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Abstract
The Expected Discounted Penalty Function (EDPF) was introduced in
a series of now classical papers (Gerber and Shiu, 1997, 1998a, 1998b).
Motivated by applications in option pricing and risk management, and
inspired by recent developments in fluctuation theory for Lévy processes, we study an extended definition of the expected discounted
penalty function that takes into account a new ruin-related random
variable. In addition to the surplus before ruin and deficit at ruin, we
extend the EDPF to include the surplus at the last minimum before
ruin. We provide an expression for the generalized EDPF in terms
of convolutions in a setting involving a subordinator and a spectrally
negative Lévy process. Some expressions for the classical EDPF are
recovered as special cases of the generalized EDPF.
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Introduction

In a now classical series of papers, Gerber and Shiu (1997,1998a,1998b)
introduced the concept of Expected Discounted Penalty Function (EDPF),
∗

First draft: January 20, 2008. This version: September 19, 2009. We are grateful
to the reviewers for careful reading of the manuscript and for helping us improve the
paper substantially. We are also indebted to Professors Alejandro Balbas, Jose Garrido,
and Andreas Kyprianou for very helpful comments and suggestions. The usual disclaimer
applies. This research was funded by the Natural Sciences and Engineering Research
Council of Canada (NSERC) operating grant RGPIN-311660, by Le Fonds québécois de
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a functional of the ruin time (i.e., the first time the surplus of a firm becomes
negative), the surplus prior to ruin, and the deficit at ruin. The joint analysis
of these random variables, which had been traditionally studied separately,
allowed them to offer an elegant characterization of the ruin event in terms
of a renewal equation. Applications of the EDPF are natural in the context
of solvency requirements and option pricing. In the first case, the EDPF
can be used to determine the initial capital required by a company to avoid
insolvency with a minimum level of confidence. More generally, the EDPF
is useful whenever one wishes to place a value on cashflows triggered by the
first passage of a process across a given barrier. This is the case for credit
risky securities, whose cashflows depend on a firm’s assets falling below
its liabilities, or for American options, whose exercise is triggered by the
underlying security’s market value crossing an exercise boundary. Gerber
and Landry (1998) and Gerber and Shiu (1999), for example, used the EDPF
to price perpetual American options and reset guarantees.
The penalty delivered by the classical EDPF has local nature, in the
sense that the surplus prior to ruin and the deficit at ruin only characterize
the surplus in a neighborhood of the ruin time. In this paper we explore the
possibility of introducing path-dependent variables in the EDPF.
A first motivation for this comes from the computation of capital requirements that may allow for different penalization of the ruin event based
on the path characteristics of the surplus. An example is provided by the
last minimum of the surplus before ruin. The lower this minimum, the worse
the financing conditions that can be negotiated by the company with capital providers. Similarly, the closer the last minimum was to the bankruptcy
level, and the shorter the time elapsed since that minimum, the more urgent was the need to correct course and steer away from dangerous waters.
Understanding whether ex-post penalization of different ruin-related quantities provides the right ex-ante incentives is clearly very relevant. A proper
answer to this question would require endogenizing the surplus dynamics,
for example by allowing for controllable premiums or dynamic selection of
risk exposures. Here we limit ourselves to the classical risk model, where
the risk process dynamics is taken as given, and focus on providing explicit
expressions for capital requirements implied by ruin-related penalties that
may be path-dependent.
A second motivation for the extension of the EDPF to path-dependent
penalties comes from the pricing of some exotic American options. By allowing the penalty function to act on the last minimum (or maximum) before
ruin, we obtain a pricing functional for American options with lookback
features, as studied for example by Dai and Kwok (2005) in a geometric
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Brownian motion setting. Similarly, we could price reset guarantees with
path-dependent payoffs that generalize the cases analyzed in Gerber and
Shiu (1999).
In this work we extend the definition of the classical EDPF to include
a new random variable, the last minimum of the surplus before ruin. We
work with a surplus process with nonpositive jumps, stationary and independent increments, to provide an analytical characterization of the generalized EDPF in terms of convolutions, extending results found in Gerber
and Landry (1998), Tsai and Willmot (2002), and Morales (2007), among
others. The characterization is obtained by using a fluctuation identity for
Lévy processes recently developed by Doney and Kyprianou (2006). We further show that the fluctuation identity provides an effective tool to approach
the classical EDPF as well. As an example, we show how to recover and
extend the results obtained by Morales (2007) in a perturbed subordinator
model.
The paper is organized as follows. In Section 2, we introduce a perturbed subordinator model for the surplus and provide the definitions of the
classical and generalized EDPF. In Section 3, we review two useful results
from the fluctuation theory for Lévy processes. In Section 4, we provide a
characterization of the generalized EDPF in terms of convolutions and the
corresponding defective renewal equation. We then provide an example of
how the fluctuation identity of Doney and Kyprianou (2006) can be used
to study the classical EDPF in a perturbed subordinator model. Section 5
offers some concluding remarks.

2

Risk model and discounted penalty functions

We consider a setup that generalizes the perturbed risk model of Dufresne
and Gerber (1991). We replace their compound Poisson risk process by a
subordinator S, i.e., a Lévy process with nondecreasing paths representing
cumulated claims, and their Brownian perturbation by a spectrally negative
Lévy process Z, i.e., a Lévy process with only negative jumps accounting
for any fluctuations in the risk process, such as claims arrivals, premium
income and investment returns. We set S(0) = Z(0) = 0, and assume Z
to be independent of S and such that E [|Z(1)|] < ∞. The resulting risk
process R is defined by
R(t) := x + c t − S(t) + Z(t) ,
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t>0.

(1)

Without loss of generality, we assume E[Z(1)] = 0. The constant x > 0
represents the initial surplus, while ct represents premium inflow over the
time interval [0, t], with c > 0 interpreted as a premium rate. For example,
we could set c := (1 + θ) E [S(1)], with θ > 0 representing a safety loading.
We assume E[S(1)] < c to avoid that R becomes negative almost surely.
The surplus process defined in (1) is the model described in Huzak et al.
(2004). It encompasses the risk models studied in Furrer (1998), Yang and
Zhang (2001), Morales (2004) and Garrido and Morales (2006) and it is a
special case of Morales and Schoutens (2003) and Doney and Kyprianou
(2006).
We give a more detailed description of the surplus by emphasizing the
properties of S and Z. The Laplace exponent of S is given by
i Z +∞ 

h
−ξ S(1)
=
e−ξ x − 1 νS (dx) ,
ξ>0 ,
(2)
ΨS (ξ) = ln E e
0

R +∞
where νS is a nonnegative measure on R+ satisfying 0 (1∧x) νS (dx) < ∞.
For later use it is convenient to characterize the perturbation component Z
e i.e. the process having the same law as −Z.
through its dual process Z,
Since Z has only negative jumps, the Laplace exponent of the dual process
can be written as
Z +∞ 

h
i σ2
ΨZe (ξ) = ln E eξ Z(1) =
ξ2 +
e−ξ x − 1 + ξ x νZe (dx) ,
(3)
2
0
where σ > 0 and νZe is a nonnegative measure on R+ satisfying the usual conR +∞
R +∞
dition 0 (1∧x2 ) νZe (dx) < ∞ and the additional condition 1 x νZe (dx) <
∞ to ensure that Z has finite expectation. If σ > 0, then Z contains a
Brownian component, otherwise it is a pure jump process. When σ > 0 and
νZe is the null measure, model (1) reduces to the subordinator framework
studied in Morales (2007). The classical compound Poisson model can be
recovered by assuming that σ = 0 and νZe is the null measure, and by setting
νS (dx) = λF (dx), with λ the Poisson arrival rate and F a claim distribution
without atoms.
Since S and Z are independent, the Laplace exponent of S − Z is given
by
ΨS−Z (ξ) = ΨS (ξ) + ΨZe (ξ).
(4)
When referring to the continuous and discontinuous part of Z separately,
we write
Z(t) = W (t) + J(t) t > 0 ,
(5)
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with W a standard Brownian motion and J a pure jump process. Expression
(4) can then be written as
ΨS−Z (ξ) = ΨS (ξ) + ΨW
f (ξ) + ΨJe(ξ),

(6)

where the Laplace exponents ΨW
f (ξ) and ΨJe(ξ) are given by the first and the
second term in (3), respectively. We refer the reader to Bertoin (1996) and
Kyprianou (2006) for a comprehensive account on Lévy processes, and to
Morales and Schoutens (2003) and Garrido and Morales (2006) for additional
discussion on subordinators in risk theory.
Our main object of interest is the ruin time, τ , representing the first
passage time of R below zero, i.e.
τ := inf{t ≥ 0 : R(t) < 0},
where we set τ = +∞ if R(t) ≥ 0 for all t ≥ 0. Gerber and Shiu (1997)
studied the ruin event by looking at the joint law of τ , the deficit at ruin,
|R(τ )|, and the surplus before ruin, R(τ −). The introduction of a discount
factor led them to define the EDPF as
h
i
φ(x) := E e−δτ w (|R(τ )|, R(τ −)) I{τ <∞} R(0) = x ,
(7)
where δ > 0 and w is a bounded measurable function on R2+ such that
w(0, 0) = w0 > 0. Clearly φ depends on δ, but here and in the sequel we
drop dependence on δ for ease of notation.
From expression (7) we see that the penalization of ruin delivered by w
has local nature, since only characteristics of the risk process in a neighborhood of τ are taken into account. To extend the EDPF beyond the random
variables R(τ −) and |R(τ )|, we introduce the following definitions: the running infimum of a process Y is defined by Y (t) := inf 06s6t Y (s), the running
supremum by Y (t) := sup06s6t Y (s). We also introduce the notation
mY (t) := sup{s ≤ t : Y (s) = Y (t)}

(8)

for the time of the last infimum before t, and
MY (t) := sup{s ≤ t : Y (s) = Y (t)}

(9)

for the time of the last supremum before t.
When the process of interest is the surplus R, we see that R, R, mR
and MR encapsulate information on the path behavior of the surplus that
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a company or regulator may wish to penalize in different ways. For example, one could penalize the downside of the surplus by suitably charging the
last minimum before ruin, R(τ −), as well as the time elapsed since that
minimum, τ − mR (τ −). On the other hand, one could allow for any upside performance of the surplus before ruin by looking at both R(τ −) and
τ − MR (τ −). Although in principle all of the above processes could be considered (see Section 3), we focus on the extension of the EDPF to include
the last minimum of the surplus before ruin:
Definition 2.1 The Generalized EDPF φG associated with the risk process
(1) is given by
h
i
φG (x) := E e−δτ wG (|R(τ )|, R(τ −), R(τ −)) I{τ <∞} |R(0) = x ,
(10)
where δ > 0 and wG is a bounded measurable function on R3+ satisfying
wG (0, 0, 0) = w0 > 0.
The use of (10) for the computation of capital requirements has been discussed before. The application to derivatives pricing relies instead on seeing
wG as the payoff of an option exercised at the stopping time τ . Assuming
that the reference probability measure is an equivalent martingale measure
and that δ > 0 denotes the risk-free rate, we have that φG represents the
price of an American option on the underlying R, with exercise boundary
the level 0, and optimal exercise policy the stopping time τ . Dependence of
wG on R captures the lookback feature of the option payoff (e.g., Dai and
Kwok, 2005).
In the following section we review a fluctuation identity for Lévy processes developed by Doney and Kyprianou (2006) that will allow us to derive
an analytical characterization of (10) in Section 4.

3

First-passage times for Lévy Processes

Exit problems for Lévy processes are well understood and extensively studied
in the literature (see Bertoin, 1996, and Kyprianou, 2006). Recent results
developed in Doney and Kyprianou (2006) provide a characterization of the
joint law of five random variables related to the first-passage time of a twosided Lévy processes. In particular, more explicit expressions are available
for the case of spectrally one-sided Lévy processes.
2 ,ν )
Let X be a spectrally positive Lévy process with Lévy triplet (a, σX
X
and a < 0. Denoting by ΨX the Laplace exponent of X, and by ΦX the right
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inverse of the Laplace exponent, we have ΦX (δ) = sup{β > 0 : ΨX (β) = δ}.
The first passage time of X across a level x > 0 is denoted by τx , and defined
by
τx = inf{t ≥ 0 : X(t) > x}.
Using the notation introduced in the previous section, we can consider the
following random variables associated with τx :
• the time of the last maximum prior to first passage, MX (τx −);
• the time elapsed between the last maximum and the time of first passage, τx − MX (τx −);
• the overshoot at first passage, X(τx ) − x;
• the undershoot at first passage, x − X(τx −);
• the undershoot of the last maximum at first passage, x − X(τx −).
It turns out that the joint law of the above random variables can be characterized as follows:
Theorem 3.1 (Doney and Kyprianou, 2006) Let X be the spectrally
positive Lévy process defined above. Then, for each x > 0, the following
holds for all s, t > 0, u > 0, v > y, y ∈ [0, x]:
P τx − MX (τx −) ∈ dt, MX (τx −) ∈ ds,
X(τx ) − x ∈ du, x − X(τx −) ∈ dv, x − X(τx −) ∈ dy
b
= U(ds, x − dy) U(dt,
dv − y) νX (du + v),



(11)

where the measures U and Ub are defined through the bivariate Laplace transforms
Z +∞ Z +∞
ΦX (α) − β
(12)
e−αs−βx U(ds, dx) =
α
− ΨX (β)
0
0
Z +∞ Z +∞
1
b
e−αs−βx U(ds,
dx) =
.
(13)
ΦX (α) + β
0
0
We refer to Doney and Kyprianou (2006) for additional details on the above
result, including links to the work by Vigon (2002) and to the study of
asymptotic overshoot distributions by Klüppelberg et al. (2004).
The quintuple law (11) is all we need to handle the generalized EDPF
(10), as will be shown in the next section. The only caveat is the possibility
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that X enters (x, +∞) continuously, a situation referred to as ‘creeping’ of
X over x (Rogers, 1984) and characterized by the event {X(τx ) = x} having
strictly positive probability. The latter can occur only if X has a Brownian
component, i.e. σX > 0 (see Example 7.6 in Kyprianou, 2006). For the case
at hand we will only need the following result taken from Pistorius (2005):
Theorem 3.2 Let X be a spectrally positive Lévy process as described above,
with Laplace exponent ΨX and Gaussian coefficient σX > 0. Then X creeps
upwards across x > 0 with positive probability, and the following holds for
δ > 0:
h
i σ2 h
i
(δ)0
(δ)
E e−δτx I{X(τx )=x} = X WX (x) − ΦX (δ)WX (x) ,
x > 0 , (14)
2
(δ)0

(δ)

where WX is the δ-scale function of X and WX (x) denotes the derivative
(δ)
of WX at x.
(δ)

The function WX is defined to be identically 0 on (−∞, 0], and is characterized by the following Laplace transform on (0, +∞):
Z +∞
1
[
(δ)
(δ)
,
β > ΦX (δ). (15)
WX (β) :=
e−βu WX (u)du =
ΨX (β) − δ
0
(δ)0

In (14) we use the fact that WX is well defined when σX 6= 0 (see Chan
et al., 2009). The δ-scale function plays a key role in the understanding of
exit-problems for spectrally sided Lévy processes. A recent application in
the context of risk theory is given in Zhou (2005). Biffis and Kyprianou
(2008) use a similar approach to give an analytical characterization of the
generalized EDPF (10) in terms of scale functions.

4

Characterization of the generalized EDPF

Let us consider the risk model defined in (1). Setting X(t) := −ct + S(t) −
Z(t), we have that X is a spectrally positive Lévy process with Lévy triplet
(−c, σ 2 , νS + νZe ) and Laplace exponent
ΨX (ξ) = c ξ + ΨS (ξ) + ΨZe (ξ).

(16)

Since R(t) = x − X(t), the original ruin problem is equivalent to studying
the first-passage time of X across x, and the quintuple law (11) is all we
need to derive the analytical characterization of the generalized EDPF (10).
8

In particular, since the time of ruin τ can be identified with the first-passage
time τx , we have that the overshoot X(τx ) − x represents the deficit at ruin,
the undershoot x − X(τx −) represents the surplus prior to ruin, and the
overshoot of the last maximum x − X(τx −) represents the last minimum
prior to ruin.
Let us denote the joint law (11) by P x on [0, +∞) × [0, +∞) × [0, +∞) ×
[y, +∞) × [0, x]. When R creeps below zero, the components of the triplet
(|R(τ )|, R(τ −), R(τ −)) are all zero, since R(τ −) = R(τ −) = 0 on {R(τ ) =
0}. Given our assumptions, R is a spectrally negative Lévy process with
positive drift and therefore down-creeping can only occur if there is a Brownian component in the perturbation Z, i.e., if σ > 0. In that case, [0, +∞) ×
{0} × {0} × {0} × {0} is an atom for P x . Setting wG (0, 0, 0) = w0 , from (10)
we have
i
h
φG (x) = w0 E e−δτx I{X(τx )=x}
Z +∞ Z +∞ Z +∞ Z +∞ Z x
+
e−δ(s+t) w(u, v, y) P x (ds, dt, du, dv, dy).
0

0+

0+

y

0+

(17)
By integration of the quintuple law (11), the above expression yields a characterization of the generalized EDPF in terms of convolutions. The result
is given in the next theorem, where we use the notation g ∗(n) for the n-fold
convolution of a function g, with the convention that g ∗(0) is the Dirac delta
function at zero, i.e., g ∗(0) (x) = δ0 (x).
Theorem 4.1 Consider the risk process R and let φG denote its associated
Generalized EDPF (10). Moreover, let K denote the distribution function
of an exponential r.v. with mean σ 2 /2c and density k. Then, φG is given by

 X ∗(n)
φG (x) = w0 e−ρx (1 − K(x)) + HG (x) ∗
g
(x) ,
x > 0 , (18)
n>0

where:
• The function g is given by
Z +∞

Z
1 y −ρ(y−s)
−ρ(x−s)
g(y) =
e
k(y − s)
e
νS (dx) + Gρ (s) ds ,
c 0
s
(19)
with the function Gρ defined through its Laplace transform
Z +∞
Ψ e(ξ) − ΨJe(ρ)
e−ξx Gρ (x)dx = J
,
ξ>0,
(20)
ρ−ξ
0
9

and ρ the unique non-negative solution of the generalized Lundberg
equation
cr + ΨS−Z (r) = δ .
• The function HG is given by
Z +∞
Z
1 u −ρ(u−s)
e−ρ(x−s) χG (x, s) dx ds , (21)
HG (u) =
e
k(u − s)
c 0
s
where, for x, s > 0, the function χG is defined as
Z +∞
χG (x, s) =
w(y − x, x, s)νS−Z (dy) .

(22)

x+

Biffis and Kyprianou (2008) use the quintuple law (11) to characterize
the generalized EDPF in terms of scale functions, obtaining a solution that
requires the inversion of a single Laplace transform. Theorem 4.1 provides
instead a characterization in terms of convolutions that can be easily linked
to the classical literature on Gerber-Shiu functions. Equation (18) is known
to be the solution of the defective renewal equation
Z x
φG (x) =
φG (x − y)g(y)dy + HG (x) + w0 e−ρx [1 − K(x)] , x > 0 , (23)
0

and hence provides an immediate generalization of the classical EDPF (7) in
a number of special cases studied in the literature. For example, removing
the perturbation altogether (i.e., setting σ = 0 and νZ (dx) = 0) we obtain
a generalized EDPF for the subordinator model studied in Garrido and
Morales (2006). Setting νS (dx) = λF (dx), we obtain a generalization of the
result in Gerber and Shiu (1998a) for a compound Poisson risk process with
intensity λ and an atomless claim distribution F . Similarly, expression (23)
extends results found in Tsai and Willmot (2002) and Morales (2007) when
the perturbation is a Brownian motion (i.e., σ > 0 and νZ (dx) = 0).
We note that results in ruin theory have commonly appeared in terms
of renewal equations for two main reasons. First, in the traditional case of
compound Poisson claims, one can condition on the first claim and exploit
the recursive nature of the Gerber-Shiu to obtain a renewal equation that
admits an intuitive interpretation in terms of sample paths of the surplus
process. In the more general case of the risk process considered in this
paper, the defective renewal equation (23) can be given a similar interpretation using the ladder-height decomposition discussed in Huzak et al. (2004).
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Second, when dealing with the actual computation of expressions like (18),
writing the latter in the form (23) opens the door to the use of tools and
techniques developed in the theory of integral equations. Thorough discussions on exact solutions and approximation techniques for these kind of
equations can be found in Polyanin and Manzhirov (1998), Kress (1999) and
references therein. It must be said, however, that solving equations like (23)
is in general far from trivial. A characterization based on scale functions (as
in Biffis and Kyprianou, 2009) provides substantial advantages, as one can
then rely on Laplace transform methods and on the availability of several
explicit examples of scale functions recently produced in the literature (e.g.:
Hubalek and Kyprianou, 2008; and Kyprianou and Rivero, 2009).
Proof of Theorem 4.1. We begin by focusing on the second term in
(17). We proceed from the inside out examining the integrand as a function
of s and t. By Theorem 3.1 we have
Z
e−δ(s+t) w(u, v, y) P x (ds, dt, du, dv, dy)
[0,+∞)×(0,+∞)

= w(u, v, y) Uδ (x − dy) Ubδ (dv − y) νX (du + v),

(24)

cδ are the univariate Laplace transforms of U and Ub with
where Uδ and U
respect to s and t. From (13), we remark that
Z +∞
Z +∞ Z +∞
1
−δs−βx b
cδ (dx) =
e
U(ds, dx) =
e−βx U
, (25)
ΦX (δ) + β
0
0
0
which yields
cδ (dx) = e−ΦX (δ)x dx .
U

(26)

Since ΦX is the right inverse of the Laplace exponent of X, we have that
ΦX (δ) is the largest root of
ΨX (r) = δ ,

(27)

which is the generalized Lundberg equation. Hence ΦX (δ) is the generalized
Lundberg coefficient, denoted by ρ. Substituting (26) into (24) we obtain
Z
e−δ(s+t) w(u, v, y) P x (ds, dt, du, dv, dy)
[0,+∞)×(0,+∞)

= w(u, v, y) e−ρ(v−y) Uδ (x − dy) νX (du + v) dv ,
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(28)

which is equation (7.15) in Kyprianou (2006), page 195. If we now integrate
(28) with respect to u, we get
Z +∞
−ρ(v−y)
w(u, v, y) νX (du + v)
e
Uδ (x − dy) dv
0+
−ρ(v−y)

=e

Uδ (x − dy) χG (v, y) dv,

(29)

where we have set
Z

+∞

w(θ − v, v, y) νX (dθ).

χG (v, y) =
v+

Integration of (29) with respect to v then yields
Z +∞
Uδ (x − dy)
e−ρ(v−y) χG (v, y) dv = Uδ (x − dy) ηG (y) ,

(30)

y

where we set
Z
ηG (y) =

+∞

e−ρ(v−y) χG (v, y) dv .

y

Finally, integrating (30) with respect to y and substituting the result into
(17), we get
h
i Z x
−δτx
φG (x) = w0 E e
I{X(τx )=x} +
Uδ (x − dy) ηG (y)
0+

h

i

= w0 E e−δτx I{X(τx )=x} + Uδ ∗ ηG (x),

(31)

Rx
where f ∗ h (x) = 0 f (x − dy) h(y) denotes the convolution of f and h.
Now, from definition (12), we have
Z +∞ Z +∞
Z +∞
ΦX (δ) − β
−δs−βx
e
U(ds, dx) =
e−βx Uδ (dx) =
. (32)
δ − ΨX (β)
0
0
0
We can then identify the measure Uδ (dx) by substituting (4) into equation

12

(32) and using the fact that ΦX (δ) = ρ, obtain
Z +∞
ρ−β
e−βx Uδ (dx) =
Ψ
(ρ)
− ΨX (β)
X
0
=

=

ρ−β
c(ρ − β) + ΨS+Je(ρ) − ΨS+Je(β) + ΨW
f (ρ) − ΨW
f (β)
ρ−β
c(ρ−β)+ΨW
f (ρ)−ΨW
f (β)

1−

ΨS+Je(β)−ΨS+Je(ρ)
c (ρ−β)+ΨW
f (ρ)−ΨW
f (β)

ρ−β
2
2
c(ρ−β)+ σ2 ρ2 − σ2 β 2

=

ΨS+Je(β)−ΨS+Je(ρ)

1−

c

=

2
2
(ρ−β)+ σ2 ρ2 − σ2 β 2

ρ−β
2
(ρ−β)[c+ σ2 (ρ+β)]

1−

ΨS+Je(β)−ΨS+Je(ρ)
2

(ρ−β)[c+ σ2 (ρ+β)]

c(ρ+β)

1
=
c 1−

2

c(ρ+β)+ σ2 (ρ+β)2
ΨS+Je(β)−ΨS+Je(ρ)
c(ρ+β)
2
c(ρ−β)
[c(ρ+β)+ σ2 (ρ+β)2 ]

=

1
γ
b(β)
.
b
c 1 − ζ(β)
γ
b(β)

The function γ
b can be easily seen to be the Laplace transform of γ(x) =
2
−ρx
e
k(x), where k is an exponential density with mean σ2c , i.e.
c(ρ + β)

γ
b(β) =

2c
σ2

=

2c
+ (ρ + β)
c(ρ + β) + σ2 (ρ + β)2
σ2
Z +∞
Z +∞


=
e−(ρ+β)x k(x) dx =
e−βx e−ρ x k(x) dx . (34)
2

0

0

The Laplace transform ζb of ζ can be expressed as follows:
ΨS+Je(β) − ΨS+Je(ρ)

ΨS (β) − ΨS (ρ) ΨJe(β) − ΨJe(ρ)
+
c(ρ − β)
c(ρ − β)
c(ρ − β)
 Z +∞

Z +∞
1
1
−β x
−ρ(y−x)
=
e
e
νS (dy) + Gρ (x) dx.
(35)
c x
c
0

b
ζ(β)
=

=

From the above we recognize ζ as one of the functions in (19). Moreover,
from (33) we can write
h
in
R +∞ −βx
P
γ
b(β)
1
1
b
γ
b
(β)
ζ(β)
γ
b
(β)
,
e
U
(dx)
=
=
δ
n>0
b
c
c
0
1−ζ(β) γ
b(β)

which implies
Uδ (dx) =

X
1
γ∗
[ζ ∗ γ]∗(n) (x) dx.
c
n>0
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(33)

Inspection of (19) shows that g(x) = (ζ ∗ γ)(x) and so the last expression
can be written as
X
1
Uδ (dx) =
γ∗
g ∗(n) (x) dx.
(36)
c
n>0

Consider now the first term in (31) which captures the possibility that
X creeps over x, i.e. R(τ −) = R(τ −) = 0 on {R(τ ) = 0}. Since R has
strictly positive drift and σ > 0, we can use Theorem 3.2, and take Laplace
transforms in (14), to obtain


Z +∞
h
i
σ2 \
[
(δ) 0
(δ)
−βx
−δτx
I{X(τx )=x} dx =
e
E e
WX (β) − ΦX (δ)WX (β)
2
0


σ2
σ2
[
[
[
(δ)
(δ)
(δ)
=
β WX (β) − ΦX (δ)WX (β) =
(β − ρ)WX (β)
2
2
Z
σ2
ρ−β
σ 2 +∞ −βx
=
=
e
Uδ (dx),
(37)
2 ΨX (ρ) − ΨX (β)
2 0
which in turn implies
i σ2
h
E e−δτx I{X(τx )=x} =
Uδ (x) .
2

(38)

We now substitute (36) and (38) into equation (31), obtaining
φG (x) = w0
= w0

σ2
Uδ (x) + Uδ ∗ ηG (x)
2
X
X
σ2
1
γ∗
g ∗(n) (x) + γ ∗ ηG ∗
g ∗(n) (x)
2c
c
n>0


=

n>0

 X
1
σ2
w0
γ + γ ∗ ηG ∗
g ∗(n) (x) ,
2c
c

x>0.

n>0

1
c

γ ∗ ηG (x) (see (21)) we can write

 X
σ2
φG (x) = w0
γ(x) + HG (x) ∗
g ∗(n) (x) ,
2c

Setting HG (x) =

x>0.

n>0

Recalling that γ(x) = e−ρx k(x), we have
σ2
σ2
γ(x) = e−ρx e− 2c x = e−ρx [1 − K(x)] ,
2c
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x>0,

(39)

where K is the distribution function associated with k. Substituting this
last equation into (39) finally yields (18).

We conclude this section by stating a result that illustrates how the
quintuple law (11) provides an effective tool to study the classical penalty
function (7). In the next corollary, we recover and extend the results of Tsai
and Willmot (2002) and Morales (2007) by using directly Theorem 4.1.
Corollary 4.1 (Classical EDPF, perturbed subordinator risk model)
Consider the risk process R and the associated EDPF φP defined in the
classical sense (7). Let K denote the distribution function of an exponential
r.v. with mean σ 2 /2c and density k. Then, φP is given by

 X ∗(n)
φP (x) = HP (x) + w0 e−ρx (1 − K(x)) ∗
g
(x) ,
x > 0 , (40)
n>0

where the functions g and Gρ are defined as in (19)-(20), and the function
HP is given by
Z
Z +∞
1 u −ρ(u−s)
HP (u) =
e
k(u − s)
e−ρ(x−s) χP (x) dx ds ,
(41)
c 0
s
where, for x > 0, χP is defined as
Z +∞
w(y − x, x)νS−Z (dy).
χP (x) =

(42)

x+

In analogy with equation (23), equation (40) is known to solve the defective renewal equation
Z x
φP (x) =
φP (x − y)g(y)dy + HP (x) + w0 e−ρx [1 − K(x)] , x > 0 , (43)
0

and hence the only difference with the generalized EDPF lies in the term HP ,
in particular in the definition (42) of χP . We note that Corollary 4.1 fills in a
gap found in the literature, where similar expressions for the classical EDPF
seem to exist only for a subordinator model and a Brownian perturbation.
For example, if the perturbation Z does not have a jump component, then
(43) reduces to the result found in Tsai and Willmot (2002) and Morales
(2007).
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5

Conclusion

In this paper we have generalized the Expected Discounted Penalty Function
introduced by Gerber and Shiu (1997,1998a,1998b) to include the last minimum of the surplus before ruin, in addition to the surplus before ruin and
the deficit at ruin. We have studied the generalized EDPF in the context of
a perturbed subordinator risk model, where the perturbation is channeled
by a spectrally negative Lévy process. By using some recent developments
in the theory of fluctuations for Lévy processes, in particular a fluctuation
identity due to Doney and Kyprianou (2006), we have derived an expression
for the generalized EDPF in terms of convolutions. The result provides a
clear and immediate extension of well-known results available for classical
Gerber-Shiu functions. The extended EDPF offers an additional level of
understanding of the risk profile of the surplus process and may have interesting applications in risk management and option pricing. As a motivation,
we have discussed the use of the generalized EDPF to compute capital requirements based on different penalization of the paths of the surplus leading
to ruin, as well as to price American options with lookback payoffs. As a final remark, our results show how the fluctuation identity for Lévy processes
developed by Doney and Kyprianou (2006) can be effectively used to study
the classical EDPF.
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process. ASTIN Bulletin. 34. pp. 361-377.

17

[22] Morales, M. (2007). On the Expected Discounted Penalty Function for Perturbed Risk Process Driven by a Subordinator. Insurance: Mathematics and
Economics.. 40. pp. 293-301.
[23] Morales, M.; Schoutens, W. (2003). A Risk Model Driven by Lévy Processes.
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