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Abstract

Regime-switching models (RSM) have been recently used in the literature as
alternatives to the Black-Scholes model. Several authors favor RSM as being more
realistic since, by construction, they model exogenous macroeconomic cycles against
which asset prices evolve. In the context of derivatives pricing, these models lead to
incomplete markets and, therefore, to the existenceof multiple Equivalent Martingale Measures (EMM) that yield dierent pricing rules. A fair amount of literature
(Bungton and Elliott (2002), Elliott et al. (2005)) focuses on conveniently choosing a family of EMM leading to closed-form formulas for option prices. These
studies often make the assumption that the risk associated with the Markov chain
is not priced. Recently, Siu and Yang (2009), proposed an EMM kernel that takes
into account all risk components of a regime-switching Black-Scholes model. In
this paper, we study two families of EMM and their corresponding implicit assumptions in a more general setting than in Siu and Yang (2009). That is, we
study two families of EMM for a general Lévy regime-switching model that allow
us to assess the inuence of jumps on the price of risk. We specialize this general
framework to Regime-switching Jump-Diusion and Variance-Gamma models and
carry out a comparative analysis of the resulting option price formulas with existing
regime-switching models such as Naik (1993) and Boyle and Draviam (2007).
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1 Introduction
Regime-switching models (RSM) were originally introduced in order to
model the canvas of macroeconomic cycles against which asset prices evolve
(Hamilton(1989)). These cycles are modeled by an underlying Markov chain
that drives the asset prices through structurally dierent market scenarios
against which asset prices evolve with dierent characteristics. Since 1993,
many papers concerning option pricing in a regime-switching setup have been
published. Most of them assume that the risk due to the underlying Markov
chain is not priced (or is diversiable) i.e no premium is paid for such a
risk. For example, Kijima and Yoshida (1993) in a discrete-time model
with Markov volatilities made some assumptions which lead to the price
of volatility risk to be zero. Bollen (1997) in his regime-switching lattice
model suppose explicitly that the "regime-risk" is not priced in the market.
This assumption allowed him to work with the risk-neutrality argument.
Boyle and Draviam (2005) study a Black-Scholes model where the volatility
parameter depends upon a hidden Markov chain and they also assume, for
the sake of simplicity, that the volatility risk is not priced. To the best of our
knowledge, only Naik (1993) discussed the situation when the risk due to the
jumps in volatility are nondiversiable (or priced). In his article, he makes
a risk adjustment to the persistence parameters of his model. Recently Siu
and Yang (2009) have explicitly addressed the issue of pricing the risk due to
the underlying Markov chain for a Regime-switching Black-Scholes model.
The aim of this paper is two-fold. First, we generalize the framework and
results rst introduced in Siu and Yang (2009) to a more general setting. We
study option prices under a Regime-switching exponential Lévy model. In
particular, we work out expressions for option prices in the special cases
of a regime-switching jump-diusion and variance-gamma models. Second,
we carry out numerical analyses in order to asses the impact of pricing vs
not pricing the risk associated with the underlying Markov chain. In these
analyses, we compare two conceptually dierent derivative pricing rules: one
that takes into account the risk associated with the Markov chain and a
second one that does not. We nd a signicant gap between the output of
these two pricing rules that illustrates the potential error that can be made
when the price of the underlying Markov chain is not taken into account.
The paper is organized as follows. Section 2, presents a general Regimeswitching Lévy model and lays down the main concepts and notation used
throughout this paper. In Section 3, we discuss how we can dene two EMM
kernels leading to two conceptually dierent derivative pricing rules. These
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two kernels correspond to two assumptions: pricing and not pricing the risk
associated with the Markov chain. Some special cases are studied in more
depth in Section 4. In particular the Black-Scholes regime switching model
of Boyle and Draviam (2005) and Naik (1993). Finally, in Section 5, we
present a simulation analysis of our model and a comparative study of the
impact of pricing vs. not pricing the risk embedded in the Markov chain.
Section 6 concludes our work and discuss some future work.

2 A General Regime-Switching Exponential Lévy
Model
2.1 Description of the model
We consider a nancial market with two primary securities, namely a money
market account B and a stock S which are traded continuously over the time
horizon T := [0, T ] where 0 < T < ∞.
In order to formally dene this market, we x a complete probability
space (Ω, F, P) where P is the real-world probability.
Let X := (Xt )t∈T denote an irreducible homogeneous continuous-time
Markov chain on (Ω, F, P) with a nite state space S. Let N ∈ N be the
size of the state space S, then is characterized by a rate (or intensity) matrix
A := {aij : 1 ≤ i, j ≤ N, t ∈ T }.
For simplicity sake, we follow the notation of Elliott (1993) and we identify S with the canonical basis of the linear space RN . Let us denote the
ith element of the canonical base by ei , i.e. ei := (0, 0, ..., |{z}
1 , ..., 0). In
i−th

this paper, we set the state space to be S = {e1 , . . . , eN }. This implies
that the process X is a vector-valued Markov chain taking values in RN , i.e.
X ∈ S = {e1 , . . . , eN } ⊂ RN .
Now, we can model the stochastic evolution of the instantaneous interest
rate r = (rt )t∈T of the money market account B at time t as follows
rt := hr, Xt i =

N
X

ri hei , Xt i ,

(2.1)

i=1

where h· , ·i is the usual scalar product in RN and r = (r1 , . . . , rN ) ∈ RN
+.
Here the value ri , the ith entry of the vector r, represents the value of the
interest rate when the Markov chain is in the space state ei , i.e. when
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Xt = ei . The price dynamics of B can now be written as

Z t
rs ds , B0 = 1, t ∈ T
Bt = B0 exp
0

(2.2)

Moreover, let µt and σt denote respectively the mean return and the
volatility of the stock S at time t. Using the same convention, we dene the
following processes
µt = hµ, Xt i =
σt = hσ, Xt i =

N
X
i=1
N
X

µi hei , Xt i ,
σi hei , Xt i ,

i=1

where

µ = (µ1 , µ2 , ..., µN ) ∈ RN ,

and

σ = (σ1 , σ2 , ..., σ2 ) ∈ R+ N .

In a similar way, µi and σi represent respectively the mean value and
volatility of S when the Markov chain is in state ei , i.e. when Xt = ei .
The price dynamics of the stock S can now be described by the following
exponential Markov modulated Lévy process:
St = S0 exp(Yt ),

S0 > 0

(2.3)

with
Yt =

Z t

Z t
Z tZ
1 
µs − σs2 ds +
σs dWs +
z J˜X (ds, dz)
2
0
0
0
R\{0}
Z tZ
−
(ez − 1 − z)ρX (ds, dz)
(2.4)
0

R\{0}

J˜X (dt, dz) := J X (dt, dz)−ρX (dt, dz) denotes the compensated random measure associated to J X (dt, dz) and, in turn, J X (dt, dz) denotes the dierential form of a Markov-modulated random measure on T × R\{0}. We recall

from Elliott and Osakwe (2006) and Elliott and Royal (2006) that a Markovmodulated random measure on T ×R\{0} is a family {J X (dt, dz; ω) : ω ∈ Ω}
of non-negative measures on the measurable space (T × R\{0}, B(T ) ⊗
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B(R\{0})), which satisfy J X ({0}, R\{0}; ω) = 0 and has the following com-

pensator, or dual predictable projection:
ρX (dt, dz) :=

N
X

hei , Xt i ρi (dz)dt

(2.5)

i=1

where ρi (dz) is the density for the jump size when the Markov chain X is in
state ei . We suppose that
N Z Z
X
i=1

B

min(z 2 , 1)ρi (dz)dt < ∞

(2.6)

R\{0}

for each Borel set B ∈ B(T ).
The compensated random measure associated to J X (dt, dz) is dened by
J˜X (dt, dz) := J X (dt, dz) − ρX (dt, dz) and W := (Wt )t∈[0,∞) denotes the
standard Brownian motion on (Ω, F, P) which is supposed independent of X
and J X .
We refer to the model dened by (2.3) as a Regime-Switching exponential
Lévy model. In such a model, the evolution of asset prices is inuenced by
the Markov chain X representing a macroeconomic regime of the market.
One feature of this model is that during the time spent by the Markov chain
in any given regime, the asset price evolves as an exponential Lévy process.
And as the background environment moves from one regime to another, the
stock prices are also modeled by dierent exponential Lévy processes representing the asset dynamics under the current state of the market. The
model in (2.3) is a generalization of existing models and it has been constructed using the readily available theory of Markov Additive Processes
[See for example, Çinlar (1972a,1972b), Grigelionis (1979), Asmussen (1987)
and Pacheco et al. (2009)]. Despite being a natural extension of previous
regime-switching models, it has not been thoroughly studied in the literature in a general form [See Chourdakis (2005)]. Interestingly, equation (2.3)
contains, as particular cases, several models that have appeared in the literature. In the following subsection we briey discuss particular cases that
are of interest to our discussion.

2.2 Some Particular Models
2.2.1

The Regime-switching Black-Scholes model

The most simple regime switching model that can be found in the literature is the Black-Scholes regime-switching model. Introduced in Kijima and
5

Yoshida (1993), it supposes a number N of states or regimes and considers
that within each possible market regime, asset prices evolve accordingly to
a geometric Brownian motion. Each regime species dierent model parameters accounting for dierent price dynamics. We can recuperate the BlackScholes regime-switching model from equation (2.3) by setting J X (.; .) ≡ 0.
In such a case, there are no jumps and the equation (2.3)-(2.4) reduces to
a regime-switching geometric Brownian motion. We refer the reader to Di
Masi et al. (1994), Guo (2001) and Boyle and Draviam (2005) for comprehensives studies regarding this model.This model is the object of our attention
in Section 5 where we provide numerical illustrations of the results of this
paper.
2.2.2

The Naik model

A second model that takes into account possible shifts in macroeconomic
market environments through regime switching is the one in Naik (1993).
He generalizes the previous ones by introducing some jumps in the dynamics
of stock price. In Naik (1993), he assumes two distinct market regimes
where in each the risky asset dynamics is a jump-diusion process. The
jumps have only two sizes and occur only whenever there is a regime shift.
From equations (2.2)-(2.3), we can also recuperate this model by making the
following assumptions,
1. Two regimes, i.e. N = 2,
2. One interest rate and one mean return across regimes, i.e. r1 = r2 and
µ1 = µ2 ;
3. Within each Markov state, e1 and e2 , the Poisson random measure J i
(for i = 1, 2) has as compensator λi ;
4. The size of jump in the stock price level take only one value yi in each
Markov state, ei (i = 1, 2).
In Section 5, we look for a slightly modied version of the Naik model in
particular we suppose that the size of jumps are Gaussian.
2.2.3

Other models

In Elliott and Osakwe (2005), the authors have introduced a model for asset
prices in terms of the exponential of a pure-jump process with an N-state
Markov switching compensator. Their model extended those of Konikov and
6

Madan (2001) in which a two-state Markov chain modulates two VarianceGamma processes. In this paper, the model dened in equation (2.3) contains
in fact a family of models that evolve as a Lévy process within each possible
market regime very much like those in Elliott and Osakwe (2005). Well
known examples that could be used are Normal Inverse Gaussian, Hyperbolic
and Variance-Gamma Lévy processes. We could also remark that if we set
N = 1 i.e the model have just one regime, then we retrieve the well-known
family of exponential-Lévy models. In Section 5, we work out a numerical
illustration of such a model based on the Variance-Gamma Lévy process.

3 Two Conceptually Dierent Pricing Kernels
One of the main features of the Regime-switching Lévy model is that it leads
to an incomplete market; that means that there exist innitely many equivalent martingale measures describing the evolution of risk-neutral prices.
Each of these measures gives rise to a set of derivatives prices compatible
with the no-arbitrage hypothesis, hence the problem of selecting one of them
is crucial. A popular choice for nding an equivalent martingale measure is
based on the Esscher transform [See Gerber and Shiu (1994), Kallsen and
Shiryaev (2002)].
In the framework of Regime-switching model, Elliott and his coauthors
[See Elliott et al. (2006), Siu (2008), Lau and Siu (2008)] introduced the
notion of Regime-switching Esscher transform in order to price contingent
claims. This change of measure is an adaptation of the concept of conditional
Esscher transform introduced by Bühlmann et al. (1996). The form of
this new change of measure includes the underlying Markov chain which
causes the regime shift. The dierence with the standard Esscher transform
change of measure lies in the expectation operator used in its denition. It
is standard to dene the Esscher transform through the moment generating
function (mgf) of the random variable or stochastic process at hand. In the
Regime-switching extension of Elliott et al. (2006), due to the particular role
of the Markov Chain X , the calculation of the mfg is conditional to a subset
of the information available on X . This gives rise to two a priori dierent
pricing kernels based on the conditional Esscher transform. In the following
section we discuss these concepts further.
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3.1 Pricing Kernel that Ignores the Risk Associated with the
Markov Chain
Here, we present the construction of an Esscher change of measure that
produces a pricing kernel that does not take into account the risk associated
with the Markov chain. In other words, this change of measure is based
on a conditioning argument that assumes knowledge of the whole history
of the underlying Markov chain. In the literature, this is often referred
to as ignoring the risk associated with the Markov chain [see, for example
Naik (1993), Boyle and Draviam (2007), Siu and Yang (2009) and Lin et
al. (2009)]. Following Elliott et al. (2006), we start by introducing some
notation.
Let F X := {FtX }t∈T et F Y := {FtY }t∈T denote the right-continuous,
P−complete ltrations generated by X et Y respectively. Moreover, we
dene, for t ∈ T , G t := FTX ∨ FtY and G := {G t : t ∈ T }.
We also make use of the following denition from Siu et al. (2008). We
set, (
Θ :=
EP

(θt )t∈T | θt :=

PN

i=1 θi hei , Xt− i

with (θ1 , θ2 , ..., θN ) ∈ RN such that

)
h Rt
i
− 0 θs dYs
X
e
FT < ∞

and for θ := (θt )t∈T ∈ Θ we dene the generalized Laplace transform of a
G-adapted process Y as
h Rt
i
(3.1)
MY (θ)t := E P e− 0 θs dYs FTX
Notice that the expectation is taken conditionally on the information of all
the future of the Markov chain X . With this extended denition of a Laplace
transform, we can now dene the kernel of a generalized Esscher transform
(with respect to the parameter θ, thus called Esscher parameter ).
Let Λ = {Λt }t∈T denote a G-adapted stochastic process dened as
Rt

e− 0 θs dYs
,
Λt :=
MY (θ)t

(3.2)

t∈T; θ∈Θ

It can be shown that (see for example, Elliott et al. (2006))
"

Z

Λt = exp −
0

t

1
θs σs dWs −
2

Z tZ
−
0



t

Z

θs2 σs2 ds

0

Z tZ
−
0


e−zθs − 1 + θs z ρX (dz)ds

R\{0}
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θs− z J˜X (ds; dz)

R\{0}

#

(3.3)

It is a straight-forward exercise to show that the process in equation (3.2)
is a density process inducing a change of measure in the probability space
(Ω, G). This fact is a direct consequence of the following result.
Proposition 3.1 (See, Siu

et al.

(2008))

The stochastic process Λ = {Λt }t∈T dened by (3.2) is a positive (G, P)martingale and
E P [Λt ] = 1, ∀t ∈ T
(3.4)

Proposition 3.1 immediately implies that Λ is a density process and it is
possible to dene for each process θ in Θ a new probability measure Qθ
equivalent to P by setting
dQθ
dP

Gt

= Λt ,

t∈T .

(3.5)

We derive the pricing kernel associated to this equivalent probability measure
by imposing some conditions on θ. We will discuss this issue in subsection
3.3

3.2 Pricing Kernel that Takes into Account the Risk Associated with the Markov chain
In this subsection, we present the construction of an Esscher change of measure that produces a pricing kernel that takes into account the risk associated
with the Markov chain. In other words, this change of measure is based on
a conditioning argument that assumes knowledge of only the starting state
of the underlying Markov chain. Unlike the rst change of measure of the
previous subsection, the kernel presented here does not assume knowledge
of the whole path of the Markov chain but only its initial state. In order to
construct the second pricing kernel, we give an alternative denition of the
generalized Laplace transform of X by conditioning on the initial value of the
Markov chain X instead of conditioning on the whole path of X . Let us rst
introduce a new ltration in our space namely G := {Gt = FtX ∨ FtY : t ∈ T }
which denotes the right-continuous, P-complete ltration generated by the
bivariate process (X, Y ). We introduce also the set
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Θ∗ =
(
(θt∗ )t∈T

|

θt∗

:=

N
X

∗
θi∗ hei , Xt− i with (θ1∗ , θ2∗ , ..., θN
) ∈ RN such that

i=1

)
i
h R
P − 0t θs∗ dYs
X0 < ∞ .
E e

We now dene, following Siu and Yang (2009), the new kernel Λ∗ = {Λ∗t }t∈[0,T ]
as a G-adapted stochastic process dened as
 ∗
Λ0 := 1




"

∗


 Λt

:=

EP

RT ∗
e−R 0 θs dYs
T ∗
E P [e− 0 θs dYs |X0 ]

#
Gt ,

t ∈ (0, T ]; θ∗ ∈ Θ∗ .

(3.6)

By construction, {Λ∗t }t∈T is a positive G-martingale which veries
E P [Λ∗t ] = 1,

∀t ∈ [0, T ] .

It is clear that we can now dene a family of probability measures {Qθ∗ :
θ∗ ∈ Θ∗ } equivalent to P through
dQθ∗
dP

Gt

= Λ∗t ,

t∈T .

(3.7)

Just like for the family of measures {Qθ : θ ∈ Θ} discussed in the previous subsection, the family {Qθ∗ : θ∗ ∈ Θ∗ } dene a pricing kernel under
some conditions on θ∗ . These conditions and the resulting pricing rules are
discussed in the next subsection.
The rst kernel can be viewed as the one resulting from assuming knowledge of the whole sample path (past and future) of the Markov
chain, so one can suppose that in this case, an agent has enough information
in order to hedge himself the risk due to the regime change. In other words,
the agent does not need to ask a premium for this risk. Unlike the rst kernel, the second one in (3.6) is based only on information of the initial state
of the market regime X0 . That is, we can think that in this case, an agent
will ask a premium for the risk associated with regime changes.

Remark 3.1
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Despite their similarity, the two kernels dened above have some fundamental dierences. In particular, they lead to dierent measure changes
which in turn imply dierent pricing rules. The purpose of this note is to
numerically illustrate these dierences. At this point, we have two density
processes (3.2) and (3.6) inducing two dierent families of equivalent measure
changes {Qθ : θ ∈ Θ} and {Qθ∗ : θ∗ ∈ Θ∗ }. From the fundamental theorem
of asset pricing we know that any contingent claim in any nancial market
would be priced under an equivalent martingale measure and, in order to derive such pricing rule we need to impose the so-called martingale condition
to the kernels dened above. This is carried out in the next subsection.

3.3 Martingale Condition
Consider the market composed of two assets B and S as dened in equations
(2.2) and (2.3). We denote by {St∗ := BStt : t ∈ T } the discounted price
process. A key element in the theory of option pricing is that of Equivalent
Martingale Measure (EMM). Indeed, a milestone in modern mathematical
nance is the fundamental theorem of asset pricing [see Harrison and Pliska
(1981, 1983)] which states that the price of a contingent claim in this market
is given in terms of an equivalent measure satisfying
h
i
E Q St∗ |G0 = S0∗ ,

(3.8)

with Q ∈ {Qθ , Qθ∗ }. This is known as the martingale condition and implicitly gives the condition on the process θ (resp. θ∗ ) that determines an EMM
within the families {Qθ : θ ∈ Θ} and {Qθ∗ : θ∗ ∈ Θ∗ }.
The family of equivalent measures {Qθ : θ ∈ Θ} and {Qθ∗ : θ∗ ∈ Θ∗ }
in (3.5) and (3.7) were introduced and studied in the context of derivative
pricing [see Elliott et al. (2006) and Siu and Yang (2009)]. In both cases,
there exist results that identify explicitly the martingale condition. Here we
present a more general condition that identies the equivalent martingale
measure within the families {Qθ : θ ∈ Θ} and {Qθ∗ : θ∗ ∈ Θ∗ } under the
general Lévy regime-switching model dened in (2.2) and (2.3).
The necessary and sucient condition for Qθ to be an equivalent martingale measure is a somewhat straight-forward result and we present it here
in the form of the following proposition.
Proposition 3.2

Consider the Lévy regime-switching market dened in (2.2) and (2.3). An
equivalent probability measure Qθ dened through (3.5) is an equivalent martingale measure on (Ω, G T ), i.e. it satises condition (3.8), if and only if θ
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satises the following equation
µi − ri −

θi σi2

Z
+

(ez − 1)(e−zθi − 1)ρi (z)dz = 0 ,

(3.9)

R

for i = 1, 2, ..., N .
Proof.

The proof is a straight-forward adaptation of that of the proposition

2.2 in Elliott et al. (2006). The main ingredient is an explicit computation

of the generalized Laplace transform dened by (3.1).

As for the necessary and sucient condition for Qθ∗ to be an equivalent
martingale measure on (Ω, G T ), the result is more complicated and we need
to lay down some preliminary results before. First we recall the following
result for the occupation times of a Markov chain.
Lemma 3.1

Consider an irreducible homogeneous continuous-time Markov chain X :=
(Xt )t∈T on (Ω, G T , G, P) with a nite state space S of size N ∈ N and with
an intensity matrix A := {aij : 1 ≤ i, j ≤ N }. Let

(3.10)

J(u, v) := (J1 (u, v), J2 (u, v), ..., JN (u, v))

denote the vector of the occupation times of X during a period of time [u, v] ⊂
T . The conditional moment generating function of J(u, v) is given by
h PN
i
MJ (u, v)(ζ) := EP e k=1 ζk Jk (u,v) Gu
D
E
=
e(A+Diag(ζ))(v−u) Xu , 1 ,

ζ ∈ RN

(3.11)

where 1 = (1, 1, ..., 1) ∈ RN , h· , ·i is the usual scalar product in RN and
Diag(ζ) is a N × N diagonal matrix of the form
0



ζ1 0 · · ·
0
0
 0 ζ2
0
···
0

 .. . . . .
..
.
..
.
.
.
Diag(ζ) = 
 .
 .. . . . .
 .
.
. ζN −1 0
0 ··· 0
0
ζN

.
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 .




The proof is easily adapted from that of the proposition 2 in Elliott
and Osakwe (2006).
Lemma 3.1 gives the explicit form of the moment generating function
of a Markov chain in terms of the occupation times. This is useful when
we study the kernel (3.6) which is dened in terms of one such moment
generating function.
Using Lemma 3.1 we have this following proposition
Proof.

Proposition 3.3

Let {St∗ := BStt : t ∈ T } be the discounted price process in the market dened
in equations (2.2) and (2.3) and let Qθ∗ be the family of equivalent measures
dened through (3.6) and (3.7) on (Ω, G T ). Then, for all u, v ∈ [0, T ] such
that u ≤ v
Qθ∗

E

where

[Sv∗ |Gu ]

=

he(A+
Su∗
(A+
he

Diag(ξ̃(θ∗ )))(v−u) Xu , 1i
Diag(ξ(θ∗ )))(v−u) Xu , 1i ,

(3.12)

∗
ξ(θ∗ ) = (ξ1 (θ1∗ ), ξ2 (θ2∗ ), ..., ξN (θN
)) ,
∗
˜ ∗ ) = (ξ˜1 (θ1∗ ), ξ˜2 (θ2∗ ), ..., ξ˜N (θN
ξ(θ
)) ,

with
1
1
ξi (θi∗ ) = −θi∗ (µi − σi2 ) + (θi∗ )2 σi2 +
2
2

Z 


∗
e−zθi − 1 + θi∗ (ez − 1) ρi (z)dz ,

R

1
1
ξ˜i (θi∗ ) = −ri − (θi∗ − 1)(µi − σi2 ) + (θi∗ − 1)2 σi2
2
Z 2

∗
+
e−z(θi −1) − 1 + (θi∗ − 1)(ez − 1) ρi (z)dz ,
R

for i = 1, 2, ..., N .
Proof.

By Bayes'rule (or Conditional Bayes'theorem) we have, for all u, v ∈ [0, T ]
such that u ≤ v [see Aggoun and Elliott (2004)],
E P [Λ∗v Sv∗ |Gu ]
E P [Λ∗v |Gu ]
#
"
∗
P Λv ∗
S Gu
(since Λ∗ is a G-martingale) .
= E
Λ∗u v

E Qθ∗ [Sv∗ |Gu ] =

(3.13)
13

Using the expressions in (2.3) and (3.6) we can explicitly write
Sv∗ = Su∗ e−
Λ∗v
Λ∗u

= e−

Rv
u

Rv
u

rs ds

θs∗ dYs

e

Rv

dYs

u

E P [e−
−

RT

E P [e

(3.14)

,

RT

∗
v θs dYs

u

θs∗ dYs

|Gv ]

(3.15)

.

|Gu ]

A simple substitution of equations (3.14) and (3.15) into (3.13) yields,
E QΘ [Sv∗ |Gu ] = Su∗

i
h Rv
RT ∗
Rv ∗
E P e− u rs ds e− u (θs −1)dYs E P [e− v θs dYs |Gv ] Gu
E P [e−

RT
u

θs∗ dYs

|Gu ]

. (3.16)

If we use the fact that X is a homogeneous Markov chain, we can write (3.16)
in terms of the vector of occupation times J dened in (3.10) as follows
"

"

EP e
E

QΘ

[Sv∗ |Gu ]

=

PN

∗
i=1 ξ̃i (θi )Ji (u,v)

EP e

"

#
PN

∗
i=1 ξi (θi )Ji (v,T )

"

EP e

PN

∗
i=1 ξi (θi )Ji (u,v)

EP e

Gv Gu
#

PN

∗
i=1 ξi (θi )Ji (v,T )

#
# . (3.17)

Gv Gu

This last equation can be simplied if we use the following property of homogeneous Markov chains (See, for example Norris (1998)),




Law J1 (v, T ), ..., JN (v, T ) Gv
= Law J1 (v, T ), ..., JN (v, T ) Xv
(3.18)


= Law J1 (0, T − v), ..., JN (0, T − v) X0 .

By using property (3.18) in (3.17), we have
"
EP e
E

QΘ

[Sv∗ |Gu ]

=

Su∗

#
PN

∗
i=1 ξi (θi )Ji (0,T −v)

EP e
"
EP e
=

Su∗

X0 E P e
#

∗
i=1 ξi (θi )Ji (0,T −v)

∗
i=1 ξ̃i (θi )Ji (u,v)

Gu
#

"
PN

X0 E P e

∗
i=1 ξi (θi )Ji (u,v)

Gu

#
PN

∗
i=1 ξ̃i (θi )Ji (u,v)

Gu
#.

"
EP e

#
PN

"
PN

"

PN

∗
i=1 ξi (θi )Ji (u,v)
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Gu

(3.19)

If we now use Lemma (3.1), we nally obtain
E QΘ [Sv∗ |Gu ] = Su∗

∗
he(A+Diag(ξ̃(θ )))(v−u) Xu , 1i
.
∗
he(A+Diag(ξ(θ )))(v−u) X , 1i

(3.20)

u

Proposition 3.3 gives a particular form for the martingale condition (3.8)
for an equivalent probability measure Qθ∗ dened on (Ω, G T ). It immediately
yields a characterization of the martingale measures in {Qθ∗ : θ∗ ∈ Θ∗ } as
stated in the following result.
Consider the Lévy regime-switching market dened in (2.2)
and (2.3). An equivalent measure Qθ∗ dened through (3.7) is an equivalent
martingale measure on (Ω, G T ), i.e. it satises condition (3.8), if and only
if θ∗ satises the following equation
Theorem 3.1

he(A+Diag(ξ̃(θ

∗ ))

)t X , 1i − he(A+Diag(ξ(θ∗ )))t X , 1i = 0 ,
0
0

(3.21)

where we use the same notation as in Proposition 3.3.

By set v = t and u = 0 in equation (3.12) we have immediately that
the martingale condition
Proof.

h
i
E QΘ St∗ |G0 = S0∗

(3.22)

is equivalent to equation (3.21).

3.4 Some approximations
The importance of Proposition 3.2 and Theorem 3.1 is that they characterize
the equivalent martingale measures (EMM) within the families {Qθ : θ ∈ Θ}
and {Qθ∗ : θ∗ ∈ Θ∗ } under which the discounted price process S ∗ is a martingale. Under non-arbtrage assumptions, so-called equivalent maringale measures are needed in order to price any contingent claim on the underlying
process S . These results, endow us with a means to evaluate derivative products under two conceptually dierent assumptions regarding the underlying
market regimes. In view of this, it is of uttermost importance to explicitly
determine the martingale conditions in both Proposition 3.2 and Theorem
3.1. We focus our attention on the condition for the family {Qθ∗ : θ∗ ∈ Θ∗ }
since it is a more complicated object. In fact, the presence of a matrix exponential in equation (3.21) make it very cumbersome for the determination of
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Esscher parameters (θ1 , θ2 , ..., θN ). It is often the case that approximations
are needed in order to nd the solution of equation (3.21). It turns out that
an standard approximation for the matrix exponential in (3.21) leads to interesting insight about the dierence between the two family of equivalent
measures QΘ and Q∗Θ and their underlying assumptions. In the following
subsection we carry out a comparative analysis of these two families via
certain types of approximations for the martingale condition in (3.21).
At this point we recall that a matrix exponential of a square matrix C is
dened as
exp(C) :=

∞
X
Ck
k=0

3.4.1

k!

(3.23)

.

A comparison between Qθ and Qθ∗

We start by replacing the expression of the matrix exponential exp(C) in
the equation (3.21) by his rst-order approximation i.e,
(3.24)

exp(C) ≈ I + C

where I denoted the identity matrix. This substitution yields the following
expression,
D

 

E D
E
 
˜
I + A + (ξ(θ))
t X0 , 1 − I + A + Diag(ξ(θ)) t X0 , 1 = 0 .

(3.25)
By setting X0 = ei for i = 1, ..., N , the above equation is then equivalent to
the following system of N equations
N
X



!



aki + 1 + aii + ξ˜i (θi ) t

−

k=1,k6=i

N
X





!

aki + 1 + aii + ξi (θi ) t

k=1,k6=i

=0.

(3.26)

Thus, for i = 1, ..., N
ξ˜i (θi ) − ξi (θi ) = 0 because t > 0,

(3.27)

or, for i = 1, ..., N
µi − ri − θi σi2 +

Z

(ez − 1)(e−zθi − 1)ρi (z)dz .

R
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(3.28)

Notice that this last expression is exactly the martingale condition for
the family {Qθ : θ ∈ Θ} as given in equation (3.2). In fact, this shows that
the martingale condition for the family QΘ in (3.2) is the rst-order approximation of the martingale condition for {Qθ∗ : θ∗ ∈ Θ∗ } in (3.21). This
has an interesting interpretation with respect to the underlying assumptions
behind these two families, we can think of the second pricing kernel Λ∗ as
having more information than the rst one Λ. Indeed, the second kernel Λ∗
is obtained under the assumption that only the initial state of the market
regime is known, whereas the rst kernel Λ operates under the less likely
assumption that the whole path of the market regimes are known. Apparently, under kernel Λ∗ , a rst-order approximation to identify the martingale
condition is equivalent to assuming that the whole path of the Markov chain
is known, which in turn reduces to using kernel Λ. This result had been
previously observed in Siu and Yang (2009) for a Regime-switching BlackScholes model, here we have established the same result for a slightly more
general regime-switching model.
When working with the second kernel Λ∗ , there are higher-order approximations that can be used to compute the martingale condition (3.21) through
the series (3.23). In view of the previous discussion, we can see higher-order
approximations as giving new degrees of information that allow us to move
away from an unlikely assumption where the whole path of the Markov chain
is known towards a more seemingly assumption where only the initial state
of the Markov chain is known. In the following subsection, we discuss a
second-order approximation in a particular example.
3.4.2

Further approximation

One of the goals of this note is to numerically illustrate the dierence between
the two kernels that were discussed in previous sections. In particular, we
notice that in order to explicitly obtain solutions for the martingale condition
(3.21) for Qθ∗ is far from trivial since it involves a matrix exponential. Here,
we discuss how to simplify the martingale condition for Qθ∗ by taking a twoorder approximation for matrix exponential. In the following, we make the
assumption N = 2.
Moreover, let a11 = −a12 = −a1 ; a22 = −a21 = −a2 ; a1 , a2 ≥ 0 and, for
t > 0, let


˜ ∗ )) t .
M = A + (ξ(θ
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(3.29)

Then we have

M=

−a1 + ξ˜1 (θ1∗ )
a2

a1
−a2 + ξ˜2 (θ2∗ )



(3.30)

t.

Hence
M2
exp(M ) ≈ I + M +
=
2



A11
A21

A12
A22


,

where
1
1
A11 = 1 − a1 t + ξ˜1 t + a1 a2 t2 + (a1 − ξ˜1 )2 t2 ,
2
2
1
A12 = a1 t + a1 (ξ˜1 − a1 − a2 + ξ˜2 )t2 ,
2
1
A21 = a2 t + a2 (ξ˜1 − a1 − a2 + ξ˜2 )t2 ,
2
1
1
A22 = 1 − a2 t + ξ˜2 t + a1 a2 t2 + (a2 − ξ˜2 )2 t2 .
2
2

(3.31)

So, for X0 = e1 = (1, 0), the martingale condition (3.21) becomes


"




1
ξ˜1 (θ1∗ ) − ξ1 (θ1∗ ) t + t2 ξ˜1 (θ1∗ ) − ξ1 (θ1∗ ) ξ˜1 (θ1∗ ) + ξ1 (θ1∗ )
2
#





+ a2 − 2a1 ξ˜1 (θ1∗ ) − ξ1 (θ1∗ ) + a2 ξ˜2 (θ2∗ ) − ξ2 (θ2∗ ) = 0 . (3.32)

Similarly, for X0 = e2 = (0, 1) it becomes


"




1
ξ˜2 (θ2∗ ) − ξ2 (θ2∗ ) t + t2 ξ˜2 (θ2∗ ) − ξ2 (θ2∗ ) ξ˜2 (θ2∗ ) + ξ2 (θ2∗ )
2
#





+ a1 − 2a2 ξ˜2 (θ2∗ ) − ξ2 (θ2∗ ) + a1 ξ˜1 (θ1∗ ) − ξ1 (θ1∗ ) = 0 . (3.33)

Equation (3.32) and (3.33) are examples of the type of equations that need
to be solved in order to identify the martingale condition. These equations
are somewhat more tractable than (3.21) and they will be used to determine
the EMM parameters for the numerical illustrations. In the following section
we carry out numerical examples for certain particular cases using equations
(3.32) and (3.33).
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4 Particular Cases
In this section we derive explicit forms of the martingale conditions for the
two families of equivalent measures discussed in previous sections. In particular, we specialize equations (3.32) and (3.33) for some particular cases
of model (2.3). This will allow us to identify the EMM parameters that are
needed in order to evaluate derivatives prices under both kernels introduced
in previous sections. In these examples we assume for simplicity N = 2
i.e the Markov chain X moves only between the two states e1 = (1, 0) and
e2 = (0, 1).

4.1 The Regime-switching Black-Scholes model
We start with the martingale condition for the family of measures Qθ . If we
take into account the assumption of no jumps in equation (3.9), we obtain
(4.1)

µi − ri − θi σi2 = 0 ,

for i = 1, 2 and we can easily deduce the Esscher parameter to be
θi =

µi − ri
,
σi2

i = 1, 2.

(4.2)

The martingale condition associated to Qθ∗ can be obtained from (3.32)
and (3.33) that lead to the following system of equations in (θ1 , θ2 )
!
σ14 t2 3 (3µ1 − r1 )σ12 t2 2
(µ1 − r1 )(σ12 + 2µ1 )t2 + σ12 (a2 − 2a1 )t2
2
θ −
θ1 + σ1 t+
θ1
2 1
2
2
!
(µ1 − r1 )2 + (a2 − 2a1 )(µ1 − r1 ) + a2 (µ2 − r2 ) 2
a2 σ22 t2
+
θ2 −
t −(µ1 −r1 )t = 0 ,
2
2

for 0 < t ≤ T . (4.3)
and
!
2 + 2µ )t2 + σ 2 (a − 2a )t2
σ24 t2 3 (3µ2 − r2 )σ22 t2 2
(µ
−
r
)(σ
2
2
2
1
2
2
2
θ −
θ2 + σ22 t+
θ2
2 2
2
2
!
a1 σ12 t2
(µ2 − r2 )2 + (a1 − 2a2 )(µ2 − r2 ) + a1 (µ1 − r1 ) 2
+
θ1 −
t −(µ2 −r2 )t = 0 ,
2
2

for 0 < t ≤ T . (4.4)
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4.2 The Regime-switching Merton Jump-Diusion model
This model is obtained by supposing that all the parameters of the classic
Merton Jump-Diusion are modulated by a Markov chain X . That is, we
have the following dynamics for the risky asset
"Z
St = S0 exp
0

t

1 
µs − σs2 ds +
2

Z

Z tZ

t

X
z J˜JD
(ds, dz)

σs dWs +
0

0

Z tZ
−
0

R\{0}

#
(ez − 1 − z)ρX
JD (dz)ds ,

R\{0}

where
X (t, dz) is compound Poisson with a stochastic
• the jump process JJD
X
intensity λt = λ(t, Xt ) = hλ, Xt i, where λ = (λ1 , λ2 ) ∈ R+ 2 ;

• the Lévy measure in this case is given by
ρX
JD (dz) =

λX

√ exp
(δ X ) 2π

2 )
( 
− dz − µX
J
2(δ X )2

,

(4.5)

X
X = δ X (t, X ) = hδ, X i where
with µX
t
t
J = µJ (t, Xt ) = hµJ , Xt i and δ
2
2
1
µJ = (µJ , µJ ) ∈ R and δ = (δ1 , δ2 ) ∈ R2+ .

The martingale condition for Qθ can be easily deduced from (3.9) and it is
given by


X 1 2 2
2
X 1 2
µi − ri − θi σi2 + λi e−θi µJ + 2 θi δi e−θi δi +µJ + 2 δi − 1

 X 1 2
− λi eµJ + 2 δi − 1 = 0 , (4.6)

for i = 1, 2.
On the other hand, the martingale condition for Qθ∗ involves complex
expressions. Indeed, for i = 1, 2, we have to substitute into equations (3.32)
and (3.33) the following expressions
 ∗ 2 X 1 2

∗ X 1 ∗ 2 2
ξ˜i (θi∗ ) − ξi (θi∗ ) = µi − ri − θi∗ σi2 + λi e−θi µJ + 2 (θi ) δi e−θi δi +µJ + 2 δi − 1
− λi (eµJ + 2 δi − 1) , (4.7)
X
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1 2

and
X 1 2
ξ˜i (θi∗ ) + ξi (θi∗ ) = µi − ri − 2θi µi + (θi∗ )2 σi2 + (2θi∗ + 1)λi + (2θi∗ − 1)λi eµJ + 2 δi
 ∗ 2 X 1 2

1 ∗ 2 2
∗ X
+ λi e 2 (θi ) δi −θi µJ e−θi δi +µJ + 2 δi + 1 . (4.8)

4.3 The Regime-switching Variance-Gamma model
This model is obtained from the general case by setting the dynamics of risk
process S as
"Z
St = S0 exp

t

Z tZ
µs ds+

0

0

#

Z tZ
X
˜
z JV G (ds, dz)−
0

R\{0}

z

(e

−1−z)νVXG (dz)ds

R\{0}

(4.9)

where the jump process JVXG (.; .) has the predictable compensator
νVXG (dz)dt =

2
X
hXt− , xi iνiV G (z)dz ,

(4.10)

i=1

with νiV G the Lévy measure associated to the Variance-Gamma process
V G(Ci , Gi , Mi ).
By calculating explicitly the integrals involved in (3.9), we obtain this
system of equations for the martingale condition associated to Qθ
µi − ri − Ci log

Gi M i
(Gi + 1)(Mi − 1)

+ Ci log

!

(Gi − θi )(Mi + θi )
(Gi − θi + 1)(Mi + θi − 1)

!
=0,

for i = 1, 2. (4.11)
As for Qθ∗ , the following system of non linear equations in (θ1 , θ2 ) is
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,

obtained from (3.32) and (3.33),
(

!
(G1 − θ1 )(M1 + θ1 )
µ1 − r1 + C1 log
(G1 − θ1 + 1)(M1 + θ1 − 1)
!)
G1 M 1
− C1 log
×
(G1 + 1)(M1 − 1)
!
"
(
1 2
G 1 M1
t + t µ1 − r1 − 2θ1 µ1 + (2θ1 − 1)C1 log
2
(G1 + 1)(M1 − 1)
!
!
G1 M 1
G1 M 1
+ C1 log
+ C1 log
(G1 − θ1 + 1)(M1 + θ1 − 1)
(G1 − θ1 )(M1 + θ1 )
!
#)
G 1 M1
+ (2θ1 − 1)C1 log
+ a2 − 2a1
(G1 + 1)(M1 − 1)
(
!
(G2 − θ2 )(M2 + θ2 )
1 2
+ a2 t µ2 − r2 + C2 log
2
(G2 − θ2 + 1)(M2 + θ2 − 1)
!)
G 2 M2
− C2 log
= 0 , (4.12)
(G2 + 1)(M2 − 1)
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and
(

!
(G2 − θ2 )(M2 + θ2 )
µ2 − r2 + C2 log
(G2 − θ2 + 1)(M2 + θ2 − 1)
!)
G2 M 2
− C2 log
×
(G2 + 1)(M2 − 1)
(
!
"
1 2
G 2 M2
t + t µ2 − r2 − 2θ2 µ2 + (2θ2 − 1)C2 log
2
(G2 + 1)(M2 − 1)
!
!
G2 M 2
G2 M 2
+ C2 log
+ C2 log
(G2 − θ2 + 1)(M2 + θ2 − 1)
(G2 − θ2 )(M2 + θ2 )
!
#)
G 2 M2
+ (2θ2 − 1)C2 log
+ a1 − 2a2
(G2 + 1)(M2 − 1)
(
!
(G1 − θ1 )(M1 + θ1 )
1 2
+ a1 t µ1 − r1 + C1 log
2
(G1 − θ1 + 1)(M1 + θ1 − 1)
!)
G 1 M1
= 0 . (4.13)
− C1 log
(G1 + 1)(M1 − 1)

In general, solving the system of equations obtained from the martingale
condition for Qθ∗ is a complex task and numerical techniques are needed.
Moreover, the solutions are not unique and therefore we need to use some
criteria to select the nal Esscher parameters. We discuss this issue in the
next section.

4.4 Criteria for selecting Esscher parameters
One more thing that has to be pointed out before carrying out the actual
computations is that, in general, systems of equations characterizing the
martingale condition for Qθ∗ have more than one solution in (θ1 , θ2 ). Following the idea of the two-stage pricing proposed by Siu and Yang (2009),
we impose a criteria for selecting one set of (θ1 , θ2 ) for pricing purposes.
So we choose θ = (θ1 , θ2 ) as solution of the following minimization problem
min I(Qθ∗ , P) ,
(4.14)
θ∈Γ
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with Γ := {θ ∈ R2 | θ solution of (3.32)-(3.33)} and
I(Qθ∗ , P) := max I(Qθ∗ , P|X0 = ei )
i=1,2
#
"
!
dQθ∗
P dQθ∗
:= max E
X0 = ei
ln
i=1,2
dP
dP
#
"
=

max E P Λ∗T ln Λ∗T X0 = ei ,

h

−

i=1,2

(4.15)

or,
(

EP

I(Qθ∗ , P) = max
i=1,2

 RT
i
− 0 θs dYs
θ
dY
e
X
=
e
s
0
i
0 s
i
h RT
E P e− 0 θs dYs X0 = ei
RT

)
h RT
i
− ln E P e− 0 θs dYs X0 = ei
. (4.16)

This is the criteria we use to nd solutions to the systems of equations
(4.3) - (4.4), (4.7) - (4.8) and (4.12) - (4.13). The pair (θ1 , θ2 ) solving this
minimization problem is the one used to dene the EMM and to price derivatives under the models discussed in the previous section.

5 Numerical Analysis
In this section, we carry out a numerical analysis in order to illustrate the
eect of pricing regime-switching risk particularly on the price of an European call. We compare the prices obtained by each of the two pricing kernels
introduced in Section 3 under the dierent models presented in Section 4. In
order to do this, we rst need to identify the EMM's within each of the two
families Qθ and Qθ∗ through the martingale conditions that were specied in
Section 3.3. Once the EMM parameters are determined, we calculate option
prices through Monte Carlo simulations.
In the following subsections we describe the numerical procedure.

5.1 Discretization
In order to obtain simulation approximations of the price of the European
Call, we use a straight-forward Monte Carlo procedure since our goal is only
to asses the numerical dierences between the two pricing kernels. This implementation assumes that the dynamic process of asset prices are simulated
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over a discrete grid. We subdivide the time horizon [0, T ] in J intervals of
length ∆ := T /J with J a positive integer. This gives rise to the family of
points {tj = ∆j : j = 0, 1, ..., J)} where t0 = 0 and tJ−1 = T .
The continuous-time Markov chain X is approximated as in Yuan and Mao
(2004). Once the simulated path {Xtj }Jj=1 of X is drawn, we produce the
paths for {µtj }Jj=1 , {rtj }Jj=1 ,{σtj }Jj=1 . In turn, we can now use these to
construct an Euler-forward scheme for the log-return process Y as follows.
Z

1 
Yj+1 = Yj + ∆ ∗ µj − σj2 + ∆ ∗ (ez − 1 − z)ρXj (dz)
2
R
√
+ σj ∗ ε ∗ ∆ + J˜jX (tj+1 ) − J˜jX (tj ) , (5.1)

where Yj = Ytj ; µt = µtj ; σj = σtj , ε ∼ N (0, 1), and
J˜jX (t) =

Z

zJjX (t; dz)

Z tZ
−
0

R

zρXj (dz)dt .

(5.2)

R

Given {Xtj }Jj=1 and Y0 = 0, we then sample {Ytj }Jj=1 using (5.1) recursively.

5.2 Monte Carlo Simulations
The simulation procedure is inspired from Siu and Yang (2009) and is summarized as follows.
Step 1

For each l = 1, 2, ..., L, simulate the discrete-time version of the Markov
chain X and obtain {Xj(l) }Jj=1 .
step 2

Given {Xj(l) }Jj=1 , we identify the samples paths of the processes
(l)
(l)
(l)
(l)
{µj }Jj=1 , {σj }Jj=1 , {θj }Jj=1 , {rj }Jj=1 , for l = 1, 2, ..., L.
Step 3

For each l = 1, 2, ..., L, we simulate the discrete-time version of the log-return
process Y and obtain {Yj(l) }Jj=1 .
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Step 4

We approximate the call price for both kernels respectively by
C(0, S0 , X0 ) ≈
"
#
PJ
PJ (l)
(l)
(l)
(l)
(l)
L
e− j=1 θj (Yj −Yj−1 ) e−∆ j rj max(S0 eYT − K, 0)
1X
P
PJ
(l) (l) 1
(l) 2
(l) 2 (l) 2 PJ
1
(l) (t
(l) (t ))
L
−∆ J
j+1 )−Z
j
j=1 θj (µj − 2 (σj ) )+ 2 ∆
j=1 (θj ) (σj ) + j=1 (Z
l=1 e
Z tZ 
 (l)
(l)
with Z (l) (t) =
e−zθs − 1 + θs(l) (ez − 1) ρX (dz)ds , (5.3)
0

R

and
C(0, S0 , X0 ) ≈
i
(l)
PL h − PJ θ∗(l) (Y (l) −Y (l) ) −∆ PJ r(l)
j=1 j
j j max(S eYT
j
j−1 e
e
−
K,
0)
0
l=1
. (5.4)
PL h − PJ θ∗(l) (Y (l) −Y (l) ) i
j=1 j
j
j−1
e
l=1

In equations (5.3) and (5.4), the parameters θ (resp. θ∗ ) are obtained
through the expressions of the martingale condition (3.21) (resp. (3.32) and
(3.33)). For the particular cases of last section this specializes according to
the form of the dynamics of the risky asset.

5.3 Numerical Experiments and Results
We carry out numerical experiments for the three models discussed in previous sections: Regime-switching Black-Scholes model (model I ), Regimeswitching Merton Jump-Diusion model (model II ) and Regime-switching
Variance-Gamma (model III ). The rst model is the most common Regimeswitching continuous process in the literature. In this case, we also compare
our results to those found in the the literature, especially with those of Naik
(1993) and Boyle and Draviam (2007) which turn out to be particular cases
of the model (2.3).
For these examples we set the parameters to be N = 2 and
1. r = (0.05, 0.05) ,
2. µ = (0.35, 0.05) ,
3. σ = (0.15, 0.25) ,
4. A =



−a1 a1
a2 −a2



, with a1 = a2 ∈ {0, 0.25, 0.5, 0.75, 1, 1.25, 1.50, 1.75, 2},
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5. K = 100; X0 ∈ {1, 2} and S0 ∈ {94.0, 96.0, 98.0, 1000, 102.0, 104.0}.
We recall that the solutions in Naik (1993) are obtained from an analytical
closed form while those from Boyle and Draviam (2007) are obtained through
a numerical procedure to solve a system of PDE's. Our results in this section
are obtained by Monte-Carlo simulations. Tables 1 and 2 show numerical
results for prices of European Call options at time zero for dierent values
of moneyness (S0/K ). The gures of the last two columns are estimated
by simulating 50, 000 trajectories of Y . This procedure is then repeated
independently 10 times to provide an estimate of the standard errors. No
variance reduction technique is used.
Table 1:
S0/K

0,94
0,96
0,98
1
1,02
1,04

B-S

0,94
0,96
0,98
1
1,02
1,04

Naik

5,1096 5,8620
6,1624 6,9235
7,3248 8,0844
8,5917 9,3401
9,9563 10,6850
11,4110 12,1127

Table 2:
S0/K

Comparison with existing results for T = 1 and X0 = 1.
Boyle-D

5,8579
6,9178
8,0775
9,3324
10,6769
12,1045

Risk no priced

5,8749(.0850)
6,9369(.0863)
8,0961(.0600)
9,3303(.0573)
10,7061(.0622)
12,1304(.0967)

Risk priced

18,7601(.0850)
20,6900(.0863)
22,7037(.1068)
24,7740(.0856)
26,8103(.1100)
28,9475(.0938)

Comparison with existing results for T = 1 and X0 = 2.
B-S

8,8557
9,9510
11,1190
12,3360
13,6206
14,9629

Naik

8,2292
9,3175
10,4775
11,7063
13,0008
14,3575

Boyle-D

8,2193
9,3056
10,4647
11,6929
12,9870
14,3436

Risk no priced

8,2503(.0550) 7,2390(.0463)
9,3302(.0869) 8,1968(.0626)
10,4682(.0810) 9,2208(.0571)
11,6853(.0828) 10,2929(.0547)
12,9901(.0851) 11,4228(.0821)
14,2823(.1069) 12,5857(.0781)

In Figure 1 we have a visual representation of these results.
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Figure 1: European Call prices versus Moneyness
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We also plot graphs with comparisons for dierent maturities (T ) and for
dierent values of intensity rate that characterize the Markov chain. These
are found in Figure 2 and 3.
Figure 2: European Call prices versus Time to maturity
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Figure 3: European Call prices versus intensity rate
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Based on these output, we may draw the following conclusions for the model
I:
• The impact of risk due to regime is signicant (the relative dierence

in the prices ranges between 0.2 % and 97%),

• The regime-risk is too sensitive to the market parameters like volatility

or intensity rates of regime switching (for each state).

We now turn our attention to model II. In order to outline the eect of the
introduction of jumps in this model we set the value of the volatility in each
state to be constant equal to the instantaneous volatility of log-return in the
model I [as it is done in Balotta (2005)]. We set the parameters to be N = 2
and
1. r = (0.035, 0.035),
2. µ = (0.35, 0.35), µJ = (−.0537 − .0537),
3. σ BS = (0.2, 0.2), σ JP = (.01884, .1884),
4. A =



−.5 .5
.5 −.5



,

5. S0 = 100; X0 ∈ {1, 2} and K ∈ {60, 70, 80, 90, 100, 110, 120, 130, 140}.
In Figures 4 and 5 we nd the results for option prices under this model.
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Figure 4: RSBlack-Scholes vs RSJump-Diusion:Call prices across Strikes
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Figure 5: RSBlack-Scholes vs RSJump-Diusion: Call prices across Maturities
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We remark that there is a dierence between prices for each regimeswitching model. For the small maturities, the prices given by the RS-JD
model with regime risk priced are remarkably higher than those given by
the RS-JP model with regime risk not priced, whereas for the RS-BS model
the dierence across the strike are negligeable. For long maturities, the
dierence (across the strike) between the regime-risk priced and regime-risk
not-priced are signicant in both models. Particularly, in the RS-JD model
dierences(across the strike) seem constant whereas in the RS-BS model
these dierences seem to grow as time goes by.
The last model we analyze is the Regime-Switching Variance-Gamma
model. The parameters are set to be
1. r = (0.05, 0.015),
2. µ = (0.35, 0.05),
3. C = (2, 3), G = (4, 5), M = (8, 6),
4. A =



−.5 .5
.5 −.5



,

5. S0 = 100; X0 ∈ {1, 2} and K ∈ {60, 70, 80, 90, 100, 110, 120, 130, 140}.
We present in Figure 6 and 7 the results of our simulation for this model.
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Figure 6: RS Variance-Gamma model: Call prices across Maturities

33

Figure 7: RS Variance-Gamma model:Call prices across Strikes
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We see that even in this case, there is a signicant dierence between
option prices when the regime-risk is priced and when it is not.

6 Conclusion
In this article, we evaluate the impact of taking into account or not the
regime-risk in a Regime-Switching Levy Model. In particuar, we study two
pricing kernels in order to illustrate the dierences that can arise when choosing one of these assumptions over the other. A straight-forward numerical
analysis shows a signicant dierence of values between prices of an European Call under a priced regime-risk vs. a not-priced regime-risk.
At the same time, we also look at the inuence of the introduction of
jumps in this analysis since we start from a more general model than those
already available. Although the analysis presented would eectively highlight
the importance of the regime-risk in the prices, it does not however explicitly
quantify it. This aspect of the problem requires further attention and it will
be the object of future research.
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