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-
Mahler measure of multivariable polynomials

P e C[x, ..., xF], the (logarithmic) Mahler measure is :

1 1
m(P) = /0 /0 log |P(e2™01 . e2™%)|dg; ... dd,
1

dxq dx,
= —— log |P(x1, ... — ...
(2rmi)n /’H‘n og[P(x1:-- Xn) X1 Xn
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Smyth (1981)

3v3
m(l+x+y)=-—L(x-32) =L(x-3-1)
() 1 = 1mod3
_rjs x-3(n)=<¢ —1 n=—-1mod3
0 = 0mod3

Lalin (University of Alberta)

Regulators and computations of Mahler meas

December 3rd, 2007




-
Polylogarithms

The kth polylogarithm is
Xn
Lik(x) =Z— xeC, |xl<1

It has an analytic continuation to C\ [1, c0).
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-
Polylogarithms

The kth polylogarithm is
Xn
Lik(x) =Z—k xeC, |x<1

It has an analytic continuation to C\ [1, c0).
Zagier:

Z',;(x) .= Rex

.Mk

I
o

B
—(logIXI)Jle -(x)
J!

J
B; is jth Bernoulli number

Rey = Re or iIm if k is odd or even.

One-valued, real analytic in P1(C) \ {0,1, 00}, continuous in P}(C).

Lalin (University of Alberta) Regulators and computations of Mahler meas December 3rd, 2007




L satisfies lots of functional equations

G(1) =0T L) = ()RR

x
Bloch-Wigner dilogarithm (k = 2)

D(x) := Im(Lip(x)) + arg(1 — x) log ||

Five-term relation

D(x)+D(1—xy)+D(y)+D<1_};>—i—D(l_X):O

1—x 1—xy

k)
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-
The relation with regulators

Deninger (1997)

. 1
m(P) = m(P*) + (21 /rn,,(n)(xl, ey Xn)
where
Fr={P(x1,....,xn) =0} N {|x1| = = |xn-1] = 1, |xa] > 1}

Nn(n)(x1,...,%n) is @ R(n — 1)-valued smooth n — 1-form in X(C).
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Philosophy of Beilinson’s conjectures

Global information from local information through L-functions

@ Arithmetic-geometric object X (for instance, X = Of, F a number
field)

o L-function (Lr = (F)
o Finitely-generated abelian group K (K = O%)
@ Regulator map reg : K — R (reg = log| - |)

(Krank1)  L(0) ~o- reg(c)

(Dirichlet class number formula, for F real quadratic,
Cr(0) ~q- loglel, € € OF)
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Example:

72(2)(x, y) = log [x|diarg y — logy|di arg x
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Example:

m2(2)(x,y) = log |x|diarg y — log [y|diarg x
Smyth (1981)

1 dx dy
ml+x+y)= W/T2Iog|1+x+y 77
by Jensen's equality:
1 d
= [ log® |1+ x|—X
27 X
1 dx 1
=[] = - 2
5 [oen S = =5 [ m@)(x)
where
F={1+x+y=01n{xI=11yl =1} &
8 /24
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- |
but
m2(2)(x,1 — x) = dD(x)

and
1
m(1+X+y)=——./nz(2)(X,y) I+x+y=0
27 Jr

Use Stokes Theorem: 1
P)=—-——D
m(P) = ~,-D(o")

aany
N

Ixl=1 y=1-x

2mm(x +y + 1) = D(&) — D(é6) = ?L(X—aﬂ)
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N
Properties of n,(n)(x1, ..., x,)

o Multiplicative in each variable, anti-symmetric.
nn(n) is a function on A"(C(X)*)g
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N
Properties of n,(n)(x1, ..., x,)

o Multiplicative in each variable, anti-symmetric.
nn(n) is a function on A"(C(X)*)g

° dn,,(n)(xl,...,x,,)zﬁe\,,(dx—’il/\---/\dx—’:’)
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N
Properties of n,(n)(x1, ..., x,)

o Multiplicative in each variable, anti-symmetric.
nn(n) is a function on A"(C(X)*)g

° dn,,(n)(xl,...,x,,)zﬁe\,,(dx—’il/\---/\dx—’:’)

@ Np(n)(x,1—x,x1,...,xp—2) = dnp—1(n)(x, x1, ..., Xn—2)
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]
Examples R
m2(2)(x,1 — x) = dD(x)
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]
Examples R
m2(2)(x,1 — x) = dD(x)

n3(3)(x,y, z) = log |x| < dlog|y| Adlog|z| 4+ diargy /\dlargz)

+log |y ( dlog|z| A dlog|x| + diarg z /\dlargx)
+ log |z| ( dlog|x| Adlog|y|+ diarg x /\dlargy)
m1(3)(x,1—x,y) = dns(2)(x,y)

13(2)(x, ¥)
~
= D(x)diargy + = 3 Iog ly|(log |1 — x|d log |x| — log|x|dlog |1 — x|) =&
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First variable in n,(n — 1) behaves like the five-term relation

X+ ]+ 11— ] + [11__;;} + [11—_;;]
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First variable in n,(n — 1) behaves like the five-term relation

X+ ]+ 11— ] + [11__;;} + [11—_;;]

Now

Na(n — 1)(x,x, X1, ..., Xp—3) = dnp(n — 2)(x, X1, . . ., Xp—3)

First variable in 7,(n — 2) behaves like rational functional equations of L3.

EEEEV
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First variable in n,(n — 1) behaves like the five-term relation

X+ ]+ 11— ] + [11__;;} + [11—_;;]

Now
Nn(n —1)(x,x,x1, ..., Xp—3) = dna(n — 2)(x, x1, ..., Xn—3)

First variable in 7,(n — 2) behaves like rational functional equations of L3.

Mn(2)(x, x) = dna(1)(x)
and -
mn(1)(x) = Lalx)
f;‘z
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|
Example in three variables

Smyth (1981)
m(1—x+ (1 y)2) = 55C(3)

m(P) = m(1 - y) - # /r 1(3)(x. . 2).

xAyANz=—xAN(1-x)Ay— yA(1l—-y)Ax,
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xANyANz=—xAN(1=-x)Ay— yA(1—-y)Ax,

in other words,

mB)(x,y,z) = —m3)(x,1 = x,¥) = m3(3)(y,1 — y, x).

We have

(1) + (L= 9)2) = 4 [ m@0cy) + B,
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F={P(x,y,z) =0} n{|x| =ly[=1,|z[ = 1}
O ={P(x,y,z) =0} n{|x| = |y| = |z| = 1}
Maillot: P € R[x, y, ],
Y= {P(Xayaz) = P(X_lay_lvz_l) = O}ﬂ {lX‘ = |y| = 1}'
C={P(x,y,2) = P(x',y ', z71) = 0}
(1-x)(1—xY)
(1=y)1=y1)

C={x=ytu{xy =1}

=1
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—{x}h @y —{yhh®x==+2{x}r ®x.

1 7
—=8(L3(1) — L3(—1)) = =—((3).
a8(L5(1) — L3(-1)) = 55¢(3)
Regulators and computations of Mahler measEI

=

m((1—x) + (1 - y)2)

DAy
December 3rd, 2007
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|
Other examples

Boyd & L. (2005)

m(x*+ 1+ (x+1)y +(x—1)z) = @ + %«3)

mx*+x+1+4+(x+1)y+2z)= X—EL(X—3,2) + %5(3)
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|
An example in four variables

L.(2003)

>m (l-l—x-l- (1 _Xl) (1+y)z) =27°L(x-4,2) +8 )

1+ x
X 0<j<k

(_1)j+k+1
(2 +1)3k
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|
An example in four variables

L.(2003)

™>m (1 +x + G _Xl) (1 —I-y)z) =27°L(x-4,2) +8 ) ﬂ
+x1 oSk (2 +1)3k

(2005)

= 24L(X—47 4)
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|
An example in four variables

L.(2003)
1 1)j+k+1
3 A7
m(l—i—x-l— (1+xl> (1—|—y)z) =21°L(x_4,2) + 8 Z @+ 17k
0y <k
(2005)

= 24L(X—47 4)

In general, for m odd,

Z (_1)j+k+1
o5k (2j +1)mk

m—1

T h__2h 22h 1
LQj%m+i-+§: D 2é| )
— !

B2hL(X 4, M — 2h + 1) '
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E—
Generalized Mahler measure

Gon & Oyanagi (2004)
For f1,...,f, € C[Xlil,...,x,jfl],

1

dx;  dx,
~ ()" /T max{log|fil,...,log|f |} — .

m(f,...,f)

X1 Xp

Lalin (University of Alberta) Regulators and computations of Mahler meas December 3rd, 2007 19 / 24



Generalized Mahler measure

Gon & Oyanagi (2004)
For f1,...,f, € C[Xlil,...,x,ﬂfl],

1 dx dx
:(27Ti)n/Tmax{log\ﬂ|,...,|og]fr|} L=

X1 Xn

m(f,...,f)

Note
m(fy, k) = m(fi + zf)
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|
Examples

The particular case when f; = P(x;) for some P € C|[x].
Gon & Oyanagi (2004)

m(l—xy,...,1—x,) =

%CJ nC(2J +1)

7
m(l—x3,1—x)= ﬁCB)
m(1l—x3,1—x 1—x)—iC(3)

1 2, 3 _27'('2

93 9
m(l—x1,1—x,1—x3,1—xa) = —2—7T4C(5) + FC(?’)
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Can be also computed using regulators.

|P(x)| is montononous when 0 < arg x < 7.

In this case, |P(x)| =2 |sin argx} .

n!
m(P(x1),...,P(xn)) = —n/ n(P(x1), X1, .-, Xn)
(TH) 0<arg xp<---<arg x1 <7
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L. (2005)

m(l—n L—M>: PRCESY

14+x' 14 x, : U )
J=1
1—X1 1—X2 7
= —((3
m(l-l—Xl’].-I—Xz) 7T2€()

1—X1 1—X3 21
m(1+x1""’1+X3> 2_7r2<(3)

1-x  1-x) 93 21
mQ+nwnw+M)— 2+ 25¢0)
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m(14+x1 —x %, ..., 14+ x, — x; 1) = combination of polylogarithms.

m(1+x —x; 1) = —log (),

ml4+x—x; 514+ x —x 1)
1 . . L . _
= Re(Lis(¢%) — Lis(—¢?®) + Lis(p~?) — Liz(—¢ %))

for ¢ = #ﬁ
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-
A result about generalized Mahler measure

Let P € C(x1,...,xp) and let f; = P(Xj1,...,X;0) fori=1,...r. Then
lim m(f,..., %) =log||P|lx
r—o0

where || - || stands for the sup norm on T".
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-
Mahler measure of multivariable polynomials

P e C[x, ..., xF], the (logarithmic) Mahler measure is :

1 1
m(P) = /0 /0 log |P(e2™01 . e2™%)|dg; ... dd,
1

dxq dx,
= —— log |P(x1, ... — ...
(2rmi)n /’H‘n og[P(x1:-- Xn) X1 Xn
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-
The measures of a family of genus-one curves

1 1
m(k) ::m(x+—+y+—+k)
x y
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-
The measures of a family of genus-one curves

1 1
m(k) ::m(x+—+y+—+k)
X y
Boyd 1998
2 L/(Ekao)
= e
Ex determined byx—i—%—i—y—k%,—i—k:o.

m (k) keN£0,4
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-
The measures of a family of genus-one curves

1 1
m(k) ::m(x+—+y+—+k)
X y
Boyd 1998
2 L/(Ekao)
= e
Ex determined byx—i—%—i—y—k%,—i—k:o.

m (k) keN£0,4

Deninger 1997

L-functions < Beilinson’s conjectures
Kronecker-Eisenstein series for k = 1
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Rodriguez-Villegas 1997

k = 4+/2 (CM case)

1 1

k = 3v/2 (modular curve Xo(24))

1 1
m(3\/§) :m(x+;+y+)—/+3\/§) :qL’(E3ﬁ,0)

?

5
* Y
qeQ*, g¢q >
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Theorem

(Rodriguez-Villegas ) Ex ~ modular elliptic surface assoc I'g(4)

m(k) = (16)/“ Z X 4(m) )

(m + ndu)?(m + ndp)

=Re | -mip+2) Y X_4(d)d2q—:

n=1 d|n

- 16 o1 (3,311 - 38)

and y,, is the imaginary part of .
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Theorem
(Kurokawa & Ochiai 2005)

For h € R*,
m(4h%) + m (hi) =2m (2 (h + %)) .

(L. & Rogers 2007)
For |h| <1, h # 0,

oooD) 1m0 2)-n(2).
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Theorem
(Kurokawa & Ochiai 2005)

For h € R*,
m(4h%) + m (hi) =2m (2 (h + %)) .

(L. & Rogers 2007)
For |h| <1, h # 0,

oooD) 1m0 2)-n(2).
oo n o 3)) -mien
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Corollary

m(8) = 4m(2) = gm(3\/§)
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Corollary

m(8) = 4m(2) = gm(?)\/i)

m <3\/§> — gL/(E;y5,0)

?

5
* J—
qeQ*, g¢q >
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-
The elliptic regulator

F field. Matsumoto Theorem:
Ko(F) = ({a, b},a,b € F) / (bilinear,{a,1 — a})

K>(E) ® Q subgroup of K>(Q(E)) ® Q determined by kernels of tame
symbols.

(j/w Rogers (UBC) ) Lalin (U of A) Functional equations for Mahler measures of | December 4th, 2007




-
The elliptic regulator

F field. Matsumoto Theorem:
Ko(F) = ({a, b}, a, b € F) / (bilinear, {a,1 — a})

K>(E) ® Q subgroup of K>(Q(E)) ® Q determined by kernels of tame
symbols.
x,y € C(E)

n(x,y) :=log|x|dargy — log|y|d arg x

1-form on E(C)\ S

Essssv
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-
The elliptic regulator

F field. Matsumoto Theorem:
Ko(F) = ({a, b}, a, b € F) / (bilinear, {a,1 — a})

K>(E) ® Q subgroup of K>(Q(E)) ® Q determined by kernels of tame
symbols.
x,y € C(E)

n(x,y) :=log|x|dargy — log|y|d arg x

1-form on E(C)\ S
for any loop v € E(C)\ S

(rneir)) = e [ x9)
Y

k)
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The regulator map (Beilinson, Bloch):

r: Ky(E)® Q — HY(E,R)

{x,y} — {7 - Ln(x,y)}

for v € Hi(E,Z). (H*(E,R) dual of Hi(E,Z))
Follows from 7n(x,1 — x) = dD(x),
D(x) = Im(Lix(x)) + arg(1 — x) log |x|

is the Bloch-Wigner dilogarithm

k)
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E—
The relation with Mahler measures

Deninger )
m(k) ~z = r({x, D)
In the example,
yP(x,y) = (v = y) ) — ¥y (%)),

dx

m(k) = 5 [ (108" oy ()] + log” (o))

By Jensen's formula respect to y.

m(k) = L/ gly\— S N n(x,y),

27 2T

T! € Hy(E,Z). ()
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Computing the regulator

E(C)=C/Z + 72 = C*/q"

zmod A =Z + 77 is identified with ¢27Z.
Bloch regulator function

! mi(bn—am
R, <e27ri(a+b7-)> _ }/_T2 Z o2mi(bn—am)
T~ (mT + n)2(mT + n)

)

¥r is the imaginary part of 7.
Elliptic dilogarithm

D-(z):=> D(zq")

Regulator function given by

R, = D, —iJ;
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ZIE(C)]” =Z[E(C)]/ ~ [-P]~ —[P].
R, is an odd function,
Z|E(C)]” — C.

C) =D mia). ()= m(by).

C(E)* ® C(E)* — Z[E(C)]~
(x)o(y) =D minj(a; — by).
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Proposition

E /R elliptic curve,x,y are non-constant functions in C(E) with trivial
tame symbols, w € Q!

by == [ e =1 (SR (90 0)

where Qq is the real period and Q) = f7 w.

Use results of Beilinson, Bloch, Deninger
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]
Idea of Proof

1 1
xX+—+y+—+k=0
X y
Weierstrass form:

L kx -2y kX 42Y
TaX(x—1) YT axX(x—1)

2
Y2:X(X2+(%—2)X+l).

P = (1,%), torsion point of order 4.

(x) o (y) = 4(P) — 4(—P) = 8(P).
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PE—% mod Z + 77 keR

T =1y, k € R,|k| > 4,
1
r:§+in k eR, |kl <4

Understand cycle [|x| = 1] € Hi(E,Z)

Q=700 keR
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o
x
[¢]
7 N\
[l
|
e~
N———
m
nn
'\
N

(j/w Rogers (UBC) ) Lalin (U of A)

_ (iRT(—i)) , keR
(Z).
4|72 _2mi
(=Tt ()
m(k) = _LJ‘; (ezwiu)
Ty,
16y, X—a (m)

Functional equations for Mahler measures of |

December 4th, 2007
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Functional equations for the regulator

From

J2)=p ) Jx)

xP=z

Let p prime,

. p1 2mi(r+)) )
(1+ x—a(p)p*)Jar (€*™7) = Z pJacrii) (e P ) + x—4(p)Japr (e¥™P7)
=0’
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Functional equations for the regulator

From

Let p prime,

27i(7T+)) .
(1 + X—4( ) )J47' 27r17' Z PJ4 T+J ( P ) + X—4(P)J4PT (ezmpT)

@ In particular, p = 2,

Jur (627ri7—) =20, (eTl'iT) + 2J2(T+1) (ewi(T—l-l))
o Also:

J27‘2+1 ( 7r17') _ J2 ( 71'17) J27'( mr)
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16) 2F1 (3,51,
g=q( 5 | =ep|-7
(k2 < 2F1 (3,5

Second degree modular equation, |h| <1, h € R,

o((25)) o
(@) ()

h—ih
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From . . .
o (€277) = 2y (¢77) + 2y (7))

One gets
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|
s (%) = o () — yy (~7)

SetT———anduse( ) )

1 2mi(p+1)
D:oi(—i) = D,(—i) — J oy
z1(—) (—i) Vo) 2(M+1)( )

First equation was:

27i(ptl)
D1 (—i) = D, (—i) + J e 2z
()= D)+ iy ()

Putting things together,

2D,(~i) = Dy (~i) + Dzs (i)

(2 (05)) = e ()
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Hecke operators approach

m(k) =Re | —mip+2Y Y ><_4(c1)c/2"7
n=1 d|n

= Re (—m — i /i:;(e(z) - 1)dz>

e(n) =1-4 > x a(d)d’q"

n=1 d|n

where

is an Eisenstein series. Hence the equations can be also deduced from
identities of Hecke operators.
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|
Direct approach

Also some equations can be proved directly using isogenies:

¢1:E2(h+%)_>E4h27 ¢2:E2(h+%)_>Ehi2'

X+h (X + h2)?

¢1:(X,Y) — (X(h2X+ 1)  RY (X2+2mX + 1))

1
m (4h2) =n({x,n})= o /|X1_1 n(x1, y1)

1

~ an X|=1 n(xior,y10¢1) = %f({xl °p1,y10¢1})

&

(j/w Rogers (UBC) ) Lalin (U of A) Functional equations for Mahler measures of | December 4th, 2007 23 /26



-
The identity with h = 2

S

2

m(2) + m(8) = 2m (3v2)
m (3\/5) +m (1\6) = m(8)
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-
The identity with h = 2

S

m(2) + m(8) = 2m (3v2)
m (3\/5) +m (1\@) = m(8)

f = Y2X-X in C(E, s5).

(f)o(1—1F)=6(P)—10(P+ Q) = 6(P) ~ 10(P + Q).
Q= (—%,0) has order 2.

¢:E3ﬁ—>Eiﬁ (X,Y)—)(—X,IY)

rva{x.y}) = rsyal{xe b,y o d})
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But
(xo¢)o(yoo)=8(P+Q)
(x) o (y) =8(P)
632 ({x,¥}) = 101, 5({x, y})
and

3m(3v2) = 5m(iv2).
Consequently,

m(8) = gm(3\/§)

m(2) = gm(3\/§)
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]
Other families

@ Hesse family

h(a®) = m<x3-|-y3+1—3%)

(studied by Rodriguez-Villegas 1997)

N
h(u®) = Z hl1l- (1——{{#1) |u| small

2
e 1+28u

@ More complicated equations for examples studied by Stienstra 2005:

Xy
m (G4 D+ Dx+y) =)
and Bertin 2004, Zagier < 2005, and Stienstra 2005:
m((c+y+Dx+ 1)y +1) - )
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