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Mahler Measure

For P ∈ C[x±1
1 , . . . , x±1

n ], the (logarithmic)

Mahler measure is:

m(P ) =
∫ 1

0
. . .

∫ 1

0
log |P (e2πiθ1, . . . , e2πiθn)|dθ1 . . .dθn

=
1

(2πi)n

∫

Tn
log |P (x1, . . . , xn)|

dx1

x1
. . .

dxn

xn

Jensen’s formula −→ simple expression in

one-variable case.

Several-variable case?



Some of Smyth’s Examples with several

variables

The simplest example in two variables:

m(1 + x + y) =
3
√

3

4π
L(χ−3,2) = L′(χ−3,−1)

L(χ−3, s) :=
∞∑

n=1

χ−3(n)

ns

is the L-series in the character of conductor 3:

χ−3(n) =







1 if n ≡ 1mod3
−1 if n ≡ −1mod3
0 otherwise

Another example in three variables

m(1 + x + y + z) =
7

2π2
ζ(3)



Cassaigne and Maillot’s Example

πm(a + bx + cy) =







D
(∣
∣
∣
a
b

∣
∣
∣ eiγ

)

+ α log |a| + β log |b| + γ log |c| 4

π logmax{|a|, |b|, |c|} not 4

| c || a |

γ α

| b |

β

where

D(z) := Im(Li2(z))+log |z| arg(1−z) z ∈ C\[1,∞)



Results (I)

π2m
(

1−x1

1+x1
+ α

1−y1

1+y1
z
)

7 ζ(3)

π4m
(

1−x1

1+x1

1−x2

1+x2
+ 1−y1

1+y1

1−y2

1+y2
z
)

62ζ(5) + 28ζ(2)ζ(3)

π6m
(

1−x1

1+x1

1−x2

1+x2

1−x3

1+x3
+ 1−y1

1+y1

1−y2

1+y2

1−y3

1+y3
z
)

381ζ(7) + 372ζ(2)ζ(5) + 336ζ(4)ζ(3)

πm ((1 + y) + α(1 − y)z) 2L(χ−4,2)

π3m
(

1−x1

1+x1
(1 + y) + α

1−y1

1+y1
(1 − y)z

)
24L(χ−4,4) + 6ζ(2)L(χ−4,2)

π5m
(

1−x1

1+x1

1−x2

1+x2
(1 + y) + 1−y1

1+y1

1−y2

1+y2
(1 − y)z

)
160L(χ−4,6) + 120ζ(2)L(χ−4,4) +

135
2

ζ(4)L(χ−4,2)

χ−4(n) =

{
1 if n ≡ 1mod4

−1 if n ≡ −1mod4

0 otherwise

In the first column, α ∈ C. The values in the second column are the Mahler

measures for the α = 1 case.



Results (II)

π2m ((1 + x) + α(1 + y)z) 7
2
ζ(3)

π4m
(

1−x1

1+x1
(1 + x) + α

1−y1

1+y1
(1 + y)z

)
93ζ(5)

π6m
(

1−x1

1+x1

1−x2

1+x2
(1 + x) + 1−y1

1+y1

1−y2

1+y2
(1 + y)z

)
15·127

2
ζ(7) + 186ζ(2)ζ(5)

π8m
(

1−x1

1+x1

1−x2

1+x2

1−x3

1+x3
(1 + x) + 1−y1

1+y1

1−y2

1+y2

1−y3

1+y3
(1 + y)z

)
14 · 511ζ(9) + 30 · 127ζ(2)ζ(7) +

48 · 31ζ(4)ζ(5)

π3m ((1 + w)(1 + x) + α(1 − w)(1 + y)z) 12ζ(2)L(χ−4,2) + 2iL3,1(i, i)

π5m
(

1−x1

1+x1
(1 + w)(1 + x) + 1−y1

1+y1
(1 − w)(1 + y)z

)
144ζ(2)L(χ−4,4) +

90ζ(4)L(χ−4,2) + 16iL3,3(i, i) +

24iζ(2)L3,1(i, i)

π2m((1 + w)(1 + y) + (1 − w)(x − y)) 7
2
ζ(3) + π2

2
log 2



Polylogarithms

Multiple polylogarithms:

Lik1,...,km
(x1, . . . , xm) :=

∑

0<n1<n2<...<nm

x
n1
1 x

n2
2 . . . xnm

m

n
k1
1 n

k2
2 . . . nkm

m

(convergent for |xi| < 1)

Hyperlogarithms:

Ik1,...,km
(a1 : . . . : am : am+1) :=

∫ am+1

0

dt

t − a1
◦ dt

t
◦ . . . ◦ dt

t
︸ ︷︷ ︸

k1

◦ . . .◦ dt

t − am
◦ dt

t
◦ . . . ◦ dt

t
︸ ︷︷ ︸

km

ki are integers, ai are complex numbers, and

∫ bl+1

0

dt

t − b1
◦ . . . ◦ dt

t − bl

=

∫

0≤t1≤...≤tl≤bl+1

dt1

t1 − b1
. . .

dtl

tl − bl



The value of the integral above depends on

the homotopy class of the path connecting 0

and am+1 on C \ {a1, . . . , am}.

Proposition 1

Ik1,...,km
(a1 : . . . : am : am+1) =

(−1)mLik1,...,km

(

a2

a1
,
a3

a2
, . . . ,

am

am−1
,
am+1

am

)

Lik1,...,km
(x1, . . . , xm) =

(−1)mIk1,...,km

(

1

x1 . . . xm
: . . . :

1

xm
: 1

)

(gives an analytic continuation to multiple

polylogarithms)



Method (I)

1. Let Pα ∈ C[x1, . . . , xn] whose coefficients

depend polynomially on α ∈ C.

For example, Pα(x) = 1 + αx.

m(Pα) = log+ |α|.

2. Replace α by α
1−y
1+y

. We obtain a

polynomial P̃α ∈ C[x1, . . . , xn, y].

In the example,

P̃α(x, y) = 1 + y + α(1 − y)x.

3. The Mahler measure of P̃α is a certain

integral of the Mahler measure of Pα:

m(P̃α) =
1

2πi

∫

T1
m

(

P
α

1−y
1+y

)

dy

y



4. If the Mahler measure depends just on |α|,
make u =

∣
∣
∣α

1−y
1+y

∣
∣
∣.

First y = eiθ, then set u = |α| tan
(

θ
2

)

.

m(P̃α) =
2

π

∫ ∞

0
m (Pu)

|α|du

u2 + |α|2

=
i

π

∫ ∞

0
m (Pu)

(

1

u + i|α| −
1

u − i|α|

)

du



In the example,

m(1 + y + α(1 − y)x)

=
i

π

∫ ∞

0
log+ u

(

1

u + i|α| −
1

u − i|α|

)

du

=
i

π

∫ 1

0

∫ 1

s

dt

t






1

s + i
|α|

− 1

s − i
|α|




 ds

=
i

π

(

I2

(

− i

|α| : 1

)

− I2

(

i

|α| : 1

))

= − i

π
(Li2(i|α|) − Li2(−i|α|))



Method (II)

1. Let P (x, z) = p(x) + αq(x)z ∈ C[x, z]

whose Mahler measure is a function of

α ∈ C.

For instance, P = (1 + x) + α(1 + y)z.

π2m(P ) = 2(Li3(α) − Li3(−α)) for α ≤ 1.

2. We compute the Mahler measure of

P̃ =

(

1 − x1

1 + x1

)

. . .

(
1 − xm

1 + xm

)

p(x)

+

(

1 − y1

1 + y1

)

. . .

(

1 − yn

1 + yn

)

q(x)z

For example,

P̃ = 1−x1
1+x1

(1 + x) + 1−y1
1+y1

(1 + y)z.



3. We get combinations of
∫

T∗

∫ ∞

0

∫ ∞

0
logmax {x|p(x)|, y|q(x)|}

logj x
dx

x2 ± 1
logk y

dy

y2 ± 1

dx

x

by using

∫ ∞

0

x logk xdx

(x2 + a2)(x2 ± 1)
=

Tk(log a)

(a2 ∓ 1)
Tk[x] ∈ Q[x]

In the example,

π4m

(

1 − x1

1 + x1
(1 + x) +

1 − y1

1 + y1
(1 + y)z

)

=

=
8

(2i)2

∫

T2

∫ ∞

0

∫ x1

0
logmax{x1|1+x|, y1|1+y|}

dx1

x2
1 + 1

dy1

y2
1 + 1

dx

x

dy

y



4. But we know

1

(2i)∗

∫

T∗
logmax {|p(x)|, α|q(x)|} dx

x

= π∗m(p(x) + αq(x)z)

Following the example,

1

(2i)2

∫

T2
logmax{|1 + x|, α|1 + y|}dx

x

dy

y

= −4
∫ α

0

ds

s2 − 1
◦ ds

s
◦ ds

s

Then, we set z = y1
x1

and get x1dz = dy1.

=
8

(2i)2

∫

T2

∫ ∞

0

∫ 1

0
(logx1+logmax{|1+x|, z|1+y|})

x1dx1

x2
1 + 1

dz

z2x2
1 + 1

dx

x

dy

y



= 8
∫ ∞

0

∫ 1

0

(

logx1 − 4
∫ z

0

ds

s2 − 1
◦ ds

s
◦ ds

s

)

x1dx1

x2
1 + 1

dz

z2x2
1 + 1

= 8π2
∫ 1

0

log2 z

2(1 − z2)
dz

+8
∫ 1

0

(

−4
∫ z

0

ds

s2 − 1
◦ ds

s
◦ ds

s

) − log z

1 − z2
dz

= 7π2ζ(3) + 8(Li3,2(1,1) − Li3,2(−1,1))

+8(Li3,2(1,−1) − Li3,2(−1,−1))



How does ζ(5) show up?

Li3,2(±1,±1) are alternating Euler sums.

Use the formula (Borwein, Bradley and

Broadhurst)

Li3,2(x, y) = −1

2
Li5(x y) + Li3(x)Li2(y) + 3Li5(x)

+2Li5(y) − Li2(x y)(Li3(x) + 2Li3(y))

for x, y = ±1, together with

Lik(1) = ζ(k) and Lik(−1) =

(
1

2k−1
− 1

)

ζ(k)



We get

Li3,2(1,1)−Li3,2(−1,1)+Li3,2(1,−1)−Li3,2(−1,−1)

= −21

4
ζ(2)ζ(3) +

93

8
ζ(5)

We obtain the result by using that ζ(2) = π2

6


