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Abstract
This paper considers the problem of pricing contingent claims using distortion operators. This approach was first developed in insurance pricing [Wang (2000)] where the original distortion function was
defined in terms of the normal distribution. Contingent pricing under this approach was later studied in Hamada and Sherris (2003)
where they compare the standard Black-Scholes contingent pricing and
distortion-based contigent pricing. In their analysis they conclude that
the normal-based operator in Wang (2000) does not work well under
non-gaussian assumptions. Here, we generalize this approach by introducing a new distortion that is based on the Normal Inverse Gaussian
(NIG) distribution. The NIG family is a generalization of the normal
distribution that allows for heavier and skewed tails. These features
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have made the NIG a favorite alternative choice for financial modeling. The problem of pricing contingent claims has been extensively
studied for non-Gaussian models and, in particular, Black-Scholes formulas have been derived for the NIG asset price model. We show how
we can recuperate these Non-Gaussian Black-Scholes formulas using
distortion operators. We provide illustrations on how the resulting
NIG-based distortion function performs better than the original distortion function in Wang (2000).
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Introduction

In Wang (2000), the author proposes a form of insurance risk pricing based
on a normal-based distortion operator. This pricing principle is consistent
with the financial theory of Gaussian option pricing as shown in Hamada
and Sherris (2003). It is shown that the celebrated Black-Scholes formula
can be recuperated through the distortion operator of Wang (2000) under
the assumption of a normal model for asset prices. Moreover, in Hamada
and Sherris (2003) they carry out a numerical analysis of the normal-based
distortion operator of Wang (2000) in order to asses its performance under a non-normal model for asset prices. They numerically illustrate the
limitations of Wang’s approach under non-Gaussian assumptions.
It is a well-known fact that the returns of most financial assets have
semi-hevy tails and the actual kurtosis is higher than that of a normal distribution. The pricing principle approach of Wang must be somehow modified in order for it to capture the non-Gaussian feature of market prices.
In recent years, several non-Gaussian distributions have been proposed in
order to better model asset prices. Recently, the Generalized Hyperbolic
family of distributions has been succesfully used in finance [Eberlein and
Keller (1995), Eberlein (2001) and Prause (1999)]. This family has many
interesting features that better capture the semi-heavy tailness, skewness
and kurtosis of financial returns. It is a very large family that contains the
normal distribution as a limiting case. Among these distributions, we find
the subclass of Normal Inverse Gaussian distributions. This law is a natural
generalization of the normal distribution and, with four parameters, is more
flexible in terms of skewness and kurtosis. Just as the normal distribution
is the cornerstone for the geometric Brownian motion, we can construct an
exponential NIG Lévy motion which is a natural generalization of the former. Based on models like the NIG process, a non-Gaussian financial theory
is now readily available. Under non-Gaussian assumptions for the asset returns, markets are incomplete and there are many equivalent martingale
2

measures. This implies in turn that the arbitrage-free price of contingent
claims is not unique. Among this family of equivalent martingale measures,
one can find subclasses for which explicit formulas can be work out. One
such subclass is the so-called mean-correcting equivalent martingale measure. Within this class of equivalent measures, we have that a NIG-Lévy
processes remains within the same family of processes with only a change
in the mean parameter. Moreover, a Black-Scholes type formula can be
worked out in this case. This is an interesting analog to the situation found
in the Brownian model for which the celebrated Black-Scholes formula for
contingent claims was first developped.
In Hamada and Sherris (2003), they set out to illustrate the limitations
of the operator of Wang under non-Gaussian assumptions. In this note, we
propose a generalized version of this operator based on a NIG distribution.
We show that this operator is compatible with standard non-Gaussian financial theory and in particular, we recuperate the option formula under the
mean-correcting subclass of equivalent martingale measures. We also carry
out a simulation analysis in order to illustrate how this new distortion operator improves upon the limitations of Wang’s original distortion. Following
Hamada and Sherris (2003), we consider four asset price models: a geometric Brownian motion, an exponential NIG-Levy model, a jump diffusion
model and a constant elasticity of variance (CEV) model. We compare the
performance of the normal-based operator of Wang and the new NIG-based
operator for all four models. We confirm again that Wang’s operator does
not perform very well under non-Gaussian assumptions. But we also show
that the NIG-based operator is more robust under different models for the
underlying even under different non-Gaussian assumptions.
This paper is organized as follows. In Section 2, we present a brief summary of results about the NIG family of distributions and the corresponding
non-Gaussan financial theory. We also introduce in this section several results that will be needed throught out this paper. In Section 3, we introduce
a NIG-based distortion operator and discuss some of their properties and
features. In Section 4, we show how this new operator is consistent with
standard non-Gaussian financial theory by recuperating the Black-Scholes
type formula. In Section 5, we present a simulation analysis of this operator
for several examples. Section 6 finally concludes.
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The Normal Inverse Gaussian Distribution and
Non-Gaussian Black-Scholes Contingent Pricing

The normal inverse Gaussian (NIG) distribution is a member of the wider
class of generalized hyperbolic distributions. This larger family was introduced in Barndorff-Nielsen and Halgreen (1977). It contains either directly
or as a limiting case the inverse Gaussian, normal, Student-t, Cauchy, exponential and gamma distributions. This family has recently been applied in finance [see Eberlein and Keller (1995), Eberlein (2001) and Prause (1999)]. It
is a well-known fact that the returns of most financial assets have semi-heavy
tails and the actual kurtosis is higher than that of a normal distribution.
Recent studies propose the generalized hyperbolic family of distributions as
a more adequate model for asset returns. They show that the medium-tailed
generalized hyperbolic distribution fits well to stock returns and use it in a
general option pricing model. In financial applications it is often preferred
to α-stable distributions since their density is known and all of the moments
exist. Moreover, it has been shown [Barndorff-Nielsen and Halgreen (1977)]
that this family belongs to the infinitely divisible class of distributions which
allows for the construction of a Non-Gaussian Black-Scholes option pricing
theory. A thorough account of more general non-Gaussian distributions in
finance can be found in Schoutens (2003).
In this note we focus on the NIG subclass of this large family. The NIG
is one of the only two subclasses being closed under convolutions (the other
one being the variance-gamma distribution). Its density function is given
by
 p

2 + (x − µ)2
α
δ
K
δγ
1
αδe
p
nig(x; α, β, δ, µ) =
eβ(x−µ) ,
x ∈ R , (1)
π
δ 2 + (x − µ)2
where Kλ is the modified Bessel function of the third kind with index λ
given by
Z ∞
1
−1
Kλ (x) =
uλ−1 e− 2 x(u +u) du ,
x>0,
0

γ2

α2

β2.

and
=
−
The parameter domain is δ > 0 , α > 0 , α2 > β 2 and
µ ∈ R. The parameter α > 0 determines the shape, β with 0 6 |β| < α the
skewness and µ ∈ R the location. δ > 0 is a scaling parameter.
In this paper we denote the NIG distribution function by NIG, i.e.
Z x
NIG(x; α, β, δ, µ) =
nig(y; α, β, δ, µ) dy .
−∞

4

The NIG survival function is denoted by NIG, i.e.
Z ∞
NIG(x; α, β, δ, µ) =
nig(y; α, β, δ, µ) dy .
x

The mean and the variance are given respectively by
EX = µ + p
VarX =

δβ
α2 − β 2

δα2
3

(α2 − β 2 ) 2

,

.

Interestingly enough, the normal distribution is a limiting case of the NIG
distribution as stated in the following remark.
Remark 2.1 A normal distribution with mean µ and variance σ 2 is obtained as a limiting case of the normal inverse Gaussian distribution for
δ → ∞ and δ/α → σ 2 .
An interesting feature of the NIG density is that, unlike the normal
density, it is not symmetric and that its asymmetry is determined by the
parameter β. In fact, it is a straight forward exercice to verify that the NIG
distribution has a symmetry property with respect to β as stated in the
following proposition.
Proposition 2.1 For a given parameter β such that α2 > β 2 , we have that
NIG(x ; α, β, δ, µ = 0) = 1 − NIG(−x ; α, −β, δ, µ = 0) .

The Laplace transform of the NIG distribution is particularly simple:
L(z) = e−µz+δ(γ−γz ) ,

|β − z| < α ,

(2)

where γ 2 = α2 − β 2 and γz2 = α2 − (β − z)2 .
This form of the Laplace transform yields an expression for the expectation of an exponential transformation of a NIG random variable. This is
given in the following remark.
Remark 2.2 If X ∼ nig(α, β, δ, µ) we have that Y = eX is a LogNIG
random variable with mean given by
√
√ 2
 
µ−δ
α −(β+1)2 − α2 −β 2
E eX = e
.

h

i
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From the form of the Laplace transform (2), we can see that the NIG
distribution is closed under convolutions. If X1 and X2 are two independent
random variables with NIG densities nig(x; α, β, δ1 , µ1 ) and nig(x; α, β, δ2 , µ2 )
respectively, then X1 + X2 has density nig(x; α, β, δ1 + δ2 , µ1 + µ2 ). Moreover, the NIG is closed under affine transformations as stated in the following
remark.
Remark 2.3 If X ∼ nig(α, β, δ, µ) we have that Y = aX + b, for a > 0
and b ∈ R, is such that
Y ∼ nig(α/a, β/a, aδ, aµ + b) .

The NIG distribution was originally constructed in Barndorff-Nielsen
(1977) as a normal variance-mean mixture where the mixing distribution is
an inverse Gaussian. This is, if X is a NIG distributed random variable then,
the conditional distribution p
given W = w is N (µ+βw, w) where W is inverse
Gaussian distributed IG(δ, α2 − β 2 ) [see Jørgensen (1982) for a reference
on inverse Gaussian distributions]. This gives a simple way of simulating
NIG random variables. Moreover, this property allows us to numerically
evaluate the NIG distribution function through the following result that is
now standard in the literature (see Schoutens (2003) for instance).
Proposition 2.2 The distribution function NIG is given by the expression

Z ∞ 
p
x − µ − βt
√
NIG(x; α, β, δ, µ) =
Φ
ig(t ; δ, α2 − β 2 ) dt , (3)
t
−∞
where Φ is the standard normal distribution and the inverse Gaussian density
ig is given by


(γ/δ)−1/2 − 3
1 2 −1
2
ig(t ; δ, γ) =
x 2 exp − (δ x + γ x) , x > 0 , δ, γ > 0 .
2K 1 (δγ)
2
2

Barndorff-Nielsen and Halgreen (1977) showed that the generalized hyperbolic family is infinitely divisible and therefore its Laplace transform is
of the form
L(z) = eΨ(z) ,
z∈R,
(4)
with
Ψ(z) = az +

Z
b2 2
[ezx − 1 − zx] ν(dx) ,
z +
2
R0
6

z∈R,

(5)

where a, b ∈ R and ν is a positive measure on R0 = R − {0} satisfying
Z
1 ∧ |x|2 ν(dx) < ∞ .

R0

The measure ν is the so-called Lévy measure. The parameters a, b2 and ν
uniquely determine any infinitely divisible distribution.
Because of the infinite divisibility of NIG distributions, we can construct
a NIG Lévy process, i.e. a process with independent and stationary NIGdistributed increments. Recall that this class of processes is in one-to-one
correspondence with the class of infinitely divisible distributions. Every
infinitely divisible distribution generates a Lévy process and the increments
of every Lévy process are infinitely divisible distributed. We refer to Bertoin
(1996) or Sato (1999) for comprehensive discussions on Lévy processes and
to Barndorff-Nielsen, Mikosh and Resnick (2001) for recent applications.
The NIG process is an extension of the Brownian motion that allows
for finite dimensional distributions with semi-heavy tails. In a way, it can
be seen as a purely discontinuous version of the latter. Within the wide
spectrum of Lévy processes, it lies somewhere between the Brownian motion
and the α-stable process. In finance, Brownian motion is at the heart of
the Black-Scholes option pricing theory. In recent years, this arbitrage-free
analysis has been extended to include more general Lévy processes as the
basic building block. In this section we briefly mention some elements of this
so-called non-Gaussian Black-Scholes option pricing. For a more extensive
introduction we refer the reader to Schoutens (2003).
The NIG Lévy processes can be defined as follows:
Definition 2.1 Let (Ω, F, (Ft )t>0 , P) be a filtered probability space. An
adapted càdlàg R-valued process X = {X(t)}t>0 with X(0) = 0 is a NIG
Lévy process if X(t) has independent and stationary increments distributed
as nig(·; α, β, δt, µt).
The NIG process is a pure jump process plus a drift term. The drift term
is nothing but the expected value of X(1). In Figure 1 we can see different
paths of NIG processes.
The NIG Lévy process exhibits a diffusion-like feature along with a jumpdriven structure. Despite the apparent continuity, its paths are composed
by an infinite number of small jumps. We refer to Prause (1999) for a
comprehensive discussion on the NIG Lévy process.
In all, the NIG process has features that make it a natural model for
asset returns. A general exponential model for asset prices in terms of a
7

Figure 1: Simulated paths of a NIG Lévy processes for different
values of β.

NIG process has been proposed and analyzed in Barndorff-Nielsen (1998).
The so-called exponential NIG Lévy model for asset prices is of the form
St = S0 eZt ,

t>0,

(6)

where Zt is a (Ft , P)-NIG Lévy process. A Black-Scholes analysis can still be
carried out for derivatives defined on a more sophisticated market composed
by a risky asset following (6) and a riskless asset of the form Bt = ert . The
fundamental theorem of asset pricing still applies and the arbitrage-free price
of a derivative is still given in terms of an expectation under a risk neutral
(equivalent) probability measure [Delbaen and Schachermayer (1994)]. This
is, an European-type contingent payment f (ST ) has an arbitrage-free price
Ct given by
Ct = EQ [e−r(T −t) f (ST ) | Ft ] ,
(7)
where Q is an probability measure, equivalent to P, under which the discounted asset e−rt St is a (Ft , Q)-martingale. It turns out such markets are
incomplete and therefore, unlike for the geometric Brownian motion case,
8

there exist an infinite number of such equivalent martingale measures [Eberlein and Jacod (1997)]. Despite the lack of uniqueness of the equivalent
martingale measure, if we restrict ourselves to a certain family of equivalent
measures, closed-form formulas can be obtained. A common choice is the
mean-correcting martingale measure [see Schoutens (2003) for a thorough
description]. Under this change of measure, the original drift parameter µ
becomes µ + θ ∗ , therefore the name mean correcting. Within this family of
equivalent measures, it can be shown that a Black-Scholes-like formula can
be obtained for a European-type contingent claim. This fact is stated in the
following result.
Theorem 2.1 Let St be the exponential NIG-Lévy price process defined
in (6) with parameters [α, β, δ, µ]. One possible arbitrage-free price of a
European-type contingent pay-off f (ST ) at time t is given by
Ct = EQθ∗ [e−r(T −t) f (ST ) | Ft ] ,

(8)

where Qθ∗ is an equivalent martingale measure under which St is an exponential NIG-Lévy process with parameters [α, β, δ, µ + θ ∗ ] and the value of
θ ∗ is given by
i
hp
p
θ∗ = r − µ + δ
(9)
α2 − (β + 1)2 − α2 − β 2

Proof. We refer to Schoutens (2003) for a proof of this result which is now
standard in the literature.
We remark that in this setting the parameter µ plays the role of the drift
in the Black-Scholes setting. We notice that for this equivalent measure to
exist we need the condition (β + 1)2 < α2 .
Theorem 2.1 immediately yields the following Black-Scholes-type formula for a European call with strike K (i.e. f (ST , K) = (ST − K)+ ),


K
C(t, St ) = St NIG ln
; α, β + 1, δ(T − t), [µ + θ ∗ ](T − t)
St
(10)


K
− K e−r(T −t) NIG ln
; α, β, δ(T − t), [µ + θ ∗ ](T − t) ,
St
where θ ∗ is given in (9).
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Formula (10) has the same structure as the Black-Scholes formula and
it is just as simple to compute. It only requires the evaluation of the distribution function of a NIG. This can be easily implemented through equation
(3).
For a comprehensive treatment of equivalent martingale measures and
non-Gaussian option pricing we refer the reader to Prause (1999) and Schoutens
(2003). In the following section we discuss how we can define a distortion
operator based on a NIG distribution.

3

A New Class of Distortion Operators

In Wang (2000), the author discusses an approach to price financial and
insurance risks alike. This aproach stems out of the dual theory of risk
developed in the economic literature [Yaari (1987)]. Under this approach,
the risk premium (or price) of an insurance (or financial) position is given in
terms of a distortion function g that somehow encapsulates the perceived risk
aversion. Let X be a random variable representing a financial (insurance)
risk and let FX and SX be its distribution and survival function respectively.
The premium (price) associated with this position is
Z
Π(X) = g (SX (x)) dx ,
(11)
where g is an increasing differentiable function with 0 < g(x) < 1 for all x.
Notice that all integrals in this section have to be understood as integrals
over the entire domain of the random variable X. Moreover, this function
is such that g(0) = 0 and g(1) = 1. This function is a so-called distortion
function. A close look to equation (11) shows that the premium function
Π can be seen as a corrected mean under a new density measure given by
η(dx) = g 0 (SX (x)) dFX (x), i.e.
Z
Π(X) = x g 0 (SX (x)) dFX (x) = Eη [X] ,
(12)
where the Eη denotes expectation under the density measure η.
Wang (2000) proposes the following class of distortion function based on
the normal distribution in order to price insurance and financial risks:

gα (u) = Φ Φ−1 (u) + α ,
(13)
where Φ is the standard normal cumulative distribution function. We refer
to Wang (2000) for a thorough discussion of this class of distortions and
their properties.
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In Hamada and Sherris (2003), they show that the distortion in (13)
is consistent with the Black-Scholes formula. Let us consider the following
pricing kernel associated to the distortion (13),
Z
H[X = h(Z); α] = gα (SX (x)) dx ,
where h is a continuous, positive and increasing function. It is a straightforward exercice to show that, for a normal random variable Z
H[X = h(Z); α] = E[h(Z + α)] .
In the standard Black-Scholes model, the risk position at time Xt is
modeled by a geometric Brownian motion, i.e.
Xt = X0 e(µ−

σ2
2

)t+σWt

,

t>0,

where W is a standard Brownian motion.
If we consider the pay-off of a european call option (with maturity T and
strike price K), we can write
C(XT , K) = (XT − K)+ ,
where XT is a lognormal random
√ variable. If we now apply the pricing kernel
(µ−r) T
∗
to this pay-off with α =
, we can show that
σ
e−rT H[C(XT , K); −α∗ ] = X0 Φ(d1 ) − e−rT KΦ(d2 ) ,
where

2

ln( XK0 ) + (r + σ2 )T
√
d1 =
,
σ T
√
d2 = d1 − σ T ,

and r the market risk-free rate. That is, we can recuperate the Black-Scholes
formula through the distortion operator (13).
Along the same lines, we introduce a generalized version of the distortion
(13) that is based on a NIG distribution rather than on a normal distribution.
NIG denote the NIG cumulative distribution function
Definition
3.1pLet Φ√
√
NIG( αδ, −β δ/α, αδ, 0). We define de NIG distortion as


−1
gα,β,δ,θ (u) = ΦNIG ΦNIG (u) + θ .
(14)
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We notice that unlike the distortion in (13), this generalized distortion has
four parameters. These can be calibrated just like in Wang’s distortion.
One interesting feature of this new distortion is that, since it is based on
a skewed distribution, the underlying probabilities are distorted asymmetrically at the tails. In Wang’s distortion, both tails are distorted in the same
way because of the symmetry of the normal distribution.
We start our discussion with the following proposition that shows the
effect of the NIG distortion on a NIG random variable.
Proposition 3.1 Consider the NIG distortion gα,β,δ,θ defined in (14). Let
Z be a random variable with distribution given by NIG(α, β, δ, µ) and let
X = h(Z) be a transformation through a continuous, positive and increasing
function h. Then,
Z
p
H[X; θ] ≡ gα,β,δ,θ (SX (x)) dx = E[h(Z + θ δ/α)] .
(15)

Proof. By definition we have that
Z
H[X; θ] ≡ gα,β,δ,θ (SX (x)) dx .
Now,
SX (t) = P[X > t]
= P[h(Z) > t]
= P[Z > h−1 (t)]
"
#
Z −µ
h−1 (t) − µ
= P p
> p
.
δ/α
δ/α
But from Remark 2.3, we have that
p
√
√
Z −µ
p
∼ NIG( αδ, β δ/α, αδ, 0) .
δ/α
This implies that
"

#
p
√
h−1 (t) − µ √
p
SX (t) = 1 − NIG
; αδ, β δ/α, αδ, 0 .
δ/α
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Because of the symmetry property of the parameter β in Proposition 2.1,
we have
"
#
p
√
h−1 (t) − µ √
p
; αδ, β δ/α, αδ, 0
SX (t) = 1 − NIG
δ/α
"
#
−1 (t)
µ
−
h
p
= ΦNIG
δ/α
√
p
√
where ΦNIG denotes the cumulative distribution function NIG( αδ, −β δ/α, αδ, 0).
If we now apply the distortion gα,β,δ,θ on SX we have
"
#!
!
−1 (t)
µ
−
h
−1
p
gα,β,δ,θ (SX (t)) = ΦNIG ΦNIG
ΦNIG
+θ
δ/α
!
−1 (t)
µ
−
h
p
= ΦNIG
+θ
δ/α
!
µ − h−1 (t)
NIG
p
= Φ
+θ
δ/α
If we use the symmetry property of the β parameter again we have
!
−1 (t)
µ
−
h
p
gα,β,δ,θ (SX (t)) = ΦNIG
+θ
δ/α
"
#
p
√
√
h−1 (t) − µ
p
= 1 − NIG
− θ ; αδ, β δ/α, αδ, 0
δ/α
"
#
h−1 (t) − µ
= P Y > p
−θ
δ/α
hp
i
p
= P
δ/αY + θ δ/α + µ > h−1 (t) ,
√
p
√
where
Y
∼
NIG(
αδ,
β
δ/α,
αδ, 0). Using Remark 2.3, we can see that
p
δ/αY + µ ∼ NIG(α, β, δ, µ), so that we can write
h
i
p
gα,β,δ,θ (SX (t)) = P Z + θ δ/α > h−1 (t)
h 

i
p
= P h Z + θ δ/α > t ,
where Z ∼ NIG(α, β, δ, µ).
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This implies that
Z
p
gα,β,δ,θ (SX (x)) dx = E[h(Z + θ δ/α)] ,
which concludes the proof.
This result shows thatp
under a gα,β,δ,θ distortion, a NIG random variable
is translated by a factor θ δ/α. This generalizes the equivalent result found
in Hamada and Sherris (2003).
We now have to study how this distortion affects an exponential Lévy
model for asset prices and in particular if there is a value of θ such that
discounted asset prices behave like risk-neutral asset prices. Let us consider
the following exponential NIG asset price model
St = S0 eZt ,

t>0,

(16)

where Zt is a (Ft , P)-NIG Lévy process with parameters [α, β, δ, µ]. Then,
the (FT , P)-random variable ST is the price of the security at time T and
it can be written as ST = h(ZT ) for a function h(u) = S0 eu and a random
variable ZT with distribution NIG(α, β, δT, µT ).
If we apply Proposition 3.1 we have that
p
H[ST ; −θ] = E[h(ZT − θ δT /α)]
h
i
√
= E S0 eZT −θ δT /α
√
√ 2
√
µT −θ δT /α−δT
α −(β+1)2 − α2 −β 2
= S0 e
.
p
This
comes
from
Remark
2.3
which
implies
that
Z
−θ
δT /α ∼ NIG(α, β, δT, µT −
T
p
θ δT /α) and from the form of the expectation of a LogNIG random variable
given in Remark 2.2.
It can be easily seen that if we set
hp
i
p
µ−r−δ
α2 − (β + 1)2 − α2 − β 2 √
p
θ=
T ,
(17)
δ/α

h

i

then the expression for H[ST ; −θ] simplifies to
H[ST ; −θ] = S0 erT .
In other words, under the NIG distortion with a value of θ given in (17), the
price ST evolves like a risk-neutral asset.
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4

Contingent Claims Pricing

In this section we show how the NIG distortion operator defined in Section
3 is consistent with the non-Gaussian option pricing theory. In particular,
we recuperate the non-Gaussian Black-Scholes option pricing formula (10).
Let us consider the NIG asset proce model in (16) and a standard European call option pay-off at maturity T given by f (ST , K) = (ST − K)+ .
This is clearly a function of the (FT , P)-random variable ST which is the
price of the security at time T . It can be written as ST = h(ZT ) for a
function h(u) = (S0 eu − K)+ and a random variable ZT with distribution
NIG(α, β, δT, µT ).
If we apply Proposition 3.1 we have that the price of this standard European call pay-off is
p
H[f (ST , K); −θ] = E[h(ZT − θ δT /α)]

 
√
= E S0 eZT −θ δT /α − K
(18)
+
Z ∞
p
=
(S0 ez − K)+ nig(z ; α, β, δT, µT − θ δT /α) dz .
−∞

This comes from Remark 2.3 and from the fact that ZT ∼ NIG(α, β, δT, µT ).
The values of z for which S0 ez − K > 0 is the interval (ln SK0 , ∞), and the
integral in (18) becomes,
Z ∞
p
H[f (ST , K); −θ] = S0
ez nig(z ; α, β, δT, µT − θ δT /α) dz
K
S0

ln

−K

Z

(19)
∞

ln

p
nig(z ; α, β, δT, µT − θ δT /α) dz.

K
S0

If we set the parameter θ to be the one that makes ST evolve like a riskneutral asset, i.e.
hp
i
p
µ−r−δ
α2 − (β + 1)2 − α2 − β 2 √
p
θ=
T ,
δ/α
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then equation (19) becomes,
H[f (ST , K); −θ] = S0

Z

∞

ez nig(z ; α, β, δT, [µ + θ ∗ ]T ) dz
K
S0

ln

−K

Z

(20)
∞

ln

where

p

θ ∗ = r − µ + δ[

nig(z ; α, β, δT, [µ + θ ∗ ]T ) dz,
K
S0

α2 − (β + 1)2 −

p

α2 − β 2 ] .

The first integral in (20) can be reduced to a much simpler form by directly
using the expression in (1) for the NIG density. This yields,
Z ∞
rT
H[f (ST , K); −θ] = S0 e
nig(z ; α, β + 1, δT, [µ + θ ∗ ]T ) dz
−K

Z

ln

K
S0

∞

ln

nig(z ; α, β, δT, [µ + θ ∗ ]T ) dz,
K
S0

This implies that the price of a standard European pay-off evaluated with
the pricing kernel associated to the NIG distortion (14) with a parameter
θ ∗ is given by


K
−rT
∗
e
H[f (ST , K); −θ] = S0 NIG ln
; α, β + 1, δT, [µ + θ ]T
S0
(21)


K
−K e−rT NIG ln
; α, β, δT, [µ + θ ∗ ]T .
S0
Equation (21) is the Black-Scholes-type formula in (10) at t = 0. This shows
that the NIG-distorted pricing kernel in (14), with parameter θ ∗ , reduces to
the Black-Scholes-type formula under the mean-correcting martingale measure.

5

Simulation Analysis

In this section we carry out an empirical analysis of the performance of a
pricing kernel based on (14) under different types of data sets. Our aim is
two-fold. First, we want to corroborate the findings in Hamada and Sherris (2003) according to which the Wang distortion operator (13) perform
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poorly when it is used outside a Gaussian setting. This is a major drawback
since it is a well-documented fact that market log-returns are anything but
Gaussian. Our second aim is to show how the NIG distortion operator in
(14) performs better in a wide range of non-Gausian situations. This is an
interesting feature of the NIG operator since one would expect to use such
a pricing kernel on actual market asset prices and not on Gaussian examples.
In order to provide a controlled setting for our analysis, simulated data
is used to test both Wang and the NIG distortion operators. These pricing kernels are tested on four different simulated data sets. Asset prices
are simulated according to four well-known models for which theoretical option price formulas are available: a geometric Brownian model, a lognormal
model with jumps, a Constant Elasticity of Variance (CEV) model and a
NIG-Levy model. Both pricing kernels were tested on these data sets in order to compare how these two distortions perform when evaluating options
on underlying assets that do not have Gaussian log-returns.
Let X = C(ST , K) be the European call pay-off with strike K. These
options are evaluated through equation (11) using both distortions in (13)
and in (14) under the four different models.
Wang distortion
First, for all four models, the performance of the Wang distortion operator (13) is evaluated. Using the simulated data, the empirical survival
function Sc
X is computed. The parameter α is then calibrated to verify the
risk-neutral condition such that
H[ST ; −α] = S0 erT .
The latter is then used in order to compute the right-hand side in (11) with
the Wang distortion (13), i.e.
Z ∞ 

H[X; −α] =
gα Sc
(x)
dx .
(22)
X
0

NIG distortion
The performance of the NIG distortion is also tested on the four models.
Using the simulated data, the empirical survival function Sc
X is computed.
The latter is then used in order to compute the right-hand side in (11) with
the NIG distortion in (14), i.e.
Z


H[X; −θ] = gα,β,δ,θ Sc
(23)
X (x) dx .
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Here, parameters α, β and δ have to be first estimated from log-returns of
simulated data. The estimation is done by fitting the NIG distribution to the
simulated log-returns using maximum likelihood estimation. An algorithm
developed by Karlis (2002) has been used for this purpose. Once α, β and
δ have been estimated, the parameter θ can be calibrated to verify the riskneutral condition, i.e.
H[ST ; −θ] = S0 erT .
(24)
Alternatively, parameters α, β and δ can be calibrated from market option
prices through (23) and the parameter θ can still be calibrated through the
risk-neutral condition (24). Both approaches yield similar results yet pricing
using maximum likelihood estimation is easier to implement.

5.1

Geometric Brownian Motion Model

The geometric Brownian model is used as a benchmark for Wang’s distortion. Prices are modeled by
St = S0 e(µ−

σ2
2

)t+σWt

,

06t6T ,

where Wt is a standard Brownian motion. It is well known that the price of
a European call under this model is given by the celebrated Black-Scholes
formula. In Hamada and Sherris (2003), there is evidence that the normalbased distortion of Wang (2000) can accurately recuperate option prices
under the Black-Scholes model. In order to verify this, we simulate 1000
lognormal prices ST with drift µ = 16%, volatility σ = 20% and an initial
price of S0 = 20. The maturity and the risk-free rate are respectively set at
T = 0.5 and r = 5%. The option prices are calculated for a range of strike
prices K going from 16 to 24.
In Table 1 the theoretical option prices are shown and compared to options prices obtained through procedures (22) and (23). The prices obtained
with Wang’s distortion are numerically equivalent to the Black-Scholes theoretical price as expected. The prices obtained with the NIG distortion also
reproduce the numerical values obtained through the Black-Scholes formula.
This first test shows that both distortions perform well under Gaussian conditions.

5.2

Jump Diffusion Model

The Geometric Brownian Motion produces continuous sample paths with
probability one. This feature can be considered too restrictive when it comes
18

Table 1: Numerical Option Prices from a Sample of Asset Prices
Simulated From a Black-Scholes Model.

to modeling certain types of assets, such as stocks (see Merton, 1976). In
Merton (1976) we find a very simple model that incorporates jumps in sample
paths of the asset price. In Merton’s model, the price of the asset is given
by
St = S0 e(µ−

σ2
2

2

−λ(eµJ +0.5σJ −1))t+σWt +

P

Nt
i=0

Yi

,

06t6T ,

where µ, σ, λ, µJ and σJ are constants, Wt is a standart Brownian Motion, Nt is a Poisson Process with parameter λ and {Yi } is a sequence of
Gaussian random variables with mean µJ and standart deviation σJ . Variables Nt and Yi ’s are assumed to be all independent. Notice that this is the
parametrization used in Hull (2009).
Merton’s Jump Diffusion Model produces an incomplete market where
the equivalent martingale measure is not unique. However, there exists a
martingale measure which only shifts the drift parameter µ to r, and keeps
the rest unchanged (in particular the distributions of the jump times and
sizes are identical under this martingale measure). This mean-correcting
martingale measure is used to calculate an arbitrage-free price for a call
option which is given by Merton (1976) as
∞ −λ(T −t)
X
e
(λ(T − t))i
Ct =
CBS (σi , ri )
i!
i=0

where
λ = λ eµ J +
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2
σJ
2

,

σi2 = σ 2 +
ri = r − λ(e

µJ +

2
σJ
2

iσJ2
,
T −t
σ2

i(µJ + 2J )
− 1) +
.
T −t

Here CBS (σi , ri ) denotes the standard Black-Scholes price for σi and ri and
with same initial asset price, maturity and strike price (respectively St , T − t
and K).
Once again, 1000 asset prices ST are simulated with µ = 30%, σ = 15%,
λ = 1, µJ = −20%, σJ = 20% and an initial price of S0 = 20. The maturity
and the risk-free rate are respectively set at T = 0.5 and r = 5%. The
option prices are calculated for a range of strike prices K going from 16 to
24.
In Table 2 the theoretical option prices are shown and compared to
options prices obtained through procedures (22) and (23). It can be seen that
the prices obtained with the NIG distortion are much closer to the theoretical
arbitrage-free prices than those obtained with Wang’s distorsion. Indeed,
the relative errors are smaller for the prices given by the NIG distortion.
This is a first example that shows that Wang’s distortion performs poorly
in a non-Gaussian context, whereas the NIG operator is flexible enough to
price options accurately.
Table 2: Numerical Option Prices from a Sample of Asset Prices
Simulated From Merton’s Model.
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5.3

CEV Model

In the literature, there is evidence that assets log-returns are heteroskedastic
i.e. the variance of the log-returns is not constant in time (Black, 1975).
Because Geometric Brownian Motion produces homoskedastic log-returns,
an alternative model has been proposed by Cox and Ross (1976) to capture
this heteroskedasticy feature. It is called the Constant Elasticity of Variance
(CEV) model. In this model, the asset price is given by the solution of the
stochastic differential equation
β

dSt = µSt dt + σSt2 dWt ,

06t6T ,

where Wt is a standard Brownian motion. We can recuperate the BlackScholes model from the CEV by posing β = 2. If β < 2, volatility is a
decreasing function of the asset price, which causes a heavy left tail in the
distribution of the asset. Conversely, when β > 2, volatility is an increasing
function of the asset price, which creates a heavy right tail. This feature
can be useful to capture the asymetry in the log-returns distribution. Under
the CEV model, for the case when β > 2, the density formula of the asset
price is known in closed form [Emanuel and Macbeth (1982)]. The formula
for the unique arbitrage-free price of the call option under the CEV model
when β > 2 is also found in Emanuel and Macbeth (1982) and is given by,
Ct = St (1 − χ2 (c, −b, a)) − Ke−r(T −t) χ2 (a, 2 − b, c) ,
where
a=

K 2−β e−r(T −t)(2−β)
,
ω(1 − 0.5β)2

b=

2
St2−β
,
, c=
2−β
ω(1 − 0.5β)2

ω=

σ2
(er(β−2)(T −t) − 1) .
r(β − 2)

This is the parametrization used in Hull(2009) with β = 2α. Here,
χ2 (x ; y, z) denotes the non-central chi square cumulative distribution function evaluated at x where y is the number of degrees of freedom and z is the
parameter of non-centrality. Schroder (1989) gives a method to compute
the non-central chi-square cumultaive distribution.
We simulate 1000 asset prices ST with µ = 20%, σ = 20%, β = 2.8,
and an initial price of S0 = 5. The maturity and the risk-free rate are
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respectively set at T = 10 and r = 5%. The simulation was made using
Milstein’s method Higham (2001), which is a simulation technique based
on a discretization scheme used to approximate Ito stochastic differential
equation solutions. The option prices have been calculated for a range of
strike prices K going from 2 to 10. Some parameters (the maturity and the
initial asset price) are different from the two previous simulation because of
computational difficulties with the non-central chi-square distribution.
In Table 3 the theoretical option prices are shown and compared to
options prices obtained through procedures (22) and (23). It can be seen
that for in-the-money calls, the prices obtained with the NIG distortion and
Wang’s distortion are close, and the relative errors are small. It is for out-ofmoney calls that the NIG distortion prices are a lot more accurate than the
prices given by Wang’s estimator. This could be explained by the fact that
Wang’s distortion might not be flexible enough adapt to the heavy right tail
of the CEV distribution (with β > 2). Once again, this is another situation
where the NIG operator is more efficient than Wang’s distortion to do the
call pricing.
Table 3: Numerical Option Prices from a Sample of Asset Prices
Simulated From CEV Model.

5.4

Exponential NIG-Levy Model

The last model on which both the NIG and Wang distortions are tested is the
Exponential NIG-Levy Model previously described in (6). The arbitragefree call price is given by (10). Once more, 1000 asset prices ST are simulated
with α = 9, β = 6, δ = 2, µ = −0.99 and an initial price of S0 = 20. The
maturity and the risk-free rate are respectively set at T = 0.5 and r = 5%.
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The option prices are calculated for a range of strike prices K going from
16 to 24.
In Table 4 the theoretical option prices are shown and compared to options prices obtained through procedures (22) and (23). The NIG distortion
was expected to be very accurate because of (21). The results of the simulation show that the NIG distortion overperforms Wang’s distortion for every
strike price. The relative error for NIG distortion prices remain smaller than
6.5% while it can climb up from 13% to 34% for Wang’s distortion. The
NIG operator is proves to be more efficient in this case as well.
Table 4: Numerical Option Prices from a Sample of Asset Prices
Simulated From NIG Model.

6

Conclusions

In this article we propose a generalized version of the distortion proposed in
Wang (2000). This generalization uses a Normal Inverse Gaussian distribution instead of a standard normal. Both distortions have been tested using
simulation. This empirical analysis using simulation attempts to replicate
non-Gaussian conditions as they could be found in market data. It turns
out that the NIG operator performs well for various non-gaussian models for
the underlying asset whereas Wang’s operator can sometimes provide poor
estimations of the theoretical price.
The NIG distribution is a skewed distribution that has been proven to
effectively fit financial log-returns. It comes as no surprise that a distortion
operator based on this distribution performs better than Wang’s under nonGaussian conditions. An interesting feature of this distortion is that, since
it is based on a skewed distribution, distorts differently the right and the
23

left tails of the underlying distribution. This can be controlled through the
parameter β. In this article we set out to compare these two distortions in
an option pricing context, further testing is needed in order to compare the
performance of these two distortions in different applications.
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24

[12] Emanuel, D. and MacBeth, J. (1982) Further Results on the Constant
Elasticity of Variance Call Option Pricing Model, Journal of Financial
and Quantitative Analysis. 17. pp. 533-554.
[13] Hamada, M. and Sherris, M. (2003). Contingent Claim Pricing Using
Probability Distortion Operators: Methods from Insurance Risk Pricing
and Their Relationship to Financial Theory. Applied Mathematical Finance. 10. pp. 19-47.
[14] Jørgensen, B. (1982). Statistical Properties of the Generalized Inverse
Gaussian Distribution. Lecture Notes in Statistics. (9). Springer.
[15] Karlis, D. (2002). An EM type algorithm for maximum likelihood estimation for the normal inverse Gaussian distribution, Statistics and Probability Letters. 57. pp. 43-52.
[16] Merton, R.C. (1976). Option Pricing when Underlying Stock Returns
are Discontinuous, Journal of Financial Economics. 3. pp. 125-144.
[17] Morales, M.; Schoutens, W. (2003). A Risk Model Driven by Lévy
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