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Mahler measure of one-variable polynomi-
als

Pierce (1918): P € Z[x] monic,

P(z) =[x — a2)

JANSE— H(azn —1)

Plx)=2—-2=>A40A,=2"-1



Lehmer (1933):

lan Tl —1] { | if|al > 1

m 1 iflal <1

n—oo | — 1|

For

P(z) = O,H(CU — ;)

M(P) = |a| [ max{1, |al}

1

m(P) = log M(P) = log |a| + > log™ ||
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e Kronecker's Lemma: P ¢ Z[x], P # O,

m(P) =0 & P(z) = 2" [[ ¢;()

e Lehmer’'s Question (1933): Does there ex-
ist C' > 0 such that P(x) € Z[x]

m(P) =0 or m(P)>C??

Is
m(zl0 429 —a” — 20— — 2% — 23 +2+1)
— 0.162357612...

the best possible?

JA3z79 = 1,794,327, 140,357



Mahler measure of multivariable polynomi-
als

P € Clz3t,...,2¥t], the (logarithmic) Mahler
measure is .

1 1 . .
m(P) :/o /o log |P(e2™01 . e?™%)|dey ... db),
1

dx dx
/n|Og|P(£C1,...,aj‘n)|—1...—n

1 In

(27i)n

Jensen’s formula:
1 .
/o log |e2™% — a|df = log™T |

recovers one-variable case.



m(P - Q) =m(P) +m(Q)
m(P) > 0 if P has integral coefficients.

a € Q, P, is its minimal polynomial over Q,
then

m(FPa) = [Q(a) : Q] h(a),
where h is the logarithmic Weil height.

Boyd—Lawton: P € Clxq,...,zn]
iMoo - - NiMp, oo m(P(z, z2, ... zfn))

= m(P(x1,...,2n))



Examples

Smyth (1981)

m(1+56+y) %L(X 372)_|—(X 37_1)

Smyth(1981)

m(L a4y +2) = 5(3)

D’'Andrea & L (2003)

4\/6( (3)
)2 — (1 — B _ Q(V5)
m (2(1 - 2y)? — (1 - 2)(1 - y)) (3)n
Boyd & L (2005)
I—(X 4, 2)

m(z°+1+(z+1)y+(z—1)z) =

+5(3)



Examples in several variables

L (2003)

0 (50) (52) (G52
14+ x4 14+ 2o 14 xz3
24 L(x_a,?2
—I—(X— 74)+ (X 4, )

7

14 l—xq 1l —x4
m 1+ \Txaa z

= 22¢(5) + EE)

(1 + x + (1_T_Zl> (1-|-y)2> i—4|—(>< 4,4)

1 — a1 1 — 2o 93
m (1 +z+ (1 _|_x1> (1 +:I:2> (1 +y)2>—FC(5)
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The measures of a family of genus-one
curves

Boyd, Deninger, Rodriguez-Villegas 1997-1998

/
m<x+l+y+l+k> Z L (E, 0) ke N=+*x0,4
T Yy Sk
1 1 ,
m<x+;+y+§+4> = 2L°(x—4,—-1)

E,. determined by = + % + v+ % = 0.
L-functions < Beilinson's conjectures

k = 42 (CM case)

1 1
m<x+;+y+§+4\f2> =|—/(E4f,0)

k = 3v/2 (modular curve Xg(24))
1 1 _ Oy
m<x+;+y+§+3\/§> = 2L(E3\/—,O)
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1 1
m(k) :=m<az—|———|—y—|———|—k>
x Y

Theorem 1 (Rodriguez-Villegas )

16 (m)
mik) = Re ( Wyﬂ Z 7 (m 4 nzu;;(m + n4u)>

— Re | —7ip 4+ 2 Z S x_ 4(d)d2q
n=1d|n

where j(E}) = j (—ﬁ)

1
q:e27ri,u:q<16>:exp< 21 (27211 1 — k2>>

k2 2F1(2311,33)

and y, is the imaginary part of pu.
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Theorem 2 For h € R*,
4 1
2 _
m(4h )—I—m<ﬁ> = 2m (2 (h_l_ﬁ))

For h € R*, |h| < 1,

(oo D) (oo 2)) = ()

Corollary 3

m(8) = 4m(2) = gm(3ﬁ)
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T he elliptic regulator

F field. Matsumoto Theorem:

K>(F) = ({a,b},a,b € F) / (bilinear,{a,1 —a})

F with discrete valuation v and maximal ideal
M

Tame symbol

2v(Y)

(z,y)p = (—1)v@vW) mod M

yv(cc)

F=Q(FE), E/Q elliptic curve, S € E(Q) deter-
mines a valuation

(vt K2(Q(E)) — Q(S)*.
We have

0 — Ko(F)®Q — K>(Q(E))®Q — H Q(9)* ®Q
SeE(Q)
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x,y € Q(F), assume trivial tame symbols

n(x,y) ;= log|x|dargy — log |y|d arg x

1-form on E(C)\ S for any loop v € E(C) \ S
consider

1
G )) =5 [ ne.)

Regulator map (Beilinson, Bloch):

r: Ko(E)®Q — HY(E,R)

{z,y} — {7 — (v,nlz,y))}
for v €¢ H1(E,Z).

H1(E,R) dual of H{(E,Z).

Follows from n(x,1 —x) = dD(x),
D(x) = Im(Lix(x)) 4 arg(1 — =) log |z|
is the Bloch-Wigner dilogarithm

We may think of v € H1(E,Z)".
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Bloch regulator function given by Kronecker-
Eisenstein series

>
2mia _ Y71
B (e ) o m%:EZ (m7 + n)2(mT + n)

if « = a+ br and yr is the imaginary part of t.

e2mi(bn—am)

Let J(z) = log|z|log |1 — z|,

E(C) = C/Z + 77 = C*/q% where z mod A =
7 + 17 is identified with e2i7#,

Jr(z) =Y J(z¢™) = Y J(z 1)
n=0 n=1

1 5 log |z
+—109“ |q| B3 (
3 4l log |q|

Bs(z) = z3 — %xQ + %az third Bernoulli polyno-
mial.
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Elliptic dilogarithm
D:(z) :== > D(zq")

nel
Regulator function given by
r=Dr—iJr
ZIE(C)]” = Z[E(C)]/ ~ [-P] ~—[P].

R+ is an odd function,

ZIE(C)]” — C.

(z) = m;(ay), (y) =D nj(by).

C(E)* @ C(E)* — Z[E(C)]~

(z) o (y) =>_ mn;j(a; —bj).
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Theorem 4 (Deninger) x,y are non-constant
functions in Q(E) with {x,y} € Ko(E),

—Ln(x,y) =Im< % RM(%)O(@J)))

Yraio
where €2q is the real period and Q2 = [, w.

Idea: i([w] — [@]) generates H1(E/R,R), there-
fore,

n(z,y) = ai([w] — [@])

[yn(m,y) = 2aiIm(2)

x, /\u_JZOzi/ wAw=—a2f2
/E(C)n( y) oyr

Beilinson proves

Sy 19D A B = Q0Re(() © (1))
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The relation with Mahler measures

Deninger

(k) ~z 5 ({2 ()

yPr(z,y) = (v —y)(@)) (Y — y2)(2)),
mk) = 5 / (1og™F |y (@) +log™t |y<2><m>|>—.

By Jensen’s formula respect to y.

mk) =5 [ 1ogly % =~ [ 0z,

T! € H{(E,Z).
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Modularity for the regulator

a /] _ at+3
Let ( v s ) € SL>(Z) and let 7' = ST+ such
that

BRTIE

R_ (eQWi(a/‘l'b'T’)) — 77__1+ 5RT (627“(&4-67)) .
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Functional equations for the regulator

From

J(z)=p ), J()

xP=z

Let p prime,

-1 , :
1 2 2miT _p 7 | W
(1+x—-2(P)P*)Jar (€2™7) = Y placean (€

j=0 P

+x—4(p)Japr (e27rip T)

In particular, p = 2,

Ja. <627Ti7') = 2J>, (eWiT) i 2J2(’7‘—|—1) (eﬂi(7'—|—1)>

Also:

J@ (eﬂ'iT) = Jo. (eT('iT) — Jo. (_eﬂ'iT)
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Idea of Proof

1 1
1+ >4+y+-+k=0
T Y

Weierstrass form:

kX —2Y kX 4+ 2Y

TTox(x—-1) 77
k2
Y2=X<X2—|— (Z—2>X—|—1>.
P = (1 @) torsion point of order 4.

» 2

(z) = (P)—(2P) - (3P) + O,

(y) =—(P) - (2P)+ (3P) + 0.

(z) o (y) = 4(P) — 4(—P) = 8(P).

C2X(X —1)
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1
PE—Z mod Z + 17 ke R

T = iyr keR, |kl > 4,

1 :
T=§—I—Iy7- keR, |kl <4

Understand cycle [|z| = 1] € H1(F,Z)

Q=7 keR

21



m(k) = fIm <1RT(—i)> , keR

Yr

0O -1
Take ( 1 0 ) € SL>(7Z).

4 2 2mi
mk) = -5 (e_4_fl)

YT T
If we let = —Z-, then
m(k) = _LJ‘W (eQWW) — Im (iR‘LM (eQWiM)>
TYu Y

— ke [ 16Uk § X—4 (m)
72 2 (m + ndm)2(m + ndfD)
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2 _ ' 27i(pu+1)
Jap (€7™) = 22, (€7V) + 25 41) (e 2 )
1 2 .
—Jy, (eTH) = — 5, (e™H) 4+ ———J5, (—e™H
Jau M< ) Y2 M( ) Y2 M< )
SetTZ—ﬁ, for |h| < 1 so pu € iR
. . 1 2mi(u+1)
D%(_') = Dr(—1) + Jo(u+1) (e 2 )
Y2(u+1)
Second:
1 ( 2ip 1 i 1 .
—J2ut1 ez):_J2 ™) — —Jo, (—e™H
o2 o2 () = Ty (=)
Set T:—i and use ( _12 ?)
. . 1 27i(p+1)
D3 (—1) = Dr(—i)- Jo(t1) (e 5 )

Y2(pu+1)
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Putting things together,
2D7(—i) = Dz(—) + D%(—i)

this is the second equality.

It turns out that

m(k) = Re (—m i /i:O(e(z) _ 1)dz>

where

e(u) =1-4 > 3 x_4(d)d?q"

n=1d n
IS an Eisenstein series. Hence the equations
can be also deduced from identities of Hecke
operators.
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Parameter k.

ey 2F1(%,é:1,1—i9)>
r=0(j2) = oo (L

Second degree modular equation, |h| < 1, h €

R,
2
q° <(1 ihh2> ) =q(n*).
h — ih
2h \? 2ih \?
_q<(1—|—h2) ) :q<<1—h2) )
Then the equation with J becomes

m(o((35) ) (o(25) ) =m (a0
(oo )+ (s ) = ()
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i i i — 1
The identity with h = 7

m(2) + m(8) = 2m (3\6)
m (3\/5) +m (I\/i) = m(8)

f — \/ES;_X in R(E3\/§>

(ﬂi_ X) — (2P) + 2(P + Q) — 30,
(1 —~ \@/2_ X) = (P)+ (Q)+ (3P + Q) — 30,

Q= (_h_lQ,O) has order 2.
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(f)o(1—f) = 6(P)-10(P+Q) = 6(P) ~ 10(P+Q).

¢:E3\/§_>Ei\/§ (X,Y) - (—X,iY)

ryalievh) =rgp({we dyo o))
But

(zog)o(yog) =8(P+Q)

6733 ({2:y}) = 107, 5({z,y})

and
3m(3v2) = 5m(iv2).

Consequently,

m(8) = gm(3\/§)

m(2) = %m(?ﬂ/i)
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Other families

e Hesse family

h(a3):m(x3—|—y3—|—1_%)

a
(studied by Rodriguez-Villegas)

2 1 _g]u 3
hud)= Y h|1l- 3 ) [u| small
=0 1+ 2&3u

e More complicated equations for examples
studied by Stienstra:

m (@4 D@+ DE+y) -
and Zagier and Stienstra:

m (@ +y+DE+DE+1) - )
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