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-
Mahler measure of multivariate polynomials

P c C[x, ..., xF], the (logarithmic) Mahler measure is :

da - da

1
m(P) = (2l /11‘" log |P(x1,...,Xn)

X1 Xo

T™=58"x...x 6!
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Smyth (1981)

m(l+x+y)= iL(x 3,2) = L'(x-3,-1)

m(l+x+y+z)=#((3)
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Boyd, Deninger, Rodriguez-Villegas (1997)

1 1 L/(E
m(x+—+y+——k> 2 D(E.0) keN, k#4
X y By

1 1
m(x+—+y+——4> 2L/ (x4, —1)
X y
1 1 )
m x+;+y+;—4\/§ = L/(A,0)

A:y? =x3—44x +112
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An algebraic integration for Mahler measure

Deninger (1997) : General framework.

. 1
m(P) = m(P ) + W ‘/rnn(n)(xl, PN ,Xn)
where
F={P(x1,....,%xn) =0} N {|x1| = = [xn—1] = 1, |xa| > 1}
Na(n)(x1,...,x,) is a R(n — 1)-valued smooth n — 1-form in X(C).

5/ 26
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Philosophy of Beilinson's conjectures

Global information from local information through L-functions

o Arithmetic-geometric object X (for instance, X = O, F a number
field)

o L-function (Lr = (F)
o Finitely-generated abelian group K (K = O%)
o Regulator map reg : K — R (reg = log| - |)

(Krank1)  L(0) ~o- reg(€)

(Dirichlet class number formula, for F real quadratic,
Cr(0) ~q- loglel, € € OF)
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-
An algebraic integration for Mahler measure: two-variables

Rodriguez-Villegas (1997) :
P(X,y):y+X—1 X:{P(X,y)ZO}

1 dx dy

xy

Matilde N. Lalin  (IAS) Mahler measures as values of regulators February 9th, 2006 7/ 26



-
An algebraic integration for Mahler measure: two-variables

Rodriguez-Villegas (1997) :
P(X,y):y+X—1 X:{P(X,y)ZO}

1 dx dy
P)=——= I -1

xy
By Jensen's equality:

1 d
= [ log"|1— x|—X
27 X
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An algebraic integration for Mahler measure: two-variables

Rodriguez-Villegas (1997) :
P(X,y):y+X—1 X:{P(X,y)ZO}

1 dx dy
P)=——= I - 1|——

By Jensen's equality:

where

y=Xn{x|=1Lly|>1}  n(x,y) =log|x|diargy — log |y|diarg %>
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N
Properties of n(x, y)

o n(x,y) = —nly,x)
o n(xixe,y) = n(x1,y) + n(xe,y)

e dn(x,y) =ilm (dTX A i/—y)
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N
Properties of n(x, y)

o n(x,y) = —nly,x)
o n(xixe,y) = n(x1,y) + n(xe,y)

e dn(x,y) =ilm (dTX A i/—y>

Theorem
n(x,1 —x) = diD(x) J

Bloch—Wigner dilogarithm:
D(x) := Im(Liz(x)) + arg(1 — x) log |x|

[e.e]

. x"
Lis(x) == Z = x| <1

n=1
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Use Stokes Theorem:
1 1
m(P) = —5 - L (x,1=x) = —5_D(97)

x = e27ri9

y(y(0)) =1-¢" 6€[1/6:5/6]
v = [&] — [e)

Y
N,

lxl=1 y=1-x

el + y+ 1) = D(&) ~ D(G) = 20(0) = 222Lx-2.2)
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In general,
P(x,y) € Clx,yl, X :={P(x,y) = 0}

m(P) = m(P*) ~ 5 [ ntx.y)

Y

Need
2

x/\y:er zi A (1 —z) in /\(C(X)*)@Q
Same as {x,y} =0 in Ko(C(X)) ® Q.

L (x,y) = ZO (z))loy
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Big picture

= (K3(Q) D)K3(97) — Ka(X,87) — Ka(X) — ...
Dy = XNT?
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Big picture

~ = (K3(Q) D)K3(87) — Ka(X,07) — Ka(X) — ...
dy = XNT?
o n(x,y) is exact, then {x,y} € K3(dv). We have 9y # () and we use

Stokes' Theorem.
~» dilogarithms, zeta function
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Big picture

~ = (K3(Q) D)K3(87) — Ka(X,07) — Ka(X) — ...
dy = XNT?
o n(x,y) is exact, then {x,y} € K3(dv). We have 9y # () and we use

Stokes’ Theorem.
~» dilogarithms, zeta function

e Oy =10, then {x,y} € Ka(X). We have n(x, y) is not exact.
~ L-series of a curve

We may get combinations of both situations.
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Example in the non-exact case

Boyd, Deninger, Rodriguez-Villegas (1997)

/
m(x+l+y+1—k> 2 D(E.0) keN, k#4
X y By
1 1 )
m|x+-+y+-——4) = 2L'(x-4,—1)
X y

1 1
m(x+;—|—y+;—4\/§> = L/(A0)

A:y?=x3—44x +112
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N —
Identities

Boyd (1997), Rodriguez-Villegas (2000)

Tm(y? +2xy +y — x> —2x*> — x) =5m(y? + 4xy + y — x> + x?)
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N —
Identities

Boyd (1997), Rodriguez-Villegas (2000)

Tm(y? +2xy +y — x> —2x*> — x) =5m(y? + 4xy + y — x> + x?)

m(4n®) +m (%) =2m (2n - %)

Rogers (2005)

where
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N ——..
Idea in the Elliptic Curve case

e For {x,y} € Ko(E):

(xyD) = 5 [ x)

Y

-y generates Hi(E,Z)~
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N ——..
Idea in the Elliptic Curve case

e For {x,y} € Ko(E):

(xyD) = 5 [ x)

Y

-y generates Hi(E,Z)~

r({x.y}) = DE((x) o (v))
if (x), (y) supported on E;ors(Q).
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N ——..
Idea in the Elliptic Curve case

e For {x,y} € Ko(E):
(xyD) = 5 [ x)
gl
~ generates Hy(E,7Z)~

r({x.y}) = DE((x) o (v))
if (x), (y) supported on E;ors(Q).

©DE ~ L(E,?2)
is HARD.
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N
Properties of n,(n)(x1, ..., x,)

o Multiplicative in each variable, anti-symmetric.
nn(n) is a function on A"(C(X)*)g
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N
Properties of n,(n)(x1, ..., x,)

o Multiplicative in each variable, anti-symmetric.
nn(n) is a function on A"(C(X)*)g

° dnn(n)(xl,...,xn):@(%A---Adx—?)
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N
Properties of n,(n)(x1, ..., x,)

o Multiplicative in each variable, anti-symmetric.
nn(n) is a function on A"(C(X)*)g

° dnn(n)(xl,...,xn)zl?en(dx—xllA---AdX—Xnn)

@ Np(n)(x,1 —x,x1,...,%Xp—2) = dnp—1(n)(x, x1, ..., Xn—2)
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|
Examples
n(2)(x,1 - x) = diD(x)
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|
Examples
n(2)(x,1 - x) = diD(x)

n3(3)(x,y, z) = log |x| (%dlog ly| Adlog|z| +diargy A diargz>
+ log |y ( dlog|z| A dlog|x| + diarg z /\dlargx)
+ log |z| ( dlog|x| Adlog|y| + diargx /\dlargy)
13(3)(x, 1 = x,y) = dn3(2)(x, y)

m1(2)(x,y)

1 f T_‘
= iD(x)diargy + 3 log|y|(log 1 — x|d log || — log |x|d log |1 — x|) &
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First variable in n,(n — 1) behaves like the five-term relation

[x] + [y] + [L — xy] + [11_—;;] T [11__;;]
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First variable in n,(n — 1) behaves like the five-term relation

X+ ]+ 11— ] + [11__;;} + [11—_;;]

Now

(N — 1)(x,x, X1, ..., Xp—3) = dnp(n — 2)(x, X1, . . ., Xp—3)

First variable in 7,(n — 2) behaves like rational functional equations of L3.
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First variable in n,(n — 1) behaves like the five-term relation

X+ ]+ 11— ] + [11__;;} + [11—_;;]

Now
nn(n —1)(x,x, x1, ..., Xp—3) = dna(n — 2)(x, x1, ..., Xn—3)

First variable in 7,(n — 2) behaves like rational functional equations of L3.

1n(2)(x, x) = dna(1)(x)
and

1n(1)(x) = La(x)
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N ——..
Examples in three variables
e Smyth (2002):
mm(l+x+y 7+ (L4 x+y)z) = %c@)
o Condon (2003):
1- 28
w°m (z— (1 +i) (1+Y)) = ?C(3)

e D'Andrea & L. (2003):

4\/§CQ(\/§)(3)
©°m (z(l — xy)2 —(1-x)(1- y)) = T
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N ——..
New examples

Boyd & L. (2005)

m(x*+ 1+ (x+1)y + (x—1)z) = @ + %«3)

mx*+x+1+4+(x+1)y+2z)= Z—EL(X—3,2) + %C(:”)

Matilde N. Lalin  (IAS) Mahler measures as values of regulators February 9th, 2006 19 / 26



N ——..
An example in four variables

L.(2003)

1—x
3m (1 ) — 27%L(y_4.2)+8 AN/ A—
m( x4 (o ) 1+ 0)z) =27 L0420+ >y (2J+1)3k

k=1 j=
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N ——..
An example in four variables

L.(2003)

k=

3m (1+x+ (1;2) (1+y)2) =2W2L(X—4’2)+822m

1=

(2005)
= 24L(X,4, 4)
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N ——..
An example in four variables

L.(2003)

k=

3m (1+x+ (112) (1+y)2) =2W2L(X—4’2)+SZZW

1=

(2005)
= 24L(X,4, 4)

In general, for m odd,

o k-1 (—1)+k+1

;jz:; (2 +1)mk

m—1

2 1)h 2h(22h )

:,mxx4ﬂn+1-+§: @h) BonL(x—4,m — 2h+ 1))
h=1 ’ s
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-
Exploring the n-variable world

o L. (2005)

For

1—x1 1—x,
z=
1+ x1 1+ x,

Both npt1(n+ 1) and n,41(n) are exact.
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-
Exploring the n-variable world

o L. (2005)

For

_(1-x 1—x,
zZ — 1 + X1 e 1 + x,
Both npt1(n+ 1) and n,41(n) are exact.
e D'Andrea & L. (2005)

X :={Res 4,4, =0} CCk

nk(k) is exact.
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N —
Generalized Mahler measure

Gon & Oyanagi (2004)
For fi,...,f, € C[Xlil,...,x,jfl],

1
i £) = aps [ max(ioB ... log £}

dxq dx,
< x
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Generalized Mahler measure

Gon & Oyanagi (2004)
For fi,...,f, € C[Xlil,...,x,jfl],

1 dx dx
:(27Ti)n/Tmax{log\ﬂ|,...,|og]fr|} L=

X1 Xn

m(fi,....f)

Note
m(fy, k) = m(fi + zf)
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N ——..
Examples

The particular case when f; = P(x;) for some P € C|[x].
Gon & Oyanagi (2004)

m(l—xy,...,1—x,) =

%Cj nC(2J +1)

7
m(l—x3,1—x)= ﬁC@)
m(1l—x3,1— x 1—x)—iC(3)

1, 2, 3 _27'('2

93 9
m(l—x1,1—x,1—x3,1—xa) = —2—7T4C(5) + FC(?’)
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Can be also computed using regulators.

|P(x)| is montononous when 0 < arg x < 7.

In this case, |P(x)| =2 |sin argx} .

n!
m(P(x1),...,P(xn)) = —n/ n(P(x1), X1, ..., Xn)
(7”) 0<arg xp<---<argx1<m
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L. (2005)
(lmxa lox :[5] o @i+
14+x' 14 x, = LN p2j
1—X1 1—X2 o 7
m(1+X1’1-|—X2)_7T2€(3)

1—X1 1—X3 21
m(1+x1""’1+X3> 2_7r2C(3)

1-x  1-x) 93 21
’"(1+x1~"’1+x4) = 25+ )

Matilde N. Lalin  (IAS) Mahler measures as values of regulators February 9th, 2006 25/ 26



m(14+x1 —x %, ..., 14+ x, — x; 1) = combination of polylogarithms.

m(1+x —x 1) = —log (),

ml+x—x 5 1+x—x1)
1 . . L . _
= Re(Lis(¢%) — Lis(—¢?®) + Lis(p~?) — Liz(—¢ %))

for p = #ﬁ
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