ON A SURPLUS PROCESS UNDER A PERIODIC
ENVIRONMENT: A SIMULATION APPROACH
Manuel Morales*

ABSTRACT
The problem of modeling claims occurring in periodic random environments is discussed in this
paper. In the classical approach of risk theory, the occurrence of claims is modeled by counting
processes that do not account for claims following a periodic pattern. The author discusses how the
use of the classical approach to model a periodic portfolio might lead to the miscalculation of
important risk indices, namely the associated ruin probability.
He presents a periodic model, in terms of nonhomogeneous Poisson processes, that has
potential practical applications. The discussion is based on some properties of the modeled periodic
intensities. Existing simulation techniques are adapted to this periodic model, which provides a
practical way to evaluate ruin probabilities.

1. INTRODUCTION
Consider a insurance portfolio consisting of several independent contracts issued for a limited time
period (usually one year). During this period, the company faces claims from policyholders, and
multiple claims from the same portfolio are possible. For some portfolios, these claims are caused by
periodic phenomena. For instance, this is the case for property insurance issued in geographical areas
where hurricanes or floods are of concern. Assuming that the risk characteristics of such a portfolio are
preserved through different periods, then a nonhomogeneous Poisson process with a periodic intensity
describes, in a natural way, the occurrence of claims in this portfolio.
The general theory for the periodic case has been derived in Asmussen and Rolski (1994), whose
discussion relies on martingale properties of the nonhomogeneous Poisson process. Chukova, Dimitrov,
and Garrido (2000) discuss the surplus process under periodicity from a reliability theory point of view.
Here, I propose a practical simulation approach that relies on the periodic nature of certain intensities.
As in the classical risk model, the aggregate claims process for such a portfolio is given by

冘 Y,

N共t兲

Z共t兲 ⫽

i

t ⭓ 0,

(1)

i⫽1

where {Yi} are i.i.d. random variables representing the claim amounts with c.d.f. FY, ⺕(Yi) ⫽  and with
m.g.f. MY(␣). N ⫽ {N(t)}t肁0 is a nonhomogeneous Poisson process (NPP) with periodic intensity (t).
This intensity is a function of time and drives the seasonality at which claims occur.
This compound process differs from the classical compound Poisson process as implied by the
following definitions.
Following Çinlar (1974), I first give a formal definition of a nonhomogeneous Poisson process.
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DEFINITION 1.1

A nonhomogeneous Poisson process (NPP) Nt ⫽ {N(t)}t肁0 is a counting process such that:
i) ⺕(Nt) ⬍ ⬁ for t ⬎ 0;
ii) Nt ⫺ Ns is independent of Ns, for 0 聿 s ⬍ t (i.e., it has independent increments);
iii) Nt ⫺ Ns is Poisson distributed with mean ⌳(t) ⫺ ⌳(s). Where the function ⌳(t) ⫽ ⺕(Nt) is
continuous.
The function ⌳(t) is called the integrated intensity of Nt and it has the following representation
⌳共t兲 ⫽

冕

t

共s兲 ds,

t ⭓ 0,

0

for some positive function (t). If ⌳(t) ⫽ t for some constant , Nt is a homogeneous Poisson process
(PP).
Chukova, Dimitrov, and Garrido (2000) introduced the following notion.
DEFINITION 1.2

A nonhomogeneous Poisson process Nt is said to be periodic with period c if its intensity function (t)
is periodic; that is, it satisfies
⌳共nc ⫹ t兲 ⫽ n⌳共c兲 ⫹ ⌳共t兲,

n ⫽ 0, 1, 2, . . . ,

t 僆 关0, c兲.

Figure 1 shows realizations of two different counting processes. The one on the left is a sample path
5
of a homogeneous Poisson process with mean  ⫽ 6 , while the one on the right is for a periodic
nonhomogeneous Poisson process with period c ⫽ 6 and with an intensity such that ⌳(6) ⫽ 5. Both
processes have the same expectation over the period c ⫽ 6. However, the way claims occur in time is
different, as described by their corresponding intensity functions depicted in the left upper corner of
each graph. We can see that, while the one on the left is always constant, the one on the right shows a
high season in the middle of the period.
Another difference between an aggregate claims process driven by a PP and one driven by a periodic
NPP is that the latter depends on the initial season s. Asmussen and Rolski (1994) call the initial season
s the point at which we start our observation or measurement of the process. This initial season is not
a problem in the homogeneous PP since its intensity is constant in time, but the NPP depends on the
level of the intensity function , which will affect the seasonality of the NPP.
The term “initial season” refers to the fact that, by choosing a starting point in time s for our intensity,
we are shifting the seasonal pattern. When a new time point s is defined, we are allowing our process

Figure 1
Homogeneous and Nonhomogeneous Poisson Processes
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to start off in a different season of the cycle. Figure 2 shows the same intensity function  under different
initial seasons s. In the upper graph we have a periodic intensity with a high season in the middle of the
period, while the second graph shows the same intensity but starting at a different initial season s. The
resulting seasonality is different (although the underlying intensity remains the same), now with two
high seasons, one at the beginning and another toward the end of the period. These two intensities will
produce different NPP and, as a consequence, they will produce different surplus processes with
different ruin probabilities.
Consider the surplus model under periodic environments (Asmussen and Rolski 1994)
U 共s兲 共t兲 ⫽ u ⫹ ~t ⫺ Z 共s兲 共t兲,

t ⭓ 0,

(2)

where Z(s) is the aggregate claims process defined in equation (1) with initial season s. Here u is the
initial surplus, ~ is a constant premium rate defined as ~ ⫽ *(1 ⫹ ), where  is the security loading
factor and * ⫽ ⌳(c)/c is the average intensity of the NPP over the period c. The net profit condition for
this model is ~ ⬎ * (Asmussen and Rolski 1994).
Risk theory is concerned with functionals of the surplus process. One of particular interest is the
associated ultimate ruin probability . This function measures the riskiness of the portfolio and can be
used as a risk index for reinsurance purposes (Bowers et al. 1986; Asmussen 2000). The ruin problem
in the periodic model is based on the random variable
T 共s兲 共u兲 ⫽ inf兵t ⬎ 0兩U共s兲共t兲 ⫽ u ⫹ ~t ⫺ Z共s兲共t兲 ⬍ 0其.
The main interest lies in evaluating the probability of ruin over a finite or an infinite horizon:
 t共s兲 共u兲 ⫽ P兵T 共s兲 共u兲 ⭐ t其,

0⬍t⬍⬁

and

共s兲共u兲 ⫽ P兵T共s兲共u兲 ⬍ ⬁其,

where the functions (s) and t(s) are functions of the initial level u as well as of the initial season s.
It is well known (Grandell 1991) that, if the premium ~ is a function of time such that the cumulative
premium up to t is (1 ⫹ )⌳(t), then the surplus process (2) is equivalent to the transformed process
 共t兲 ⫽ U 共s兲 关⌳ ⫺1 共t兲兴 ⫽ u ⫹ 共1 ⫹  兲t ⫺ Z 共t兲,
U

t ⭓ 0,

(3)

where Z t is a compound Poisson process driven by a PP with mean one. The time scale ⌳⫺1(t) is called
the operational time scale of an NPP. Since the process in equation (3) is a classical surplus process
driven by a PP with mean one, the nonhomogeneous case can be reduced to the homogeneous case
when the premium takes this special form.
However, the surplus process in equation (2) does not reduce so neatly when we work in a more
realistic setting where the premium charged for a contract is constant over a year (or period c). In this

Figure 2
Effect of the Initial Season s
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case, ~ is not a function of time but is proportional to the average of the intensity over the period c; that
is, ~ ⫽ *(1 ⫹ ), where * ⫽ ⌳(c)/c.
Asmussen and Rolski (1994) derive Lundberg-type bounds for the ultimate ruin probability (s). Their
analysis is an extention of an approach introduced in Gerber (1973). It relies on the fact that the
compound NPP Z(s) is still an infinitely divisible process and, therefore, from semimartingale theory of
processes with independent increments (Jacod and Shiryaev 1987), we have that the process
共s兲

e ␣关Z 共t兲⫺~t兴
e  t共␣兲
is a martingale, where t is the cumulant function (or Lévy-Khintchine representation) of S(t) ⫽
Z(s)(t) ⫺ ~t. Notice that the denominator is the expectation of the numerator; that is, t(␣) ⫽
(s)
ln ⺕[e␣[Z (t)⫺~t]].
This is a rather general property that holds for a wide class of surplus processes and yields Lundbergtype bounds for the associated ruin probabilities (see Sørensen 1996 and Morales and Schoutens 2003
for some examples). Note that, since Z(s) is a compound NPP, then
 t 共␣兲 ⫽ ⌳ 共s兲 共t兲关M Y 共␣兲 ⫺ 1兴 ⫺ *t共1 ⫹  兲␣,

t, ␣ ⭓ 0.

Notice that t is periodic with period c and that at the end of each period it reduces to
共␣兲 ⫽ *c关M Y 共␣兲 ⫺ 1兴 ⫺ *c共1 ⫹  兲␣,

␣ ⭓ 0,

(4)

since ⌳(s)(c) ⫽ *c. This is the cumulant function for the classical (homogeneous) case (see Asmussen
and Rolski 1994). Recall from the literature (Bowers et al. 1986) that the adjustment coefficient R is
defined as the solution of (R) ⫽ 0.
The approach here relies on pathwise properties of the chosen intensity ⌳ to approximate, via
simulation, the ultimate ruin probability in the periodic case. The main problem that arises when
simulating ruin probabilities is that, for certain simulated paths, the event ruin does not occur and there
is no stopping rule for the simulation. I deal with that problem by changing the measure to one, under
which the ruin event occurs with certainty. Then, switching back to the original measure, we obtain an
estimator of the ruin probability. This application of importance sampling in risk theory can be found
in Von Bahr (1974), Siegmund (1975), Asmussen (1985), Vazquez-Abad (2000), and Paulsen and
Rasmussen (2003).

2. THE MODEL
Consider the periodic surplus process presented in equation (2):
U 共s兲 共t兲 ⫽ u ⫹ ~t ⫺ Z 共s兲 共t兲,

t ⭓ 0,

(5)

where Z(s) is a periodic compound Poisson process driven by the integrated intensity ⌳(s). Henceforth
make the assumption that c ⫽ 1. This is in no way restrictive, since it is only a matter of changing the
time scale.
Chukova, Dimitrov, and Garrido (2000) consider intensities having a beta shape and argue that the
beta function is flexible enough to account for different seasonal patterns. However, working with this
function requires approximations of the incomplete beta function and, in addition, might yield discontinuous intensity functions . Here, I use a function proportional to the normal density to model the
claims arrival intensity. This has the advantage of being continuous and requiring only values of a
standard normal distribution for numerical computations.

2.1 Bell-Shaped Intensities
We consider bell-shaped intensities of the form
共t兲 ⫽



 冑2

e ⫺共t⫺1/ 2兲

2 / 2 2

,

for t 僆 关0, 1兲,

共n ⫹ t兲 ⫽ 共t兲,

for,

n ⫽ 0, 1, 2, . . . ,

(6)

80

NORTH AMERICAN ACTUARIAL JOURNAL, VOLUME 8, NUMBER 4

where
*

⫽
⌽

冉 冊 冉 冊
1
1
⫺⌽ ⫺
2
2

and ⌽ is the standard normal distribution function. Figure 3 shows different shapes of this family of
intensities parameterized by  and *. The value  drives the variability of the seasons while the factor
* is the area under the intensity over a period; that is, ⌳(s)(1) ⫽ *. These intensities show a high
season in the middle of the period. Its amplitude depends on the factor ; the smaller it is the more
extreme the seasons are.
This choice for the intensities is in no way restrictive. Given an initial season s ⬎ 0, we can replicate
almost any seasonal pattern in a rather smooth fashion, as can be seen in Figure 4. By changing s, we
go from a pattern with a high season in the middle (Figure 3), to one with a high season at the beginning
and a low season toward the end of the period (Figure 4). This three parameter family is defined through
 共s兲 共t兲 ⫽ 共t ⫹ s兲,

s ⬎ 0,

where the additional parameter s is the initial season.
Another friendly feature of this family of intensities is that its integrated intensity and its inverse are
given in terms of the cumulative function of a standard normal distribution. This makes this family
easier to implement.
The integrated intensity for an initial season s ⫽ 0 is given by

再冉

⌳共t兲 ⫽ 关t兴* ⫹  ⌽

冊 冉 冊冎

1
t ⫺ 关t兴 ⫺ 1/ 2
⫺⌽ ⫺
,

2

t ⬎ 0,

(7)

where [ 䡠 ] is the maximum integer function and ⌽ is the cumulative function of a standard normal
distribution. For other initial seasons s, the integrated intensity can be written as
⌳ 共s兲 共t兲 ⫽ ⌳共t ⫹ s兲 ⫺ ⌳共s兲,

t ⭓ 0.

The inverse ⌳⫺1 is needed in simulations, and its expression is also simple. For an initial season of
0, it is given by
⌳ ⫺1 共a兲 ⫽

冋 册

再

冉 冊冎

1
a
a ⫺ *关a/*兴
⫹ ⌽ ⫺1
⫹⌽ ⫺
*

2

1
⫹ ,
2

(8)

where ⌽⫺1 is the inverse function or quantile function of a standard normal distribution and [ 䡠 ] the
maximum integer function. For any initial season s ⬎ 0, we can write

Figure 3
Different Bell-Shaped Intensities
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Figure 4
Bell-Shaped Intensities with
Different Initial Seasons

⫺1

⌳ 共s兲 共a兲 ⫽ ⌳ ⫺1 共a ⫹ ⌳共s兲兲 ⫺ s.
Another function related to the intensity family that is of interest to our study is the function
 共s兲 共t兲 ⫽

*t
,
⌳ 共s兲 共t兲

t ⬎ 0.

(9)

The relative intensity (9) measures at every instant the relative difference between the periodic
integrated intensity ⌳(s) and a constant integrated intensity *t. Both functions are shown in Figure 5
where we can observe how this difference varies. Different functions ⌳(t) for various values of  are
plotted over the straight line with slope *.
Notice that the function (9) is bounded for all t ⬎ 0 by
 ⫹ ⫽ max
0聿t⬍1

再 冎

*t
,
⌳共s兲共t兲

and
 ⫺ ⫽ min
0聿t⬍1

再 冎

*t
.
⌳共s兲共t兲

Figure 5
Integrated Intensities

Note: Integrated intensities closer to the line with slope *
correspond to smaller values of  and vice versa.

82

NORTH AMERICAN ACTUARIAL JOURNAL, VOLUME 8, NUMBER 4

Neither one of them depend on the initial season s because of the periodic nature of ⌳(s). The following
bounds for the integrated intensity are immediate:
 ⫺ ⌳ 共s兲 共t兲 ⭐ *t ⭐  ⫹ ⌳ 共s兲 共t兲.
We can compute the time points at which these maxima occur for the bell-shaped intensities. These are
given by
t 0⫹ ⫽

1
⫺
2

冑

冉

t 0⫺ ⫽

1
⫹
2

冑

冉

⫺22 ln

冊

*
 冑2 ,


and
⫺22 ln

冊

*
 冑2 .


Estimators for the parameters for these intensities can be obtained from raw data using standard
techniques for the normal distribution.

3. THE SIMULATION MODEL
Consider the embedded discrete surplus model

冘 Y,
n

U 共s兲 共T n 兲 ⫽ u ⫹ ~T n ⫺

i

n ⫽ 0, 1, 2, . . . ,

(10)

i⫽1

where Tn is the n-th arrival time of a NPP with intensity (s), ~ ⫽ *(1 ⫹ ), as described in equation
(2), and Yi’s are i.i.d. positive random variables with distribution function FY.
The aim is to simulate the stopping time adapted to this surplus process given by

再

 ⫽ min n ⫽ 1, 2, · · · : u ⫹ ~Tn ⭐

冘Y
n

i

i⫽1

冎

.

(11)

Notice that  is a function of u and represents the number of claims observed before ruin. The time to
ruin T(s)(u) is the -th arrival time; that is, T(s)(u) ⫽ T.
To simulate the arrivals Tn, we use the fact that a NPP under the operational time scale is a Poisson
process with rate one. This result is presented in the following lemma from Çinlar (1974).
Lemma 3.1

{T1, T2, . . .} are the arrival times of a nonhomogeneous Poisson process with integrated intensity ⌳ if,
and only if, {⌳(T1), ⌳(T2) . . .} are the arrival times in an homogeneous Poisson process with mean one.
Lemma 3.1 implies that Ei ⫽ ⌳(Ti) ⫺ ⌳(Ti⫺1) is exponentially distributed with mean one for all i ⫽
1, 2, . . . . As a consequence,
T n ⫽ ⌳ ⫺1 共E 1 ⫹ · · · ⫹ E n 兲,

(12)

where the Ei’s are independent and exponentially distributed with mean one. Unlike the classical case,
the interarrival times {Tn ⫺ Tn⫺1}n⬎1 in equation (10) are not independent. However, we have that the
{Ei}i⫽1,2, . . . are still independent. We will use this fact to implement a simulation scheme for model (10).
To simulate the n-th arrival Tn of a NPP with integrated intensity ⌳t, we need to simulate n
exponential variates with mean one and then evaluate equation (12). This poses no problem as long as
the function ⌳⫺1 is invertible, as is the case for the particular bell-shaped intensities chosen in this
study.
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Our main concern at this point is the fact that the time to ruin (11) is not always finite, and there will
be paths for which the stopping rule will not exist. This is an impediment to any straight-forward
simulation analysis.
The way to go around this problem is to use importance sampling (Bahr 1974, Siegmund 1975, or
Asmussen 1985). The idea is to simulate equation (11) under a measure where ruin is certain (and,
therefore, all the paths admit a stopping rule) and then to switch back to the original measure to define
an estimator of the ruin probability. This technique, commonly used as a variance reduction technique
in simulation applications (L’Ecuyer 1994), relies on the Radon-Nikodym theorem (see Vazquez-Abad
2000).
Using importance sampling, we can write the expectation under one measure (⺠) of a random variable
in terms of an expectation under a different measure (⺡). We can write the ultimate ruin probability (s)
as an expectation of a function of equation (11) as follows:
 共s兲 共u兲 ⫽ ⺕ ⺠ 关⺙ 兵⬍⬁其 兴 ⫽ ⺕ ⺡

冋

册

d⺠共E i , Y i 兲
⺙ 兵⬍⬁其 ,
d⺡

where ⺙{A} is the indicator function over the set A and d⺠(Ei, Yi)/d⺡ is the likelihood ratio (or
Radon-Nikodym derivative) of the two measures. In our simulation model (10), ⺙{⬍⬁} is a function of the
independent random variables {(Ei, Yi)兩i ⫽ 1, 2, . . . , }, where {Ei}i⫽1,2, . . . are independent and
exponentially distributed with mean one, and Yi is distributed as FY for all i ⫽ 1, 2, . . . , . Recall that
the random variables {Ei}i⫽1,2, . . . are not the interarrival times but the independent random variables
used to define the interarrivals. We would like to find a measure ⺡ under which ⺙{⬍⬁} ⫽ 1 a.s. and
d⺠(Ei, Yi)/d⺡ ⬍ 1 (see Vazquez-Abad 2000). Let us define such a measure ⺡.
First, following Vazquez-Abad (2000), consider the process (10) simulated under a new measure,
under which the claims severity distribution is the R-Esscher transform of Y and the underlying variates
Ei’s are exponentially distributed with parameter ␣ ⫽ (␦⫺ ⫹ 1), where
 ⫺ ⫽ min
0聿t⬍1

再 冎

*t
,
⌳共s兲共t兲

(13)

and for some ␦ ⬎ 0. Notice that the periodic nature of ⌳(s) assures the existence of ⫺ ⬎ 0, which does
not depend on the initial season s. We will see that this choice for the new measure will lead to a surplus
process for which ruin is certain and, therefore, will allow us to simulate its ruin probabilities.
From now on, given a functional X, we will denote by X̃ the equivalent functional under the new
measure ⺡. The transformed severity density function is
f Ỹ 共 y兲 ⫽

e Ry
f 共 y兲,
M Y 共R兲 Y

where MY is the moment-generating function of the claim severity distribution and the Tn are now the
˜ (s)(t) ⫽ (␦⫺ ⫹ 1)⌳(s)(t). This last fact comes from the
arrival times of NPP with integrated intensity ⌳
form of our particular choice for the intensity. If Ẽi’s are exponential with parameter ␣, we have that
T̃n ⫽ ⌳⫺1[(1/␣){E1 ⫹ . . . ⫹ En}], where Ei’s are exponential with parameter one. Using equation (8) for
⌳⫺1, we see that this implies T̃n ⫽ ␣⌳⫺1(E1 ⫹ . . . ⫹ En) and, hence, the arrival times T̃n are the arrival
˜ (s), which is proportional to the original one. R and ␦ are
times of a NPP with integrated intensity ⌳
related as follows:
R⫽

␦
.
共1 ⫹  兲

In a general semimartingale setting, we know that ruin is certain if (see Sørensen 1996)
~共t兲 ⬍ ⺕关Z共t兲兴,

for all t ⬎ 0,
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where ~(t) is the cumulative premium function, which in this case is the linear function ~t, and ⺕[Z(t)]
is the expectation of the aggregate claims process. Then, for the periodic case, it reduces to (Asmussen
and Rolski 1994)
~ ⬍ ⺕关Z共1兲兴.

(14)

Under the new measure, the expected claim amount per unit time ⺕⺡[Z(1)] is
⺕ ⺡ 关Ñ共1兲兴⺕关Ỹ兴 ⫽ 共␦ ⫺ ⫹ 1兲*

冋

册

M⬘Y 共R兲
.
M Y 共R兲

Notice that the measure ⺡ depends on the choice of R. We will choose our measure ⺡ to be the one
defined by R* such that
M Y 共R*兲 ⫽ ␦ ⫺ ⫹ 1 ⫽ R*共1 ⫹  兲 ⫺ ⫹ 1.

(15)

Notice that this is analogous to the definition of the adjustment coefficient R, and it implies that
R* ⬍ R.
Then the expected claim amount per unit time becomes
⺕ ⺡ 关Ñ共1兲兴⺕ ⺡ 关Ỹ兴 ⫽ *M⬘Y 共R*兲.
Now, we would like to verify that ruin is certain under this new measure for the surplus process U in
equation (2); that is, we have to verify condition (14). To see this, we have to look at the expectation
per unit time of the surplus process under the new measure; that is,
⺕ ⺡ 关U共1兲 ⫺ u兴 ⫽ *共1 ⫹  兲 ⫺ *M⬘Y 共R*兲.
This last equation can be written in terms of the cumulant function (4) of the process as follows:
*共1 ⫹  兲 ⫺ *M⬘Y 共R*兲 ⫽ ⫺⬘共R*兲.
The cumulant function is a convex function and then ⬘(R*) ⬎ 0, which implies
*M⬘Y 共R*兲 ⬎ *共1 ⫹  兲 ⫽ ~,
and condition (14) is satisfied.
Following Vazquez-Abad (2000), we have that, under this new measure, the ruin probability can be
expressed as
 共s兲 共u兲 ⫽

冘 ⺠共 ⫽ n兲 ⫽ 冘 ⺕ 关⺙
⬁

⬁

n⫽0

n⫽0

⺠

⫽

冤冦

冘⺕ 写
⬁

⺡

n⫽0

兵⫽n其

兴

e ⫺E if Y 共Y i 兲

n

i⫽1

⫺

共␦ ⫹ 1兲e

⫺共␦ ⫺ ⫹1兲 E i

冋

e R*Y if Y 共Y i 兲
M Y 共R*兲

册

⺙ 兵⫽n其

冧冥

,

where the expectation ⺕⺡ is taken under the new measure ⺡. The ratio in this formula is the likelihood
ratio between the two measures, and it has this form since the {Ei}i⫽1,2, . . . and the {Yi}i⫽1,2, . . . are
independent. Moreover, we know that they follow an exponential and a R*-Esscher transformed
distribution, respectively. Notice that the {Ei}i⫽1,2, . . . are not the interarrival times but the independent
random variables in Lemma 3.1.
Under this new measure, we have that ⺙{⬍⬁} ⫽ 1 a.s. and we can simply write
 共s兲 共u兲 ⫽ ⺕ ⺡

冋冉

冊

M Y 共R*兲  兵␦ ⫺⌺
e
␦ ⫺ ⫹ 1


i⫽1



E i ⫺R* ⌺ i⫽1 Y i 其

册

.
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n
Ei, we have
Since R* is such that MY(R*) ⫽ ␦⫺ ⫹ 1, and recalling that ⌳(s)(Tn) ⫽ ¥i⫽1


 共s兲 共u兲 ⫽ ⺕ ⺡ 关e ⫺R*兵⌺ i⫽1 Y i⫺共1⫹ 兲

⫺ ⌳ 共s兲 共T  兲其

兴.

(16)

The expression inside the expectation is the Radon-Nikodym derivative of the original measure,
restricted to the set { ⬍ ⬁}, with respect to the original measure. If this derivative is bounded by one,
then the variance of the simulation estimator for the expectation is bounded (L’Ecuyer 1994), and
equation (16) can be used to obtain reliable estimators via simulation. Our concern is the function in
the exponent in equation (16). Since R* is always positive, we need to verify that

冘 Y ⫺ 共1 ⫹  兲 ⌳


⫺

i

共s兲

共T  兲 ⬎ 0,

i⫽1

so that the exponential part of the derivative is less than one.
From equation (11), we know that

冘 Y ⫺ 共1 ⫹  兲*T ⭓ u.




i

i⫽1

This justifies our initial choice of ␣ as a function of ⫺. Since ⫺ is the minimum of all the proportions
between *t and ⌳(s)(t), we have that
 ⫺ ⌳ 共s兲 共t兲 ⭐ *t,

t ⬎ 0.

This implies that

冘 Y ⫺ 共1 ⫹  兲 ⌳


⫺

i

i⫽1

冘 Y ⫺ 共1 ⫹  兲*T ⭓ u,


共s兲

共T  兲 ⭓



i

i⫽1

and the exponent is always positive.
Notice that the final simulation estimator (16) has the same form as the estimators found in Asmussen
and Rolski (1994), specifically of the form defined in equation (3.12) of their article (see Appendix A).

4. A SIMULATION STUDY
Consider two surplus processes. One is the classical model

冘 Y,

N共t兲

U HP 共t兲 ⫽ u ⫹ *共1 ⫹  兲t ⫺

i

t ⭓ 0,

(17)

i⫽1

where the claims are assumed to occur following a homogeneous Poisson process N(t) with mean per
unit time *. The second process is the periodic surplus process defined in Section 2 and given by

冘

N 共s兲 共t兲

U

共s兲
NPP

共t兲 ⫽ u ⫹ *共1 ⫹  兲t ⫺

Y i,

t ⭓ 0,

(18)

i⫽1

where the claims occur following a NPP with periodic intensity.
The ruin probabilities for both models with different values of u and s are presented in Table 1.
The simulation study was carried out with 100,000 paths for the periodic process (18), the claims are
assumed to be exponentially distributed with mean  ⫽ 1, the average number of claims over a year is
estimated to be * ⫽ 10, and the safety loading factor is  ⫽ 0.9. The intensities are bell-shaped with
moderate seasons given by a value of  ⫽ 0.25. The simulation estimators have a precision of (⫾0.001).
The values for the ruin probability of the homogeneous process (17) are computed using the exact
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Table 1
Ruin Probabilities for the Periodic and Nonperiodic Case
Periodic Reserve Process
s

u

Nonperiodic

0

0.2

0.4

0.6

0.8

1

1.2

0
0.5
1
1.5
2
2.5
3

0.526
0.415
0.328
0.259
0.204
0.161
0.127

0.349
0.278
0.223
0.181
0.147
0.12
0.098

0.61
0.513
0.432
0.364
0.305
0.256
0.215

0.7
0.595
0.505
0.425
0.358
0.299
0.25

0.605
0.485
0.387
0.306
0.243
0.191
0.149

0.373
0.274
0.203
0.151
0.114
0.087
0.066

0.349
0.278
0.223
0.181
0.147
0.12
0.098

0.61
0.513
0.432
0.364
0.305
0.256
0.215

expression, which in the exponential case is known to be HP(u) ⫽ [1/(1 ⫹ )] e⫺[u/(1⫹ )]. Notice that
the ruin probability in the nonperiodic case (shown in the first darker column in Table 1) does not
depend on the initial season s. Figure 6 shows both surfaces (from different angles) for the simulated
estimations.
We can observe that ruin probabilities are shown as functions of u and s. As a function of s, the
periodic ruin probability of equation (18) fluctuates up and down the ruin probability for the nonperiodic model (17). As a function of u, it decreases exponentially, just like the ruin function in the
nonperiodic case. This illustrates an error we can incur when we use the homogeneous Poisson process
to model periodic claims. This error depends on the initial season s and sometimes can be quite large
depending on how extreme the seasons are during the year (parameter ). This empirically verifies the
approximation of Asmussen and Rolski (1994). Their Lundberg-type approximation is an exponential
function of u and a periodic function of the initial season s.
Figure 7 presents plots of the ruin probability surfaces for two values of . It shows ruin probabilities
for a model with moderate seasons  ⫽ 0.5 and for a model with more extreme seasons  ⫽ 0.1. We can
see that the fluctuations are larger when the underlying intensity experiences extreme seasons.

5. CONCLUSIONS
There exist insurance portfolios that are subject to periodic random environments, as in the case of
some property insurance portfolios. The classical surplus process of risk theory uses a homogeneous
Figure 6
Ruin Probabilities: The Homogeneous
and the Periodic Case
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Figure 7
Ruin Probabilities: Periodic Case

Poisson process to model the claim occurrences. This process has a constant intensity over time, that
is, the claim occurrences are homogeneously distributed over time, which makes it a crude model for
insurance portfolios under periodic environments.
Modeling surplus under periodicity can be done using a periodic nonhomogeneous Poisson process for
the claim occurrences. The resulting periodic surplus process differs from the classical one and yields
different ruin probabilities. This is why the use of a homogeneous surplus process under a periodic
setting might lead to miscalculations, as shown in the simulation analysis.
The periodic intensities of the NPP can be fitted by bell-shaped intensities. This family of intensities
can model many types of periodic patterns in a smooth fashion. This feature is important since most
seasonal changes in nature occur in a rather continuous way. Hot seasons occur between mild seasons
that then turn into cold seasons; winter never follows immediately after summer. Besides, since these
bell-shaped intensities are defined in terms of the standard normal distribution, it is suitable for
statistical estimation. In the same spirit, we can use gamma or lognormal versions of this family by
simply changing the underlying distribution. This might provide a better fit for different data sets.
We approach the periodic model of Asmussen and Rolski (1994) via simulation. Although they
established a general simulation estimator using importance sampling, they do not go as far as to
implement it. This estimator assumes the existence of the moment-generating function of the claims
distribution, which rules out heavy tailed distributions. Further research should be done in this
direction to implement approximations for these cases.
Results of these simulations for the periodic case are presented and compared to the nonperiodic one.
The difference between the two is then more obvious in view of the empirical analysis. We also verify
that the difference between the two models depends on the measure of variability . The more extreme
the seasons are throughout the year, the larger the difference is.
A further general case of study would be a model where the distribution of the claims is also
time-dependent. This would be the case in settings where, in addition to the periodicity of the
occurrences, the severity distribution also changes over time. This allows for environments where the
size of the claims is higher or lower in some seasons. In Asmussen and Rolski (1994) we find this general
setting, but again, it would be interesting to analyze particular families of periodic intensities.

APPENDIX A
The final simulation estimator (16) has the same form as the estimators found in Asmussen and Rolski
(1994), specifically of the form defined in equation (3.12) of their article. To show this, translate
equation (16) into their notation as follows:
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 共s兲 共u兲 ⫽ ⺕ ⺡

冋

册

h共s; ␣兲
共s兲
e ⫺␣S共T u 兲 ,
共s兲
h共T u ⫹ s; ␣兲

␣ ⭓ R 0,

(19)

where S(t) ⫽ Z(t) ⫺ *(1 ⫹ )t and ⺕⺠[e␣St] ⫽ h(s; ␣)/h(t ⫹ s; ␣). The function h(s; ␣) is the one found
in Asmussen and Rolski (1994) and is given by
h共s; ␣兲 ⫽ e ␣s⫺⌳

共s兲 共s兲关M Y 共␣兲⫺1兴

.

The constant R0 is the solution to
0 ⫽ ⬘共R 0 兲 ⫽ *M⬘Y 共R 0 兲 ⫺ *共1 ⫹  兲;
that is, R0 is the point at which  attains its minimum. Because of convexity we have that R0 ⬍ R.
If we calculate h(s; ␣)/h(T(s)
u ⫹ s; ␣) for our model, we have
共s兲

共s兲
⺕ ⺠ 关e ␣S共T u 兲 兴 ⫽ exp兵关MY共␣兲 ⫺ 1兴关⌳共T共s兲
u ⫹ s兲 ⫺ ⌳共s兲兴 ⫺ ␣*共1 ⫹ 兲Tu 其.

Because of periodicity, we have that ⌳(s)(t) ⫽ ⌳(t ⫹ s) ⫺ ⌳(s), yielding
h共s; ␣兲
共s兲
⫽ exp兵关MY共␣兲 ⫺ 1兴⌳共s兲共T共s兲
u 兲 ⫺ ␣*共1 ⫹ 兲Tu 其.
h共T 共s兲
u ⫹ s; ␣兲
Now, if we substitute this last equation into equation (19), we get
共s兲

 共s兲 共u兲 ⫽ ⺕ ⺡ 关e ⫺␣Z共T u

兲⫺关M Y 共␣兲⫺1兴⌳ 共s兲 共T  兲

兴,

␣ ⭓ R 0,

⫺

If we set ␣ ⫽ R*, then MY(R*) ⫺ 1 ⫽ (1 ⫹ ) and we finally have
共s兲

 共s兲 共u兲 ⫽ ⺕ ⺡ 关e ⫺R*兵Z共T u

兲⫺共1⫹ 兲 ⫺ ⌳ 共s兲 共T  兲其

兴,

u ⭓ 0.

(20)

Now we can easily see this equivalence if we recall that the ruin time T(s)
u and the aggregate claim
(s)

process Z(s) are given in terms of  and Yi by T(s)
u ⫽ T and Z(Tu ) ⫽ ¥i⫽1 Yi. Substituting these in
equation (16) we get equation (20).
All we have to check is R0 聿 R*. If we look at the total claim amount per unit time for the new measure
⺕⺡[Z(1)], we have
⺕ ⺡ 关Z共1兲兴 ⫽ *M⬘Y 共R*兲 ⫽ ⬘共R*兲 ⫹ *共1 ⫹  兲.
Recall that, since ruin is certain under the new measure, we have that ⺕⺡[Z(1)] ⬎ *(1 ⫹ ). It follows
that ⬘(R*) ⬎ 0 and, by convexity, we have that R* ⬎ R0.
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CHUKOVA, STEFANKA, BOYAN DIMITROV, AND JOSÉ GARRIDO. 2000. Compound Counting Processes in a Periodic Random Environment.
Journal of Statistical Research 34(2): 99 –111.
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