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S
Mahler measure of one-variable polynomials

Pierce (1918): P € Z[x] monic,
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Lehmer (1933):

An+1
Ap

i |a™ — 1] _J lal iflal>1
1 iflal<1

n—00 |a” — 1|

For

P(x) = aH(X — )
M(P) = |a| Hmax{l, ||}

m(P) = log M(P) = log|a| + > _ log™ |avi|

1
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Kronecker's Lemma

PeZlx], P#0,

m(P) =0 P(x) =x"]] ¢i(x)
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Lehmer’s question

Lehmer (1933):

Given € > 0, can we find a polynomial P(x) € Z[x] such that
0<m(P)<e?

m(x'® 4 x% — x" —x® —x® = x* —x3 £ x4+ 1) = 0.162357612. ..

Is the above polynomial the best possible?.

VD379 = 1,794,327, 140, 357
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P € CJx] reciprocal iff
P(x) = £x%€Pp (x71).

Smyth (1971):
P € Z[x] nonreciprocal,

m(P) > m(x® — x — 1) 22 0.2811995743 . . ..
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Mahler measure of multivariable polynomials

P € C[x{,..., xF], the (logarithmic) Mahler measure is :

1 1
m(P) = /0 /0 |og\P(e2m€1,...,e27”9")]d91,,,d@n

1 dX1 an
= —— [ log|P(xi,... — ...
(2mi)" /Tn og[P(x1;-- Xa) x1 Xn

Jensen’s formula:

1
/ log |2™9 — a|df = log™ ||
0

recovers one-variable case.
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-
Properties

e m(P) > 0 if P has integral coefficients.

e m(P-Q)=m(P)+ m(Q)

@ « algebraic number, and P, minimal polynomial over Q,
m(Pa) = [Q() : Q] h(e)

where h is the logarithmic Weil height.
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S
Boyd & Lawton Theorem

PE(C[XL..‘,X,,]

lim ... lim m(P(x,x*2,... x*)) = m(P(x1,x2,...,xn))
ky—00 kn,—o00
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Jensen's formula — simple expression in one-variable case.

Several-variable case?
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Examples in several variables

Smyth (1981)

o
m(1+ 5+ y) = 220 2) = U,
° 7
ml+x+y+z)= 2—#((3)
L. (2006)

m(1xt (220) (222) (04 )2 ) = 2e(s)
(en (152) (558 o) =2

@ Known formulas for

1—x1 1—x,
m|l+x+ 1+vy)z
( (1 +X1> (1 +Xn) ( )/) ) Université (th
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Why do we get nice numbers?
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-
The relationship with regulators

Deninger (1997)

1
m(P) = easy term + (2i7r),71/r77,,(x1,...,x,,)
where
F={P(xa,....xn) =0} N {|xi| =+ = |xp_1| = 1, |xn| > 1}

Nn(X1,...,%n) is @ R(n — 1)-valued smooth n — 1-form in {P = 0}.
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|
Regulators

Encode special values of L-functions.

Example: Dirichlet class number formula

21(27)2h regg

wry/|DE|

lim (s — 1)k (s) =

: hrre
lim s'="17"2¢p(s) = _OFTCBF
s—0 WF
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N —
1
1) = ——
m(x +y+1) 27T/Vn(x,y)
n(x,y) = log|x|dargy — log|y|darg x

77(X7 1- X) = dD(X)
Use Stokes Theorem:

2rm(x +y +1) = D(&) — D(é6) = %L(x 3,2)

&6
/ m y (v
Ixl=1 =] - Université r"'\
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|
An algebraic integration for Mahler measure

Rodriguez-Villegas (1997), L. (2007):

e Explains most known cases involving ¢, L(x) using Lix(x) and Borel's
Theorem in K-theory.

o n

Li(x) = > %

n=1

@ It is constructive (no need of “happy idea” integrals).

e Conjecture for n-variables using Goncharov's regulator currents.
Provides motivation for Goncharov's construction.

o Key use of Jensen's formula

m(X - a) = |Og+ |O(| Universitéf‘“’\
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|
Higher Mahler measure

For k € Z>g, and P € C[x{"!, ..., xF!], the k-higher Mahler measure is :

1 1
m(P) = /0 /0 Iogk|P(e27”91,...,e2’"9")|d01...d9,,

1 K dxy dx,
= —— [ | P(x1,... — ...
(2mi)n /’]I‘n og" |PLas.- xa)l X1 Xn

and
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-
The simplest examples

Kurokawa, L., Ochiai (2008):

ma(x —1) = C(22)_71r;

ms(x —1) = _342(3)'

ma(x —1) = 3((2)2121«4) B 12947:)4.

ms(x —1) = _154(2)6(32)+45¢(5).
275 ¢

45
m6(X — ]-) = ?C(3)2 + mﬂ- ' Universitér“’\
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[ee] _ 1 .
3 me(x—1) 4 _ / ‘eme—l‘sde
Kl )

k=0
r 1 (=DK1 =21k ¢(k
LT (302 R
r($+1) k=2 k
Transform the integral into a Beta function, then use the Weierstrass
product of the I'-function.
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-
Multiple Mahler measure

Let Py,..., Py € C[x™] be non-zero Laurent polynomials. Their multiple
higher Mahler measure is defined by

mp) = og [Py (¢277)] - log Py (27| a.

my (H(x - r,-)) = Z m(x — ri,x — rj).

i i
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S
Multiple Mahler measure for simple polynomials

Kurokawa, L., Ochiai (2008):
For0<a<1

. 2 1
m(x—l,x—ezma):% (a2—a+6>.
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S
my of cyclotomic polynomials

L.,Sinha (2010):
@ For any two positive integers a and b,

72 (a, b)?

a_l b—l:—
mO =1L =) = 5

e For a positive integer n, let ¢,(x) denote the n-th cyclotomic
polynomial and ¢ Euler’s function. Then

ma(¢n(X)) = 75 —"—,
where r(n) denotes the number of distinct prime divisors of n.
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An example in two variables

Kurokawa, L., Ochiai (2008):

7
ma(x +y+1) = ST 5((2)
Smyth (1981):

3v3
m(x +y +1) = - —L(x-3,2)
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S
Thecase P=x+y+c

Let ¢ > 2.

1 1 o] 2 .
) ) 2 1 /2

/ / |e2w10+e2w17+c|5d0d7 - 5 (5/ ) 2<j>
0 Jo o J ¢\ y

_s _s 14

_ s 20 272 _

= C3F2< 1.1 C2>,

where the generalized hypergeometric series 3F; is defined by

ai,a, a3 — (a1)j(a2)j(a3); _;
F — N MR92)33))
3 2( by, by z) JZO (b)j(ba)if!

with the Pochhammer symbol defined by (a); = a(a+1)---(a+,—1). 4
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In particular, we obtain the special values
o
¢(2)

m2(x—|—y—|—2):?.

ms(x 4y +2) = 2 (Iog2)((2) ~ L <(3)
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Why do we get these vales?

Massey product in Deligne cohomology?
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-
Lehmer’s question for even higher measure

L., Sinha (2010):

If P(x) € Z[x], then for any h > 1,

h
(”—2) if P(x) is reciprocal
12) procal,
m2h(P) Z 2 h . . .
(K) , if P(x) is non-reciprocal.
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@ my(P) for P reciprocal is minimized when P is a product of
monomials and cyclotomic polynomials.

e my(P) > % for P a product of monomials and cyclotomic
polynomials.

e For P nonreciprocal, take P(x)x48PpP (x71).

@ For myu(P), use Holder's inequality.
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S
my of noncyclotomic polynomials

P(x) m(P) m3(P)
xB4x® P rx3 4 0.2473585132 | 1.0980813745
X104 x® X7 X8 x5 —x* 3 4 x+1 0.1623576120 | 1.7447964556
X0 _ X6 4 x5 _x* 41 0.1058888214 | 1.2863292447
X0 x4 x5+ x3 41 0.2073323581 | 1.2320444893
x10 x84 x5 _x241 0.2320881973 | 1.1704950485
X0 4B x4 x5+ x3 X211 0.2368364616 | 1.1914083866
X104 x% x5 4 x+1 0.2496548880 | 1.0300287773
X12 L1 10 8 T X6 x5 —x* 4+ x2 4+ x+1 | 0.2052121880 | 1.4738375004
X124 510 5% x0 3 X2 x 41 0.2156970336 | 1.5143823478
X124 X1 T 6 x5 x 1 0.2239804947 | 1.2059443050
X124 510 L7 k6 x5 X241 0.2345928411 | 1.2434560052
X124 X104 5% 4 58 4 oxT 4 x® 1 2x% £ x% 4 x® +x2 41 | 0.2412336268 | 1.6324129051
X1 L1 10 7 43 0.1823436598 | 1.3885013172
x4 x12 157 %2 41 0.1844998024 | 1.3845721865
D D L T ST AP S | 0.2272100851 | 1.4763006621
XM 10 159 B T xS X X 3 0.2351686174 | 1.4352060397
x4 x13 B 7T X% 4 x+1 0.2368858459 | 1.2498299096
X413 512 49 68 k7T x5 — x5+ x2 4 x+1 | 0.2453300143 | 1.3362661982
X1 L X131 T 3 i x+1 0.2469561884 | 1.3898540050
Known noncyclotomic P € Z[x], deg P < 14, m(P) < 0.25.
(Mossinghoff: http://wuw.cecm.sfu.ca/ mjm/Lehmer/search/) ; I
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ms

Lemma (Kurokawa, L., Ochiai)
m(x — 1,x — 2™ x — 2By — 7% cos 27r(k(lkk-|- /)Iﬁ — o)
1<k, (k+1)
1 Z cos2m((k + m)a — mp)
1<K, km(k + m)
1 Z cos 27 (Il + mpB)
1<I,m /m(/ + m) '
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n_ — n—n T o= cot JE
. <x 1> 3 <2+:23>+32C"<:)

x—1 2 2 = J
nlj
Examples
3
m (2 +x 1) = 2(3) + Y2002, ).

my (x> + x> +x+1) = _RC(?)) + gL(2’X_4)'
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Lehmer’s question for odd higher measure

Theorem

Let Py(x) = X=L. For h > 1 fixed,

Nim map1(Pn) = 0.

Moreover, the sequence myp.1(P,) is nonconstant.
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i xT—1 y—1

im m =m )=

M M2ht1 { — 2ht1 |\ T
2h—1

v (1) = COE (1 0 e ).

(suggested by Soundararajan)
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Summing up

my yields interesting special values.
Lehmer’s question FALSE for my,, h > 1.
Lehmer's question TRUE for mypq, h > 1.

my(P) is interesting for P cyclotomic and that answers Lehmer’s
question.
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S
Further questions

m3(P) for P noncyclotomic?
Lehmer's question for P noncyclotomic.
Bounds for my,(P), h > 2.

Explain zeta values!!!
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