Schoutens [30]).
The characteristic function of the MEIXNERða; b; dÞ distribution is given by
0
12d
cosðb=2Þ C
A
ðau  ibÞ
cosh
2
The MEIXNERða; b; dÞ distribution is inﬁnitely divisible and leads to the Meixner process
X ðMeixnerÞ ¼ fX ðMeixnerÞ ðtÞ; t50g: The distribution of X ðMeixnerÞ ðtÞ is given by the Meixner
distribution MEIXNERða; b; dtÞ:
One can show (see Grigelionis [31]) that the process X ðMeixnerÞ ¼ fX ðMeixnerÞ ðtÞ; t50g has no
Brownian part and a pure jump part governed by the L!evy measure
B
fMeixner ðu; a; b; dÞ ¼ @

nðdxÞ ¼ d

expðbx=aÞ
dx
x sinhðpx=aÞ

The ﬁrst parameter in the L!evy triplet equals
Z 1
g ¼ ad tanðb=2Þ  2d
sinhðbx=aÞ=sinhðpx=aÞ dx
1

R þ1
Because 1 jxjnðdxÞ ¼ 1 the process is of inﬁnite variation. Moments of all order of this
distribution exist. The mean equals ad tanðb=2Þ and the variance equals a2 d=2ðcos2 ðb=2ÞÞ:
The MEIXNERða; b; dÞ distribution has semiheavy tails (see Grigelionis [32]). We have in (5)
r ¼ rþ ¼ 2d  1;

Z ¼ ðp  bÞ=a;

Zþ ¼ ðp þ bÞ=a

The Meixner process is related to the process studied by Biane et al. [33] (see also Pitman and
Yor [34])
1
2 X
Gn ðtÞ
ð7Þ
wðtÞ ¼ 2
p n¼1 ðn  12Þ2
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for a sequence of independent Gamma Processes (with a ¼ 1 and b ¼ 1) Gn ðtÞ; i.e. a L!evy
process with E½expðiyGn ðtÞÞ ¼ ð1  iyÞt :
In Biane et al. [33] one ﬁnds that wðtÞ has characteristic function
!t
1
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
E½expðiuwðtÞÞ ¼
cosh 2ui
Let W ¼ fW ðtÞ; t50g a standard Brownian motion, then the Brownian time change W ð wðtÞÞ has
characteristic function

t
1
E½expðiuW ðwðtÞÞÞ ¼
coshu
or equivalently W ð wðtÞÞ follows a MEIXNERð2; 0; tÞ distribution.
2.2.5. The GH process
The generalized hyperbolic (GH) distribution GHða; b; d; vÞ is deﬁned in Barndorﬀ–Nielsen [26]
through its characteristic function:
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

v=2
2
2
K
ðd
a2  ðb þ iuÞ2 Þ
v
a b
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
fGH ðu; a; b; d; vÞ ¼
a2  ðb þ iuÞ2
K ðd a2  b2 Þ
v

where Kv is the modiﬁed Bessel function. The GH distribution is a generalization of the NIG
case: GHða; b; d; 1=2Þ ¼ NIGða; b; dÞ:
The density of the GHða; b; d; vÞ distribution is given by
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
fGH ðx; a; b; d; vÞ ¼ aða; b; d; vÞðd2 þ x2 Þðvð1=2ÞÞ=2 Kvð1=2Þ ða d2 þ x2 Þ expðbxÞ
ða2  b2 Þv=2
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
aða; b; d; vÞ ¼ pﬃﬃﬃﬃﬃﬃ
2pavð1=2Þ dv Kv ðd a2  b2 Þ
where
d50;

jbj5a

if v > 0

d > 0;

jbj5a

if v ¼ 0

d > 0;

jbj4a if v50

The GH distribution turns out to be inﬁnitely divisible (see Barndorﬀ–Nielsen and Halgreen
[35]) and one can deﬁne a GH L!evy process X ðGHÞ ¼ fX ðGHÞ ðtÞ; t50g as the stationary process
which starts at zero and has independent increments and where the distribution of X ðGHÞ ðtÞ has
characteristic function
E½expðiuX ðGHÞ ðtÞÞ ¼ ðfGH ðu; a; b; d; vÞÞt
Note that the GH process is in general not closed under convolution, only in the case
v ¼ 1=2}the NIG case-processes is closed under convolution. The L!evy measure nðdxÞ for the
GH Process is rather involved and we refer to e.g. Schoutens [7] for the explicit expression.
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The GH distributions have semiheavy tails, in particular
fGH ðx; a; b; d; vÞ  jxjv1 expðða þ bÞxÞ

as x ! 1

up to a multiplicative constant. Note that, being a special case of the GH, the NIG distribution
also has semi-heavy tails.
The GH distribution has mean bdða2  b2 Þ1 Kvþ1 ðzÞK1
v ðzÞ and variance
!!
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Kvþ1 ðzÞ
b2
Kvþ2 ðzÞ K2vþ1 ðzÞ
d2
þ

where
z
¼
d
a 2  b2
zKv ðzÞ a2  b2 Kv ðzÞ
K2v ðzÞ
The GH distributions can also be represented as a normal variance–mean mixture:
Z 1
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
fGH ðx; a; b; d; vÞ ¼
fNormal ðx; m þ bw; wÞfGIG ðw; v; d; a2  b2 Þ dw
0

were the Generalized Inverse Gaussian distribution GIGðl; a; bÞ is given in terms of its density
function:
ðb=aÞl l1
fGIG ðx; l; a; bÞ ¼
x expðða2 x1 þ b2 xÞ=2Þ; x > 0
2Kl ðabÞ
The parameters l; a and b are such that l 2 R while a and b are both non-negative and not
simultaneously 0.
The characteristic function is given by
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
ð1  2iu=b2 Þl=2 Kl ðab 1  2iub2 Þ
fGIG ðu; l; a; bÞ ¼
Kl ðabÞ
where Kl ðxÞ denotes the modiﬁed Bessel function of the third kind with index l: For l ¼ 1=2;
the GIG reduce to the IG distribution: GIGð1=2; a; bÞ ¼ IGða; bÞ: It was shown by Barndorﬀ–
Nielsen and Halgreen [35] that this distribution is also inﬁnitely divisible.
Like for the NIG distribution, the variance–mean mixture representation leads to the
construction of the GH process via a time change (subordination). Let W ¼ fW ðtÞ; t50g be a
standard Brownian motion and I ¼ fIðtÞ; t50g a GIG process with parameters v ¼ l; a ¼ d and
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b ¼ a2  b2 then one can show that the stochastic process
X ðtÞ ¼ bIðtÞ þ W ðIðtÞÞ
is a GH process with parameters a; b; d and l:
2.3. Introducing a drift parameter
In the above VG, NIG, Meixner and GH cases an additional ‘drift’ or location parameter m 2 R
can be introduced. This parameter will be linked with the premium rate c: Essentially, the
transformation is completely of the same manner as the one which transforms a Normalð0; s2 Þ
random variable into a Normalðm; s2 Þ random variable. Moreover, this extension does not
inﬂuence the inﬁnite divisibility property. Only in this section we will denote the original process
with X% and the newly obtained one with X : The same notation will be used for the characteristic
function, and the ingredients of the L!evy triplet.
The (extended) distribution in the Meixner case, is denoted by MEIXNERða; b; d; mÞ: For the
others the new parameter will give rise to distributions which we denote by VGðs; n; y; mÞ [or
VGðC; G; M; mÞ], NIGða; b; d; mÞ; GHða; b; d; v; mÞ:
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The new distribution has a characteristic function f in terms of the original characteristic
function f% :
% ðuÞ expðiumÞ
fðuÞ ¼ f
This new parameter is just a shifting with the value m 2 R of the distribution. In terms of the
process this means a term mt is added to the process X% ; i.e.
X ðtÞ ¼ X% ðtÞ þ mt
ð8Þ
This is reﬂected only in the ﬁrst parameter of the L!evy triplet which now equals
g ¼ g% þ m
s2 ¼ s% 2
nðdxÞ ¼ n% ðdxÞ
In terms of density functions this yields
f ðxÞ ¼ f%ðx  mÞ

! VY RISK MODELS
3. LE
3.1. The construction of the Le!vy risk process as a transformed diﬀusion approximation
Grandell [20] constructed a sequence of risk reserve processes fUn gn¼1;2;... of the form
Un ðtÞ ¼ un þ kn t  sn Sn ðtÞ;

t50

where un ; kn ¼ bn rn are the corresponding sequences of initial reserves and premium rates such
that un ! u; s2n ! s2 and kn ! k ¼ br: The aggregate claim processes Sn is compound Poisson
with mean bn and variance s2n : He showed that for claim sizes in the domain of attraction of the
normal distribution, the sequence fUn gn¼1;2;... converges weakly in the Skorohod topology to the
diﬀusion process
UD ðtÞ ¼ u þ kt  sW ðtÞ;

t>0

ð9Þ

as n ! 1; where W is a standard Brownian motion.
Suppose we have a L!evy process X that is a time-changed Brownian motion with drift. More
precisely, assume
X ðtÞ ¼ k* tðtÞ  s* W ðtðtÞÞ
where W ðtÞ is standard Brownian motion and tðtÞ is an independent subordinator (a
nondecreasing L!evy process). Recall that in Section 2, we encounter diﬀerent examples of this
situation.
We can consider the following generalization of (9) via the subordinator t:
U* D ðtÞ ¼ UD ðtðtÞÞ ¼ u þ ktðtÞ  sW ðtðtÞÞ; t > 0
ð10Þ
Then the process U* D ðtÞ  u in (10) is the L!evy process X ðtÞ with k* ¼ k and s* ¼ s:
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If we wish to incorporate a drift parameter c we go a step further in the generalization yielding
U ðtÞ ¼ ct þ U* D ðtÞ
¼ u þ ct þ X ðtÞ
¼ u þ ct þ ktðtÞ  sW ðtðtÞÞ;

t50

ð11Þ

Note the complete similarity with (8). This last process (11) is the risk model that we will focus
on. Note that the process in (11) is a transformation of the diﬀusion approximation of Grandell
[20], it is a still a diﬀusion but operating in business time. The subordinator t is as a random time
transformation that accounts for diﬀerent speeds at which the market evolves. In a way, the
business does not ﬂow continuously, but by an (often inﬁnite) number of jumps of (possibly)
diﬀerent lengths which are represented by the subordinator t:
Moreover, (11) is a generalization of (9). If we set tðtÞ ¼ t; the business time ﬂows just like
regular time and we recover the diﬀusion risk process. We will see in Section 4 that if t is an
inverse Gaussian subordinator we obtain the so-called NIG model. Other choices of t lead to
the VG, the Meixner and the GH model (see Section 4). Note also that the diﬀusion model is
also of the form (11) and that we can recuperate the a-stable model, if t is an a=2-stable
subordinator and the drift term b ¼ 0; then (11) is the a-stable model of Furrer et al. [21] (see
Sato [5] and Cherny and Shiyaev [36] for a reference on semimartingales as a time-changed
diﬀusions].
In ﬁnance, the time change t is often referred to as the clock of the process (see An!e and
Geman [37]). For instance, if tðtÞ ¼ t then the process runs on a calendar clock. Other
subordinators t are used to model diﬀerent clocks, for instance t might be the traded volume of
a particular assets which reﬂects the business activity. In insurance, when talking about a clock
for the process (11), the natural analogy for traded volume will be the aggregate claims process.
This is the measure of insurance business activity, it represents the total claims ﬁled up to time t:
3.2. A purely discontinuous risk model
Consider a general risk model as in (2)
U ðtÞ ¼ u þ ct þ ZðtÞ  SðtÞ;

t50

ð12Þ

we now model Z  S by one single pure jump L!evy process X with L!evy triplet ½gX ; 0; nX : This
allows for great ﬂexibility, moreover, it allows us to have the same features than the model of
Dufresne and Gerber [38] in one single object instead of considering two diﬀerent processes.
This reasoning leads to the following characteristic exponent for the process U  u:
log E½expðizðU  uÞÞ ¼ cðzÞ
¼ ðc þ gX Þiz þ

Z

1




eizx  1  izxIfð1;1Þg ðxÞ nX ðdxÞ

1

The moment generating function WðzÞ of U  u is then given by
WðzÞ ¼ expðcðizÞÞ
which we assume to be ﬁnite for z 2 ðb1 ; b2Þ (b1 ; b2 > 0 possibly inﬁnity). Denote by CðzÞ ¼
log WðzÞ; the corresponding Laplace exponent.
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By choosing a L!evy process X with semi-heavy tails, we can model the aggregate claims with a
compound Poisson process S having a medium-tailed claim size distribution of the form
Cjxjr elx : As for the small positive and negative discrete ﬂuctuations we incorporate them in a
pure jump process Z:
Indeed, we can decompose X into Z and S in the following way. S is a compound Poisson
process with L!evy triplet ½0; 0; nS ðdxÞ; where the L!evy measure nS ðdxÞ ¼ Ifðd;1Þg ðxÞnX ðdxÞ:
The splitting point d > 0 can be seen as a level of retention and can be conveniently set to an
arbitrary unit. The jumps (claims) follow a medium-tailed distribution of the form Cjxjr elx :
Consequently, the L!evy triplet of Z is ½gX ; 0; nZ ðdxÞ; where nZ ðdxÞ ¼ Ifðd;1Þg ðxÞnX ðdxÞ: The
process Z would represent positive and small negative discrete ﬂuctuations. The fact that we
only allow Z to have small negative or positive jumps can be justiﬁed as follows: Since U is a risk
reserve process we assume that the company has some seriously conservative policies that
regulate any source of premium ﬂuctuations. Investments and other source of ﬂuctuations in the
premiums are constrained to be minimum as to assure enough cash to face claims. Therefore
there should not be large negative ﬂuctuations coming from the process Z: This reasoning leads
to the following characteristic exponent for the process U  u:
Z 1
CðzÞ ¼ ðc þ gX Þz þ
½ezx  1  zxIfð1;1Þg ðxÞnZ ðdxÞ
d

þ

Z

d

½ezx  1  zxIfð1;1Þg ðxÞnS ðdxÞ

ð13Þ

1

The loaded premium c has to satisfy c > EðX1 Þ to meet the net proﬁt condition.
Alternatively, if the process U  u has ﬁnite mean we can rewrite (13) as
Z 1
½ezx  1  zxnZ ðdxÞ
CðzÞ ¼ ðc þ gnX Þz þ
d

þ

Z

d

½ezx  1  zxnS ðdxÞ

1

where c þ gnX is the mean of the process U  u:
3.3. A discontinuous risk model of ﬁnite variation
If we start with a L!evy process X with path of ﬁnite variation, then we can write X as the
diﬀerence of two increasing processes: X ¼ Z  S: Negative jumps in X correspond to positive
jumps in the aggregate claims process S and are interpreted as claims to be paid. The positive
jumps of X are brought into Z and model the positive ﬂuctuations in the premium process. An
example of this situation is the VG process. Recall that a VG process can be decomposed into a
diﬀerence of two Gamma processes. Note also that the Gamma process has also been proposed
as a model for the aggregate claims (see Dufresne et al. [39]). Our model is then a generalization
of this classical model that incorporates positive (gamma distributed) ﬂuctuations in the
premium process. Another example could be the CGMY process described in Carr et al. [16].
This four parameter model is of ﬁnite variation if the Y parameter is smaller than 1 and reduces
to the VG case for Y ¼ 0:
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3.4. Claim rate
A L!evy process carries along its path some information from the distribution. Assume that our
L!evy process has a ﬁnite second moment and a L!evy density rðxÞ with asymptotic behavior
rðxÞ ¼ ax2 þ oðx2 Þ as x # 0: For a ﬁxed time t > 0; let
1
Nk ¼ #fs4t; DXs > 1=kg; k ¼ 1; 2; . . .
kt
Raible [40] proved that the sequence ðNk ; k ¼ 1; 2; . . .Þ converges to the value a: We can draw
some analogies with the classical risk model: in a way a plays the role of the claim rate l; it is the
limit of the normalized number of jumps larger than 1=k:
3.5. The martingale approach and ruin probabilities
The martingale approach of Schmidli [41] and Srensen [18] can be applied to the risk model as
in (12) to work out expressions for the ruin probability. We refer to Grandell [1] for a review of
martingale methods in risk theory.
From the general theory of processes with independent increments (see Jacod and Shiryaev
[42]) we have that, if X is a L!evy process with Laplace exponent C; then the process
erX ðtÞ
; r2R
ð14Þ
etCðrÞ
is a local martingale for r within the right domain. For a link of this martingale relation for L!evy
process and orthogonal polynomials see Schoutens [30]. The ﬁnite dimensional distributions of
M r are the Esscher transforms of the ﬁnite dimensional distributions of X : We can deﬁne the
new measure Qr in the following way:
M r ðtÞ ¼

Deﬁnition 3.1
Let X ¼ fX ðtÞgt50 be a L!evy process on some ﬁltered probability space ðO; F; ðFt Þt50 ; PÞ: We
deﬁne an Esscher transform as any change of P to a locally equivalent measure Q with a density
process MðtÞ ¼ dQr =dPjFt of the form (14) for some r in the domain of deﬁnition of the Laplace
exponent C:
In other words, this means that, for any A 2 Ft ; the new measure Qr is given by
Qrt ½A ¼ EP ½M r ðtÞ; A
Now, recall that the ruin probability is deﬁned as
cðuÞ ¼ Pft51g;

u50

ð15Þ

where t ¼ inf½t > 0: U ðtÞ50 is the ﬁrst time the process falls below zero. Since U  u is a L!evy
process we can write its associated ruin probability c in terms of the new measure as follows:


1
I
cðuÞ ¼ EP ½Ift51g  ¼ EQr
¼ EQr ½efrðU ðtÞuÞþtCðrÞg Ift51g 
ft51g
M r ðtÞ
If we can ﬁnd a value r ¼ R in the domain of deﬁnition of the C such that CðRÞ ¼ 0 and t51
a.s (under QR ), we could simply write
cðuÞ ¼ EQR ½eRU ðtÞ eRu ;
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A ﬁrst concern is how an Esscher transformation aﬀects the L!evy process. It turns out that if f
is the characteristic function and ½g; s2 ; nðdxÞ is the L!evy triplet of X ; then the characteristic
function fðrÞ of the Esscher transformed measure is given by
log fðrÞ ðuÞ ¼ log fðu þ irÞ  log fðirÞ
Moreover this law remains inﬁnitely divisible and its L!evy triplet ½gðrÞ ; ðsðrÞ Þ2 ; nðrÞ ðdxÞ is given by
Z 1
ðrÞ
2
g ¼g  s r þ
ðexpðrxÞ  1ÞnðdxÞ
1

sðrÞ ¼ s
nðrÞ ðdxÞ ¼ expðrxÞnðdxÞ
The Meixner process: If we have under P a MEIXNERða; b; d; mÞ process X ; then we have
under the Esscher-based Qr X will be a MEIXNERða; b  ar; d; mÞ process (see Grigelionis [31]
and Schoutens [17]).
The NIG process: If we have under P our process is a NIGða; b; d; mÞ process, then we have
under Qr a NIGða; b  r; d; mÞ process.
The VG process: If we have under P our process is a VGðC; G; M; mÞ process, then we have
under Qr a VGðC; G  r; M þ r; mÞ process.
The GH process: This case is rather complicated. However the Esscher transform can be
obtained numerically by applying Fourier inversion techniques. We refer to Prause [43].
This martingale approach deﬁnes a straight forward simulation scheme to evaluate ruin
probabilities in the case R exists. This imposes a certain condition on the loaded premium.
Although it might seem restrictive at ﬁrst, such condition depends on other parameters that can
be adjusted to allow for greater ﬂexibility.
If the adjustment coeﬃcient R exists then we can simulate the risk process U under the
Esscher-induced change of measure. Under this measure the stopping rule for the simulated
paths t ¼ infft > 0jU ðtÞ40g is well deﬁned since t is ﬁnite QR -almost surely. Then, for each path
we evaluate the expression eR½U ðtÞu and we average over all simulated paths.
In order to simulate a L!evy process, we can exploit the well-known compound Poisson
approximation of this process. The procedure has been suggested on intuitive grounds for some
particular cases in Rydberg [10]. Further insight can be found in Asmussen and Rosinski [44].
For very speciﬁc processes, other techniques are available. This is for example the case if the
L!evy process can be represented explicitly as a time-changed Brownian motion and techniques
are already available to simulate the simpler subordinator (the time change). Sampling a path
from the L!evy process, can be done by sampling ﬁrst a path from the subordinator and the
Brownian motion. The L!evy process is then obtained via a time transformation.
Altogether, we have shown that a L!evy process can be the basis of a risk reserve process for
which classical ruin theory results still hold. Its counterintuitive but appealing features make it a
model that accounts for the discrete (inﬁnite) activity of the real world. By discrete inﬁnite
activity we refer to the fact that the evolution of the process seems to be governed by discrete
jumps occurring at an inﬁnite rate.
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4. EXAMPLES
At this point we make some remarks about the L!evy measure that are important to our risk
model. First, notice that if n has inﬁnite mass around the origin, as in the NIG, Meixner, GH
and VG case. The process is composed of an inﬁnite number of small jumps. In the scope of
Section 3.2, this pure discontinuity will account for discrete changes in the constant premium.
Moreover, we have in these cases that, the jump size distribution has medium or exponentially
decaying tails, i.e. the jump size density behaves as Cjxjr eljxj ; for x ! 1 and some real
constants C > 0; r and l: This makes a risk process driven by a such a L!evy motion a good
model for medium tailed claims since the jump size distribution will account for claims over a
certain threshold.
Next, we will consider some explicit examples of L!evy processes that can be used as risk
models. We work out the calculation for the ruin probabilities for the NIG-case. Similar
calculations along the same lines can be made for the other cases.
4.1. The NIG risk model
If we set in (11) k ¼ b and s ¼ 1 and take for the subordinator tðtÞ an IG process with
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
parameters a ¼ d and b ¼ g ¼ a2  b2 ; we have that U  u follows an NIGða; b; d; cÞ process.
In terms of our model this means that the NIG risk model is the diﬀusion model of Grandell
[20] distorted by a randomly changing business time. The inverse Gaussian (IG) distribution is
traditionally used to model aggregate claims (see Chaubey et al. [24]). This thus leads to the socalled NIG risk model which is of the form (11). The NIG risk model models the risk reserves
with a Brownian motion. However, this Brownian motion does not run in calendar time but in
an IG business clock.
Figure 1 also illustrates the role played by the parameter b in the L!evy measure (6). By
changing the sign of b we control the weight of positive versus negative jumps, this is because the
only element in (6) aﬀected by its sign is the exponential term. A parameter b ¼ 0 implies a
symmetric NIG distribution and hence an equilibrium between positive and negative jumps in
the corresponding process. A value of b > 0 would induce larger and more frequent positive
jumps. And not only that, the disparity between positive and negative jumps grows
exponentially, i.e. positive jumps would be exponentially larger and more frequent than
negative ones, which would be exponentially smaller and less frequent. The opposite applies for
b50:
Thanks to the role of b we can incorporate aggregate claims and premium perturbations in
the same process. By setting b50 for instance, we can obtain larger jumps downwards that
represent the claims along with small negative and positive jumps accounting for premium
ﬂuctuations.
Let Qr be an equivalent probability measure deﬁned through the Esscher transform as in
Deﬁnition 3.1. Looking at the L!evy density, we see that a NIG process remains a NIG process
under an Esscher transform. Then, a NIG process X under Qr is again a NIG L!evy process with
parameter b* ¼ b  r:
Now, since for NIG processes stays a NIG under an Esscher change of measure with the
parameter b acting exactly as the Esscher parameter r we can write the ruin probability c as in
(16) as stated in the following result:
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Proposition 4.1
Let U be a risk reserve process driven by a NIG L!evy process as in (12). Let g2 ¼ a2  b2 : Its
associated ultimate ruin probability c satisﬁes:
(i) If bd=g4c4dg=ða þ bÞ then
cðuÞ ¼ EQR ½eRU ðtÞ eRu ;

u50

for R ¼ 2ðb þ gðc=dÞÞ=1 þ ðc=dÞ2 and where QR is an equivalent measure induced by an
Esscher transform with parameter R:
(ii) If c > dg=ða þ bÞ then
cðuÞ4

er
EP

n

u

½etCðrn Þ jt51

;

u50

for some rn in such that b  a5rn 5a þ b; where P is the original measure.

Proof
(i) We had already stated that, for jb  rj5a;
cðuÞ ¼ EQr ½efrðU ðtÞuÞþtCðrÞg Ift51g ;

u50

ð17Þ

Now, if there exist a value r ¼ R in the domain of deﬁnition of C such that CðRÞ ¼ 0 we would
have half of the proof. Notice that, for a NIG distribution, the Laplace exponent C is ﬁnite for
all r in the domain of deﬁnition, including the endpoints. This implies a restriction in the
possible values for c to insure that such a number R exists. This can be seen if we solve the
equation CðrÞ ¼ 0; which implies the following relation:
cr ¼ dðg  gr Þ;
g2r

2

a þ b4r4a þ b

ð18Þ

2

where ¼ a  ðb  rÞ
The function in the right-hand side takes the value dg at both endpoints. If a positive solution
R is to exist, the line cr should intersect the curve dðg  gr Þ at a lower point than dg: This is,
cða þ bÞ4dg which implies the upper bound for c in the proposition.
Now, if we take derivatives we can see that the function C is a convex function and that
C0 ð0Þ ¼ ðc þ ðbdÞ=gÞ: Since we assume that c þ ðbdÞ=g > 0 to meet the net proﬁt condition, we
have that a positive solution R would exist as long as ðbdÞ=g4c4dg=ða þ bÞ: Solving (18)
yields R ¼ 2ðb þ gðc=dÞÞ=1 þ ðc=dÞ2 which is only positive and well deﬁned in the speciﬁed range.
In order to complete the proof we have to show that, under QR ; t51 almost surely. Since the
process U  u is still a NIG L!evy process, if we compute EQR ½U ð1Þ  u we ﬁnd
ðb  RÞd
EQR ½U ð1Þ  u ¼ c þ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ¼ C0 ðRÞ
a2  ðb  RÞ2
Now, since C is convex and strictly increasing on the positive axis, we have that C0 ðRÞ50
which implies that, under the measure QR ; the process U  u drifts away to 1 and t51 Qalmost surely and Ift51g ¼ 1:
(ii) If c > dg=ða þ bÞ we have that there is no solution R in the domain of deﬁnition of the
Laplace exponent such that CðRÞ ¼ 0: However, if we use the fact that M r is a martingale, and
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therefore supermartingale, we have for t > 0;
15EP ½M r ðt ^ tÞ5EP ½M r ðtÞjt5tPðt5tÞ;

jb  rj5a

This last equation follows from the optional stopping theorem and the fact that M r ð0Þ ¼ 1: If we
substitute the expression for M r and we get
Pðt5tÞ4

eru
EP ½erU ðtÞtCðrÞ jt5t

4

eru
EP ½etCðrÞ jt5t

;

u50

This last inequality comes from the fact that U ðtÞ50 conditioned on the set t51: Now, via
Jensen’s inequality and the previously established fact that C0 ð0Þ50 because of the net proﬁt
condition, we have that there exists a point rn in the domain of the function C such that
eru =EP ½eCðrÞ jt5t attains its minimum. If we let t ! 1; this leads to the form that has become
standard in the actuarial literature (Grandell [1]):
cðuÞ4

er
EP

n

u

½etCðrn Þ jt51

;

u50

&

Notice that from Proposition 4.1 we can recover Lundberg’s inequality for the NIG risk
process
cðuÞ4eRu
where R ¼ supfrjCðrÞ40g: In the ﬁrst case of Proposition 4.1 this yields the exact adjustment
coeﬃcient R for which CðRÞ ¼ 0: In the second case this yields rn :
4.2. Other examples
4.2.1. The Meixner risk model
If we set in (11) k ¼ 0 and s ¼ 1 and take for the subordinator tðtÞ the process wt as in (7), we
have that U  u follows an Meixnerð2; 0; 1; cÞ process. Introducing skewness (via b) and making
the other parameters general leads to a MEIXNERða; b; d; cÞ: Next, we look for the r ¼ R 2
ððb  pÞ=a; ðb þ pÞ=aÞ leading to CðRÞ ¼ 0: Note that C is convex and goes to inﬁnity in the
boundary points ðb  pÞ=a: Note that Cð0Þ ¼ 0: After some calculations one obtains that C
reaches its minimum value
0
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1
c2
cðb þ 2 arctanðc=ðdaÞÞ
2d log@cosðb=2Þ
þ 1A 
2 2
a
d a
in
b þ 2 arctanðc=ðdaÞÞ
a
If this value is positive, this would imply positive solution R 2 ð0; ðb þ pÞ=aÞ: If the value is
negative there is solution R 2 ððb  pÞ=a; 0Þ: One then can proceed as in the ﬁrst part of
Proposition 4.1. Having a positive R; one does not have to impose in this case the upper bound
on c: The exact value of R can easily be computed numerically.
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4.2.2. The GH risk model
If we set in (11) k ¼ b and s ¼ 1 and take for the subordinator tðtÞ a GIG-process with
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
parameters l; a ¼ d and b ¼ g ¼ a2  b2 ; we have that U  u follows an GH(l; a; b; d; cÞ
process.
4.2.3. The VG risk model
If we set in (11) k ¼ y and s ¼ s* and take for the subordinator tðtÞ a Gamma process with
parameters a ¼ 1=n and b ¼ 1=n; we have that U  u follows a VGðs* ; n; y; cÞ process. Next, we
look for the r ¼ R leading to CðRÞ ¼ 0: We do this in the CGM parameterization. We look for a
r ¼ R 2 ðM; GÞ: Note that C is convex and Cð0Þ ¼ 0; moreover  goes to inﬁnity in the
boundary points M and G: After some calculations one obtains that C reaches its minimum
value in
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2 ðG þ MÞ2 þ 4C 2
G M C
  
2
2
c
2c
As in the Meixner case, if this value is positive, this would imply always another solution
R 2 ð0; GÞ; one then can proceed as in the ﬁrst part of Proposition 4.1. Having such a solution
R 2 ð0; GÞ; one has not to impose an upper bound on c as in the NIG case. The exact value of R
can easily be computed numerically.
Finally, we mention that along the same lines many other L!evy processes can be proposed.
We think especially at Tempered Stable and Modiﬁed stable subordination described in
Barndorﬀ–Nielsen and Shephard [45].

5. CONCLUSIONS
We present a risk model based on a L!evy process. We show how the inﬁnite activity feature of
such family of processes can be used to account for discrete premium ﬂuctuations as well as for
semi-heavy tailed claims. Despite its counterintuitive properties, this risk process can be still
incorporated into standard risk theory results.
The subordination construction of the L!evy processes implies that our risk model is a
generalization of the diﬀusion risk model of Grandell [20]. The fact that the process is still a
diﬀusion but operating in business time allows for larger ﬂuctuations making it a better and
more ﬂexible model to ﬁt risk reserves with exponentially decaying claims. The concept of
business time for a transformed risk reserve process is used to generalize the diﬀusion model. In
such a generalized process, time evolves by an inﬁnite number of small jumps with occasional
larger time jumps. The random time increments can be seen as a randomly varying market
activity.
Classical simulation techniques for L!evy processes make it possible to evaluate its associated
ruin probabilities using results such as described in Proposition 4.1.
Our discussion is mainly introductory. We present L!evy processes as well as some of its
features within a risk theory context. Further research is needed to asses the performance of
such processes compared to other risk models. We conclude by saying that risk processes driven
by L!evy processes have merits to be considered an object of further research in risk theory.
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